N
N

N

HAL

open science

Adaptive Bayesian Density Estimation with
Location-Scale Mixtures
Willem Kruijer, Judith Rousseau, Aad A.W. van Der Vaart

» To cite this version:

Willem Kruijer, Judith Rousseau, Aad A.W. van Der Vaart. Adaptive Bayesian Density Estimation

with Location-Scale Mixtures. 2009. hal-00389343v1

HAL Id: hal-00389343
https://hal.science/hal-00389343v1

Preprint submitted on 28 May 2009 (v1), last revised 1 Jul 2010 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00389343v1
https://hal.archives-ouvertes.fr

Submitted to the Annals of Statistics

ADAPTIVE BAYESIAN DENSITY ESTIMATION WITH
LOCATION-SCALE MIXTURES

By WILLEM KRUIJER*, JUDITH ROUSSEAU AND AAD VAN DER VAART
Université Paris Dauphine and VU University Amsterdam

We study convergence rates of Bayesian density estimators based
on finite location-scale mixtures of a kernel Cp exp{—|z|"}. We con-
struct a finite mixture approximation of densities whose logarithm
is locally B-Holder, with squared integrable Holder constant. Under
additional tail and moment conditions, the approximation is mini-
max for both the supremum-norm and the Kullback-Leibler diver-
gence. We use this approximation to establish convergence rates for
a Bayesian mixture model with priors on the weights, locations, and
the number of components. Regarding these priors, we provide gen-
eral conditions under which the posterior converges at a near optimal
rate, and is rate-adaptive with respect to the smoothness of log fo.
Examples of priors which satisfy these conditions include Dirichlet
and Polya-tree priors for the weights, and Poisson processes for the
locations.

1. Introduction. When the number of components in a mixture model
can increase with the sample size, it can be used for nonparametric density
estimation. Such models were called mixture sieves by Grenander [12] and
Geman and Hwang [4]. Although originally introduced in a maximum like-
lihood context, there has been a large number of Bayesian papers in the
following years. See, among many others, [17], [2], and [3]. Whereas much
progress has been made regarding the computational problems in nonpara-
metric Bayesian inference (see for example the review by Marin et al.[16]),
results on convergence rates were found only recently, especially for the case
when the underlying distribution is not a mixture itself.

For the estimation of a C?-density using continuous normal mixtures with
a Dirichlet prior on the mixing distribution, [10] found optimal rates un-
der certain conditions on the prior. Convergence rates of normal mixtures
have also been studied by Scricciolo [19] and Genovese and Wasserman [5].
For beta-mixtures with rational parameters (i.e. corresponding to Bernstein
polynomials), rates can be found in [7] and [14]. In these papers optimal

*Much of this work was carried out when the first author was a PhD-student at the
VU University Amsterdam.
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2 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

rates were only obtained when the smoothness § of the underlying density
is at most 2 (normal mixtures) or 1 (beta-mixtures). For continuous beta-
mixtures Rousseau [18] recently obtained a (near)-optimal ! rate for any £,
the posterior being rate-adaptive with respect to (. In the present work a
similar result is derived for location-scale mixtures. This is achieved using
the approximations studied in section 2. These are established following the
approach of [18], which consists of finding a continuous mixing density fx
for which the mixture is close to fo and next discretizing fr. If fi is allowed
to be different from fy, the approximation can also be optimal when the
smoothness is larger than 2. A difference with [18] is that we can exploit
properties of the convolution operator (see Lemma 1), which is not possible
for beta-mixtures. A remarkable difference with the frequentist approach is
that the underlying density fo can be approximated by convoluting a func-
tion different from fj, instead of, for example, convoluting fy itself with a
kernel that is not strictly nonnegative.

Whereas much of the (asymptotical) literature on nonparametric mixtures
is restricted to normal mixtures with Dirichlet process priors, we give general
conditions for the priors on p and w, under which the posterior is rate-
optimal and adaptive. Conditions for consistency were recently given by Wu
and Ghosal [20]. In section 4 we give examples of priors that satisfy these
conditions. It appears that optimal rates are achieved in many other models
than the Dirichlet mixtures of normals. For example, one can equally well
use Laplace mixtures with a Poisson process prior on the locations and a
Polya-tree prior on the weights.

We obtain posterior convergence rates for location-scale mixtures of the

type
k
(1) m(x;kau7wvo-) = Zw]¢d($_lu’j)a
j=1
where o > 0, w; > 0, Z§:1 w;j =1, p; € R and
(2) U(x) = Cpe T,
. . . -1 C 1/P .
for a normalizing constant C),. The inverse ¢~ "(y) = (log 7”) is defined

on (0,Cy].
Notation For any nonnegative «, let

(3) Vo = / 229(x)de.

In the sequel, a near optimal rate is understood to be the minimax rate with an
additional factor (logmn)°.
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ADAPTIVE LOCATION-SCALE MIXTURES 3

For any function h, let K,h denote the convolution h * v,, and let A h
denote the error (Kyh)—h. For L > 0, # > 0 and r the largest integer smaller
than 3, let H (3, L) be the space of functions h such that sup,_, |h(") () —
K ()| /ly — z|P~" < L. Let Hg be the Holder-space UrsoH (8, L), and
given some function h € Hpg, let Ly g, = sup,, |h") () — A ()| /|y —
z|?~". When 3 —r = 1, this equals |[h"+D||o. Let Ay = {z € RF : 2; >
0, 3%, 2; = 1} denote the (k — 1)-dimensional unit-simplex and Sy, = {z €
RE : 2 > O,Zle x; < 1}. For b,d € R¥, Hy[b,d] denotes the hypercube
{x € R¥ | ; € [b;,d;]}. When no confusion can result we write Hy[b,d] :=
Hi[(b,...,b),(d,...,d)] for real numbers b and d. For positive numbers ¢ and
e, T.. denotes the interval [—c|loge|'/?, c|loge|*/P]. Given € > 0 and fixed
points = € RF and y € Ay, define the I;-balls By(z,¢) = {z € RF | 2F, |
zi—x; |[< e} and Ag(y,€) = {2 € Ap | 28 | 20 — yi |< €} Inequality up
to a multiplicative constant is denoted with < and 2> (for < we also use O).
The number of integer points in an interval I € R is denoted N(I). Finally,
the convergence rate is a sequence tending to zero such that ne2 — co and
I(d(fo, f) > Men, | X1 ..., Xy) — 0 in Fj-probability, for some sufficiently
large constant M, d being the Hellinger- or L;-metric.

Conditions on fy. The observations X1, ..., X, are assumed to be an i.i.d.
sample from a density fy, satisfying the following conditions.

1. Smoothness. log fo is assumed to be locally 5-Holder, with derivatives
lj(x) = % log f(x). In addition we assume the existence of a polyno-

mial L and a constant v > 0 such that

L

@) loghls) < Togfole) + X Ay —ap 4 L@y~ ol
=
Sy )i — L@y — ol”

(5) logfo(y) > logfo(z)+ XT:
i=1

for all ,y with |y — z| < . Hence log fy is locally Holder with an ad-
ditional uniformity condition. As L is polynomial, the /;’s are bounded
by polynomials. In the remainder, (4) and (5) are always used when
|z — y| is smaller than a multiple of o|logo|'/?, and throughout the
paper it is assumed that o is small enough to have |x — y| < ~.

2. Moments. The functions L and the [; satisfy

(6) Follj)7 < 00,j=1,...,r, FyL? < oo.

3. Monotonicity. fo is strictly positive, and there are numbers x,, <
xpr such that fy is nondecreasing on (—o0,x,,) and nonincreasing
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4 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

on (xp7,00). Without loss of generality we assume that fo(z,,) =
fo(xpr) = ¢ and that fo(z) > ¢ for all x,, < x < zp;. The mono-
tonicity in the tails implies that K, fy 2 fo; see the remark on p.
149-150 in [6].

