⊥ A = {a ′ ⊆ A; ∀a ∈ F

❆❞❞✐t✐✈❡s✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❝❛rt❡s✐❛♥ str✉❝t✉r❡ ♦❢ Fin✳ ❲❡ ❞❡✜♥❡ A ⊕ B ❜② |A ⊕ B| = |A| ⊎ |B| ❛♥❞ F (A ⊕ B) = {a ⊎ b; a ∈ F (A) , b ∈ F (B)} ✇❤❡r❡ ⊎ ❞❡♥♦t❡s t❤❡ ❞✐s•♦✐♥t ✉♥✐♦♥ ♦❢ s❡ts✿ x ⊎ y = ({1} × x) ∪ ({2} × y)✳ ❲❡ ❤❛✈❡ (A ⊕ B) ⊥ = A ⊥ ⊕ B ⊥ ✳ ❚❤❡ ❝❛t❡❣♦r② Fin ✐s ❜♦t❤ ❝❛rt❡s✐❛♥ ❛♥❞ ❝♦✲❝❛rt❡s✐❛♥✱ ✇✐t❤ ⊕ ❜❡✐♥❣ t❤❡ ♣r♦❞✉❝t ❛♥❞ ❝♦✲♣r♦❞✉❝t✱ ❛♥❞ 0 t❤❡ ✐♥✐t✐❛• ❛♥❞ t❡r♠✐♥❛• ♦❜•❡❝t✳ Pr♦•❡❝t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②✿ λ A,B = {((1, α), α) ; α ∈ |A|} ∈ Fin(A ⊕ B, A) ρ A,B = {((2, β), β) ; β ∈ |B|} ∈ Fin(A ⊕ B, B) ❛♥❞ ✐❢ f ∈ Fin(C, A) ❛♥❞ g ∈ Fin(C, B)✱ ♣❛✐r✐♥❣ ✐s ❣✐✈❡♥ ❜②✿ f, g = {(γ, (1, α)) ; (γ, α) ∈ f } ∪ {(γ, (2, β)) ; (γ, β) ∈ g} ∈ Fin(C, A ⊕ B). ❚❤❡ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ ❢r♦♠ A t♦ 0 ✐s t❤❡ ❡♠♣t② r❡•❛t✐♦♥✳ ❚❤❡ ❝♦✲❝❛rt❡s✐❛♥ str✉❝✲ t✉r❡ ✐s ♦❜t❛✐♥❡❞ s②♠♠❡tr✐❝❛••②✳ ❊①❛♠♣•❡ ✸✳ ❲r✐t❡ O ⊥ = {(0, ∅)} ∈ Fin(N , 1)✳ ❚❤❡♥ O ⊥ , P = {(0, (1, ∅))} ∪ {(k + 1, (2, k)); k ∈ N} ∈ Fin (N , 1 ⊕ N ) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❊①♣♦♥❡♥t✐❛•s✳ ■❢ A ✐s ❛ s❡t✱ ✇❡ ❞❡♥♦t❡ ❜② M ✜♥ (A) t❤❡ s❡t ♦❢ ❛•• ✜♥✐t❡ ♠✉•t✐s❡ts ♦❢ ❡•❡♠❡♥ts ♦❢ A✱ ❛♥❞ ✐❢ a ⊆ A✱ ✇❡ ✇r✐t❡ a ! = M ✜♥ (a) ⊆ M ✜♥ (A)✳ ■❢ α ∈ M ✜♥ (A)✱ ✇❡ ❞❡♥♦t❡ ✐ts s✉♣♣♦rt ❜② Supp(α) ∈ P ❢ (A)✳ ❋♦r ❛•• ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇❡ ❞❡✜♥❡ !A ❜②✿ |!A| = M ✜♥ (|A|) ❛♥❞ F (!A) = a ! ; a ∈ F (A) ⊥⊥ ✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t F (!A) = a ⊆ M ✜♥ (|A|) ; α∈a Supp(α) ∈ F (A) ✳ ❚❤❡♥✱ ❢♦r ❛•• f ∈ Fin(A, B)✱ ✇❡ s❡t !f = {([α 1 , . . . , α n ] , [β 1 , . . . , β n ]) ; ∀i, (α i , β i ) ∈ f } ∈ Fin(!A, !B), ✇❤✐❝❤ ❞❡✜♥❡s ❛ ❢✉♥❝t♦r✳ ◆❛t✉r❛• tr❛♥s❢♦r♠❛t✐♦♥s der A = {([α] , α); α ∈ |A|} ∈ Fin(!A, A) ❛♥❞ dig A = {( n i=1 α i , [α 1 , . . . , α n ]); ∀i, α i ∈ |!A|} ♠❛❦❡ t❤✐s ❢✉♥❝✲ t♦r ❛ ❝♦♠♦♥❛❞✳ ❊①❛♠♣•❡ ✹✳ ❲❡ ❤❛✈❡ ✐s♦♠♦r♣❤✐s♠s {([] , ∅)} ∈ Fin(!0, 1) ❛♥❞ α l + β r , α, β ; (α l , α) ∈ !λ A,B ∧ (β r , β) ∈ !ρ A,B ∈ Fin(!(A ⊕ B), !A ⊗ !B). ▼♦r❡ ❣❡♥❡r❛••②✱ ✇❡ ❤❛✈❡ ! (A 1 ⊕ • • • ⊕ A n ) ∼ = !A 1 ⊗ • • • ⊗ !A n ✳ ❆•• t❤❡ ✉s✉❛• str✉❝t✉r❡ ♦❢ ♠♦❞❡•s ♦❢ ♣r♦♣♦s✐t✐♦♥❛• ❝•❛ss✐❝❛• •✐♥❡❛r •♦❣✐❝ ✐s ♥♦✇ ✐♥tr♦❞✉❝❡❞✿ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t Fin ✐s ❛ ♥❡✇✲❙❡❡•② ❝❛t❡❣♦r②✱ ❢♦••♦✇✐♥❣ t❤❡ t❡r♠✐✲ ♥♦•♦❣② ♦❢ ❬✼(✳ Γ ⊢ s, t : A × B Γ ⊢ s : A × B ✭▲❡❢t✮ Γ ⊢ π l s : A Γ ⊢ s : A × B ✭|✐❣❤t✮ Γ ⊢ πr s : B ❋✐❣✳ ✶✳ |✉•❡s ♦❢ t②♣❡❞ λ✲❝❛•❝✉•✐ ✇✐t❤ ♣r♦❞✉❝ts ❛♥❞ Fin ! (A, B) = F (A ⇒ B)✱ ❢♦••♦✇✐♥❣ •✐r❛r❞✬s tr❛♥s•❛t✐♦♥ ♦❢ ✐♥t✉✐t✐♦♥✐st✐❝ ✐♠✲ ♣•✐❝❛t✐♦♥ A ⇒ B = !A ⊸ B✳ ❚❤❡ ✐❞❡♥t✐t② ♠♦r♣❤✐s♠ ♦❢ Fin ! (A, A) ✐s •✉st der A ✳ ■❢ f ∈ !A ⊸ B✱ t❤❡ ♣r♦♠♦t✐♦♥ ♦❢ f ✐s f ! = !f • dig A = n i=1 α i , [β 1 , . . . , β n ] ; ∀i, (α i , β i ) ∈ f ∈ !A ⊸ !B. ■❢ f ∈ A ⇒ B ❛♥❞ g ∈ B ⇒ C✱ t❤❡✐r ❝♦♠♣♦s✐t✐♦♥ ✐♥ Fin ! ✐s t❤❡♥ g • f = g • f ! ✳ |❡♠❛r❦ ✶✳ |❡❝❛••✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ A ⊸ B ❛♥❞ !A✱ ✇❡ ❣❡t t❤❛t f ∈ F (A ⇒ B) ✐✛ ∀a ∈ F (A)✱ f • a ! ∈ F (B) ❛♥❞ ∀β ∈ |B|✱ (f ⊥ • {β}) ∩ a ! ✐s ✜♥✐t❡✳ ❚❤❡ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ Fin ! ✐s ♦❢ ❝♦✉rs❡ ⊕✱ ✇✐t❤ ♣r♦•❡❝t✐♦♥s π A,B l = λ A,B • der A⊕B ❛♥❞ π A,B r = ρ A,B • der A⊕B ❀ ♣❛✐r✐♥❣ ✐s t❤❡ s❛♠❡ ❛s ✐♥ Fin✳ ❚❤❡ ✐s♦♠♦r✲ ♣❤✐s♠ (A 1 ⊕ • • • ⊕ A n ) ⇒ B ∼ = A 1 ⇒ • • • ⇒ A n ⇒ A ❞❡❞✉❝❡❞ ❢r♦♠ ❊①❛♠♣•❡ ✹ s✉❜s✉♠❡s t❤❡ ❛❞•✉♥❝t✐♦♥ Fin ! (A ⊕ B, C) ∼ = Fin ! (A, B ⇒ C)✳ ❆s ❛ ♣❛rt✐❝✉•❛r ❝❛s❡✱ 0 ⇒ A ∼ = A ❛♥❞ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ❛♥② ♠♦r♣❤✐s♠ f ∈ 0 ⇒ A ✇✐t❤ t❤❡ ✜♥✐t❛r② s✉❜s❡t f • {[]} ∈ F (A)✳ ✸ ❙❡♠❛♥t✐❝s ♦❢ t②♣❡❞ λ✲❝❛•❝✉•✐ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❡①♣•✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ Fin ! ♦❢ t❤❡ ❜❛s✐❝ ❝♦♥str✉❝t✐♦♥s ♦❢ t②♣❡❞ λ✲❝❛•❝✉•✐ ✇✐t❤ ♣r♦❞✉❝ts✳ ❚②♣❡❞ λ✲❝❛•❝✉•✐✳ ▲❡t ❜❡ ❣✐✈❡♥ ❛ ❝♦••❡❝t✐♦♥ A ♦❢ ❛t♦♠✐❝ t②♣❡s ❛♥❞ ❝♦♥s✐❞❡r t❤❡ t②♣❡ ❡①♣r❡ss✐♦♥s ❣✐✈❡♥ ❜②✿ A, B ::= X | A → B | A × B | ⊤ ✇❤❡r❡ X r❛♥❣❡s ♦✈❡r A✳ ❋♦r ❡❛❝❤ t②♣❡ A✱ t❤❡r❡ ❛r❡ ❝♦✉♥t❛❜•② ♠❛♥② ❢♦r♠❛• ✈❛r✐❛❜•❡s ♦❢ t❤❛t t②♣❡✱ ❛♥❞ ❛•s♦ ❛ ❝♦••❡❝t✐♦♥ C A ♦❢ t❡r♠ ❝♦♥st❛♥ts ♦❢ t❤❛t t②♣❡✳ ❚❤❡♥ t❡r♠ ❡①♣r❡ss✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②✿ s, t ::= x | a | λx s | s t | s, t | π l s | π r s | ❱❛r Γ [] , x [α] : A, ∆ [] ⊢ x α : A ❯♥✐t Γ [] ⊢ ∅ : ⊤ a ∈ CA α ∈ a ❈♦♥st Γ [] ⊢ a α : A Γ, x α : A ⊢ s β : B ❆❜s Γ ⊢ λx s (α,β) : A → B Γ0 ⊢ s ([α 1 ,...,α k ],β) : A → B Γ1 ⊢ t α 1 : A • • • Γ k ⊢ t α k : A ❆♣♣ P k j=0 Γj ⊢ s t β : B Γ ⊢ s α : A P❛✐r l Γ ⊢ s, t (1,α) : A × B Γ ⊢ t β : B P❛✐rr Γ ⊢ s, t (2,β) : A × B Γ ⊢ s (1,α) : A × B ▲❡❢t Γ ⊢ π l s α : A Γ ⊢ s (2,β) : A × B |✐❣❤t Γ ⊢ πr s β : B ❋✐❣✳ ✷✳ ❈♦♠♣✉t✐♥❣ ♣♦✐♥ts ✐♥ t❤❡ r❡•❛t✐♦♥❛• s❡♠❛♥t✐❝s ❛♥❞ ✇❡ ❞❡✜♥❡ ❢r❡❡ ❛♥❞ ❜♦✉♥❞ ✈❛r✐❛❜•❡s ❛s ✉s✉❛•✳ ❲❡ ❞❡♥♦t❡ ❜② s [x := t] t❤❡ s✉❜st✐t✉t✐♦♥ ♦❢ t ❢♦r x ✐♥ s✳ ❆ ❝♦♥t❡①t Γ ✐s ❛ ✜♥✐t❡ •✐st (x 1 : A 1 , . . . , x n : A n ) ✇❤❡r❡ t❤❡ x i ✬s ❛r❡ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ✈❛r✐❛❜•❡s ❛♥❞ A i ✐s t❤❡ t②♣❡ ♦❢ x i ✳ ❆ t②♣✐♥❣ •✉❞❣❡♠❡♥t ✐s ❛♥ ❡①♣r❡ss✐♦♥ Γ ⊢ s : A ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ r✉•❡s ✐♥ ❋✐❣✉r❡ ✶✿ ✇❡ t❤❡♥ s❛② t❡r♠ s ✐s ♦❢ t②♣❡ A ✐♥ ❝♦♥t❡①t Γ ✳ ❈•❡❛r•②✱ ✐❢ ❛ t❡r♠ s ✐s t②♣❛❜•❡✱ t❤❡♥ ✐ts t②♣❡ ✐s ✉♥✐q✉❡•② ❞❡t❡r♠✐♥❡❞✱ s❛② A✱ ❛♥❞ t❤❡♥ Γ ⊢ s : A ✐✛ Γ ❝♦♥t❛✐♥s t❤❡ ❢r❡❡ ✈❛r✐❛❜•❡s ♦❢ s✳ ❚❤❡ ♦♣❡r❛t✐♦♥❛• s❡♠❛♥t✐❝s ♦❢ ❛ t②♣❡❞ λ✲❝❛•❝✉•✉s ✐s ❣✐✈❡♥ ❜② ❛ ❝♦♥t❡①t✉❛• ❡q✉✐✈❛•❡♥❝❡ r❡•❛t✐♦♥ ≃ ♦♥ t②♣❡❞ t❡r♠s✿ ✐❢ s ≃ t✱ t❤❡♥ s ❛♥❞ t ❤❛✈❡ t❤❡ s❛♠❡ t②♣❡✱ s❛② A❀ ✇❡ t❤❡♥ ✇r✐t❡ Γ ⊢ s ≃ t : A ✇❤❡♥❡✈❡r Γ ❝♦♥t❛✐♥s t❤❡ ❢r❡❡ ✈❛r✐❛❜•❡s ♦❢ s ❛♥❞ t✳ ■♥ ❣❡♥❡r❛•✱ ✇❡ ✇✐•• ❣✐✈❡ ≃ ❛s t❤❡ r❡✢❡①✐✈❡✱ s②♠♠❡tr✐❝ ❛♥❞ tr❛♥s✐t✐✈❡ ❝•♦s✉r❡ ♦❢ ❛ ❝♦♥t❡①t✉❛• r❡•❛t✐♦♥ > ♦♥ t②♣❡❞ t❡r♠s✳ ❲❡ ❞❡✜♥❡ > 0 ❛s t❤❡ •❡❛st ♦♥❡ s✉❝❤ t❤❛t✿ π l s, t > 0 s✱ π r s, t > 0 t ❛♥❞ (λx s) t > 0 s [x := t] ✭✇✐t❤ t❤❡ ♦❜✈✐♦✉s ❛ss✉♠♣t✐♦♥s ❡♥s✉r✐♥❣ t②♣❛❜✐•✐t②✮✳ ❆♥❞ ✇❡ ✇r✐t❡ ≃ 0 ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉✐✈❛•❡♥❝❡✳ |❡•❛t✐♦♥❛• ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ✜♥✐t❡♥❡ss ♣r♦♣❡rt②✳ ❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s✉❝❤ ❛ ❝❛•❝✉•✉s ✐♥ Fin ! ❣♦❡s ❛s ❢♦••♦✇s✳ ❋✐rst ♦♥ t②♣❡s✿ ❛ss✉♠❡ ❛ ✜♥✐t❡♥❡ss s♣❛❝❡ X ✐s ❣✐✈❡♥ ❢♦r ❡❛❝❤ ❜❛s❡ t②♣❡ X❀ t❤❡♥ ✇❡ ✐♥t❡r♣r❡t t②♣❡ ❝♦♥str✉❝t✐♦♥s ❜② A → B = A ⇒ B ✱ A × B = A ⊕ B ❛♥❞ ⊤ = 0✳ ❋✉rt❤❡r ❛ss✉♠❡ t❤❛t ✇✐t❤ ❡✈❡r② ❝♦♥st❛♥t a ∈ C A ✐s ❛ss♦❝✐❛t❡❞ ❛ ✜♥✐t❛r② s✉❜s❡t a ∈ F ( A )✿ ✇❡ ❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ ❞❡r✐✈❛❜•❡ t②♣✐♥❣ •✉❞❣❡♠❡♥t x 1 : A 1 , . . . , x n : A n ⊢ s : A✱ ❛s ❛ ✜♥✐t❛r② r❡•❛t✐♦♥ s x1:A1,...,xn:An ∈ F ( A 1 ⇒ • • • ⇒ A n ⇒ A )✳ ❲❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ❞❡❞✉❝t✐✈❡ s②st❡♠ ♦❢ ❋✐❣✉r❡ ✷✳ ■♥ t❤✐s s②st❡♠✱ ❞❡r✐✈❛❜•❡ •✉❞❣❡♠❡♥ts ❛r❡ s❡♠❛♥t✐❝ ❛♥♥♦t❛t✐♦♥s ♦❢ t②♣✐♥❣ •✉❞❣❡♠❡♥ts✿ x α1 1 : A 1 , . . . , x αn n : A n ⊢ s α : A st❛♥❞s ❢♦r (α 1 , . . . , α n , α) ∈ s x1:A1,...,xn:An ✇❤❡r❡ ❡❛❝❤ α i ∈ M ✜♥ (| A i |) ❛♥❞ α ∈ | A |✳ ■♥ r✉•❡s ❱❛r ✱ ❯♥✐t ❛♥❞ ❈♦♥st ✱ Γ [] ❞❡♥♦t❡s ❛♥ ❛♥♥♦t❛t❡❞ ❝♦♥t❡①t ♦❢ t❤❡ ❢♦r♠ x [] 1 : A 1 , . . . , x [] n : A n ✳ ■♥ r✉•❡ ❆♣♣ ✱ t❤❡ s✉♠ ♦❢ ❛♥♥♦t❛t❡❞ ❝♦♥t❡①ts ✐s ❞❡✜♥❡❞ ♣♦✐♥t✇✐s❡✿ ✐❢ Γ = x α1 1 : A 1 , . . . , x αn n : A n ❛♥❞ Γ ′ = x α ′ 1 1 : A 1 , . . . , x α ′ n n : A n ✱ ✇❡ s❡t Γ + Γ ′ = x α1+α ′ 1 1 : A 1 , . . . , x αn+α ′ n n : A n ✳ ❋✐♥❛••② ✇❡ ❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ t❡r♠ ❛s t❤❡ s❡t ♦❢ ✐ts ❛♥♥♦t❛t✐♦♥s✿ s x1:A1,...,xn:An = (α 1 , . . . , α n , α); x α1 1 : A 1 , . . . , x αn n : A n ⊢ s α : A . ■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t s x1:A1,...,xn:An ∈ F ( A 1 ⇒ • • • ⇒ A n ⇒ A )✳ |❡♠❛r❦ ✷✳ ❚❤❡ r✉•❡s ♦❢ ❋✐❣✉r❡ ✷ ❛r❡ ❛❝t✉❛••② t❤♦s❡ ♦❢ t❤❡ r❡•❛t✐♦♥❛• s❡♠❛♥t✐❝s✿ t❤✐s ✐s t❤❡ s❡♠❛♥t✐❝s ♦❢ t②♣❡❞ λ✲❝❛•❝✉•✐ ✐♥ t❤❡ ❝❛rt❡s✐❛♥ ❝•♦s❡❞ ❝❛t❡❣♦r② Rel ! ✱ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ r❡•❛t✐♦♥❛• ♠♦❞❡• ♦❢ •✐♥❡❛r •♦❣✐❝ ✐♥ t❤❡ ❝❛t❡❣♦r② Rel ♦❢ s❡ts ❛♥❞ r❡•❛t✐♦♥s ✭s❡❡ t❤❡ ❆♣♣❡♥❞✐① ❆ ❢r♦♠ ❬✶( ❢♦r ✐♥st❛♥❝❡✮✳ ◆♦t✐❝❡ ✐♥❞❡❡❞ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♥❛t✉r❛• tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ Fin ✭❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♠♦r♣❤✐s♠ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t♦rs✮ t❤❛t ♠❛❦❡ ✐t ❛ ♠♦❞❡• ♦❢ ❝•❛ss✐❝❛• •✐♥❡❛r •♦❣✐❝✱ ❛s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✷✱ ❛r❡ ❢r❡❡ ❢r♦♠ ❛♥② r❡❢❡r❡♥❝❡ t♦ t❤❡ ✜♥✐t❡♥❡ss str✉❝t✉r❡✿ t❤❡② ❛r❡ •✉st ✐♥tr♦❞✉❝❡❞ ❛s r❡•❛t✐♦♥s ♦♥ ✇❡❜s✱ ❛♥❞ ✐t s✐♠♣•② t✉r♥s ♦✉t t❤❡② ❛r❡ ✜♥✐t❛r②✱ ✇❤❛t❡✈❡r ✜♥✐t❡♥❡ss str✉❝t✉r❡ ✇❡ ❝♦♥s✐❞❡r ♦♥ t❤❡ ✉♥❞❡r•②✐♥❣ ♦❜•❡❝ts✳ ❚❤❡ ♦♥•② r❡str✐❝t✐♦♥ ✇❡ ♠❛❦❡ ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ λ✲❝❛•❝✉•✐ ✐s t❤❛t a ∈ F ( A ) ❢♦r ❛•• a ∈ C A ✳ ❚❤❡♦r❡♠ ✶ ✭❋✐♥✐t❡♥❡ss✮✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ t②♣❡❞ t❡r♠ ✐s ✜♥✐t❛r②✿ ✐❢ x 1 : A 1 , . . . , x n : A n ⊢ s : A t❤❡♥ s x1:A1,...,xn:An ∈ F ( A 1 ⇒ • • • ⇒ A n ⇒ A )✳ Pr♦♦❢ ❚❤✐s ❤♦•❞s ❞✐r❡❝t•② ❜❡❝❛✉s❡ t❤❡ s❡♠❛♥t✐❝s ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ✐s •✉st r❡♣❤r❛s✐♥❣ t❤❡ ✉s✉❛• ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t②♣❡❞ λ✲❝❛•❝✉•✐ ✐♥ ❛ ❝❛rt❡s✐❛♥ ❝•♦s❡❞ ❝❛t✲ ❡❣♦r② ❬✺(✱ ✐♥ t❤❡ ♣❛rt✐❝✉•❛r ❝❛s❡ ♦❢ Fin ! ✳ ◆♦t❛❜•②✿ r✉•❡s ❯♥✐t ✱ P❛✐r l ✱ P❛✐r r ✱ ▲❡❢t ❛♥❞ |✐❣❤t ♠❛t❝❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝❛rt❡s✐❛♥ str✉❝t✉r❡ ♦❢ Fin ! ❀ r✉•❡s ❆❜s ❛♥❞ ❆♣♣ ♠❛t❝❤ t❤❡ ❛❞•✉♥❝t✐♦♥ Fin ! (Γ ⊕ A, B) ∼ = Fin ! (Γ, A ⇒ B) ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♠♣♦s✐t✐♦♥ ✐♥ Fin ! ✳ ❋♦r t❤❡ r❡❛❞❡r ♥♦t ❢❛♠✐•✐❛r ✇✐t❤ t❤✐s ❝♦♥str✉❝t✐♦♥✱ ❛ ❞✐r❡❝t ♣r♦♦❢ ✐s ❛•s♦ ♣♦ss✐❜•❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t②♣✐♥❣ ❞❡r✐✈❛t✐♦♥s✳ ❚❤❡ ♦♥•② ♥♦♥✲tr✐✈✐❛• ❝❛s❡ ✐s t❤❛t ♦❢ ❆♣♣ ✱ ✇❤✐❝❤ ❡ss❡♥t✐❛••② ❜♦✐•s ❞♦✇♥ t♦ |❡♠❛r❦ ✶✳ ❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❡r♠s ✇❡ ❤❛✈❡ •✉st ❞❡✜♥❡❞ ✐s ♦❢ ❝♦✉rs❡ ❛ ♠♦❞❡• ♦❢ ≃ 0 ✇❤❛t❡✈❡r t❤❡ ❝❤♦✐❝❡ ♦❢ ❜❛s❡ t②♣❡s ❛♥❞ ❝♦♥st❛♥ts✳ ❚❤❡♦r❡♠ ✷ ✭■♥✈❛r✐❛♥❝❡✮✳ ■❢ Γ ⊢ s ≃ 0 t : A t❤❡♥ s Γ = t Γ ✳ Pr♦♦❢ ❆❣❛✐♥✱ t❤✐s ❢♦••♦✇s ❞✐r❡❝t•② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❡ ✉s❡❞ t❤❡ st❛♥❞❛r❞ tr❛♥s•❛t✐♦♥ ♦❢ t②♣❡❞ λ✲❝❛•❝✉•✐ ✐♥ ❝❛rt❡s✐❛♥ ❝•♦s❡❞ ❝❛t❡❣♦r✐❡s✳ ❆ ❞✐r❡❝t ♣r♦♦❢ ✐s ❛•s♦ ❡❛s②✿ ✕ ✜rst s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ s t❤❛t✱ ✐❢ Γ 0 , x : A [α1,...,α k ] , ∆ 0 ⊢ s β : B✱ ❛♥❞✱ ❢♦r ❛•• j ∈ {1, . . . , k}✱ Γ j , ∆ j ⊢ t αj : A✱ t❤❡♥ k j=0 Γ j , k j=0 ∆ j ⊢ s [x := t] β : B❀ ✕ t❤❡♥ ❝❤❡❝❦ t❤❛t ❢♦r ❛ ❜❛s✐❝ r❡❞✉❝t✐♦♥ Γ ⊢ s > 0 t : A✱ (α 1 , . . . , α n , α) ∈ s Γ ✐✛ (α 1 , . . . , α n , α) ∈ t Γ ✱ ✇❤✐❝❤ ✐s ❞✐r❡❝t ❜② t❤❡ r✉•❡s ♦❢ ❋✐❣✉r❡ ✷ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉•t ♦♥ s✉❜st✐t✉t✐♦♥❀ ✕ ❝♦♥❝•✉❞❡ ❜② ❝♦♥t❡①t✉❛•✐t② ♦❢ t❤❡ s❡♠❛♥t✐❝s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ s❡♠❛♥t✐❝s ❤❛s ♥♦t❤✐♥❣ t♦ ❞♦ ✇✐t❤ t❤❡ ✜♥✐t❡♥❡ss str✉❝t✉r❡✿ t❤❡ r❡s✉•t ✐s ❛❝t✉❛••② ❛ ♣r♦♣❡rt② ♦❢ t❤❡ r❡•❛t✐♦♥❛• ✐♥t❡r♣r❡t❛t✐♦♥ ♦♥•②✳ ❊①❛♠♣•❡s✳ ▲❡t ✉s ❝♦♥s✐❞❡r s♦♠❡ ♣❛rt✐❝✉•❛r ❝❛•❝✉•✐✳ P✉r❡ t②♣❡❞ λ✲❝❛•❝✉•✐ ❛r❡ t❤♦s❡ ✇✐t❤ ♥♦ ❛❞❞✐t✐♦♥❛• ❝♦♥st❛♥t ♦r ❝♦♥✈❡rs✐♦♥ r✉•❡✿ ✜① ❛ s❡t A ♦❢ ❛t♦♠✐❝ t②♣❡s✱ ❛♥❞ ✇r✐t❡ Λ A 0 ❢♦r t❤❡ ❝❛•❝✉•✉s ✇❤❡r❡ C A = ∅ ❢♦r ❛•• A✱ ❛♥❞ s ≃ t ✐✛ s ≃ 0 t✳ ❚❤✐s ✐s t❤❡ ♠♦st ❜❛s✐❝ ❝❛s❡ ❛♥❞ ✇❡ ❤❛✈❡ •✉st s❤♦✇♥ t❤❛t ✜♥✐t❡♥❡ss s♣❛❝❡s ♠♦❞❡• ≃ 0 ✳ ❇❡ ❛✇❛r❡ t❤❛t ✐❢ ✇❡ ✐♥tr♦❞✉❝❡ ♥♦ ❛t♦♠✐❝ t②♣❡✱ t❤❡♥ t❤❡ s❡♠❛♥t✐❝s ✐s ❛❝t✉❛••② tr✐✈✐❛•✿ ✐♥ Λ ∅ 0 ✱ ❛•• t②♣❡s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② 0 ❛♥❞ ❛•• t❡r♠s ❜② t❤❡ ❡♠♣t② s❡t✳ ❇② ❝♦♥tr❛st✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r♥❛• •❛♥❣✉❛❣❡ Λ Fin ♦❢ Fin ! ✐♥ ✇❤✐❝❤ ❛•• ✜♥✐t❛r② r❡•❛t✐♦♥s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞✿ ✜① A ❛s t❤❡ ❝♦••❡❝t✐♦♥ ♦❢ ❛•• ✜♥✐t❡♥❡ss s♣❛❝❡s ❛♥❞ C A = F ( A )✳ ❚❤❡♥ s❡t s ≃ Fin t ✐✛ s Γ = t Γ ✱ ❢♦r ❛♥② s✉✐t❛❜•❡ Γ ✳ ❚❤❡ ♣♦✐♥t ✐♥ ❞❡✜♥✐♥❣ s✉❝❤ ❛ ♠♦♥str♦✉s •❛♥❣✉❛❣❡ ✐s t♦ ❡♥❛❜•❡ ✈❡r② ♥❛t✉r❛• ♥♦t❛t✐♦♥s ❢♦r ✜♥✐t❛r② r❡•❛t✐♦♥s✿ ✐♥ ❣❡♥❡r❛•✱ ✇❡ ✇✐•• ✐❞❡♥t✐❢② ❝•♦s❡❞ t❡r♠s ✐♥ Λ Fin ✇✐t❤ t❤❡ r❡•❛t✐♦♥s t❤❡② ❞❡♥♦t❡ ✐♥ t❤❡ ❡♠♣t② ❝♦♥t❡①t✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡ ♠✐❣❤t ♠❛❦❡ ❡①♣•✐❝✐t t❤❡ t②♣❡ ♦❢ ❜♦✉♥❞ ✈❛r✐❛❜•❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ✇r✐t❡ λx A x = der A ❀ ❛♥❞ ✐❢ f ∈ Fin ! (A, B) ❛♥❞ g ∈ Fin ! (B, C)✱ ✇❡ ❤❛✈❡ λx A (g (f x)) = g • f ∈ Fin ! (A, B)✳ ❇❡❢♦r❡ ✇❡ ❛❞❞r❡ss t❤❡ ♠❛✐♥ s✉❜•❡❝t ♦❢ t❤❡ ♣❛♣❡r✱ s②st❡♠ T ✱ •❡t✬s •✉st r❡✈✐❡✇ s♦♠❡ ❡❛s② ❡①❛♠♣•❡s ♦❢ ✉s✉❛• λ✲❝❛•❝✉•✐ ❝♦♥str✉❝t✐♦♥s t❤❛t ❝❛♥ ❜❡ ♠♦❞❡••❡❞ ✐♥ Fin ! ✳ ❋✐rst✱ ❜❡✐♥❣ ❛ ❝❛rt❡s✐❛♥ ❝•♦s❡❞ ❝❛t❡❣♦r②✱ Fin ! ✐s ❛❝t✉❛••② ❛♥ ♠♦❞❡• ♦❢ ♣✉r❡ t②♣❡❞ λ✲❝❛•❝✉•✐ ✇✐t❤ ❡①t❡♥s✐♦♥❛•✐t②✱ s✉r•❡❝t✐✈❡ ♣❛✐r✐♥❣ ❛♥❞ t❡r♠✐♥❛• ♦❜•❡❝t✿ ❚❤❡♦r❡♠ ✷ st✐•• ❤♦•❞s ✐❢ ✇❡ ❛❞❞ t❤❡ r❡❞✉❝t✐♦♥s λx (u x) > 0 u✱ π l s, π r s > 0 s ❛♥❞ v > 0 ❛s s♦♦♥ ❛s x ✐s ♥♦t ❢r❡❡ ✐♥ u ❛♥❞ v ❤❛s t②♣❡ ⊤ ✭♥♦t✐❝❡✱ ❤♦✇❡✈❡r✱ t❤❛t ✐♥ t❤❛t ❝❛s❡ > 0 ✐s ♥♦ •♦♥❣❡r ❝♦♥✢✉❡♥t ❬✺(✮✳ ❲❡ ❝❛♥ ❛•s♦ ❡①t❡♥❞ t❤❡ •❛♥❣✉❛❣❡ ✇✐t❤ ♣❛rt✐❝✉•❛r ❜❛s❡ t②♣❡s ❛♥❞ ❝♦♥st❛♥ts✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❜❛s❡ t②♣❡ Bool t♦❣❡t❤❡r ✇✐t❤ ❝♦♥st❛♥ts T ❛♥❞ F ♦❢ t②♣❡ Bool✱ ❛♥❞ D A ♦❢ t②♣❡ Bool → A → A → A✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛• r❡❞✉❝t✐♦♥s D T s t > s ❛♥❞ D F s t > t ✭✇❡ ✇✐•• ✐♥ ❣❡♥❡r❛• ♦♠✐t t❤❡ t②♣❡ s✉❜s❝r✐♣t ♦❢ s✉❝❤ ♣❛r❛♠❡t❡r❡❞ ❝♦♥st❛♥ts✱ ✇✐t❤ t❤❡ ♦❜✈✐♦✉s ❤②♣♦t❤❡s❡s ♦♥ t②♣❛❜✐•✐t②✮ ❛♥❞ ✜① ✐♥t❡r♣r❡t❛t✐♦♥s ❛s ❢♦••♦✇s✿ ✇r✐t❡ B = 1 ⊕ 1 ❛♥❞ ✇r✐t❡ t❤❡ ♦♥•② t✇♦ ❡•❡♠❡♥ts ♦❢ |B| ❛s tt ❛♥❞ ff ❀ t❤❡♥ •❡t Bool = B✱ T = T = {tt}✱ F = F = {ff } ❛♥❞ D A = D A = {([tt] , [α] , [] , α); α ∈ A } ∪ {([ff ] , [] , [α] , α); α ∈ A }✳ ❚❤❛t t❤❡s❡ ✐♥t❡r♣r❡t❛t✐♦♥s ❛r❡ ✜♥✐t❛r② s❤♦✉•❞ ❜❡ ❝•❡❛r✳ ❚❤❡♥ ♦♥❡ r❡t❛✐♥s t❤❛t Γ ⊢ s ≃ t : A ✐♠♣•✐❡s s Γ = t Γ ✳ ❙②st❡♠ T ✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s t♦ ❡st❛❜•✐s❤ t❤❛t Fin ! ♠♦❞❡•s •ö❞❡•✬s s②st❡♠ T ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ✈❛r✐♦✉s ✇❛②s✳ ❚❤❡ ✐t❡r❛t♦r ✈❡rs✐♦♥ ♦❢ s②st❡♠ T ✐s t❤❡ t②♣❡❞ λ✲❝❛•❝✉•✉s ✇✐t❤ ❛♥ ❛t♦♠✐❝ t②♣❡ Nat ♦❢ ♥❛t✉r❛• ♥✉♠❜❡rs✱ ❛♥❞ ❝♦♥st❛♥ts O ♦❢ t②♣❡ Nat✱ S ♦❢ t②♣❡ Nat → Nat ❛♥❞ ❢♦r ❛•• t②♣❡ A✱ I A ♦❢ t②♣❡ Nat → (A → A) → A → A ❛♥❞ s✉❜•❡❝t t♦ t❤❡ ❢♦••♦✇✐♥❣ ❛❞❞✐t✐♦♥❛• ❝♦♥✈❡rs✐♦♥s✿ I (O) u v > v ❛♥❞ I (S t) u v > u (I t u v)✳ ❚❤❡ r❡❝✉rs♦r ✈❛r✐❛♥t ✐s s✐♠✐•❛r✱ ❜✉t t❤❡ ✐t❡r❛t♦r ✐s r❡♣•❛❝❡❞ ✇✐t❤ R A ♦❢ t②♣❡ Nat → (Nat → A → A) → A → A s✉❜•❡❝t t♦ ❝♦♥✈❡rs✐♦♥s R (O) u v > v ❛♥❞ R (S t) u v > u t (R t u v)✳ (❡t ❛♥♦t❤❡r ♣♦ss✐❜•❡ s②st❡♠ ✐s ♦❜t❛✐♥❡❞ ✇✐t❤ t❛✐• r❡❝✉rs✐✈❡ ✐t❡r❛t✐♦♥✿ t❛❦❡ J A ♦❢ t②♣❡ Nat → (A → A) → A → A ❛♥❞ •❡t J (S t) u v > J t u (u v)✳ ❚❤♦s❡ s②st❡♠s ❛••♦✇ t♦ r❡♣r❡s❡♥t ❡①❛❝t•② t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ s❡t ♦❢ ♥❛t✉r❛• ♥✉♠❜❡rs✱ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r n ✐s ♦❜✈✐♦✉s•② ❞❡♥♦t❡❞ ❜② S n O✿ t❤✐s ✐s t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ♥♦r♠❛•✐③❛t✐♦♥ t❤❡♦r❡♠ ✭s❡❡ ❬✻(✮✳ ◆♦t✐❝❡ ✐♥ ♣❛rt✐❝✉•❛r t❤❛t✱ ✇❤❡♥ ❛♣♣•✐❡❞ t♦ ❛ ❝❛♥♦♥✐❝❛• ✐♥t❡❣❡r✱ I ❛♥❞ J ❝♦✐♥❝✐❞❡✿ I (S n O)uv ≃ J (S n O)uv ≃ u n v❀ t❤✐s ❞♦❡s ♥♦t ❤♦•❞ ❢♦r ❛•• t❡r♠ ♦❢ t②♣❡ Nat✱ ❤♦✇❡✈❡r✳ ❆•s♦✱ ✇❡ ❝❛♥ ❞❡✲ ✜♥❡ ❛ r❡❝✉rs♦r ✉s✐♥❣ ✐t❡r❛t✐♦♥ ❛♥❞ ♣r♦❞✉❝ts ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❡♥❝♦❞✐♥❣ r❡❝ = λx λy λz π l (I x z, O λw y (π r w) (π l w), S (π r w) )✱ ❛♥❞ ✇❡ ❣❡t r❡❝ (S n O)uv ≃ R (S n O)uv✳ ❚❤❡ ✐❞❡❛ ✐s t♦ r❡❝♦♥str✉❝t t❤❡ ✐♥t❡❣❡r ❛r❣✉♠❡♥t ♦♥ t❤❡ ✢②✳ ❆❣❛✐♥✱ t❤✐s ❡♥❝♦❞✐♥❣ ✐s ✈❛•✐❞ ♦♥•② ❜② ✈❛•✉❡s ❛♥❞ r❡❝ (S t) u v ≃ u t (r❡❝ t u v) ❤♦•❞s ♦♥•② ✐❢ ✇❡ s✉♣♣♦s❡ t ✐s ♦❢ t❤❡ ❢♦r♠ S n O ✭♥♦t✐❝❡ ✇❡ ❝♦✉•❞ ❛s ✇❡•• ✉s❡ J ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❡❝✮✳ ❖♥•② t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡ ✐t❡r❛t♦r ❜② ✐t❡r = λx λy λz (R x (λx ′ y) z) ✐s ❡①t❡♥s✐♦♥❛••② ✈❛•✐❞✿ ✐t❡r O u v ≃ v ❛♥❞ ✐t❡r (S t) u v ≃ u (✐t❡r t u v)✳ ❚❤❡ ❢❛❝t t❤❛t ✐♥ ❣❡♥❡r❛• t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ ♦♥❡ s②st❡♠ ✐♥t♦ t❤❡ ♦t❤❡r ❤♦•❞s ♦♥•② ♦♥ ✈❛•✉❡s ✐♥❞✐❝❛t❡ t❤❛t t❤❡✐r r❡s♣❡❝t✐✈❡ ❛•❣♦r✐t❤♠✐❝ ♣r♦♣❡rt✐❡s ♠❛② ❞✐✛❡r✳ ❆♥❞ t❤❡s❡ ❞✐✛❡r❡♥❝❡s ✇✐•• ❛♣♣❡❛r ✐♥ t❤❡ s❡♠❛♥t✐❝s✳ |❡❝❛•• ❢♦r ✐♥st❛♥❝❡ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ♦✉r ✐♥tr♦❞✉❝t✐♦♥✿ J ✉s❡s ✐ts ✐♥t❡❣❡r ❛r❣✉♠❡♥t •✐♥❡❛r•②✳ ❚❤✐s ❡♥❛❜•❡❞ ❊❤r❤❛r❞ t♦ ❞❡✜♥❡ ❛ s❡♠❛♥t✐❝s ♦❢ ✐t❡r❛t✐♦♥✱ ✇✐t❤ Nat = N = (N, P ❢ (N))✱ O = O = {0} ❛♥❞ S = S ! = {([n] , n + 1); n ∈ N}✳ ❙✉❝❤ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♥❛t✉r❛• ♥✉♠❜❡rs✱ ❤♦✇❡✈❡r✱ ❢❛✐•s t♦ ♣r♦✈✐❞❡ ❛ s❡♠❛♥t✐❝s ♦❢ I ♦r R✳ ▲❡♠♠❛ ✶✳ ❆ss✉♠❡ Nat = N ✱ O = O ❛♥❞ S = S ! ✱ ❛♥❞ •❡t A ❜❡ ❛♥② t②♣❡ s✉❝❤ t❤❛t A = 0✳ ❚❤❡♥ t❤❡r❡ ✐s ♥♦ I A ∈ F (N ⇒ ( A ⇒ A ) ⇒ A ⇒ A ) s✉❝❤ t❤❛t✱ s❡tt✐♥❣ I A = I A ✱ ✇❡ ♦❜t❛✐♥ I O u v Γ = v Γ ❛♥❞ I (S t) u v Γ = u (I t u v) Γ ❛s s♦♦♥ ❛s Γ ⊢ t : Nat✱ Γ ⊢ u : A → A ❛♥❞ Γ ⊢ v : A✳ Pr♦♦❢ ❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❤♦•❞✳ ❲❡ ❣❡t I (S x) (λz ′ y) z x:Nat,y:A,z:A = y x:Nat,y:A,z:A = {([] , [α] , [] , α); α ∈ | A |} . ❖♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t✿ x [] : Nat, y [α] : A, z [] : A ⊢ I (S x) (λz ′ y) z α : A ✐✛ x [] : Nat, y [α] : A ⊢ I (S x) (λz ′ y) ([],α) : A ✐✛ x [] : Nat ⊢ I (S x) ([([],α)],[],α) : A ✐✛ ⊢ I ([],[([],α)],[],α) : A ( * ) ❛♥❞ t❤❡♥ ⊢ I O ([([],α)],[],α) ❢♦r ❛•• α ∈ | A |✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t✱ ❜② t❤❡ ✜rst ❡q✉❛t✐♦♥✿ I O = λy λz (I O y z) = λy λz z = {([] , [α] , α); α ∈ | A |} ❜❡❝❛✉s❡ ✇❡ s✉♣♣♦s❡❞ | A | = ∅✳ |❡♠❛r❦ ✸✳ ❚❤❡ ❡q✉✐✈❛•❡♥❝❡ ✭ * ✮ ❤♦•❞s ❜❡❝❛✉s❡ S = S ! ✐s •✐♥❡❛r✱ ❤❡♥❝❡ str✐❝t✿ t❤✐s r❡✢❡❝ts t❤❡ ❣❡♥❡r❛• ❢❛❝t t❤❛t✱ ✐❢ s ∈ F (A ⇒ B) ❝♦♥t❛✐♥s ♥♦ ([] , β) t❤❡♥✱ ❢♦r ❛•• t ∈ F (B ⇒ C)✱ ([] , γ) ✐♥ t • s ✐✛ ([] , γ) ∈ t✳ ❙✉❝❤ ❛ ♣❤❡♥♦♠❡♥♦♥ ✇❛s ❛•r❡❛❞② ♥♦t❡❞ ❜② •✐r❛r❞ ✐♥ ❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s②st❡♠ T ✐♥ ❝♦❤❡r❡♥❝❡ s♣❛❝❡s ❬✻(✳ ❍✐s ❡✈✐❞❡♥❝❡ t❤❛t t❤❡r❡ ✇❛s ♥♦ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐♦♥ ♦♣❡r❛t♦r ✉s✐♥❣ t❤❡ •✐♥❡❛r s✉❝❝❡ss♦r r❡•✐❡❞ ♦♥ ❛ ❝♦❤❡r❡♥❝❡ ❛r❣✉♠❡♥t✳ ❚❤❡ ♣r❡✈✐♦✉s •❡♠♠❛ ✐s str♦♥❣❡r✿ ♥♦t✐❝❡ t❤❛t t❤✐s ♠❛❦❡s ♥♦ ✉s❡ ♦❢ ❤②♣♦t❤❡s❡s ♦♥ ✜♥✐t❡♥❡ss str✉❝t✉r❡s❀ ❤❡♥❝❡✱ ✐t ❤♦•❞s ✐♥ t❤❡ r❡•❛t✐♦♥❛• ♠♦❞❡• ❛s ✇❡••✱ ❛♥❞ ❛❝t✉❛••② ❛♥② ✇❡❜ ❜❛s❡❞ ♠♦❞❡• ♦❢ •✐♥❡❛r •♦❣✐❝ ✇❤❡r❡ ♣r♦♠♦t✐♦♥ ✐s ❞❡✜♥❡❞ s✐♠✐•❛r•②✱ ❛s s♦♦♥ ❛s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s✉❝❝❡ss♦r ✐s str✐❝t✳ ▲❛③② ✐♥t❡❣❡rs✳ ■♥ s❤♦rt✱ str✐❝t ♠♦r♣❤✐s♠s ❝❛♥♥♦t ♣r♦❞✉❝❡ ❛♥②t❤✐♥❣ ❡① ♥✐❤✐•♦ ❀ ❜✉t t❤❡ s✉❝❝❡ss♦r ♦❢ ❛♥② ✐♥t❡❣❡r s❤♦✉•❞ ❜❡ ♠❛r❦❡❞ ❛s ♥♦♥✲③❡r♦✱ ❢♦r t❤❡ ✐t❡r❛t♦r t♦ ❞✐st✐❣✉✐s❤ ❜❡t✇❡❡♥ ❜♦t❤ ❝❛s❡s✳ ❍❡♥❝❡ t❤❡ s✉❝❝❡ss♦r s❤♦✉•❞ ❜❡ ❛✣♥❡✿ s✐♠✐•❛r•② t♦ •✐r❛r❞✬s s♦•✉t✐♦♥✱ ✇❡ ✇✐•• ✐♥t❡r♣r❡t Nat ❜② s♦✲❝❛••❡❞ •❛③② ♥❛t✉r❛• ♥✉♠❜❡rs✳ ▲❡t N l = (|N l | , P ❢ (|N l |)) ❜❡ s✉❝❤ t❤❛t |N l | = N ∪ N > ✱ ✇❤❡r❡ N > ✐s •✉st ❛ ❞✐s•♦✐♥t ❝♦♣② ♦❢ N✳ ❚❤❡ ❡•❡♠❡♥ts ♦❢ N > ❛r❡ ❞❡♥♦t❡❞ ❜② k > ✱ ❢♦r k ∈ N✿ n > r❡♣r❡s❡♥ts ❛ ♣❛rt✐❛• ✐♥t❡❣❡r✱ ♥♦t ❢✉••② ❞❡t❡r♠✐♥❡❞ ❜✉t str✐❝t•② ❣r❡❛t❡r t❤❛♥ k✳ ■❢ ν ∈ |N l |✱ ✇❡ ❞❡✜♥❡ ν + ❛s k + 1 ✐❢ ν = k ❛♥❞ (k + 1) > ✐❢ ν = k > ✳ ❚❤❡♥ ✇❡ s❡t S l = {([] , 0 > )} ∪ {([ν] , ν + )}✱ ✇❤✐❝❤ ✐s ❛✣♥❡✳ ◆♦t✐❝❡ t❤❛t O ∈ F (N l ) ❛♥❞ S l ∈ F (N l ⇒ N l )✳ ❲❡ ✇✐•• s❤♦✇ t❤❛t t❤❡s❡ ❛••♦✇ t♦ ♣r♦✈✐❞❡ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ r❡❝✉rs✐♦♥✱ ❤❡♥❝❡ ✐t❡r❛t✐♦♥✱ ✐♥ s②st❡♠ T ✿ ❢♦r ❛•• ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ t❤❡r❡ ❡①✐sts R A ∈ F (N l ⇒ (N l ⇒ A ⇒ A) ⇒ A ⇒ A) s✉❝❤ t❤❛t✱ ✐♥ Λ Fin ✱ y : N l ⇒ A ⇒ A, z : N l ⊢ R O y z ≃ z : A ❛♥❞ x : N l , y : N l ⇒ A ⇒ A, z : N l ⊢ R (S l x) y z ≃ y x (R x y z) : A. ✹ ❆ r❡❝✉rs✐♦♥ ♦♣❡r❛t♦r ✐♥ ✜♥✐t❡♥❡ss s♣❛❝❡s ❋♦r ❛•• ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇r✐t❡ RecOp [A] = N l ⇒ (N l ⇒ A ⇒ A) ⇒ A ⇒ A✳ ❲❡ ✇❛♥t t♦ ✐♥tr♦❞✉❝❡ ❛ r❡❝✉rs✐♦♥ ♦♣❡r❛t♦r R A ∈ F (RecOp [A]) ✐♥t✉✐t✐✈❡•② s✉❜•❡❝t t♦ t❤❡ ❢♦••♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿ R t u v = ♠❛t❝❤ t ✇✐t❤ O → v S t ′ → u t ′ (R t ′ u v) . ❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s r❡❝✉rs✐✈❡✱ ❛♥❞ ❛ ♥❛t✉r❛• ♠❡❛♥s t♦ ♦❜t❛✐♥ s✉❝❤ ❛♥ ♦♣❡r❛t♦r ✐s ❛s t❤❡ ✜①♣♦✐♥t ♦❢✿ λX RecOp λx N l λy N l ⇒A⇒A λz A ♠❛t❝❤ x ✇✐t❤ O → z S x ′ → y x ′ (X x ′ y z) . ✭✶✮ ❋✐①♣♦✐♥ts✳ ❚❤❡ ❝❛rt❡s✐❛♥ ❝•♦s❡❞ ❝❛t❡❣♦r② Rel ! ✐s ❝♣♦✲❡♥r✐❝❤❡❞✱ t❤❡ ♦r❞❡r ♦♥ ♠♦r✲ ♣❤✐s♠s ❜❡✐♥❣ ✐♥❝•✉s✐♦♥✳ ❍❡♥❝❡ ✐t ❤❛s ✜①♣♦✐♥ts ❛t ❛•• t②♣❡s✿ ❢♦r ❛•• s❡t A ❛♥❞ f ∈ Rel ! (A, A)✱ t❤❡ •❡❛st ✜①♣♦✐♥t ♦❢ f ✐s k≥0 f k ∅✱ ✇❤✐❝❤ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ✉♥✐♦♥✳ ❚❤❡ •❡❛st ✜①♣♦✐♥t ♦♣❡r❛t♦r ✐s ✐ts❡•❢ ❞❡✜♥❛❜•❡ ❛s t❤❡ s✉♣r❡♠✉♠ ♦❢ ✜♥✐t❛r② ❛♣✲ ♣r♦①✐♠❛♥ts✱ Fix A = k≥0 Fix (k) A ✱ ✇❤❡r❡✿ Fix (0) A = ∅ Fix (k+1) A = λf f Fix (k) A f = [([α 1 , . . . , α n ] , α)] + n i=1 ϕ i , α ; ∀i, (ϕ i , α i ) ∈ Fix (k) A . ◆♦t✐❝❡ ✐♥❞❡❡❞ t❤❛t ✐❢ A ✐s ❛ ✜♥✐t❡♥❡ss s♣❛❝❡ t❤❡♥✱ ❢♦r ❛•• k✱ Fix (k) A = Fix

