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Abstract

This paper aims at completing an earlier work of Russell and Zhang ] to study internal
control problems for the distributed parameter system described by the Korteweg-de Vries equa-
tion on a periodic domain T. In ]7 Russell and Zhang showed that the system is locally exactly
controllable and locally exponentially stabilizable when the control acts on an arbitrary nonempty
subdomain of T. In this paper, we show that the system is in fact globally exactly controllable
and globally exponentially stabilizable. The global exponential stabilizability corresponding to a
natural feedback law is first established with the aid of certain properties of propagation of com-
pactness and propagation of regularity in Bourgain spaces for solutions of the associated linear
system. Then, using a different feedback law, the resulting closed-loop system is shown to be
locally exponentially stable with an arbitrarily large decay rate. A time-varying feedback law is
further designed to ensure a global exponential stability with an arbitrary large decay rate.

1 Introduction

The well-known Korteweg-de Vries (KdV) equation can be written as
(1.1) Otu—l—uﬁxu—l—agu =0,

where u = u(x,t) denotes a real-valued function of two real variables x and t. The equation was
first derived by Korteweg and de Vries [I] in 1895 (or by Boussinesq [H] in 1876 []) as a model for

!The interested readers are refereed to a nice article of de Jager [B] for the origin of the KdV equation.



propagation of some surface water waves along a channel. The KdV equation has been intensively
studied from various aspects of both mathematics and physics since the 1960s when solitons were dis-
covered through solving the KdV equation, and the inverse scattering method, a so-called nonlinear
Fourier transform, was invented to seek solitons [[[2, PJ]. It turns out that the equation is not only
a good model for some water waves but also a very useful approximation model in nonlinear studies
whenever one wishes to include and balance a weak nonlinearity and weak dispersive effects 5. In
particular, the equation is now commonly accepted as a mathematical model for the unidirectional
propagation of small-amplitude long waves in nonlinear dispersive systems.
In this paper, we consider the KdV equation posed on the periodic domain T:

(1.2) O + uOzu + 8§u =0, z€T, teR

The equation is known to possess an infinite set of conserved integral quantities of which the first
two are

L(t) :/Tu(x,t)d:r

and

Ir(t) :/Tuz(a:,t)dx.

From the historical origins [[L9, ], ] of the KdV equation, involving the behavior of water waves
in a shallow channel, it is natural to think of I; and Is as expressing conservation of volume (or
mass) and energy, respectively. The Cauchy problem for the equation ([.7) has been intensively
studied for many years (see B9, [, [}, [[§] and the references therein). The best known result so far
[LH] is that the Cauchy problem is well-posed in the space H*(T) for any s > —1:

Let s > —1 and T > 0 be given. For any ug € H*(T), the equation ([I.3) admits a unique solution
u e C([0,T]; H*(T)) satisfying
u(x,0) = up(x).
Moreover, the corresponding solution map (ug — u) is continuous from the space H*(T) to the space

C([0,7]; H*(T)). B

In this paper we will study the equation ([.J) from a control point of view with a forcing term
f = f(z,t) added to the equation as a control input:

(1.3) Ou+udu+Pu=f xcT,teR,
where f is assumed to be supported in a given open set w C T. The following exact control problem
and stabilization problem are fundamental in control theory.

Exact control problem: Given an initial state ug and a terminal state uy in a certain space, can
one find an appropriate control input f so that the equation admits a solution u which satisfies
u(.,0) =ug and u(.,T) =uy ?

Stabilization problem: Can one find a feedback control law: f = Ku so that the resulting closed-
loop system
o+ udpu+ Pu=Ku, zeT, tcRF

is asymptotically stable ast — +o0?

Tf s > —%7 this solution map is, in fact, analytic.



The problems were first studied by Russell and Zhang for the KAV equation [B7, Bg. In their
work, in order to keep the mass I1(t) conserved, the control input f(z,t) is chosen to be of the form

(1.4) [z, t) = [Ghl(2,t) = g(x) (h(x,t) - /Tg(y)h(y,t)dy>

where h is considered as a new control input, and g(x) is a given nonnegative smooth function such
that {g > 0} = w and

27(g] = /Tg(:n)d:r =1.

For the chosen g, it is easy to see that

4 / u(z,t)dr = / f(z,t)dx =0 for any t € R
dt Jr T

for any solution u = u(x,t) of the system

(1.5) Oru + udpu + O3u = Gh;

thus the mass of the system is indeed conserved.
The following results are due to Russell and Zhang [Bg].

Theorem A: Let s > 0 and T > 0 be given. There exists a 6 > 0 such that for any ug,u; € H*(T)

with [ug] = [u1] satisfying
fuolls <0, [Jualls <,

one can find a control input h € L*(0,T; H*(T)) such that the system ([.J) admits a solution
u e C([0,T]; H*(T)) satisfying

u(z,0) = up(z), u(z, T) = uy(x).

In order to stabilize the system (L), Russell and Zhang employed a simple feedback control law
(1.6) h(z,t) = =G u(x,t).
The resulting closed-loop system
(1.7) O+ udpu + O3u = —GG*u, x €T, t R,
is locally exponentially stable.

Theorem B: Let s = 0 or s > 1 be given. There exist positive constants M,6 and vy such that if
ug € H5(T) satisfies

(1.8) o — [uo]lls <4,
then the corresponding solution u of ([[.]) satisfies
[u(-,t) = [uollls < Me™*[lug — [uo]lls

for any t > 0.



Thus one can always find an appropriate control input h to guide the system ([L.J) from a given
initial state ug to a terminal state w; so long as their amplitudes are small and [ug] = [u1]. A
question arises naturally.

Question 1: Can one still guide the system by choosing appropriate control input h from a given
initial state ug to a given terminal state uy when ug or uy have large amplitude?

As for the closed-loop system ([[.9), its small amplitude solutions decay at a uniform exponential
rate to the corresponding constant state [ug] with respect to the norm in the space H*(T) as t — oo.
One may ask naturally:

Question 2: Do the large amplitude solutions of the closed-loop system decay exponentially as
t— o0?

A further question is:

Question 3: For any given number X > 0, can we design a linear feedback control law such that the
exponential decay rate of the resulting closed-loop system is \?

One of the main results in this paper is a positive answer to Question 1 as given below.

Theorem 1.1. Let s > 0, R > 0, and u € R be given. There exists a time T > 0 such that if
ug,up € H*(T) with [ug] = [u1] = p are such that

uolls <R, [lulls <R,

then one can find a control input h € L*(0,T; H*(T)) such that the system ([.J) admits a solution
u e C([0,T]; H*(T)) satisfying

u(z,0) = up(z), u(z, T) = uy(x).
So the system ([[.J) is globally exactly controllable.
As for Question 2, we have the following affirmative answer.

Theorem 1.2. Let s > 0 and p € R be given. There exists a constant K > 0 such that for any
ug € H5(T) with [ug] = p, the corresponding solution u of the system satisfies

l[u(-, ) = [uolls < asu(lluo — [uo]llo)e™ |uo — [uo]lls for all t >0,

where o, : RT — RT is a nondecreasing continuous function depending on s and p.

Note that Theorem follows from Theorem [[.J and a local control result around the state
u(x) = p (similar to Theorem A) thanks to the time reversibility of the KdV equation.
The decay rate x in Theorem [[.q has an upper bound

k <inf{—ReX: X €o0,(Aq)}
where A¢ is the operator defined by
Agv = =" — v — GG*v

with D(Ag) = H3(T) as domain. In order to have the decay rate  arbitrarily large, a different
feedback control law is needed.



Theorem 1.3. Let A > 0, s > 0, and p € R be given. There exists a number § > 0 and a linear
bounded operator Qy from H*(T) to H5(T) such that if one chooses the feedback control law

h = —Q)\u
in system ([1.3)-(1.4), then the solution u of the resulting closed-loop system
(1.9) Opu 4+ udpu + O3u = —GQyu, u(x,0) =wug(z), 2 €T
satisfies
lu(-t) = [uo]lls < Ce™M|lug — [uo]|s  for all >0,
whenever ||uplls < 6 and [ug] = p, C > 0 denoting a constant independent of ug.

Note that this is still a local stabilization result. However, the feedback laws in Theorems [[.9
and may be combined into a time-varying feedback law (as in [fJ]) ensuring a global stabilization
with an arbitrary large decay rate.