4. Tails. fy has smaller tails than the kernel, i.e. there are constants T’
and My such that fo(z) < Myy(x) when |z| > T'. Combined with the
monotonicity condition, this implies that there exists a finite constant
cy such that for all sufficiently small e,

(7) {z: fo(x) > €} C [—cy] loge|1/p,cf\ loge\l/p].

The constant ¢y depends on f by the constant M} in the tail condition.
This property is used in the proof of Lemma 6.

Prior (II,,) The prior on o is the inverse Gamma distribution with scale
parameter A > 0 and shape parameter a > 0, i.e. ¢ has prior density
F/\(Z)x_(a“)e_)‘/”" and o0~! has the Gamma-density %xa_le_’\x. The priors
on the number of components, locations and weights satisfy the conditions
(8)-(11) below, where dy, da, d3 and ds may be arbitrary positive constants.

First, the marginal distribution p of the number of components K is such

that for all integers m

o0

(8) > plk) S e mlosm,
k=m

where the constant r affects the logarithmic factor in the convergence rate
in Theorem 1 if it is smaller than one.
Second, the joint distribution of (K, ) satisfies

(9) H(N([=y.4]%) > 0) e ¥,
and for all ¢ > 0 there exists a constant dz > 0 such that

1
(10) (K = k, ji € Bi(po, ) 2 exp{—dsklog ;}
when y > 0, k € N, e < %, and the elements of o are contained in T¢, =
[—c|log €|'/?, ¢|log €]'/P]. Condition (9) requires that the number of points
(N) outside [—y,y| is exponentially small.

Finally, the prior distribution of the weight vector w is independent of p,
such that for all &, € < %, and wg € Ag,

1
(11) M(w € Ag(wo,€) | K = k) 2 exp{ —dak(log k)" log ~
€
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ADAPTIVE LOCATION-SCALE MIXTURES )

for some nonnegative constant b, which affects the logarithmic factor in the
convergence rate.
We can now state our main result.

THEOREM 1. If the prior satisfies conditions (8)-(11) and fo satisfies
Conditions 1-4, then I, (- | X1,...,X,) converges to fy in E§-probability,
with respect to the Hellinger or Li-metric, with rate e, = n~8/(1+20) (logn)t,
where v and b are as in (8) and (11), and t > 2 +b+p H/2+p~ 1) +
max(0, (1 —r)/2).

The proof is based on Theorem 5 of Ghosal and van der Vaart [10], which
is included here in appendix A. Informally speaking, the conditions (10)
and (11) translate the general prior mass condition (51) in Theorem 2 to
conditions on the priors for u and w. The prior is to put enough mass near
o and wg, which are the locations and weights of a mixture approximating
fo. Since pp and wg are unknown, the conditions in fact require that there
is a minimal amount of prior mass around all their possible values; therefore
(10) and (11) could be seen uniformity conditions. Considering only proper
priors, this requires a restriction of the form pg € Tclfe. Due to conditions (8)
and (10), the marginal distribution of the number of components has to be
exponential in &, as in Ghosal [7], who studied convergence rate of Bernstein-
polynomials.

2. Approximation of smooth densities. In the proof of Theorem
1 we need a set of finite mixtures whose Kullback-Leibler- (KL) divergence
with respect to fy is 0(025 ). The usual approach is to bound the supremum-
norm between fy and K, fy, and then show that under certain conditions on
fo, this also gives a small KL-divergence. But as || fo — Ky fo||co remains of
order o2 when 3 > 2, this approach becomes rather difficult. In this section
we propose an alternative mixing distribution, following the construction of
Rousseau [18] for beta-mixtures. In Lemma 1 we construct, by substracting
the convoluted approximation error, a function f; such that || fo— Kox fi|lcc =
O(c”). Under extra assumptions on fy, the error is even relative with respect
to fo (Lemma 2). This fi is not necessarily a density however, and after
some modification and normalization we obtain a density hj. In Lemma 3
it is shown that hj still has the desired approximative properties. It then
follows that hy is also close to fy in the KL-sense (Lemma 4). After a result
quantifying the L..- and Lq-distances between mixtures whose parameters
are close, given in Lemma 5, hy, is discretized in Lemma 6. In the remainder
of this section, we often write f for fy for notational convenience.
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6 W. KRUIJER, J. ROUSSEAU AND A.W. VAN DER VAART
It is well known that for any f € Hg,

(12) 1A fllo < waLygo®, B € (0,1]
(13) 186 flloe < vanaLpra_1ymao™2, B> 1.

When 3 > 2, the latter inequality can be written |Ag flloo < 1202 f®|l0o.
The approximation error is therefore of order o2, even when 3 is larger than
two. The following calculation illustrates how this can be improved if we
take fi = f — Asf = 2f — K, f as mixing density instead of f itself. If
f € Hg with 8 € (2,4], the approximation error |(K,f1)(x) — f(x)| equals

[ ate = {50 = £@) = [ nte = w(716) = Flu))de} du
0,2

O'2 "
|51 @+ 06" = T [ oo = s (W~ 0" = 0.

If 4 < 8 < 6, it can be shown that an error of O(c®) is achieved using
K, fo, where fo = f — A, f1. For larger (8, this procedure of substracting the
convoluted error of the previous approximation can be continued; we find a
sequence fiy1 = f — Ay fi. It can be shown by induction that

k
(14) fo = () (k N 1>K:;f,

i=0 t+1

(15) NTE (’“) Kif.

i=0 t

The following elementary result is included for convenience. Its proof de-
pends on the following two observations. First, note that if f € Hg then
f1, f2,... are also in Hg, even if ¢ is not in Hg (e.g. when p = 1).

Second, it follows from the symmetry of ¢ that K, f*) = Cgc—kkKUf, ie.
the kth derivative of the convolution of f equals the convolution of f*).

LEmMMA 1. Let f € Hg, where 2k < 3 < 2k + 2 for some positive
integer k. Then || f — fi * Yo lloo = O(c?), where fi. is defined recursively by
fi=f—Acf=2f—Ksf and fjr1=f—Asfj, j =2 1.

PROOF. For k = 1 it can be seen that K,(f1) — f = As(f — As(f)) —
Ay (f) = —As Ay f. From (13) it follows that || Ay Ag flloo < 1202[|(Av f)” ||so-
Because differentiation and the A, operator can be interchanged, we also

imsart-aos ver. 2008/08/29 file: lsMixtures0O.tex date: May 21, 2009



ADAPTIVE LOCATION-SCALE MIXTURES 7

have ||(Asf)"looc = [[(Acf”)|lso- Since f” € Hg_o, the latter quantity is
O(c”72). Consequently, ||[AyAy fllo = O(c?). For k > 1, we repeat this
step and use that, as a consequence of (14) and (15), ||[Ksfx — flloo =
|AE+1 £|| . In fact, by induction it follows that for any positive integer k,
B € (2k,2k + 2] and f € Hg, ||A¥! f|lo = O(c?). Suppose this statement
holds for £ = 0,1,...,m — 1, and that f € Hg with § € (2m,2m + 2].
Then AT oo = O(|Arf@™ [a0®™) and A, /@™ oy = O(c2m) as
f(Zm) € Hﬁ_gm. ]

Once the approximation error O(c”) is achieved with a certain fz, the ap-
proximation clearly doesn’t improve any more for f; with j > k. In the con-
text of a fixed § > 0 and a density f € Hg (or an f such that log f € Hg),
fr will be understood as the first function in the sequence { f; };en for which
an error of order o is achieved, i.e. k is one half of the largest even number
strictly smaller than [3.

The following approximation result, whose proof can be found in Ap-
pendix B, will be essential for controlling the KL-divergence between f and
K, fi. A similar result for beta-mixtures is contained in Theorem 3.1 in [18].