F

  ((A ⇒ A) ⇒ A)✳ ❚❤❡ ✜①♣♦✐♥t✱ ❤♦✇❡✈❡r✱ ✐s ♥♦t ✜♥✐t❛r② ✐♥ ❣❡♥❡r❛•✿ ♦♥❡ ❝❛♥ ❝❤❡❝❦ ❢♦r ✐♥st❛♥❝❡ t❤❛t Fix N l S l = N > ∈ F (N l ) ❤❡♥❝❡ Fix N l ∈ F ((N l ⇒ N l ) ⇒ N l )✳ ❙♦ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❛ r❡❝✉rs♦r ♦♣❡r❛t♦r ✐s ✐♥ t✇♦ st❡♣s✿ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ✜♥✐t❛r② ❛♣♣r♦①✐♠❛♥ts R (k) A ∈ F (RecOp [A]) ❜② R (k) A = Step k A ∅✱ ✇❤❡r❡ Step ∈ F (RecOp [A] ⇒ RecOp [A]) ✐s ❞❡✜♥❡❞ ❛s ✐♥ ❢♦r♠✉•❛ ✭✶✮❀ t❤❡♥ ✇❡ ♣r♦✈❡ R A = k≥0 R (k) A ∈ F (RecOp [A])✳ P❛tt❡r♥ ♠❛t❝❤✐♥❣ ♦♥ •❛③② ✐♥t❡❣❡rs✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ✜♥✐t❛r② ♦♣❡r❛t♦r Case✱ ✐♥t✉✲ ✐t✐✈❡•② ❞❡✜♥❡❞ ❛s✿ Case t u v = ♠❛t❝❤ t ✇✐t❤ O → v S t ′ → u t ′ . ▼♦r❡ ❢♦r♠❛••②✿ ❉❡✜♥✐t✐♦♥ ✶✳ ■❢ ν = [ν 1 , . . . , ν k ] ∈ M ✜♥ (|N l |)✱ ✇❡ ✇r✐t❡ ν + = ν + 1 , . . . , ν + n ✳ ❚❤❡♥ ❢♦r ❛•• ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇❡ •❡t Case A = {([0] , [] , [α] , α); α ∈ |A|} ∪ ([0 > ] + ν + , [(ν, α)] , [] , α); ν ∈ M ✜♥ (|N l |) ∧ α ∈ |A| ✳ ▲❡♠♠❛ ✷✳ ❚❤❡ r❡•❛t✐♦♥ Case ✐s ✜♥✐t❛r②✿ Case A ∈ F (N l ⇒ (N l ⇒ A) ⇒ A ⇒ A)✳ ▼♦r❡♦✈❡r✱ y : N l ⇒ A, z : A ⊢ Case O y z ≃ z : A ❛♥❞ x : N l , y : N l ⇒ A, z : A ⊢ Case (S l x) y z ≃ y x : A✳ Pr♦♦❢ ❚❤❛t t❤❡ ❡q✉❛t✐♦♥s ❤♦•❞ ✐s ❛ r♦✉t✐♥❡ ❡①❡r❝✐s❡✳ ❲❡ ✉s❡ |❡♠❛r❦ ✶ t♦ ♣r♦✈❡ Case ✐s ✜♥✐t❛r②✳ ❋♦r ❛•• n ∈ F (N )✱ Case A n ⊆ {([] , [α] , α); α ∈ |A|} ∪ ([(ν, α)] , [] , α); ν ∈ n ! ∧ α ∈ |A| ⊆ λy N l ⇒A λz A z ∪ λy N l ⇒A λz A (y n) ❛♥❞ t❤❡ ✉♥✐♦♥ ♦❢ t✇♦ ✜♥✐t❛r② s✉❜s❡ts ✐s ✜♥✐t❛r②✳ ■♥ t❤❡ r❡✈❡rs❡ ❞✐r❡❝t✐♦♥✱ ✇❡ ❛r❡ •❡❢t t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛•• (ϕ, α, α) ∈ |(N l ⇒ A) ⇒ A ⇒ A|✱ s❡tt✐♥❣ N ′ = Case ⊥ A • {(ϕ,α, α)}✱ n ! ∩ N ′ ✐s ✜♥✐t❡❀ t❤✐s ✐s ✐♠♠❡❞✐❛t❡ ❜❡❝❛✉s❡ N ′ ✐s ✜♥✐t❡ ✭✐t ❤❛s ❛t ♠♦st ♦♥❡ ❡•❡♠❡♥t✮✳

❚❤❡ ❝♦✲❑•❡✐s•✐ ❝♦♥str✉❝t✐♦♥✳ ❙✐♥❝❡ t❤❡ str✉❝t✉r❡ ✇❡ ❤❛✈❡ •✉st ❞❡s❝r✐❜❡❞ ♣r♦✈✐❞❡s ❛ ❞❡♥♦t❛t✐♦♥❛• ♠♦❞❡• ♦❢ •✐♥❡❛r •♦❣✐❝✱ t❤❡ ❝♦✲❑•❡✐s•✐ ❝♦♥str✉❝t✐♦♥ ❣✐✈❡s r✐s❡ t♦ ❛ ❝❛rt❡s✐❛♥ ❝•♦s❡❞ ❝❛t❡❣♦r②✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② Fin ! ✿ ♦❜•❡❝ts ❛r❡ ✜♥✐t❡♥❡ss s♣❛❝❡s✱ ✭❱❛r✮ Γ, x : A, ∆ ⊢ x : A ✭❯♥✐t✮ Γ ⊢ : ⊤ a ∈ CA ✭❈♦♥st✮ Γ ⊢ a : A Γ, x : A ⊢ s : B ✭❆❜s✮ Γ ⊢ λx s : A → B Γ ⊢ s : A → B Γ ⊢ t : A ✭❆♣♣✮ Γ ⊢ s t : B Γ ⊢ s : A Γ ⊢ t : B ✭P❛✐r✮

❆ r❡❝✉rs♦r ✐♥ Rel ! ✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ r❡❝✉rs♦r ❛s t❤❡ ✜①♣♦✐♥t ♦❢ t❤❡ ♦♣❡r❛t♦r ✭✶✮✳ ❉❡✜♥✐t✐♦♥ ✷✳ ❋♦r ❛•• ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇❡ ❞❡✜♥❡

Step A = λX RecOp[A] λx N l λy N l ⇒A⇒A λz A Case A x λx ′A (y x ′ (X x ′ y z)) z