Theorem 1.4. Let A >0, s > 0, and u € R be given. There exists a smooth map @ from H*(T)xR
to H*(T) which is periodic with respect to the second variable, and such that the solution u of the
closed-loop system

8tu+u8xu+8§u = —GQx\(u,t), u(-,0) = ug

satisfies
llu( t) = [wo]lls < asxulluo — [uollls)e™luo — [uollls  for allt >0,
where o 5, 1 RT — RT is a nondecreasing continuous function depending on s, X and p.

The following remarks are in order.

Remark 1.5.

(i) In Theorem A, the control time T is independent of the initial state ug and the terminal state
u1 and can be, in fact, chosen arbitrarily small. By contrast, in Theorem [[.1, the control time
T depends on the size of the initial state ug and the terminal state uy in the space L*(T).
Whether the time T can be chosen independent of the size of ug and uy is an interesting open
question.

(ii) While the decay rates k in Theorem [1.3 and X in Theorem (1.4 are independent of ug, the
constants o, (|luo — [uolllo) or asxu(||uo — [uollls) are likely not uniformly bounded; i.e., it
may happen that

lim o () = 00 or lim ag )y ,(r) = oco.
T—00 r—00

To prove our global controllability and stabilization results described above, we will as usual
consider first the associated linear open-loop system

(1.10) U + Uggy = Gh
and the associated linear closed-loop system
(1.11) U + Ugre = —GQ.

Without much difficulty we can show by using a standard approach in control theory of linear
systems that the system ([[.1() is exactly controllable in the space H*(T) and that the closed-loop



system ([.11) is exponentially stable in the space H*(T) with an arbitrarily large decay rate \.
However, how to extend the linear results to the corresponding nonlinear systems is a challenging
task. Indeed, after having published their linear results [B7], Russell and Zhang had to wait for
several years to extend their results to the nonlinear systems [BJ until Bourgain discovered a
subtle smoothing property of solutions of the KdV equation posed on a periodic domain T when he
showed surprisingly that the Cauchy problem of the KAV equation ([[.J) is well-posed in the space
H*(T) for s > 0. This then newly discovered smoothing property of the KdV equation has played a
crucial role in the proofs of Theorem A and Theorem B in [Bg. By contrast, establishing the global
exact controllability and stabilizability for the nonlinear system ([[.79) is even more challenging. After
all, the results presented in Theorem A and Theorem B are essentially linear in nature; they are more
or less small perturbation of the linear results. The global results presented in Theorem [}, Theorem
.3 and Theorem are truly nonlinear and their proofs demand new tools. The needed help turns
out to be certain propagation properties of compactness and regularity for the KdV equation which
are inspired by those established by Laurent in ] for the Schrédinger equation. This strategy has
already been successfully applied by Dehman, Lebeau, and Zuazua [[[J]] for the wave equation, and
by Dehman, Gérard, and Lebeau [[[(] and Laurent [Rd, for the Schrodinger equation.

Note that for any solution u of the systems in consideration, its mean value [u] is invariant. Thus
it is convenient to introduce the number u := [u] = [ug], and to set

U =1U— U
Then [u] = 0 and @ solves
Oyl + @il + O30 + (pu + @)0yit = Gh.
if w solves ([.§). Throughout the paper, p will denote a given (real) constant, Hj(T) = {u €
H*(T); [u] =0}, and L3(T) = {u € L*(T); [u] = 0}. We shall establish exponential stability results
in H§(T) for the equation
Oyu + c‘ﬁu + 10w + udu = —Kyu
that will imply all the results stated above.

The paper is outlined as follows.

- In Section 2, the exact controllability and stabilizability are presented for the associated linear
systems.

- In Section 3, some preliminary results in Bourgain spaces, including the propagation of com-
pactness and the propagation of regularity for the KdV equation, are provided.

- In Section 4, the stabilization of the KdV equation by a time invariant feedback control law is
studied.

- In Section 5, the stabilization of the KdV equation by a time-varying feedback control law is
investigated.

Finally we end our introduction with a few comments on the boundary controllability of the KdV
equation posed on a finite interval (0, L):

Up + Uy + ULy + Uger =0, x € (0,L), t >0,
(1.12)
w(0,t) = ha(t), w(L,t) =ho(t), ua(L,t)= hs().

The problem was first investigated by Rosier [B(] and has been intensively studied in the past decade.
(See B0, (1, BT, B, B3, B, B6. B3, B2, [[3. f. B, B and the references therein.) In contrast to control

problems of other equations (parabolic equation or hyperbolic equations for instance), the boundary
control system ([.IZ) has some interesting properties.



(i) If

‘2 l2 ‘l
LeN := {2%\/%;j,l € N*},

U + Uy + Ugpe =0, x€(0,L), t >0,

the linear system

uw(0,t) = hi(t), w(L,t) = ha(t), wug(L,t)=hs(t).

associated to ([.1J) is not exactly controllable if hy = ho = 0. However, the nonlinear system
(L.19) is locally exactly controllable (still with h; = hy = 0) [B0, B, B, A]-

(ii) The system ([[.19) is exactly controllable from the right (using ho or hs as control inputs with
hi = 0), but only null controllable from the left (using h; as a control input with hy = hs = 0).
The system thus behaves like a parabolic system if control is acted only on the left end of the
spatial domain and behaves like a hyperbolic system is control is allowed to act on the right
end of the spatial domain [B3, [J.

2 Linear Systems
Consideration is first given to the associate linear open loop control system
(2.1) O + v + pdyv = Gh, v(z,0) =vo(x), z€T, teR,

where the operator G is as defined in Section 1 and h is the applied control function.
Let A denote the operator
Aw = —w" — Nw/

with its domain D(A) = H3(T). The operator A generates a strongly continuous group W (t) on the
space L?(T); the eigenfunctions are simply the orthonormal Fourier basis functions in L?(T),

1
V2T

bp(z) = etk k=0,+1,42, .

The corresponding eigenvalue of ¢y, is
e = k> —ipk, k=0,+1,+2,- .

For any [ € Z, let
m(l) = #{k € Z; M = N}

In addition, A* = —A, G* = G and W*(—t) = W(t) for any ¢t € R. Using the gap condition

lim [Ag1 — Al = +o0

k| =00

and the fact that m(l) < 3 for any [ and m(l) = 1 for || large enough, we may deduce from Ingham
lemma that the system (B.I]) is exactly controllable in H§(T) in small time for any s > 0.



Theorem 2.1. [3§, Theorem 2.1 and Corollary 2.1] Let s > 0 and T > 0 be given. There exists a
bounded linear operator
@ : H§(T) x Hy(T) — L*(0,T; Hy(T))

such that for any vo, v1 € H§(T),
T
W(T)’U(] + / W(T — t)G((I)(’U(], ’Ul))(t) dt = vy
0

and
|9 (vo, vi)ll 20,715 (1)) < Cllvolls + llvlls)
where C' > 0 depends only on T and ||g||s.

The following estimate is a direct consequence of Theorem P.1].

Corollary 2.2. Let T' > 0 be given. There exists d > 0 such that

T
/0 IGW (B3t > 5]16]2

for any ¢ € L3(T).
Note that the arguments presented in this paper give another proof of Corollary P.3.
In addition, if one chooses the following simple feedback law
h(v) = —=G*v,

the resulting closed-loop system

(2.2) O + 020 + pdpv = —GG*v, wv(x,0) = vo(x), z€T
is exponentially stable.

Proposition 2.3. Let s > 0 be given. There exists a number k > 0 independent of s such that for
any vo € HF(T), the corresponding solution v of (2.3) satisfies

[o(., )]s < Ce™"lwolls
for any t > 0 where C > 0 is a constant depending only on s.
Proof. The case s = 0 has been proved in [B], Theorem 2]. We only provide the proof for the case

s = 3. The case of 0 < s < 3 follows by interpolation. The other cases of s can be proved similarly.
Pick any vy € H3(T) and let w = d;v. Then w solves

ow + 3w + ppw = —GG*w, w(x,0) =wo(x), z€T
where wo(r) = —v (z) — pvh — GG*vo(x) belongs to LZ(T). Thus
Jw(,t)[lollOsv (-, t)]lo < Coe™Jwollo
for any ¢t > 0. From the equation

afgv + popv = —w — GG*v

it follows that
[o(-,t)lls < Cae™ vl

for any ¢t > 0. The proof is complete. O



Next we show that it is possible to choose an appropriate linear feedback law such that the decay
rate of the resulting closed-loop system is as large as one desires.
For given A > 0, define

1
Lm:/o W (=) GGW* (—7) ¢ dr

for any ¢ € H*(T). Clearly, L) is a bounded linear operator from H*(T) to H*(T). Moreover, L) is
a self-adjoint positive operator on Lg (T), and so is its inverse L;l. L) is therefore an isomorphism
from LZ(T) onto itself. The following result claims that the same is true on Hg(T).

