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The conductivity eigenvalue problem

Dorin Bucur? Ioana Durus! Edouard Oudet *

Abstract

In this paper we study isoperimetric inequalities for the eigenvalues of the Laplace
operator with constant and locally constant boundary conditions. Existence and sta-
bility results are presented in the frame of the gamma and weak gamma convergencies,
together with identification of optimal sets by analytical and numerical methods.

1 Introduction

The main purpose of this paper is to study the eigenvalues associated to the Laplace operator
with (locally) constant boundary conditions in relationship with the geometric domain. On
the one hand we consider globally constant boundary conditions (simply denoted const. b.c.)
and on the other hand locally constant boundary conditions, which we call conductivity
boundary conditions (denoted cond. b.c.).

The isoperimetric inequality for the first non zero eigenvalue for the const. b.c. eigenval-
ues was discussed by Greco and Lucia in [10]. There is proved that the union of two equal
balls minimizes the first non-zero eigenvalue among all domains of prescribed measure. Sev-
eral more properties are also obtained in [10], among which relationships with the Dirichlet
eigenvalues of the Laplacian and with the twisted eigenvalues of the Laplacian (see also [8]).

The first purpose of the paper is to investigate the shape stability of the spectrum of
const. b.c Laplacian in relationship with the v-convergence (see [3]). The vy-convergence is,
roughly speaking, the geometric convergence of shapes for which the solution of the Dirichlet-
Laplacian is stable. We prove that the spectrum of the const. b.c. Laplacian is stable for
the y-convergence if and only if the Lebesque measure of the moving domains is preserved
at the 7-limit (which in general is not the case).

As a second purpose, we discuss the isoperimetric inequality for a general shape functional
depending on the const. b.c. Laplacian eigenvalues, of the form F(A;(Q),...,Ax(€2)). We
prove that for every bounded design region D the problem

in F(A(R), .., A(€
ocmin P (S), -, Ak(2))
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has a solution in the family of quasi-open sets, provided mild monotonicity and continuity
assumptions on F. A similar result was obtained by Buttazzo and Dal Maso in [5] for the
Dirichlet eigenvalues of the Laplacian, based on 7 continuity of the eigenvalues. In our
problem, the mapping

is not y-continuous so that the main theorem of Buttazzo and Dal Maso does not apply. Our
argument is based on the study of a modified version of the weak gamma convergence (see
[3]) which preserves the measure. We also refer the reader to [10], where existence solutions
for isoperimetric inequalities for the const. b.c. Laplacian eigenvalues were studied in the
class of convex sets.

The third purpose of the paper is to study the isoperimetric inequalities associated to
the conductivity eigenvalues of the Laplacian. This study is motivated by the analysis of
the defect identification of a material by electrostatic boundary measurements. Friedman
and Vogelius introduced in [9] a dual problem to the defect identification problem, where
the perfectly insulating defects become perfectly conductive regions. In this last model, the
locally constant boundary conditions are naturally used (see also Alessandrini [1] and [4, 2]).
In [2], the following space is introduced for the study of the conductivity problem in an
arbitrary two dimensional bounded domain. For a bounded open set of R” we introduce

Hpa(Q) = clingy{u € HL.(R") | 3= >0 Vu=0 a.e.(Q)°}

cond

where K¢ is the Minkowski sum

K & B(0,¢) = | B(z,2).

zeK

It turns out that if Q¢ is connected, every function in H} () is constant on the boundary,
in the sense that there exists ¢ € R such that u — ¢ € H}(). Consequently, in this case
the space H} () coincides with the space considered previously by Greco and Lucia (up
to the zero mean value). If Q° is not connected, on the boundary of the smooth connected
components of Q¢ a function u € H} () is locally constant (the constant may differ from
one to another connected component). These regions can be seen as perfectly conductive
regions in the frame of the dual defect identification problems of Friedeman and Vogelius.