LEMMA 2. Let f be a density satisfying conditions 1-4, and let fi be
the first function in the sequence {fi}ien for which an error of order o is
achieved. Then for all sufficiently small o and for all x contained in the set
(16) A
Ay ={z:|lj(x)| < Bo|loga| /P, j = 1,...,r,|L(z)| < Bo~?|logo| 77}

we have
(A7) (Kefi)(w) = f(2) (14 O(R(x)o”)) + O (1 + R(x))o™)

where H > 0 can be chosen arbitrarily large and
(18) R(z) = rrp|L(@)| + > il (@),
=1

for nonnegative constants r;.

Hence the result of Lemma 1 can be strengthened considerably: on a set on
which the [;’s are sufficiently controlled, the approximation error (K, fx)(z)—
f(z) is now relative to f(x), apart from a term o/ where H can be arbitrar-
ily large. Note that the powers of the |l;|’s appearing in R are half of those
appearing in the moment condition (6); this is because of the application
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8 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

of (17) (after a small modification in Lemma 3) in Lemma 4, where it is
required that [ R?dF < oc.

Since K, f; is a density when f; is a density, we have that for any non-
negative integer j (fo denoting the density f itself) f; integrates to one.
For j > 0 the f; are however not necessarily nonnegative, which can be
easily seen by considering a compactly supported f. To obtain a probability
density, we define

(19) Rey = {z:fi@)> 3f(@)
(20) Gi(e) = H@)n, + 3 f@)n,

21) hi@) = gi(@)/ [ g;(a)de.

The constant 3 in (19) and (20) is arbitrary and could be replaced by any

other number between zero and one. From our conditions on f it will follow

that these h; still have the desired approximation error, i.e. we will show in

Lemma 3 that for any f € Hs the normalizing constant [ g is 1+ O(c”).
We define

(22) E; ={x: f(z) 2 o™},

where (at this point) the constant H; has to be at least 43, but will have to
be chosen larger in the remainder. By property (7) we have that for e = ot
and a certain constant ¢, Fy C 1.

LEMMA 3. Let f be a density satisfying conditions 1-4. Then
@) [ (KpH@dz=06*), [ (@)@ =0
Ag -
for any nonnegative integer m, provided that Hy = Hi(m) in (22) is suf-

ficiently large. Furthermore, A; N E; C Ry for small enough o. Conse-
quently,

(24) /gk da;—l—i—/ f fr)dz =14 0(a%).
Consequently,

(25) Kohi(z) = f(2) (14 O(R(x)a?)) + O (1 + R(z))o™)

for all x € Ay N E,, i.e. if we make the further restriction to E,, (17) holds
with fi replaced by hy.
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ADAPTIVE LOCATION-SCALE MIXTURES 9
PRrROOF. To show that the first integral is of order 22, consider the sets
Ags ={x: |lj(x)] < 5Bo|loga| /7, j=1,....r,|L(x)| < 6Bo~"|loga| 77},

indexed by 0 < 1. If m = 0, the moment condition (6) and Markov’s in-
equality imply F(AS) = O(c??). If m = 1, consider independent random
variables X and U with densities f and 1), respectively. Then X + oU has
density K, f. Because P(|U| > K'|logo|'/?) = O(c?) if the constant k' is
sufficiently large, we have

(26)
P(X +0U € AS) < P(X + oU € AS,| U |< K|logo|'/?) + P(JU| > K/|log o|*/?)
=00+ P(X 40U € AS, X € Ay 5,| U |< K| logo|'/P)
+P(X +0U € A5, X € A ;.| U |< K'|loga|'/?)

0,07
The last term is bounded by P(X € A{ ;), which is O(c%8) for any 0 <
6 < 1. We show that the second term on the last line is zero for sufficiently
small 6. We show that the conditions on f and the fact that X € A, s and
X +0oU € Ag | imply that |U] is large, contradicting | U [< K| log o |1/,
Since X € A, 4, |L(X)| < 6Bo~"|logo|~#/? and |I;(X)| < §Bo~7|loga|~7/P
for j = 1,...,r, whereas X + oU € Ag; implies that |L(X + oU)| >
BoB|logo|#/? or that |I;(X + oU)| > §Bo*|loga|~/P for some i €
{1,...,7}. By (4) and (5), it follows that for alli =1,...,r
~ 1;(X) i—i B—i rr\A—i
(X +0U)| = > T(O‘U)j + O(L(X)o" " (oU)"™)
=i L
" 0BoJ

<3
=

< Bo~"|logo| VP

\log o| /P|oUP " + 6Bo?|log o|#/P|o |7~

if 0 is sufficiently small. Therefore it has to be a large value of |L(X + oU)|
that forces X + oU to be in AS. Hence it suffices to show that |L(X)| <
6BoP|logo|=P/? and | U |< k'|loga|'/P is in contradiction with |L(X +
oU)| > Bo?|logo|~?/P. This follows from the assumption that L is poly-
nomial.

If m = 2 in (23), note that the above argument remains valid if X has
density K, f instead of f. The last term in (26) is then bounded by P(X €
AC 5), which is O(0?%) by the result for m = 1. This step can be repeated
arl;itrarily often, for some decreasing sequence of §’s.
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10 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

To bound the second integral in (23), first note that for m =0
27 :cdx<aH1/2/ z)dz = O(c??).
(27) ng() < 3Vf(> (@)

For m = 1, we integrate over the sets ES N AS and ES N A,. The integral
over the first set is O(0*%) by the preceding paragraph. To bound the second
integral, consider the sets

(28) Eqs ={z :log f(x) = 6H1log o},

indexed by ¢ < 1. We can use the inequality (26) with Ag, A, s and Ag ;
replaced by respectively ES N Ay, Es5 N A, and E[f_ s N As. The proba-
bility Px~f(X € Ej ;) can be shown to be O(c?P) as in (27), provided
that 6H;/2 > 23. The probability that |U| < K|logo|'/?, X + oU €
E;NA, and X € E, 5N Ay is zero: due to the construction of A, we have
| (X 4+0U)—1(X) |= O(1), whereas | (X +ocU)—1(X) |> (1—0)H; | logo |.
This step can be repeated as long as the terms Px. (X € E;a) remain
O(o?%), which is the case if the initial H; is chosen large enough. This fin-
ishes the proof of (23).

To prove that A, NE, C Ry we use that f(z) > ot > o and f(z)(1+
O(R(x)o?)) + O ((1 + R(w))UH) if x € A, N E,. Because R is bounded by
a polynomial and E, C T¢ . for some c and € = o it follows that for any
p1 <1,

filw) = 2f ()= Ko f () = 2f (2) = (1+O(R(x))0”) f ()= O(1+R(x))o " > p1 f(x)
for small enough o. Similarly,
fo() = 2f1(2) =Ko f1(x) = 2f1(2)=(14+O(R(2))0”) f () ~O(1+R(x))o ™ > pa f (),

where po can be arbitrarily close to one if we choose p; close enough to one.
Continuing in this manner, we find a constant p; such that fi(x) > prpf(x)
for x € A, N E, and o sufficiently small. If p; > ps > ... > pyp_1 are chosen
large enough, pj can be at least one half; hence A, N E; C Ry k. To see that
(23) now implies (24), note that the integrand % f— f& is a linear combination
of KI'f,m=0,...,k. O

REMARK 1. As a further consequence we have hy > f/(2(1 + O(c?))),
and the fact that K, f is lower bounded by a multiple of f implies that the
same is true for K hy.
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ADAPTIVE LOCATION-SCALE MIXTURES 11

REMARK 2.  Clearly, the O(c?) in (27) can be improved by choosing a
larger Hy. This will be used in the proof of Lemma 6.

LEMMA 4. Given 8 > 0, let f € Hg be a density that satisfies the
Conditions 1-4 above, and let hy be defined by (21). Then for all small
enough o,

(29) /flog K;fhk = 0(c9), /f (log th])z = 0(c?9).