Lemma 2.4. L) is an isomorphism from HF(T) onto H§(T) for all s > 0.

Proof. Since the result is known for s = 0, and Ly maps H{(T) into itself, we only have to prove
that for any v € L3(T), Lyv € Hi(T) implies v € H§(T), i.e. D%v € L*(T). Using the continuity of
L' on LZ(T) and a commutator estimate similar to [B0, Lemma A.1], we obtain

ID*vllo < ClLaDvl[o

1
< Ol [ e WEnee W (-n) D drll
0
1
< C|p* / W (1) GGEW (—1)w dr o
0
1
+ C| / e TW (=1)[GG*, DYIW* (—7)v d||o
0
< Cl|Lyv]s + Clv|]s-1.
The result follows at once for s € [0,1]. An induction yields the result for any s > 0. O
Choose the feedback control
h = —G*Lglv.
The resulting closed-loop system reads:
(2.3) O + v + pdyv = —Kyv, v(z,0) = vg(z), z €T,
with
Ky = GG*Ly".

If A =0, we define Koy = GG*.

Proposition 2.5. Let s > 0 and X\ > 0 be given. For any vo € H{(T), the system admits a
unique solution v € C(R™; H§(T)). Moreover, there exists M = M, depending on s such that
[v(Bls < Mse_)\t”UOHS

for any t > 0.

Proof. The case s = 0 follows from [, Theorem 2.1]. The other cases of s are proved as for
Proposition P.3. O

3 Preliminaries

In this section we present some results which are essential to establish the exact controllability and
stabilizability of the nonlinear systems.



3.1 The Bourgain space and its properties.

For given b, s € R, and a function v : T x R — R, define the quantities

1
lullx,,. = <Z /R<k>23<7—k3+uk>2b‘a(k:m)‘ d7> ,
k=—00

2

lully,, = <f: (/<1€>S<T—k3+uk>b‘ﬁ(k,7)‘d7)2)

k=—o00 R

where /’zi(k:, 7) denotes the Fourier transform of uw with respect to the space variable z and the time
variable t (by contrast, u(k,t) denotes the Fourier transform in space variable ) and (-) = /1 4+ | - |2.
Moreover, denote by D" the operator defined on D'(T) by

Dru(k) = |k["a(k) if k#£0,

(3:-1) = 1(0) if k=0.

The Bourgain space X3 s (resp. Y}, 5) associated to the KdV equation on T is the completion of the
space S(T x R) under the norm [|u||x,, (vesp. [lully, ). Note that for any u € X,

[ullx,. = W (=t)ull o, as (y)-

For given b, s € R, let
Zps = Xps N Yb_%,s

be endowed with the norm
ullz, ||ullx, . + IIUIIYb,%

,8

For a given interval I, let Xy (1) (resp. Zps(I)) be the restriction space of Xj s to the interval I
with the norm

lullx, .y = f{l[allx,,|t=uonTxI}

(vesp. |lullz, ) = inf {llallz,., | t=won Tx1I}).

For simplicity, we denote Xj (1) (resp. Zp (1)) by les (resp. ZI:{S) if I = (0,7). The following
properties of the spaces XbT , are ZI? . are easily verified.

(i) Xps(I) is a Hilbert space.

) D"u € Xp (1) for any u € Xy o(I).

(iii) If by < by and s < s9, then Xy, 4, is continuously imbedded in the space X, .
)

For a given finite interval I, if by < by and s; < s, then the space Xy, s, (I) is compactly
imbedded in the space Xj, 5, (I).

(v) Z%ﬁ(]) C C(I; H%(T)) for any s € R.

Lemma 3.1. Let b,s € R and T > 0 be given. There exists a constant C' > 0 such that

10



(i) for any & € HA(T),
IW®slxr, < Clils
W@l < Clols

/ Wt —7)f(r)dr
0 X

IN

(ii) for any f € XI:*F_LS,

< Clifllxg

b,s

. 1 .
provided that b > 3;
(iii) for any f € Z_%ﬁ,

u / W(t=7)f()drlzg <Clflz,

775

Proof. See e.g. [A2] or [{].

Lemma 3.2. (Strichartz estimates) The following estimates hold:

N

(3.2) 1) e oy < C Z(1+u—k3+uk\)%\ck,l\2 ,
k,leZ k,l€Z

(3.3) lullzaer2y < Cllullx,

(3.4) ullpaerx o)y < CHUH)(TO-

Proof. (B-3) comes from [, Proposition 7.15]. To prove (B.3), pick any u € X 10 decomposed as

u(z, t) Z/ (k, 7)e "m0 dr

keZ
Writing 7 =1+ o with [ € Z, 0 € [0, 1), we have that
(@, 1) / iot Z (i, 1 + o) o0 o
klE€Z

Using (B.9) and Cauchy-Schwarz, we obtain

lullarsy < / 1S @+ o) 0| o) dor
0 klez
2
< C/ 1+11—k3+uk\)%\5(k,z+a)y2 do
k,EZ
%
< <Z/ Z1+|z—k3+m|)%|i(k,z+a)|2da>
keZ LEZ
3
< <Z/ 1+\r—k3+uk\)§yﬁ(k¢,r)12dr> .
kEZ

11



It remains to establish (B.4). Let T > 0 and u € X lTO. Pick p € N* with T" < 27p, and an extension
37
@€ X1, of uwith |[a|[x, < 2u|[yr . Then
3 3,0 31§,0

a1 Zarx .y < Nallzarso.2npy) < p(C||ﬂ||X%VO)4 < C/||U||§(:fo-
37

Note that C’ depends only on 7. O

Lemma 3.3 (Bilinear estimates). Let s > 0, T € (0,1), and u,v € XlTs N L?(0,T; L3(T)). Then

there exist some constants 0 > 0 and C' > 0 independent of T and u,v such that

(3.5) lw)ellzr, < CTNullyr llollyr
— 5,8 3,8 78

The proof of Lemma B.d can be found in [B] with # = 1/12 (see also [f]).

To end this section, we prove a multiplication property of the Bourgain space Xg: o Y =1(t)
is any C'*° function, then yu € Xg:s for any u € Xg:s. However, if ¢ = ¢(z) € C°(T), then ¢u
may not belong to the space X;f ; foru € X;f s Some regularity in the index b is lost due to the
fact that the multiplication by a7(smooth) function of = does not keep the structure in time of the
harmonics. This loss is, in fact, unavoidable. For instance, for k > 1, let u; = Q,Z)(t)eikxei(ks_“k)t,
where 1) € C§°(R) takes the value 1 on [—1,1]. The sequence {uy} is uniformly bounded in the space
X, for every b > 0. However, multiplying u; by ¢(x) = ', we observe that HemukHXbo ~ k2P,

The next lemma shows that this is the worst case. ’

Lemma 3.4. Let -1 <b <1, s € R and ¢ € C®(T). Then, for any u € Xy s, o(x)u € Xp4_ojp|-
Similarly, the multiplication by @ maps XI;{S mnto XI:fs—2|b|‘

Proof. We first consider the case of b = 0 and b = 1. The other cases of b will be derived later by
interpolation and duality.
For b = 0, Xos = L*(R, H*(T)) and the result is obvious. For b = 1, note that u € X; 5 if and
only if
u € L*(R, H*(T)) and dyu + 92u + pdyu € L*(R, H(T)),

and that )
”UH%(LS = Hu”%%R,HS(T)) + || Opu + Bpu + ”ax“HLZ(R,Hs(T)) :
Thus,
le@ulk,, , = loulFagme2m) + 100(pu) + 83 (ow) + pda(Pu)| o g grezemy)
< C (HU”%%R,HH(T)) + [l (Gru+ OFu + poru) H2LQ(R,HS*2(T))
2
#1000 + 10 0l o 5oy
< C (HUH%Q(R,HS*Q(’]I‘)) + Hatu + aiu + MaquiQ(R,HS*Q(T)) + HUH%Q(R,H%T)))
S C ||u||§(1’s :