The eigenvalue problem for the cond. b.c Laplacian is well posed, and the same questions
(see [10]), as for the const. b.c. Laplacian can be raised. Unfortunately, we are not able to
perform a complete shape analysis of the problem because of major new difficulties which
are related to the (open) problem of the relaxation of the Neumann Laplacian.

The isoperimetric inequality of the first non-zero cond. b.c eigenvalue can be treated by
a two steps rearrangement. As in [10], by a Schwarz rearrangement of two level sets of a test
function u, we reduce the search of the optimum to the family of the unions of two sets of
concentric annuli. In a second step we prove by a second rearrangement procedure that the
annuli can be streched to balls and finally, that two equal disjoint balls minimize the first
non zero eigenvalue among domains of constant volume. We refer the reader to [11] for a
recent survey concerning isoperimetric inequalities for eigenvalues.

Shape stability is achieved only in two dimensions provided that the number of connected

components of the moving complements is uniformly bounded and the Lebesque measure is
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stable. Some numerical computations for the solutions of the isoperimetric inequalities for
the first three cond. b.c eigenvalues are also provided.

2 The Laplacian with constant boundary conditions

Let D C RY, N > 2 be a bounded open set. We denote by Q an open or quasi-open subset
of D (we refer the reader to [3] for a detailed introduction to the shape analysis of quasi-open
sets).

We introduce the following space:

Hl

const

Q) ={uec H(Q) | Ic e R,u—ce H}(N)}

and consider the closed subspace:

uCOnSt(Q) = {U € Hclonst(Q) | / udr = 0}
Q
It is easy to observe that Uepns:(€2) can be equivalently endowed with the scalar product

(s V) thpomsr () = (Vu, VU) 2.

Indeed, the following Poincaré inequality holds. There exists a constant M > 0, depending
only on the measure of € such that for every u € Upps:(€2)

ullz2() < M[|[Vul|2(q).

To prove this assertion, one can apply the Poincaré inequality to u — ¢ € H}(Q) and obtain
|u—c|l 2@ < M||V(u—c)|| 2. Since Vu = V(u—c) and since [, udz = 0, we immediately
get

[ull2@) < [lu = cllz@) < M[[Vul|2(0)-

We consider the Laplace operator acting on the space Ueonst(€2). More precisely we define
1
0

Here L3(Q) = {f € L*(Q) | [, fdz = 0} and Rq : L*(Q) — L*() is the resolvent of the
Dirichlet Laplacian on €, i.e. Rqof = u, where u solves

—Au = fin Q)
{ w e HY(Q). (2.1)

in the weak variational sense. The eigenvalues of T,;' are the inverses of the eigenvalues of
the const. b.c. Laplacian.
Alternatively, they are defined with the Rayleigh quotient

Vo |?dx
AH(Q) = min max f9|7| (2.2)
chuconst(ﬂ) veV’“\{O} fQ ’Ude



where V* stands for an arbitrary subspace of dimension k in Ueonst ().
We notice at this point that we can also define the Laplacian on H',,.,(€), in which case
the first eigenvalue is zero. For this reason we refer to \{'(Q) as the first non zero eigenvalue.
If A\ (92) is an eigenvalue defined by (2.2), there exists a non zero function u € Ueonsi ()

such that formally

—Au = HQ)u
{ u € uconst<Q)- (23)
This formal relation is understood in the following sense: u € Ueons(£2) and
Vo € Ueonsi(€2) / Vu - Vodr = \F(Q) / updz.
Q Q
Notice that the relationship
—Au =\ (Q)u (2.4)

holds also in the sense of distributions. Indeed, V¢ € D(€2), and a suitable constant ¢ such
that ¢ — ¢ € Ueonst(€2) we have

/Qw V(6 — e)dz = AH(Q) / w6 — c)da.

Q

Since fQ udx = 0 one can eliminate ¢ on both sides above.
We recall from [10] the following properties of A¢():

1. if Ql g QQ then )\?(Qg) S )\?(Ql),
2. M) = t72AH(Q),
3. A() S AHQ) < AL(Q) < Mg (92),

where A\¢(Q) stands for the k-th Dirichlet eigenvalue of the Laplacian and () for the
k-twisted eigenvalue (see [8]).