PROOF. Since

/SplogzS/Spp;q=[9(p;Q)2+/g(p—q)=/g(p;q)2+/C(q—p)

for any densities p and ¢ and any set S, we have the bound

T ) — 2))2
[ o 2 g < [ UKl

Kohy () Kohi(z)
f(z)
" Jagoms fle)log K@ ™ AguEé(thk(x) ~ f(@)da.

(30)

The first integral on the right can be bounded by application of (25) and
Remark 1 following Lemma 3. On A, N E, the integrand is bounded by
f(2)O(6”R(z)) — 20(c” T R(x)) + O((1 + R(x))?)o?H / f(x). If we choose
H > H;+p, it follows from the definition of R(z) and the moment condition
(6) that the integral over A;NE, is O(c*?) for each of these terms. For exam-
ple, J(1+ R(2)202 [ f(z)de = [ f(x)(1+ R(x))20* | £2(x)de < o2(H-H),
as f(x) > o' on E, and the Lebesgue measure of this interval is at most
o~H1. To bound the second integral in (30) we use once more that K, hy, = f,
and then apply (23) with m = 0. For the last integral we use (23) with
m = 0,...,k+1; recall that hy is a linear combination of K'f,m =0, ..., k.
The second integral in (29) is bounded by

fl@) \? (f(x) = Kohg(x))?
/A s f(x) (log Kohk(w)) dx + . o (2) dz,

which is O(c??) by the same arguments.
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12 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

The result of the preceding lemma is discretized in Lemma 6 below. Apart
from the finite mixture derived from h; we also need to construct a set of
finite mixtures close to it, such that this entire set is contained in a KL-ball
around f. For this purpose the following lemma is useful. A similar result
can be found in Lemma 5 of [10]. The inequality for the L;-norm will be
used in the entropy calculation in the proof of Theorem 1.

LEMMA 5. Let w, @ € Ay, pu, i € RF and 0,6 € RT. Let 1 be a differ-
entiable symmetric density such that xi'(x) is bounded. Then for mixtures
m(x) = m(z; k, p,w,0) and m(z) = m(x; k, i, w,5) we have

k ~ ~

- - w; N W; _ |o—a |

_ < _ ) - =
=l <o+ 2l 3R |+
-l 5 Ll g ]
m—m , .
o oNG < (0 NG)? fa = i (0 AN&)?

PrROOF. Let 1 <1 < k and assume that w; < w;. By the triangle inequal-
ity,
|witho (+ = pi) — Withs (- — )| < [[witdo (- — pi) — Wirho (- — i) ||
+ | Withe (- — pi) — Witbo (- — )| + 1 Withe (- — i) — Witbs (- — faa) ||

for any norm. We have the following inequalities:

Vo (2 = ps) = oz — )1 = 2‘\1/ (”’20“’) _ <M120m>’

| B — i | _ 2[[Yllso | -
< 2 [ee) v - M|y
< 2l _UAU| |
1
— s < <—|o—
o = sl < UAU/|¢ ) ldr<——=lo-5
(31) |M-%M§§Gﬂﬁw%mw |,
- 1
Vo (2 = pi) = Yoz — fii)|loo S m | i — i | -

To prove (31), let 0 = 2~! and & = 27!, and for fixed x define the function
gz : 2 — z(zx). By assumption, Lg,(2) = ¢(22) + 22¢/(22) is bounded,
and

d

d 1
— W = — 7)< 7 P < || —
1 =5 llec = sup [ 92(2)=ga2(2) <] 2=Z | || - galloc < (Um})zﬂdzgﬂ

loo | 0—0 | .
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ADAPTIVE LOCATION-SCALE MIXTURES 13

Applying the mean value theorem to 1 itself, the last inequality is obtained.
O

The approximation hj defined by (21) can be discretized such that the
result of Lemma 4 still holds. The discretization relies on Lemma 3.13 in
[13], which is included in Appendix C.

LEMMA 6. Let the constant Hy in the definition of E, be at least 4(5+p).
Given 3 > 0, let f € Hg be a density that satisfies the Conditions 1-4
above. Then there exists a finite mizture m = m(-; ky, fo, Wy, 0) with ky =
O(c~1log a|1+p_1) support points contained in E,, such that

2
(32) /flogf — 0(02,6)7 /f (log f) — 0(025)‘
m m
Furthermore, (32) holds for all mixztures m’ = m(-; ks, p, w,c’) such that
o' € 0,0+ 0", 1€ By (g 0" F1H) and w € Ay, (g, 0¥ 1Y),
where &' > 1+ 3/H;.

PROOF. We bound the second integral in (32); the first integral can be
bounded similarly. For h; the normalized restriction of h; to E, and m the
finite mixture to be constructed, we write

(33)
/f (log r];>2 N /E d (log thk " /flog ﬁjzk " /flog K;@hk>2
+ - f (log thk + log K;;hk>2

The integral of f(log f/Kyhy)? over E, is O(0??) by Lemma 4. By Lemma 3

and Remark 2 following the proof of this lemma, the integral of f(log Kyhy/Kyhi)?
over E, is O(027) as well. To bound the integral of f(log K,hy/m)? over E,,

let m = m(-; ks, i, Ws,0) be the finite mixture obtained from Lemma 14,

with € = 0¥ #1141 and § > 14 26/H,. The requirement that a < ¢~ (e) is
satisfied by the monotonicity and tail conditions on f (see (7)). The number

of components ky is O(c!|log o|'t77"). We have

~ 2 ~ 2
Ko'hk‘ m — Kg‘hk; 1
/E f (log p- ) S/ f <M> < G2 -1DH _ 0(026)’
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14 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

provided that ¢ > 1+ Hﬁl The cross-products resulting from the square in
the integral over E, can be shown to be O(¢?%) using the Cauchy-Schwartz
inequality and the preceding bounds.

To bound the integral over EY, we add a component with weight %8 and
mean zero to the finite mixture m. From Lemma 5 it can be seen that this
does not affect the preceding results. Since f and hj are uniformly bounded,
so is K hy. If C is an upper bound for K,hy, then

(34)
/Eg f(z) <log K;hk (:L‘)>2dm < [E f(z) (log Uggi(@)zdw

o

|z[?

2
= /EC f(2) (log(CP_IC) + 20| log o] + Jp) dzx.

o

This is O(c??) if

/Eé f@)lefrde < o™ /Eg \/%W%dm = O(c27+%p),

which is the case if H; > 4(3 + p). The integral of f(log f/K,hs)? over ES
is O(0?%) by Lemma 4, and the integral of f(log f/Kyhy)(log Kyhy/m) over
E¢ can be bounded using Cauchy-Schwartz.

If m’ = m(; kg, p,w,0’) is a different mixture with ¢’ € 0,0 + o
1 € By, (pto, 0® T112) and w € Ay, (wy, 0 #111), the Log-norm between m

/ 7 N2
and m’ is 0% #1 by Lemma 5, and Je, f <log %) = O(0%%). The integral
over E¢ can be shown to be O(c?%) as in (34), where the |z — 02%|? that

comes in the place of |2|?P can be handled with Jensen’s inequality.