Here, we have used the fact that

(0,02 + p0y| = —3(0:0)02 — 3(92)0 — O3 — pdyep
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is a differential operator of order 2. To conclude, we prove that the X3 s spaces are in interpolation.
First, using Fourier transform, X;, s may be viewed as the weighted L? space L*(R, x Zj, (k)?*(1 —
k? + pk)® X ® ), where ) is the Lebesgue measure on R and § is the discrete measure on Z. Then,
we use the complex interpolation theorem of Stein-Weiss for weighted L spaces (see [[[, p. 114]):
for0 <6 <1

(XO,Sy Xl,s’)

s(1— s’ 20
[9] ~ L2 (R X Z, <k>2 (1 6)+2 0 <T — k3 + Mk> 1% &® 5) ~ X@,s(l—G)—i—s’G'

Since the multiplication by ¢ maps Xg s into Xo s and X 5 into X 2, we conclude that for 0 < b <
1, it maps X s = (XO,S,XLS)W into (XO’S,XLS_Q)[b] = Xp,s—2p, which yields the 2b loss of regularity
as announced.

Then, by duality, this also implies that for 0 < b < 1, the multiplication by ¢(x) maps X_p 1o
into X_j _s. As the number s may take arbitrary values in R, we also have the result for —1 <b <0
with a loss of —2b = 2|b|.

To get the same result for the restriction spaces X g: <> we write the estimate for an extension @ of u,
which yields

loullxr . < 9l < Clill,,
Taking the infimum on all the 4, we get the claimed result. O

3.2 Propagation of compactness and regularity

In this subsection, we present some properties of propagation of compactness and regularity for the
linear differential operator Ld; + 02 + ud, associated with the KdV equation. Those propagation
properties will play a key role when studying the global stabilizability of the KdV equation.

Proposition 3.5. Let T > 0 and 0 < b < b < 1 be given (with b > 0) and suppose that u, € leo
and f, € Xzb _oyop Salisfy

forn=1,2,... Assume that there exists a constant C > 0 such that

(3.6) HunHX;fO <C for allmn > 1,
and that
.7) funlixr, .+ Uallyr, o +lnllxr, =0 asn oo

In addition, assume that for some nonempty open set w C T it holds
un — 0 strongly in L*(0,T; L?(w)).

Then
u, — 0 strongly in L2 ((0,T); L*(T)).
Proof. Pick ¢ € C*°(T) and ¢ € C§°((0,T)) real valued and set
B =¢(z)D7? and A = ¢(t)B.
Then
A = () D ?p(x).

13



For e > 0, let A, = Ae% = 1 (t)Be be a regularization of A. Then

Qne = ([AaaL]Unaun)m(Tx(o,T))

= ([Aaa ai + Nax]um Un) - (w/(t)Bauna un)

On the other hand,

e = (fas AZun)r2(rx(0,1)) T (Actn, fa)L2(Tx(0,1))
since Lu, = f, and L* = —L. By Lemma B.4,

|(fm A:un)Lz(Tx(O,T)) ‘ < ||fn‘|xfb)72+2b ||A:Un||X5272b

(3.8) < |fallxr

7b’72+2b”un”X;fyo

Consequently,

lim sup ‘(fmA:un)H(Tx(O,T))‘ =0.
n—00 e

Similarly, we have
lim  sup |(Actn, fn)r2(7x(0,1)] = 0

n—00 )<<
and
lim sup |(1Z/(75)Beumun)| =0.
TL—>OOO<E§1
Thus

lim sup |ope =0
n—00 0ce<]

and therefore

lim sup |([Az,8; + pde]un, un)| = 0.
n—00 0ce<]

In particular,
Tim ([A, 07 + p0sJun, ) 12(1x(0,7)) = O-

As D™2 commutes with 0,, we have
(A, 0; + p0:] = —39() (Orp) 05 D2 = 3P(1)(8;0)0: D2 — (1) (9¢p + ndap) D7,
Using the same argument as in (B.§), we get
(Y() (030 + 10x0) D™ty Un) r2(7x (0,7) — O-

However, for the second term, the loss of regularity is too large if we use the estimates with the same
b. Using the index b’ instead, we have

(lb(t)(agtp)axl)_zum Unp)

IN

“T/’(t)(a:%¢)axD_2unHX§ o [[unl| xT

—b,—1+2b/

IN

lunllxz Nunllxr,

14



which tends to 0 as n — oo, by (B.6)-(B-7). Note that —92D~2 is the orthogonal projection on the
subspace of functions with %(0) = 0. Using Rellich Theorem combined to the fact that b > 0, we
easily see that u,(0,t) tends to 0 in L?(0,7T) (strongly), and hence

(¥ (t)(0rp)un (0, 1), un)LQ(Tx(O,T)) — 0.

We have thus proved that for any ¢ € C*°(T) and any ¢ € C§°((0,7))

(¥ () (O p)tn, un) 2(Tx (0,)) — O-

Note that a function ¢ € C°°(T) can be written in the form 0,¢ for some function ¢ € C*°(T)
if and only if [ ¢(x)dx = 0. Thus, for any x € C5°(w) and any z¢ € T, ¢(z)x(x) — x(« — z0) can
be written as ¢ = 0, for some ¢ € C°(T).

Since u,, is strongly convergent to 0 in L?(0,T; L*(w)),

lim (4 (t)Xtn, Un) 12(Tx(0,)) = 0-

n—oo

Therefore, for any xg € T,

Hm (1(£)x (- — 0)Un, Un) L2 (T (0.1)) = 0.

n—oo

The proof is then completed by constructing a partition of unity of T involving functions of the form
xi(- — x}) with x; € C§°(w) and zf) € T. 0

Next we investigate the propagation of regularity for the operator L = 0y + 93 + 10,

Proposition 3.6. LetT >0, 0<b<1l,r€R and f € Xzbr be given. Let u € Xgr be a solution

of
ou + afgu + uozu = f.

If there exists a nonempty open set w of T such that u € L2 ((0,T), H™™P(w)) for some p with

loc
. 1
0 < p < min{l — b, 5},
then w € L2 ((0,T), H™*(T)).
Proof. Set s=r+ p and forn=1,2,...
152 — —
up = endou =: Z,u, fn=2nf = Lu,.
There exists a constant C' > 0 such that

luallxy, <C. fullxr, <C Wn21

Pick ¢ € C*(T) and ¢ € C§°((0,T)) as in the proof of Proposition B.J, and set
B = D?72p(z) and A = ¢(t)B.

We have

(Ltn, A"un) p2(rx(0,1)) + (At Ltn) 2 (7 (0,1))
= ([A, 0 + pd]tin, un) 2(v(0,7)) — (V' (£) By, 1)

15



IN

|(Atn, fr)£2(7x(0,7))| HAun”XT T”anXZbJ

b,r+2p—2+2b ”f" ”be,r

Cllunllxy, I fallxr,
C

IN

[[un xr

VAN VAN

since r + 2p — 2 4+ 2b < r. The same estimates for the other terms imply that
|([A, 8:?; + u@x]un,un)Lz(TX(QTM < C.
Note that
(4,05 + n0y] = =30() D> (9p0) 0y — 30 (1) D> 7*(0;0)0s — Y(£) D** (030 + ap)
and 2s —24+1=2r+2p—1 < 2r. We have
|(4p(£) D**72(920) Dtin, Un) L2 (T (0.7 |

< C||¢(t)D28_2(ag‘p)amun||L2(0,T;H*T'(T))||un||L2(O,T;H7"(T))
< Cllunllzao,rymr(my)
<C

and

\(1/1('5)1)28_2(5:?590 + ,Ua:ccp)una un)LQ(’]I‘X(O,T))‘
< Cllyp(t)D* (D3 + 1O:p)unl L2011 () [1Un |l L2 0,1 7 (1)
< CllunllZao,rymr(my)
<C
for any n > 1. Thus
(3.9) (W (1) D**72(50) D, un)| < C.
For any x € C§°(w),

(Y () D* 2\, un)
= ((t) D*"2x0%up, XD uyn) + (Y()[ D2, X]xO2un, D uy,)
= (Y(t) D* 2Xx02un, D¥xuy) + (Y(t) D¥2x02un, [x, D*]un)

+(1/}( )[DS 27X]X82UH7D un) = Il + 12 + I3-

*(

We infer from the assumptions that yu € L2 ((0,7T), H*(T)) and that x92u € L? ((0,T), H*~2(T)).