Greco and Lucia studied in [10] the isoperimetric inequality for A\{*. There is proved that
among all domains of given volume (say m), the union of two disjoint balls of volume %
minimizes A{. By a Schwarz rearrangement of the level sets (u — ¢)*, (u — ¢)~ of a test
function u € Uepnst () which is such that u—c € H}(Q), the optimization problem is reduced
to the family of unions of two balls.

In order to study more general isoperimetric inequalities associated to A{(2) we recall
some results for the Dirichlet Laplacian. For the convenience of the reader, we recall the

definition of the y-convergence.

Definition 2.1 Let Q,,Q C D be open (or quasi open) sets. It is said that €2, y-converges

For a detailed study of the ~-convergence, we refer the reader to [3].
From the following general inequality (see for instance [7])

[Ak(Ra,) — Ae(Ro)| < [|Ra, — Rallzrzp))
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and from the fact that |

Ae(Q) = T(RQ ]

we get that
Qn Q= M() — ().

We also notice that if 2, — Q, we have

lo(z) <liminflg, (z) a.e. x € D
and consequently
|| < liminf |€,].

If we assume both ~ convergence and convergence of measures, then we get L! convergence
of the characteristic functions 1g, — 1q.

The following general existence result is due to Buttazzo and Dal Maso [5]. Let us denote
A(D) the family of quasi open subsets of D.

Theorem 2.2 Let F : A(D) — R be a y-lower semi continuous functional which is non
increasing to set inclusions (up to zero capacity). Then

min{ F'(2)|Q2 € A(D), |2| = m}
has a solution.

If F(Q) = ®(A\(Q),..., () where & : R¥ — R is l.s.c. and non decreasing in each
variable, then Theorem 2.2 applies for

F(Q) = ®(A (), - M(92)).
In particular, the isoperimetric problem

min  A\x(2)
QeA(D),|0]=m
has at least one solution.

In order to answer a similar question for shape functionals depending on A{*(£2), ..., A\¢(Q2)
one can not use Theorem 2.2, since the mappings Q@ — A{(2) are not in general -
continuous. This lack of y-continuity is due to the possible "loss” of measure in the ~-limit
process and of the failure of convergence of the resolvent operators.

We prefer to (re)define the operators Ty, on the fixed space associated to the design region
D C R"™. In this way, all operators on the moving sets are defined on the same functional
space, so that the comparison of their eigenvalues is easier to handle. For every (quasi) open
set O C D, we introduce Ty : L3(D) — L3(D) by

~ To(fio — & [, fdz)(z) if x € Q,
TQ(f)(x):{ o 0ifr € D\,

We state the following proposition which has a standard proof.
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Proposition 2.3 For every (quasi) open set Q) C D, Tq is positive, self adjoint and compact.

In the sequel we establish the relationship between the eigenvalues of Ty and fg

Proposition 2.4 Let Q be a (quasi) open set. The operators Tq and TQ have the same set
of eigenvalues, and there exists a natural bijection between eigenspaces.

Proof Let )\ be an eigenvalue of Tg. There exists u € L3(f2) such that Tou = Au. One can
uif x € Q

. * 2 o~ * * *
prove that there exist u* € Lg(D) such that Tou* = Au*. Indeed, let u* = { Oifz € D\ Q.

Since [, u*dx =0 then u* € L§(D). We obtain
~ 1
Tou* =To(u" — — / u*dr) = Tou™ = Au™.
9] Jo

since fQ u*dr = fQ udx = 0. Consequently A is an elgenvalue for To. Conversely, let A be
an eigenvalue for TQ There exists u € L2(Q) such that Tgu = Au. Since u 6 ImTQ we
get that u = 0 in D\Q and [, udz = 0. Consequently we have Tou = To(u Iﬂ\ Jq udz)
To(u — \QI fQ udr) = Tou = Au.

Here is the shape stability theorem for the eigenvalues of To operator.