5/H1+2]
)

O]

3. The proof of Theorem 1. For the entropy calculations we need
the following lemma.

LEMMA 7. For positive vectors b = (by,...,bx) and d = (dy,...,dg),
with b; < d; for all i, the packing numbers of Ay and Hy[b,d] satisfy

(35) Die,Apl) < <5>H ,

€
BT (di — by + 2€)
(2¢)k

(36) D(e, Hg[b,d],l1) <
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ADAPTIVE LOCATION-SCALE MIXTURES 15

PROOF. A proof of (35) can be found in [8]; the other result follows from a
volume argument. For \; the k-dimensional Lebesgue measure, A\;(Sy) = %
and A\ (Br(y, §,01)) = %, where By (y, §,11) is the [;-ball in R* centered at
y, with radius §. Suppose 1, ..., zy is a maximal e-separated set in Hy[b, d].
If the center y of an I;-ball of radius § is contained in Hy[b,d] then for any
point z in this ball, | z;—y; |< § for all i. Because for each coordinate we have
the bounds | z; |[<|y;i | + | zi —yi |< di+§ and | 2; [> b; — §, 2 is an element
of Hy[b— §,d + §]. The union of the balls By(x1, §,01), ..., Br(zn, §,01) is
therefore contained in Hy[b— §,d + §]. O

PROOF OF THEOREM 1. The proof is an application of Theorem 2, with
rate &, = n~ /0429 (logn)! and €, = n=%/1+28) (logn)!2, where t; and
ty > t1 are determined below. Let k, = kon!'/(1+28) (logn)!*+(1=1)/P be the
number of components in Lemma 6 when ¢ = o, = 611/ A . This lemma
then provides a kj,-dimensional mixture m = m(-; ky, i, Wy, 0y,) whose KL-
divergence from fy is O(0,%%) = O(€2). The number of components is

kn = O(0n Y log o) 77 ) = O(n/(1+28) (1og )+ (1-11)/P)

their locations being contained in the set E, defined in (22). By the same
lemma there are l1-balls B,, = By, (jtn, 0% 11 72) and A(n) = A, (wy, 0,° F111)
such that the same is true for all k,,-dimensional mixtures m = m(-; ky, u, w, o)
with o € [0, op + 0, 1+2] and (p, w) € By, x A(n). It now suffices to lower
bound the prior probability on having k,, components and on B,,, A(n) and
[On, 00 + 0n5,H1+2]. Let b = 6’H; + 2; as o~ ! is inverse-gamma, it follows
from the mean value theorem that

(37)

b o'n“l’a'nb Aa
(o € [on,0n +03°]) = /

A (ol Az
o) T e dx

U'n+0'nb )\0‘ )\a+1 —1
—/an @)  “=Tw™ °

which is larger than exp{—ne2} for any choice of ¢; > 0. From the conditions
(10) and (11) on the priors for 1 and w it then follows that

T(K L(fo, en)) 2 exp { ~dsk log o~ 152 — dyke, (log k)" log o, =1+

The exponent is O(n'/(1+28) (1og n)2+b+(1-01)/P): therefore II(K L(fy, &,)) >
exp{—neé2} = exp{—n/+2D) (logn)21} if t; > (24+b+p~1)/(2+p L.
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16 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

We then have to find sets F,, such that (50) and (52) hold. For r, =

1
n1+2 (logn )" (rounded to the nearest integer) and a polynomially increasing
sequence b, such that bff > nt/(420) with dy as in (9), we define

Fon={m(;k,p,w,0)|k < 1y, u € Hg[~bp,by], 0 € Sy}

The bandwidth o is contained in S, = (g,,,y], where o,, = n~4 and 7, =

exp{ne2(logn)®}, for arbitrary constants A > 1 and § > 0. An upper bound
on II(S¢) can be found by direct calculation, for example

o )\ > ot e
A —(at1) =2 _/ a—1_—Xz
T e =zdr = 4 e Ydr
/6' I'(a) o I(a)

< /oan F)(\O‘)xaldx = O(exp{—ané;,(logn)’}).

Hence II(S¢) < e~nen for any constant ¢, for large enough n. The prior
mass on mixtures with more than r,, support points and the prior mass on
mixtures with at least one support point outside [—by,, b,] is controlled by
conditions (8) and (9). Combining these bounds, we find

o9
T(Fy;) <TI(S;) + > p(k) + TN ([bp, bn]® > 0)) S e Hrnlioen)”,
k=ry

The right hand side decreases faster than e~ if t, +r > 2t;.
To control the sum in (50), we partition F,, using

fnv]' = {m(’ k?:uawao-)“{; < Tn, b € Hk[_bna bn],O' € S’n,j}a
Sn j — (Sn,j—la Sn,j] = (Qn(]- + gn)jilvgn(l + gn)jL .7 = 17 ceey Jn7

Jp = <10g Zn) /log(1+¢€,) =0 (nEn(log n)5) :

Yn
A lower bound on the prior probability on the F, ; is again found by direct
calculation:

(38)
(Fng) <TU(Sny) =Mo" € o' (1 + &) 7,0, (1 +)' )
o, (1+en)t
_ [ (IJ: ) o1y
On (1"1'571)_]
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ADAPTIVE LOCATION-SCALE MIXTURES 17

As the Lj-distance is bounded by the Hellinger-distance, condition (50)
only needs to be verified for the Li-distance. We further decompose the
Fn,;'s and write

Frj = Ui Fojke = U {m(s k, pw, 0)|p € Hy[—bp, by, 0 € Sy}

It will be convenient to replace the covering numbers N in (50) by their
corresponding packing numbers D, which are at least as big. Since for any
pair of metric spaces (A,dy) and (B,ds2) we have D(e, A x B,d; + dg) <
D(5,A,d)D(5,B,dz), Lemma 5 implies that for all & > 1, D(é,, Fp jk, || -
l1) is bounded by

Lemma 7 provides the following bounds:

p(E.aen) < (2)7

_ k
D(iﬁgm: CHi[=bp, by h) < m(egmml) E(zb + Z‘m;)
D(Ensn%, (Snj—1, Sn.jl, ll) < (Snj—1€n/3) ((snd — Spj-1) + €nsn,j,1/3).
For some constant C, we find that
D(&n, Frjs | - 11) < raD(Eny Frjras || - [11)
(39) < C e\ (€,) 72 sn,]sngnﬁl(max(bn,Ensn,j_l))rn
o,

If by, > €,5n,j—1, we have (1 +én) 7 > AT
is bounded by —\b; '€, /(1+€,). A combination of (38), (39) and Stirling’s
bound on 7} then imply that \/Hn(]-"mj)\/N(En,fn,j, d) is bounded by a

multiple of
o=/ (1 48,) @02 fraCrnl 2y 2012 ) 5

and the last exponent in (38)

_ A

s 77;71/12-"—1/21)7‘71/2 eXp{—§0 ( +5n) }
< ngrn—FO‘Tf?’A(l +fgn)—%(j—1)(rn+a—2)+177a(rn + 1)rn+1cr7“€T—Lrnb;7n eXp{_)‘bﬁll EnN }
~ + €

< Ko exp{Kjry(logn)},

for certain constants C, Ko and K. If b, < €,5, j—1 we obtain similar bound

but with an additional factor &,/ n~A/2(1 4 €,)0=1r/2 wwhere the fac-
tor (14 &,)U=Dm/2 cancels out with (1 4 &,)~U~17"/2 on the third line of
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18 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

the above display. There is however a remaining factor (1 + En)%(j —1)(2-a)
Since J,, is defined such that n=4(1 + &,)”» = exp{né?(logn)°}, the sum of
\/Hn(fmj)\/N(En,]:n,j, d)over j =1,...,J,is amultiple of exp{ K17, (logn)+
ne2 (logn)?}, which increases at a slower rate than exp{ne2} if 2t > max(t,+
1,2t; + 9). Combined with the requirement that ¢, + r > 2¢; this gives
ts > t1 + 157, Hence the convergence rate is e, = n=%/(1+29)(logn)t, with
t>24+b+p H/(2+p 1) +max(0, (1 —r)/2). O

4. Examples of priors.

4.1. Priors for the locations. We show that conditions (8)-(10) hold for
two important types of priors for (k, u).

First we consider hierarchical priors, where K is sampled from a prior p(-)
on N, such that (8) holds by assumption. In addition it is assumed that for
some constant D

(40) p(k) 2 e Prlosk,

which we need to obtain the lower bound in (10). Given K = k, the locations
p1, - .., p are drawn independently from a prior p, on R satisfying

4)  ple) 2 v,

(42) pu(z) S e~ 471" for constants a; > 0and ag < p.