Thus

is uniformly bounded in Lloc((O, T), H*(T)) by [RJ, Lemma A.3] and the fact that s < r+1. Applying
the same argument to x9%u,, we obtain

|| <C.
It follows from [RQ, Lemma A.1] and the fact that w € L?(0,T; H"(T)) that
| < C|D"2X0unl| 20,1, 12my 107D DNt 20 22

< Cllunllzzzrmy) 1unll 2,71y < €.
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A similar bound may be obtained for |I3|. Consequently,
(W (1) D> X2 Doun, un)| < C
for any n > 1. Then, using (B.9) with 0. = x?(x) — x*(z — x¢) yields
| (&) D> 72X (- = 20) 3 un, un)| < C
for any n > 1. Using a partition of unity as in the proof of Proposition B.§, we obtain
|((t) D*~207u,u)| < C,

that is

T
/ ) (D kP [alk, 1)) dt < C.

0 k0
The proof is thus complete. 0

Corollary 3.7. Let u € XlTO be a solution of
2 b

(3.10) dpu + O3u + pdyu + udpu = 0 on T x (0,7T).
Assume that u € C*°(w x (0,T)), where w is a nonempty open set in T. Then u € C°(T x (0,T)).

Proof. Recall that the mean value [u] is conserved. Changing p into p + [u] if needed, we may

assume that [u] = 0. We have ud,u € X1, o by Lemma B.3. It follows from Proposition B.g that
27

u € L? ((O,T),H%(']I‘)). Choose to such that u(ty) € H%(']I‘) We can then solve (B.I0) in X7,

272

loc

with the initial data u(tg). By uniqueness of the solution in X {0, we conclude that v € X { 1. An
27 PRI
iterated application of Proposition B.q yields that u € L?(0,7; H"(T)) for every r € R, and hence
u e C®(T x (0,7)). O
Corollary 3.8. Let w be a nonempty open set in T and let u € XlTO be a solution of
27
Ou + 03u+ pdpu +udyu = 0 on T x (0,7T)
u = ¢ onwx(0,7)

where ¢ € R denotes some constant. Then u(x,t) =c on T x (0,T)

Proof. Using Corollary B4, we infer that v € C°°(T x (0,T)). It follows that w = c on T x (0,T) by
the unique continuation property for the KdV equation (see [, BJ)). O

4 Nonlinear systems

In this section, we are concerned with the stability properties of the closed loop system

Opu + O3u + pdpu + udpu = —Kyu, zeT, 0<t<T,
(4.1)
u(a;,O) - UO(x)v z €T,

where A > 0 is a given number and ug € L3(T).
We first check that the system is globally well-posed in the space Hj(T) for any s > 0.

17



Theorem 4.1. Let A > 0 and s > 0 be given. Then for any T > 0 and any uy € H§(T), there exists
a unique solution u € ZIS NC([0,T); LA(T)) of ({). Furthermore, the following estimate holds
27

(4.2) lullz7 < ars([uollo)uolls
5,8

where ar s : RT — R is a nondecreasing continuous function depending only on T and s.

Proof. We shall first establish the existence and uniqueness of a solution u € Z{S N L%(0,T; LE(T))
2 )

of (1) for 7' > 0 small enough. Then we shall show that T can be taken as large as one wishes.
Let ug € H§(T). Rewrite system (1)) in its integral form

t t
(4.3) u(t) = W (tuo — / Wt — 7)(udou) (7)dr — / Wt — 7)[Kyul(7)dr
0 0
where W(t) = e~ t02+10z)  For given ug, define the map

(v) = Wty — /0 Wt — 7)(0dyv)(r)dr — /0 Wt — 7)[Kyo](r)dr.

The following estimate is needed.

Lemma 4.2. For any ¢ > 0 there exists a positive constant C(e) such that
t

(4.4) | [ W=z < CET |l -

208 58

Proof of Lemma [[.3. Let v € Z{s. Pick an extension of v to T x R, still denoted by v, and such
27
that
oz, . < 2llollr -
2 5,8

Pick any n € C°°(R) with n(t) = 1 for [t| < 1 and n(t) = 0 for |[t| > 2. By Lemma B.1), it is clearly
sufficient to prove that

(4.5) [In* @/ T)Exllz_, < CTF[Joll

S

Nl

Let us first estimate ||n?(t/T)K\v||x , . We have that
1

1—e _
[l7°(t/T) Kollx_, | < ||772(t/T)Kw||X7_1%,S < OT 2 [t/ T)Kxvl|x,,, < CT|Jv][x

yS

NI
[

where we used i, Lemma 2.11] twice and Lemma P.4. This yields also
[l (/T Kl o < 1 (/T Kol lx _yy. | < CT F0l]x, -
—z s 78

and ([LJ) follows. The proof of Lemma [L.9 is complete. O
It follows then from Lemmas .1, B.J and that there exist some positive constants 6, C1, Cy
and C3 such that

(4.6) IP@)llzr < Cilluolls + CoT? ol + C5T |lo| 4
35 5.8 38

(4.7)  |[F(v1) = D(v2)l[ g7

2°

IN

CoT?||or + w2l gz [[or = vall gz + C5T' oy — val|
5,8 5.8 5.8
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for any v, vy, vz € Z{s N L?(0,T; L3(T)). Pick d =2C4 ||lugl|s and T > 0 such that

2

(4.8) 2CdT? + C3T ¢ <

DO | =

Then
I, <d
38

and )
IT(v1) = Dw2)llzr < 5llor = vallz7
5,8

208

whenever HUHZ:f < d, HmHZ:lr < d, and HUQHZ:Ir < d. Thus the map T is a contraction in the
5,8 5,8 5,8

closed ball B;(0) of Z{s N L*(0,7T; L3(T)) for the || - HZ{ norm. Its fixed point u is the desired
27 55

solution of ([L.1]) in the space Z{s NL2(0,T; L3(T)). It follows from the property (v) of the Bourgain
2 )
space Zg: . recalled in the previous section that u € C([0,T]; Hj(T)) with

[l oo 0,13 m5(m)) < Callullzr < 2C1Caluolls.
558

Let us now pass to the global existence of the solution. Assume first that s = 0. The solution of

(E) satisfies
t
a0 =Ilully - [ (GLz w, Gulo(r)dr ez 0
0

which yields with Gronwall lemma
(4.9) llu( OIIF < luollg e

with C = ||G ||2||L;1|| A standard continuation argument shows that (1) is globally well-posed in
L&(T). (Note that ||u(.,t)|lo < ||uo|lo when A = 0 and ¢ > 0.) Next, we show that (f£]]) is globally
well-posed in the space H3(T). For a smooth solution u of ([£]), let v = u;. Then

O + 020 + pdpv + 0 (uv) = — Ky, zeT, 0<t<T,
(4.10)
v(@,0) = (@), zeT,
where
n

/ /
vg = —Kug — uy — pug — uoy.

For T fulfilling ([1.g), we have
lullzr < d=2C1[uollo-
bR

The same computations as those leading to ([.6) yield

lollzz < Cillvollo + (4C1CoT?|uglo + C3T %) [[v]| 47 .
2 2

and hence
vllzr < 2C1Jvollo
20

for 0 < T < Ti(||uollo), where T (-) is a continuous nonincreasing function. Therefore,

[v[|Loe (0,7;22¢T)) < C'4||U||zi{0 < Cillwollo
7!
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for 0 < T < Ty and C] = 2C1Cy. ;From the equation
8§u = —Kyu—v — po,u — udu,
we infer that for 0 <t < T < T}
103ullo < Crllullo + [[vllo + (Cs + [[ullo) |0z ul| s

1 1
Crllullo + [[vllo + Co(1 + [Jullo)l[ullg [103ull3

IN

IN

1
5 [19zullo + [lvllo + Cro(llullo + [lullg)-

Consequently,
[lull Lo o, m3(my) < @3([uollo)l|uolls

for T < Ti(||uollo). Combined to (J), this shows that u € C(R*; H3(T)) and that (fJ) holds
true for s = 3. A similar result can be obtained for any s € 3N*. For other values of s, the global
well-posedness follows by nonlinear interpolation [, fl]. The proof is complete. O

Next we prove a local exponential stability result when applying the feedback law h = —K)u.

Theorem 4.3. Let 0 < X < X and s > 0 be given. There exists § > 0 such that for any uy € H§(T)
with |ug||s < 8, the corresponding solution u of (f.1)) satisfies

lu(,t)]|s < CeMuglls  for allt >0
where C' > 0 is a constant independent of ug.

Proof. We proceed as in [B4, Bf]. System (f.1]) can be rewritten in an equivalent integral form
t
(4.11) u(t) = Watyuo — | Wa(t = )wn,)(r)dr
0
where Wy (t) = e~@2+10+K3) - At this point we need to extend some estimates in Lemmas BI-B3

for the CY—group Wy(t).

Lemma 4.4. Let s >0, A >0 and T > 0 be given. Then there exists a constant C' > 0 such that
(1) for any ¢ € HF(T)
IWA@®)ollzr < Cllgl]s.
55

(ii) For any u,v € Z{s
27

t
H/O Wit = T)(wo)a(T)drl 77 < Cllullzr [[ollzr -
5,8

28 29

Proof of Lemma [[.4: An application of Duhamel formula gives

(4.12) Wi(t)p = W (t)é — /0 Wt — m)EAW(r)ldr.

Using Lemma [[.9, this yields

t
IWOollzy + 1 [ Wt =nIWA@larl 7y

IN

IWAW®)Sl 21
3,8

A

Cllglls + CT = [[Wa(t)¢l o7
55
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(i) follows at once if T is small enough, say T' < Ty. For T' > Ty, the result follows from an easy
induction. To prove (ii), we use the identity

/OtW)\(t—T)f(T)dT _ /OtW(t—T)f(T) dT—/OtW(t—T)K)\ (/0 W,\(T—a)f(a)da> dr

which gives with f = (uv),
t
I/ Wa(t =) an)e(r) drll e

§||/OtW(t—7')(uv) (ydrllzy +1 Wt—TK)\ (/ Wi(r — o) (wv)y (o )da> drl 7o

7.5

< Cllulzy Ibllzy +0T'71 | Wx(t—T)(uv)x(T)dTqu
28 pAN 28

(ii) follows again if T' is small enough, say T' < Ty. For T' > Tp, the result follows from (i) and an
easy induction. [
For given s > 0, there exists by Proposition .J some constant C' > 0 such that

W (t)uolls < Ce ™ [Juol|s vt > 0.

Pick T > 0 such that
90 < ¢ NT

We seek a solution u to the integral equation (f.11) as a fixed point of the map
t
I'(u) = Wa(t)uo — / Wi(t — 7)(vv,) () dr
0

in some closed ball Bjy/(0) in the space Z{S N L?(0,T; LE(T)) for the HUHZ:f norm. This will be
27 58

done provided that ||ug||s < 6 where § is a small number to be determined. Furthermore, to ensure
the exponential stability with the claimed decay rate, the numbers § and M will be chosen in such
a way that

()]s < e T fuol|s-

By Lemma [£.4, there exist some positive constants Cy, Cy (independent of § and M) such that
(v )HzT < Cilluolls + Calloll3z
2 yS
and

IT(v1) = T(w2)llzr < Collor +vallzr [Jvr —vallgr -
7‘5 73 ?s

On the other hand, since Z{S C C([0,T]; H*(T)), we have for some constant C/ > 0 and all
27
v € By (0)

IT(@)(T)]]s

IN

T
IWA(T ol + | /0 WAT — £)(w0,) (r)dr]s
Ce s+ ' M2

A
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Pick § = C4M?, where Cy and M are chosen so that

!
% <Ce M, (C104+Co)M? < M, and 20,M <
4

N =

Then we have

IT@)llzz < M Vve Bul(0),
5,8

1
IT(v1) = Plw2)llzr = Fllor —vallgr Vi, v2 € By (0).
3 3

Therefore, I" is a contraction in Bjs(0). Furthermore, its unique fixed point u € Bj/(0) fulfills
[a(T)]]s = [[L(u)(D)]|s < ¢T3,

Assume now that 0 < ||ug||s < 0. Changing ¢ into & := ||ug||s and M into M’ = (5’/5)%]\4, we

infer that ||u(T)||s < e 7T |Jug||s, and an obvious induction yields [[u(nT)||s < e="T|jug||s for any

n>0. As Z{s N L2(0,T; L3(T)) C C([0,T); H3(T)), we infer by the semigroup property that there
27

exists some constant C’ > 0 such that
llu(®)]]s < C'e™[uos
provided that ||ug||s < d. The proof is complete. O

The stability result presented in Theorem [L.d was local. We extend it to a global stability result
in the following theorem.

Theorem 4.5. Assume A\ =0 in {[_)f] There exists a k > 0 such that for any Ry > 0, there exists
a constant C' > 0 such that for any ug € L3(T) with

[[uollo < Ro,
the corresponding solution u of ([-1) (with X = 0) satisfies
(4.13) u(-t)|lo < Ce " |luollo for all t> 0.
Theorem [L.5 is a direct consequence of the following observability inequality.

Proposition 4.6. Let T > 0 and Ry > 0 be given. There exists a constant 3 > 1 such that for any
ug € L3(T) satisfying
[uollo < Ro,

the corresponding solution u of ([[.1) satisfies
T
(414) Jully <6 [ IGul3e)ar
Indeed, if (f.14) holds, then it follows from the energy estimate

t
(4.15) Hu(wt)IISZHUOIIS—/O IGull§(r)dr vt >0

3Recall that Ko = GG*.
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that

lu(-, Tl < (1 =87 luoll5-
Thus

[u-,mT)[F < (1= 571" [|luol3

which gives (J.1J) by the semigroup property. We obtain a constant » independent of Ry by noticing
that for t > ¢(||uolo), the L? norm of u(., ) is smaller than 1, so that we can take the x corresponding
to R(] =1. Ol

Now we present a proof of Proposition [L.6.

Proof of Proposition f.6: We prove the estimate ([.14) by contradiction. If (.14) is not true,
then for any n > 1, ([.1]) admits a solution u, € Z ,NC(0,T]; L 2(T)) satisfying

[un(0)llo < Ro
and
g 2 1 2
(1.16) | 1Gunllbat < 1 ol
0 n
where ug, = u,(0). Since ay, := |[ugnll, < Ro, one can choose a subsequence of {ay,}, still denoted

by {a}, such that

lim o, = a.
n—oo

There are two possible cases: (i) @ > 0 and (i) o = 0.
(i) a>0

Note that the sequence {u,} is bounded in both spaces L>(0,T; L*(T)) and X{O. By Lemma
27
, the sequence {9,(u?)} is bounded in the space X7, . On the other hand, the space X7 is
B3 " Ty 1,
27 27

compactly imbedded in the space Xg: _1. Therefore, we can extract a subsequence of {u,}, still
denoted by {u,}, such that

U, — u weakly in X 1T07 and strongly in XOT 1
27 ’

1
——0,(u?) — f weaklyin X7,
2 30

where u € X {0 and f € X7, . Furthermore, since X7 1o is continuously imbedded in L*(T x (0, 7))
2 ’

by (B4), u2 is bounded in L2(']T x (0,7)). Tt follows that 0z (u2) is bounded in
L*0,7; H(T)) = X§ ;.

Conducting interpolation between X7, o and Xo 4, we obtain that 9, (u2) is bounded in X7

XT1+ , for 6 € [0,1]. AsXT Lo,
27 27

a subsequence of {uy,}, still denoted by {uy}, such that —30, (u2) converges to f strongly in X7,
It follows from ([.14) that

I
is compactly imbedded in X7, for 0 <0 <1, wecan extract

1

T T
| iGulpde — [ liculfar=o.
0 0
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which implies that u(z,t) = ¢(t) on w x (0,7") for some function ¢(¢). Thus, passing to the limit in

(E), we obtain

(4.17) Ou+ O3u+ pdyu = f on T x (0,7,
’ u = c(t) onw x (0,7).