The latter assumption implies that for any y > 0,
(43) H(| i |> y) = / py(x)da: S ymax{O,l—QQ}e_yaz 5 e_|y‘d2
[—y,y]°

for some constant da > 0. Because E,K < oo by condition (8), (9) follows
from (43):

(N ([~y, Zp Jax | i[>y | K =k)
(44)
Z RRTI( i |> ) S (BpK) e ™.

To verify (10), let ¢ >0, k > 0, € < %, and pg € Tc’fg. Because p, 2 1 and
for all i = 1,... k, | u? | is at most c|loge|*/?,

€ teti € Cp o
N =il 1€ D) 2 [ pule)de 2 Lulelloge/r) = S2e ™,

£

€
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ADAPTIVE LOCATION-SCALE MIXTURES 19

As the [3-ball By(u®, €) contains the loo-ball { € RF :| p; — pd [< £, 1 <
i <k}, we conclude that there is a constant ds > 0 such that
0 —Dklogk CP cP—1 F 1
(45) I(K =k, p € By(p',e)) Z ™77 °8" { e 2, exp{—dsklog -},
€
where we used (40) and the fact that k < e
Conditions (8) and (40) imply that p needs to be of exponential form. If
for example for some positive constants Bi, By and A7 > Ay

(46) Bie MF < p(k) < Bye A2k,

condition (8) holds for » = 0. Such exponential bounds were used by [7]
for density estimation with mixtures of beta—densities. If p is Poisson with
intensity v, we have > 72 | p(k) < (ln’l_i_l),, and using Stirling’s bound for
(m + 1)! it can be seen that (8) holds with r = 1. For a geometric prior,
r=0.

Poisson processes are another popular choice for the location prior. We
consider a Poisson point process with base measure P, on R and intensity
A, and assume that P, has a density p, for which (41) and (42) hold. Again
a lower bound on II(K = k,uu € By(u®,¢)) can be obtained by bounding
N{K =k, pe R :| p; — pd |[< £, 1 <i <k}). For some integer | < k, we
can find disjoint intervals Iy, ..., I; C Tt of length £, containing 7 ug.
Let k; be the number of points in I;, and I¢ the complement of I; U... U I,
in Tt . Since all I; are contained in T¢. and p, 2 ¥,

(47) Pu(IZ-):/ dx>/ Y(@)de 2 A(L)(cllog e P) = ~Cpe”.

Again the tail assumptions on p, can be used to verify (9):

(N ([=9,9)%) > 0) = 1 = TI(N([~y,5)) = 0)
= 1= exp(~APu([=4,41%) < APu((=y,9)%) S e ™.

Finally, (10) follows from (47), as we find a constant d3 such that
H(K = ki,,U, € Bk(Han)) > P(N(Il) = klv . 7N(Il) = klvN(Ic) = 07N(TCC,E) = O)

ex A
P{ };H

S exp{—/\}

P
- k! (Cpe

k:)\)k Z exp{—dsklog - }
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20 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

4.2. Priors on the weights. In this section two classes of priors on the
simplex are discussed. In both cases the Dirichlet distribution, the most
popular choice in the literature, appears as a special case. The proof of
Theorem 1 requires lower bounds for the prior mass on /1-balls around some
fixed point in the simplex. These bounds are given in Lemmas 8 and 10
below.

As it is a well known fact that a normalized vector of independent gamma
distributed random variables is Dirichlet distributed, a straightforward gen-
eralization is to consider random variables with an alternative distribution
on RT. Given independent random variables Y7,..., Y} with densities f; on
[0,00), define a vector X with elements X; =Y;/(Y1+...+Y%),i=1,...,k.
For (z1,...,25-1) € Sk_1,

(48)
(o)

PX1 <z, , X1 < app1) = / P(Y) < x1y,... Y1 < xp_1y) dPVITTY(y)
0

k—1
) H fi(si)dsl e dSk_ldy.
i=1

oo [rT1Y  [T2Y Tr—1Y k-1
S T e
o Jo 0 0 =

The corresponding density is
k—1

- k-1
FRo X (g, ) = /0 VT fely = > aay) [ filziy)dy
=1 i—1

(49) )
% k1
=/ y* 1 filziy)dy,
0 i=1
where z, = 1 — Y. ¥ 2;. We obtain a result similar to lemma 8 in [10].

LEMMA 8. Let X1,..., Xy have a joint distribution with a density of the
form (49). Assume there are positive constants c1(k), co(k) and c3 such that
fori=1,... k, fi(z) > c1(k)z® if z € [0,ca(k)]. Then there are constants
¢ and C such that for ally € Ay, and all € < (3 A c1(k)eg (k)T

P(X € Ag(y,20)) > CemeMlsle),

PROOF. As in [10] it is assumed that y, > k~!. Define §; = max(0, y; —€?)
and §; = min(1,y; + €2). If 2; € (6;,0;) for i = 1,...,k — 1, then % | |
x; —yi |[< 225:_11 | 2; —yi |< 2(k — 1)€? < e. Note that (z1,...,75_1) € Sk,

as f;ll xj < kgl + (k — 1)€? < 1. Since all z; in (49) are at most one,
) |k (ea (k) ey (k)"
flz1,...,x5-1) > / P T (ea (k) (i) 2 dy = (1. mp).
0 g< ) (cs+ 1)k
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ADAPTIVE LOCATION-SCALE MIXTURES 21

Because

1
xkzll—zwgl—\ywz B2k (=Dl 2z
j=1

1 (ca(k)™er (k)" AT 02(7€)C3+1 L) s
P(XeB > 463 (ea+1)—2
( c k(y,e)) Z T3 (cs + Dk H/ dxj > (c3 4+ 1)2k €

> exp{klog(ca(k)®* 1 (k)) — log(cs + 1) — log(k) — 27610%(\?)}'

Ase < (3 A c1(k)ca(k)th), there are constants ¢ and C for which this
quantity is lower-bounded by Ce™¢* log(). O

Alternatively, the Dirichlet distribution can be seen as a Polya tree. Fol-
lowing Lavine [15] we use the notation E = {0,1}, E° = () and for m > 1,

™ = {0,1}™. In addition, let E7* = U™ {0,1}*. Tt is assumed that k = 2™
for some integer m, and the coordinates are indexed with binary vectors
e € E™. A vector X has a Polya tree distribution if

m m
Xe= J] Uaeer I (1=Uqueg,)
Jj=1,e;=0 j=le;=1

where (Us, 4 € Efk”_l) is a family of beta random variables with parameters
((as,, as,), 6 € ET1). We only consider symmetric beta densities, for which
a5 = o5, = 0g,. Adding pairs of coordinates, lower dimensional vectors
Xs can be defined for 6 € E™ . For § € E™ !, let X590 = UsX;s and
Xs1 = (1 — Us)Xs, and Xy = 1 by construction. If a5 = 3as,...5, , for all
1<i<mandd € E* X is Dirichlet distributed.

LEMMA 9. Let X have a Polya distribution with parameters ags, 0 €
E™=Y. Then for all y € Agm and n > 0,

Pm(y:m) = P(X € Aply,m) = P(Y_ | X" =yl <)
ecE™m

Y50 n
> ||P ma Us — — |< - .
86E1X1 ’ g ys 2m—7,+2)

Proor. Foralli=1,...,mand § € B 1,

5
| UsXs —ys0 | < U&’X6_Z/6|+yé‘U6_% :

| (1= Us)Xs —ys1 | < (1—U5)\X5—y5]+y5‘(1_U6)_%’_
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22 W. KRULJER, J. ROUSSEAU AND A.W. VAN DER VAART

Consequently,
oI Xs—usl= Y [ Xso—vsol+ | Xs1—ys |
ScE™ seEm—1
Ys0
< Y I Xs—ws|+2 ) ws|Us— ==
depm—1 sepm—1 Ys
< Y [ Xs—ys|+2 max | Uy — P2
semm—1 sepm—1 Ys
Hence,
n Yso0 n
3 > - [P P Us—— |< ~
Pm(y>n) 2 Pm-1(y; 5) P max | Us " =7)

v

-
Il
)

Y50 Ui n
P(afengfl | Us — m |< 2m—i+2)P(| Up — 9o |< 27m)

Y50 n
P(arenEa;}El | Us — % |§ 2m—i+2)’

Vv
.ES

.
Il
—_

as

p(27™) = P(| Xo—yo | + | X1 — w1 |[<n27™)
=P(|Up—yo |+ |(1=Uo)— (1 —wo) [<n27™) = P(| Up —yo [<n2~ ™).