Let w, = u, —u and f, = —%Gx(u%) — f — Kyuy. Note first that
T T T T

(4.18) / HGwandt/ (Gl [2dt +/ Gl 2t — 2/ (Gum, Gu)odt — 0
0 0 0 0

Since w, — 0 weakly in Xfo, we infer from Rellich theorem that fT 9(y)wn(y,t)dy — 0 strongly in
2 9
L?(0,T). Combined to ({1§), this yields

T
/ / g(x)*wy, (z,t)?dzdt — 0.
o Jr

Thus
and
0, 0,
e, T o)
“1-

where & := {g > |lgl 1 (/2}.
Applying Proposition B-§ with b = § and & = 0 yields that

— 0.
(0,T);L2(T))

w
an

loc

Consequently, u2 tends to u? in L], ((0,T); L*(T)) and 9, (u2) tends to 9,(u?) in the distributional

sense. Therefore f = —20,(u?) and u € X {0 satisfies
27
du+ O3u+ pdpu+ 59, (u?) = 0 on T x (0,7,
u = c(t) onwx(0,7T).

The first equation gives ¢/(t) = 0 which, combined to Corollary B.§, yields that u(z,t) = ¢ for some
constant ¢ € R. Since [u] = 0, ¢ = 0, and u,, converges strongly to 0 in L? ((0,7),L*(T)). We can
pick some time tq € [0, 7] such that u,(ty) tends to 0 strongly in L?(T). Since

to
lun ()12 = lun(to)I2 + / Gl 2,

it is inferred that o, = ||un(0)||, — 0 which is a contradiction to the assumption o > 0.

(i) o = 0.
Note first that «,, > 0 for all n. Set v,, = u, /v, for all n > 1. Then

o
OsUy, + 8§vn + 1O0pvy + Kov, + ?n(‘?x(vfl) =0

and

T 1
(4.19) / [ Gon| 2t < <.
0 n
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Because of
(4.20) [oa(0) g = 1.

the sequence {v,} is bounded in both spaces L°°(0,T;L?(T)) and X{O. Indeed, [|vn(t)|]o is a
27
nonincreasing function of ¢, and the boundedness of ||v,,|| x7  for small values of T" follows from an

7,0
estimate similar to ([L.6) (since , is bounded). We can extract a subsequence of {v,}, still denoted

by {v,}, such that v,, — v weakly in the space X{O and strongly in the spaces Xipl . and Xép’_l.
27 27
Moreover, the sequence {9, (v2)} is bounded in the space X7, o> and therefore a0y (v2) tends to 0
27
in the space X1, o Finally, fOT ||Gv||3dt = 0. Thus, v solves
27
(4.21) O+ 020 + pudyv = 0 on T x (0,7)
' v = c(t) onw x (0,7).
We infer that v(z,t) = ¢(t) = ¢ thanks to Holmgren Theorem, and that ¢ = 0 because of [v] = 0.
According to ([L19)
T
| il — o
0

and so Kyv, converges strongly to 0 in XT; . Then, an application of Proposition B.§ as in (i)

51
shows that v, converges to 0 in L? ((0,7"), L?>(T)). Thus we can pick a time ¢y € (0,7") such that

loc
vn(to) converges to 0 strongly in L?(T). Since

to
lon(O)12 = flum(to) |2 + / G 24,

we infer from ([.19) that [v,,(0)||, — 0 which is a contradiction to ([.20). The proof is complete. [
Next we show that the solution u of ([L.]) (with A = 0) decays exponentially in any space H*(T).

Theorem 4.7. Assume that A = 0 in ([[.1), and let k > 0 be the infimum of the numbers k given
respectively in Proposition .3 and in Theorem [.J. Let s > 0 and let v’ € (0,k) be given. Then
there exists a nondecreasing continuous function o, : RT — R such that for any ug € H§(T), the
corresponding solution u of (f.1) satisfies

-, )5 < e (luollo)e™ luolls
for all t > 0.

Proof. The result for s = 0 has already been established in Theorem [I.§ with s’ = k. Let us consider
now the case s = 3. Pick any number Ry > 0 and any ug € H3(T) with |Jug|lo < Ro. Let u denote
the solution of ([..]) emanating from ug at t = 0, and let v = u;. Then v solves

(4.22) v + O30 + pdyv + 0y (wv) = —Kov, v(x,0) = vo(x), 2 € T, t >0,

where vy = —Kgug — puf, — upug — ugl. According to (f.3) and ([.13), for any T > 0 there exists a
number C' > 0 depending only on Ry and 1" such that

[uC O jieern < Ce™"|ug||o for all t > 0.
$.0
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Thus, for any € > 0, there exists a t* > 0 such that if ¢ > t*, one has

”u("t)HZ[lt,?T] <e.
5

At this point we need an exponential stability result for the linearized system
(4.23) Orw + 03w + pdyw + 9y (aw) = —Kow, w(x,0) = wo(z), 2 €T, t >0
where a € Z{s N L2(0,T; L3(T)) is a given function.

2 K

Lemma 4.8. Let s >0 and a € Z{S N L2(0,T; L3(T)) for all T > 0. Then for any ' € (0,k) there

exist T'> 0, B > 0 such that if
sup [|al| jmr. i < B,
77/21 %,s

then
Jw(-,t)ls < Ce ™ Hlwolls  for all t>0,

where C' > 0 is a constant independent of wy.

Proof of Lemma [[.§: First, a proof similar to those of Theorem [f.1 shows that for any 7" > 0 and any
s>0,ifa € Z{S N L%(0,T; L3(T)), then ([23) admits a unique solution w € Z{S N L%(0,T; L3(T))
27 27

and
(1.24) lollzr < ullallz Ylwoll
58 38

where 1 : RT — RT is a nondecreasing continuous function. Rewrite ([.23) in its integral form
t
w(t) = Wa(t)un — [ Wat = )x(aw)(r)dr
0

where Wo(t) = e~ 1@ +#0:+K0)  Thus, for any T > 0, by Proposition P-4, Lemma [[4 and (29),

—kT
[w(,T)lls < Cre™ [lwolls + Callallzr flwll 2z
38 39

IN

—kT
Cre™ T [lwolls + Callall zr pllall 7z liwolls
28 28

where C7 > 0 is independent of T while Cy; may depend on T'. Let
Yp =w(-,nT) for n=12 ..
Then, using the semigroup property of the system (§.23),

yn1lls < Cre™ lynlls + Callall yiornsvm pllall oz sz [ynlls
38 58

for n > 1. Choose T' > 0 large enough and 8 > 0 small enough so that
Cre™™ + Copp(B) = e

Then
lyns1lls <e™™ THynHS
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for any n > 1 as long as
sup ||| 7 () < B.
77/21 %,s

Thus
ynlls < e T”Z/OHS

for any n > 1, which implies that
lw(-,)lls < Ce™wolls

for all ¢ > 0. The proof is complete. O
Choose € < 3, and then apply Lemma [L.§ to ([£29) to obtain

lo(-,D)llo < Ce™ ol #)lo

for any t > t*, or
[o(-,t)llo < Cre™[[wollo

for any t > 0, where C7 > 0 depends only on Ry. It then follows from the equation
Gg?gu = —Kou — udru — pplyu — v

and Theorem [ that
u(-, )]s < Ce™lug|3

for any t > 0, where C' > 0 depends only on Ry.

Thus the theorem has been proved for s = 0 and s = 3. Using the same argument for u; —uo and
a = uq + uo for two different solutions u; and ug, we obtain the Lipchitz stability estimate needed
for interpolation:

(w1 — u2) (-, t)lo < Ce™*|(ur — u2)(-,0)lo-

The case of 0 < s < 3 follows by interpolation. The other cases can be proved similarly. O

5 Time-varying feedback law

In this section we prove that it is possible to design a smooth time-varying feedback law ensuring a
semiglobal stabilization with an arbitrary large decay rate.