O

With § € B! fixed, we can lower-bound P(| Us — %0 |< st ) for vari-
ous values of the ag. In the remainder we will assume that a5 = «;, for all
§ € B! with i = 1,...,m. For increasing a; > 1, Us has a unimodal beta-
density, and we can restrict to the ”worst case” where %" = 0. If the o; are
decreasing, and smaller than one, the worst case is y%;o = % In both cases
Lemma 11 in appendix A is used to lower bound the normalizing constant

of the beta-density.

Ifa; Too,i=1,...,m when m — oo, then

. nQ—m+i—2 F 2 )
P(| Us [<m27mH77%) = / : az)x“i_l(l ~ )%l

0 (i)
,,727m+i72 )
> / ai_%QMi_%lxo‘i_ldm = 2_("”_’)%_%@[%770”.
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At the ith level there are 2/~ independent variables Us with the Beta(oy, o;)
distribution, and therefore

3

m i
=1

= Z 2 logj7 - ;bg(ai) — a;(m —1i)log(2)}.

i=1

Ifa; | 0,2=1,...,m when m — oo, we have

) | 124272 (90,
_ < —m+i—2\ _ / !
P(] Us 5 |<n2 ) 1/2-n2-m+i—2 [%(ay)

z 051'772_m+i_1 (%)m*l,

N1 — 2)* dg

m
- , 1
log (pm(y,1m)) 2 32" {log(as) — (20 + (m — i = 1)) log(2) ~log _}.
i=1
We have the following application of these results.

LEMMA 10. Let X§* be Polya distributed with parameters o;. If a; = ib
forb >0,

1
P(X € Ap(y,n)) > Cexp{—ck(logk)®log s

for some constants ¢ and C. By a straightforward calculation one can see
that this result is also valid for b = 0. In the Dirichlet case a; = %ai_l for
1=1,...,m,

1
P(X € Ap(y,n)) = Cexp{—cklog 5},

in accordance with the result in [8].

5. Conclusion. We obtained posteriors that adapt to the smoothness
of the estimated density, that is assumed to be contained in a nonparametric
model. It is of interest to obtain, using the same prior, a parametric rate
if the underlying density is a finite mixture itself. This is the case in the
location-scale-model studied in [13], and the arguments used therein could
be easily applied in the present work. The result would however have less
practical relevance, as the variances 0]2- of all components are required to be
the same.

Furthermore, the prior on the ¢;’s used in [13] depends on n, and this
seems to be essential if the optimal rates and adaptivity found in the present
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work are to be maintained. In the lower bound for the prior mass on a K L-
ball around fy, given by (37), we get an extra factor k, in the exponent, and
the argument only holds if A = A\, =~ o,. This suggests that the restriction
to have the same variance for all components is necessary to have a rate-
adaptive posterior based on a fixed prior, but we have not proved this.
The determination of lower bounds for convergence rates deserves further
investigation; some results can be found in [21]. Full adaptivity over the
union of all finite mixtures and Holder densities could perhaps be established
by putting a hyperprior on the two models, as considered in [9].

APPENDIX A

The following theorem is taken from [10] (Theorem 5), and slightly adapted
to facilitate the entropy calculations in the proof of Theorem 1. Their condi-
tion I, (F| X1, ..., X5) — 0 in F§-probability is a consequence of (51) and
(52) below. This follows from a simplification of the proof of Theorem 2.1
in [8], p.525, where we replace the complement of a Hellinger-ball around
fo by Ft. If we then take € = 2€, in Corollary 1 in [10], with €, > €, and
€, — 0, the result of Theorem 5 in this paper still holds.

THEOREM 2 (Ghosal and van der Vaart, 2006).  Given a statistical model
F, let {X;}i>1 be an i.i.d. sequence with density fo € F. Assume that there

exists a sequence of submodels JF,, that can be partitioned as 0] Fn,j such
j=—00

that, for sequences €, and &, > €, with &, — 0 and né2 — oo,

2

(50) i \/N(en,fn,j,d)\/nn(fw)e*"% 0,

Jj=—00
(51) ,(KL(fo,&) > e ™,
(52) I, (FS) < e 4%,

where K L(fo,€,) is the Kullback-Leibler ball

{f: Folog(fo/f) <&, Folog*(fo/f) <€}

Then I1,(f € F - d(f, fo) > 8én | X1,...,Xy) — 0 in Fg-probability.

The advantage of the above version is that (52) is easier to verify for a
faster sequence €,. The use of the same sequence ¢, in (50) and (52) would
otherwise pose restrictions for the choice of F,.

The following asymptotic formula for the Gamma function can be found
in many references, see for example Abramowitz and Stegun [1].
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LEMMA 11.  For any a > 0,

(53) INa) = v27re_aaa_%ee(°‘),

where 0 < () < ﬁ If o — o0, this gives the bound F(Fa()21:1()a) pe a~322073

for the beta function. For a — 0, the identity ol (o)) = I'(a + 1) gives the

bounds (o) < L and T'(a) > £, where ¢ = 0.8856 ... is the local minimum

of the gamma function on the positive real line. Consequently, F(l;()zlfé()a) 2 a.

From (53) it follows that for all a« > 0 and all integers j > 1,

L) 1 oy 2 |
54 ta < e U+1) 1 1+a
(54) i Ve (l—l—a) A
r({) b1
< e U+)+3 Tia 1 T .
(55) o) < () G+

The following lemma will be required for the proof of Lemma 2 in the
next section.

LEMMA 12.  Given a positive integer m and ¥ (v) = Cpe*mp, let ¢ be
the m-fold convolution ¥ * --- x 1. Then for any a > 0 there is a number
kK =K (p,a,m) such that for all sufficiently small o > 0,

(56) / o(z)|z|*dz = o1
|z|>k’| log o|/P

PROOF. For any p > 0 and a random variable Z with density ;)

P(Z > y) / Py (x)de < p~ly's p/ PP oy (@) da = p~y TP, (y).
Yy

For m = 1, we have

oo a oo o C o0
[ atv@de = [ v (2105 dr = 2 / Yo/ 140y (2)d
Yy

y1+a p/(1+a) 1+a
C (14+a)
=—> Py (Z>F \loga\ )
Co/(14e) Y/ (1+a))

for any o > 0 and y > 0.
Now let m > 1, and X = Y 1", Z; for i.i.d. random variables Z; with
density 9. If @ > 1 then, by Jensen’s inequality applied to the function
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T — x%,

m
1
E (’Z’a1|2|>k’|logo\1/P) <E <ma (Z ’Zv:a> 1Z>k’|loga|1/p>

=1
m m
a—1 o _ _H
s=m ZE |ZZ| 21|Zj|>%|10g0'|1/1’ =0
i=1 j=1

where we used (56) with a = 0 and the independence of the Z;’s to bound
the terms with ¢ # j. If @ < 1, we bound | Z| by |Z| and apply the preceding
result. O]

APPENDIX B: PROOF OF LEMMA 2

Under our assumptions on f, the fact that log f is G-Hoélder implies that
also f itself is §-Holder. Consequently, Lemma 1 implies that for any fixed
z, Ko fy, — f is O(¢®). To prove Lemma 2, it suffices to show that, apart
from a term o, the multiplicative constant is a multiple of R(z). For this
we need the restriction x € A, and the additional smoothness conditions
(4) and (5). Let f be a function for which these conditions hold, r being the
largest integer smaller than 3. We define

Bpr(wy) = 3 29y — a1 L)y — aff.
= L

First we consider the case f € Hg with § € (1,2] and r = 1; the case
0 € (0,1] is easier and can be handled similarly. Using (4) we establish

(57) Ko f(z) < (1+O((|L(@)|+ ]} (2))0”)) f () + O(L+|L(w) |+ |1} (z) ).