Let A > 0 and s > 0 be given. According to Theorem [L7, there exists a number x > 0 and a
nondecreasing function «y such that any solution u of

(5.1) Oyu + Bu+ pdyu + udpu = —GG*u

emanating from uy € Hj(T) at ¢ = 0 fulfills

(5-2) llu(®)l]s < as(lluollo)e™""|uolls-

On the other hand, it follows from Theorem [L.J that for any fixed \’ € (0, \), any solution u of
(5.3) Oyu + u 4 pdyu + udpu = —Kyu

emanating from uy € Hj(T) at ¢ = 0 fulfills

(5.4) lu(®)ls < Cse™*|luols
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provided that ||ugl||s < 79, for some constant Cs and some number 19 € (0,1). Pick any function
0 € C*(R;[0,1]) fulfilling the following properties:

(5.5) 0(t)=1 foro<t<1-9¢
0(t)=0 for 1 <t <2
O(t+2)=10(t) forallt € R

where ¢ € (0,1/10) is a number whose value will be specified later. Pick a function p € C*°(R; 0, 1])
such that

(5.8) p(ry=1 for r <r, p(r)=0 forr>1.

Let T > 0 be given. We consider the following time-varying feedback law

() 0

GG* {o(|lul ) 10(5) L5+ 0

(5.9) K (u,1)

Kyu+ 0(" 0 )GG ] + (1= p(|[ul ) GG

P+ (1 ol )

The following result indicates that a semiglobal stabilization with an arbitrary decay rate can be
obtained.

Theorem 5.1. Let A > 0 and let K = K(u,t) be as given in (p.9). Pick any N € (0,\) and
any X" € (N/2,(N + k)/2). Then there exists a time Ty > 0 such that for T > Ty, tg € R and
ug € H§(T), the unique solution of the closed-loop system

(5.10) Ou + O3u + pdyu + udyu = — K (u,t), u(tp) = ug
satisfies
(5.11) lul Olls < vs(lluolls)e™ O uglls — for all t >t

where vs is a nondecreasing continuous function.

Proof. First, proceeding as for Theorem [L1], we check that the system (5.10) is globally well-posed
in Hj(T). Next, rough estimates for [|u(.,t)||s are established for the times ¢ when both K and
GG* are active.

Lemma 5.2. Pick any pair (to,ug) € R x H5(T). Then the system (5.10) admits a unique solution
u: T X [tg, +00) — R fulfilling

we 20 L2ty tg + T L3(T))  for all T > 0.

1
2

The following a priori estimates hold true

(5.12) If  uolls <1, [lu(., t)|]s < as(1) for all t > to;
(5.13) If  Aluolls > 1, (. )]s < as(|[uollo)||uolls for all t > to;
(5.14) If |luolls < R, u(.,t)|]s < Kge®E10)|Jugl|, for all t > to,

where Ky and dg denote some positive constants depending only on s and R.
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Proof of Lemma [5.3: Let us begin with the local existence of a solution. Pick any pair (tg,ug) €
R x H§(T). It may be seen that

|| K (v1,t) — K(va,t)|]s < ¢]|vr — va|s for all vi,ve € H3(T), t € R

where ¢ denotes a positive constant independent of v1,vs and ¢t. Defining the map

L) (t) =W(t—to)ug— | W(t—7)(viv)(r)dr — | W(t—7)K(v(r),T)dr,

to to

we infer as in the proof of Theorem [[] that (f.§) and (fq) hold for all v,vy,ve € Z[lto’tOJrT} N

~ 278
L%(to, to + T3 L3(T)). Moreover, the involved constants only depend on 6 for its L> norm and not
on §. Let d = 2C1||ug||s and T > 0 be such that

205dT? + C3T' ¢ <

N =

Then the map T is a contraction in the closed ball By(0) of ZEOSOJFT} N L2(tg, to + T; L3(T)) for the
2 )
HUHZ[fO’tO +7) norm. Its fixed point is the desired solution of (f.1(). Note that for some constant

3
Cy > 0 we have that
ull oo (10 2025 (1y) < Callul] geg o7 < 2C1C4]uol]s.
(to, sHS(T)) z\
5,8

Noticing that K (u,t) = GG*u for |Jul|s > 1 and using (p.9), we infer that the solution u of (p.10) is
defined for all t > ty. Moreover, (b.2) yields (p.12) and (5.13). Let

d'2C1 max(as (1), as(|[uollo)]uolls)-

Note that d’ depends only on R and s. Replacing T by T” satisfying

1
20,d' T + O3 ¢ < 5

in the application of the contraction mapping principle, we infer that the (unique) solution u of

(b.10) fulfills

] ot w77 00+ sz < 2Ch [[ul, to + KT7)]Ls.
1

38
This gives
]| oo to+-k77 o+ (k- 1y 115 (1)) < 2C1Cll (., to + KT7)]|s

and

(., )]s < Koe® )| ugl[
for some constants Ky > 0, d; > 0 depending only on s and R. O

Given )\’ as in the statement of the theorem, we pick § > 0 such that
” K+ N
5.15 N < =26ds + (1 — 26 and ody — (1 —20)k < 0-
2

Next, choose 1 € (0,rg) such that
(5.16) s (as(1))Co K22 ds ) < g,
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and Ty > 0 such that

(5.17) s (1) g (s (1)) K eldds—(1=20)MIT
(5.18) a5 (1) O K 2el40ds = (1=20) (st X T

1,
o\
e 20T

IA A

for all T > Ty. Note that Tp exists by (B.15). Pick any up € Hg(T) and any time ty € R. The proof

rests on a series of claims.
CrAM 1. There exists a time ¢ € [to, o + £~ In(as(||uo||o)]|uol|s)] such that

(5.19) [lu(t)]ls < 1.

Without loss of generality we may assume that ||u(tg)||s > 1. Then the dynamics of u is governed

by (b)) as long as ||u(t)||s > 1. By (p-9), we have (5.19) for some time ¢; with
s ([Juoo)e ™71 Jug | < 1.

Therefore, Claim 1 holds. O
CrAmm 2. There exists a time to € 2ZT N [t1,t1 + 37T such that

(5.20) u(ta)||s < r1.
From the fact that ||u(t1)||o < 1 and (b.9) we have that
u()|ls < as(1) for all ¢ > t;.

Pick R = (1) and let K, and ds be as given in Lemma p. for that choice of R. Let t; > t; denote
the first time of the form | = (2k + 1)T + 6 with k € Z, and let ¢t = (2k + 2)T. Then it follows

from (£3), (F1) and (EI1) that
lut2)]]s < Koe™ ary(o(1)e™ 27 flu(th) |, < .

CLAIM 3. ||u(t)||s < 7o for all t > ty and ||u(ty + 2kT)||s < e 2" T||u(ty)||s for all k € N.

First, we notice that the dynamics of u is governed by (5.3) (resp. by (b.1)) when ¢ € (to +
0T, ta+ (1 —0)T) (resp. when t € (ta+ (1+0)T,ta+ (2 —0)T)), as long as ||u(t)||s < ro. Therefore,
using (5.2), (64), (6.14), and (f.14) we obtain that

u(@®)|[s < (as(as(1) K227 (O K 22T ) lu(ty)||s < 70 for all ¢ € [ty, ty + 2T7.

On the other hand, by ),

lu(ta +2T)[|s < (as(D)e*O2IT K227 ) (Coe N U20T 26207 | |uty )|
< e P fu(ty)|s
S T1.
The claim follows by an obvious induction. O

It follows from Claim 3 that for t > ¢
[u(®)]]s < ce™ =) [u(ty)]]s
for some constant ¢ independent of ¢t and ug. Since
ta —to < 3T + &~ " n(as(||uollo)|uolls),

the theorem follows. O
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Remark 5.3.

o A natural idea to combine both feedback controls would be to consider a discontinuous feedback
control which agrees with Kou when ||ul|s is large, and with Kyu when ||u||s is small. The main
difficulty is then to define properly what we mean by a solution of the closed-loop system. In
finite dimension, the Filippov solutions are widely used by the control community to deal with
discontinuous systems. (See [J] for the definition of a Filippov solution.) The main advantage
of the time-varying feedback law considered here is its reqularity, which guarantees the existence
and uniqueness of “classical” solutions for the closed-loop system.

e [t would be interesting to see whether a smooth time-invariant feedback law ensuring a semi-
global exponential stabilization with an arbitrary decay rate can be designed.

o A simpler, but less efficient, time-varying feedback law is

K (u,1) 1= 0G)p(|[ul?) Kxu + (1) 6C
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