The proof of the inverse inequality using (5) is completely analogous. For
any x € R, let
Dy ={y:ly— x| < Ko|loga|'/7},

for a large enough constant k' to be chosen below.
Assuming that k’c|logo|'/? < 4, for v as in Condition 1 on page 3, we
can rewrite (4) as f(y) < f(x)exp{By1(z,y)}, and

(58)  Knf(a) < fla) [ PNy —apdy+ [ F@)nly - 2)dy.

x
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Furthermore, if z € A, and y € D,, then for M = ﬁ exXp{SuP,e 4, yep, |Brr (T, )},

(59)

T

1
er,v'(xvy) = Z ﬁB?lr(xvy) +
m b

m=0 """

66
(r+1)!

=1+ h(2)(y —2) + L(@)|y — =|°
+ M (B ()(y — 2)* + 20 (2) L(2)(y — o)y — 2| + L*(2)]y — =*7) .

Bif'(z,y) <1+ Byy(2,y) + MB} (z,y)

Integrating over D, the terms with a factor (y — x) disappear, so that the
first integral on the right in (58) is bounded by
(60)

| oly=a) {1+ L@y = 2l + MO B i)y = )| + MK BIL@)(y — )} dy,

since |l (z)(y — z)| < K¥'B and |L(z)(y — z)| < ¥°B when z € A, and
y € D;. Because [p. ¥y (y—2)|y —z|®dy = o for any o > 0, when & in the
definition of D, is sufficiently large (see Lemma 12 in Appendix A), (58),
(59) and (60) imply that for constants k; = M (k'B)* and ky = 1+ MK’ B,

(61)
(Kaf)(@) < [ Yoo =){1+ kilb@)]ly = ol + kalL(@)ly — =1}y
+ (Il + 1+ Rala(@))? + kal L) DO ™),

which completes the proof of (57) for § € (1,2]. Using the same arguments
the inverse inequality can be obtained when we define By 1 (z,y) = l1(x)(y —
x) — L(x)|y — z|®. Consequently, we have shown that

(62)

(Ko £)(@) = f(@) (1+0(u (@) + [L@)))o”) + O(1 + [l ()] + | L(z))o ™.

For the inequality in this result resulting from (61), the term O(|l;(z)|® +
|L(z)|)o? f(z) could be replaced by (kivs|li(z)|? + kavg|L(z)|)o” f(z), with
vg as in (3). However to combine this result with the corresponding inverse
inequality we use the O-notation.

Now let f be a function for which (4) and (5) hold with 3 € (2, 4]. Treating
K, f and K, K, f separately, we show that for fi =2f — K, f

(63)  (Kof)(2) = f(2) (14 O(R(2)0”)) + O (1 + R(z))o" ),

where R is defined as in (18). First we give an expression for K, f when
B € (2,4], again by showing inequality in both directions. For the upper
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bound on K, f when r = 3 for example, note that when x € A, and y € D,,
eP <1+B+ %BQ + %Bg + M B* for some constant M, with B(z,y) =
Li(z)(y —z) + 3l (z)(y — 2) + ¢l3(2)(y — )3 + L(z)|y — z|°. For this bound
on e? we redo the calculations given in (58), (59), (60) and (61), and we
find that

(64)
Ko f(z) = f(x) (1 + 2(3() + b(@)o® + o<R(x)aﬂ)) +0((1+ R()o™).

This follows from the fact that for x € A, and y € D, we can control the
terms containing a factor |y — x|¥ with k¥ > 2 in similar way as in (60).
All these terms can be shown to be a multiple of ¢ by taking out a factor
ly — z|% and matching the remaining factor |y — z|*=? by a certain power of
the |I;|’s or |L|. For instance, the term 113(z)(z —y)* resulting from $B? can
be written as é]lg(x)|1*ﬁ/2]:):—y\Q*ﬂ\x—ymlg(x)\B/z < |lz—y|P|la(x)|%/%. For
terms that are products of different /;’s we first completely 'compensate’ the
lower order [;’s by the appropriate powers of |z —y|. The term %ll(l‘)lg (z)(y—

x)* coming from %32 for example, is bounded by
KB 3 1=B/3 1y o13Bly— 1811 (2)[B/3 < 81 (5)(B/3
¢ [B@lly—al” = lls(@)""ly =27 Fly =27l (@)["" < ly—2|"lls(2)7,

Similarly, the terms §|L(z)|i3(z)|ly — z[*** and {|L(z)P|ly — z*’ coming
from B3 are bounded by multiples of |L(xz)||y — z|°. Hence all the terms
resulting from e? with a factor |y — z|* with k& > 2 can be bounded by a
multiple of |y —xz|?|11]?, |y —z|?|11|%/2, |y —x|®|11|%/3 or |y —x|P|L|, leading to
the sum defined by (18). Note that also the terms with |y — z|* with & > 3
are reduced to |z — y|?, as terms with o would not improve the result (at
least not for our purpose) and would require stronger moment conditions on
bj&

To find a similar expression for K, K, f, note that (64) does not depend
on the explicit form of the kernel ¢. We only used the properties that 1
is symmetric with [¢(x)]z|“dx = v, < oo for certain numbers v,, and
that [, 1o s 10g01/e ¥ (@)|2|%dr = ol when k' is sufficiently large. For the
kernel ¢ = 1 % 1) these properties follow from Lemma 12 in Appendix A.
Consequently, (64) also holds with K, denoting convolution over ¢ and v
replaced by v,2 = [ p(x)|z|*dr = 2v5. Plugging in these results in K, f; =
2K, — K,K,f, we find that the o%-terms cancel out, completing the proof

of (63).
When k > 1, f € (2k,2k + 2] and log f is satisfying (4) and (5), it
can be shown that all terms with o2, 0%,...,0%* cancel out. This follows
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directly from Lemma 1, but can also be shown by expressing the moments
Vm,2, - - > Vmak Of the kernels KJ', m = 2,...,k + 1 in terms of vo,... vy

and combining this with (14). The terms O(R(z))o? f(z) and O(1+ R(x))o ™
are obtained by the same arguments used above for the case 8 < 4.

APPENDIX C: DISCRETIZATION

The following lemmas can be found in [13], p.59-60. They are straightfor-
ward extensions of the corresponding results for normal mixtures, contained
in lemma 3.1 of [11] and lemma 2 of [10]. Lemma 14 is used in the proof of
Lemma 6 in the present work.

LEMMA 13.  Given p > 0, let ¢¥(z) = C) e 1" Let F be a probability
measure on [—a,al, where a < ¢¥~Y(¢), and assume that o € [a,,d,] and

~

€ < (L AGCy). Then there exists a discrete distribution F' on [—a,a] with at
most N = pe? log % support points such that |[F * 1y — F' % ;|| < €.

LEMMA 14. Given o € [g,,0,] and F € M|—a,a], let F' be the discrete
distribution from the previous lemma. Then ||F x s — F' 5|1 < ep™1(e).
Moreover, for any o > 0 there exists a discrete F' with a multiple of (ac—!V
1)loge™! support points, for which ||F * 1, — F' % ¥,|l1 < e~'(e) and
HF*wo_F/*wa”oogg .
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