Theorem 2.5 Let §2,,Q2 C D be non empty (quasi) open sets such that €, 5 Q. Then
To, — Tq in L(LA(D)) if and only if || — |9

Proof Assume that Q, —— Q and |Q,| — [Q|. There exists f, in the unit ball of LZ(D)
which realizes the supremum in

sup [T, f — Tofllizm) = [T, (f2) — Ta(f)li2o)- (2.5)
HfHLg(D)Sl

We may assume, without restricting the generality that (f,), converges weakly to f. We
have

1T, (f2) = Ta(f) |y = 1T, (fa) = Taf + Tof = To(fa)l2)
< 1T, (fa) — TQfHLg(D) + || Taf - Tﬂ(fn)HL?)(D)

Let ¢ € LE(D). The convergence of To, ¢ to Tae is strong in L3(D), since Q, —— Q.
Indeed, T, ¢ = To, (¢ — ﬁ Jo, ¢dx) = To,gn, and g, converge to g, where g, = ¢jq, —
‘Q—lﬂ an ¢dr and g = @0 — ﬁ' fQ ¢dx. Using the continuity of Rg and the hypothesis of
y-convergence, we obtain

1
Tﬂngn = Rﬂngn - Rﬂngndl’ — RQQ — @ / Rggda: = ng.
Q

1
] Jo,



Consequently, we have in LZ(D)
< Topfur @ >=< fu, To,¢ >—< f,Tog >=<Tof,6 > .

The weak LZ(D) convergence of To, (f,) to To(f) implies the strong L%(D) convergence of
a subsequence (still denoted using the same index).

To conclude, it remains to discuss ||f of — To fall 2(p)- This term converges to zero as a
direct consequence of the continuity /compactness of To and the weak L%(D) convergence of
Jo— T

Conversely, we assume that ,, —— Q and T Q, — To. Let ¢ € L(D). The convergence
TQ ¢ — Tg(b reads

Rq, ¢ —

R, dd — ( !

1
— odzr ) Ro, 1 + / <bdx/ Rq, ldx

1 1 1

We denote by g, = Rq, 1, fn = Rq,¢. The hypothesis on the v convergence yields that g,
and f,, converge strongly H}(D) to g = Rql, and f = Rq¢, respectively, in Hj(D). We

obtain . . .
e — odxg, — —/ fndx+—/ <bd:1:/ gndx
2] Ja, 0l Jp 20]? Ja, .

_ﬁ/ﬂgbdxg—ﬁ/l)fdx+ ‘Q‘Q/dex/gdx

We can rewrite simply angn( )+b, — ag(-)+b, where an = IQ | fQ pd, a = |51]‘ [, ddz,
by = —1az1 Jp fadz + o fo, ¢4 [o, gndx and b=~ [}, fdz + g5 [ ¢dw [ gdx. Since

the function ¢ is non Vamshlng, we get a, — a.
Assume |Q,| — «a > |Q] and define ¢ by

b= cin ()
N —‘g%‘ in D\ Q.

where c is a positive constant. The convergence a,, — a implies that fQ odr — Iﬂ\ fQ odx.
On the other hand

€2, \ 9
pdzr = c|Q| — |Q|—=——=
/ DL
We obtain 1 — ‘%\\ﬁ — g7 > 1, which is absurd, since HQ”\\Q' > 0. Consequently a = ||

O

A direct consequence of Theorem 2.5 is the following.

Corollary 2.6 Let Q,,Q C D be such that Q, —— Q and |Q,| — |Q|. Then A\(Q,) —
AC(Q).
7



We recall the definition of the weak gamma convergence of quasi open sets. It is said that
Q), weakly gamma converges to € if Rg, 1 converges weakly Hj(D) to a function w, and
Q = {w > 0}). We write Q, —> Q. The main property of the weak gamma convergence
is the following: assume that ¢, € H(,) is weakly convergent in HJ(D) to a function ¢.
Then ¢ € H}(Q).

The following result is the key of the optimization problem.

Theorem 2.7 Assume Q, —5 Q and Q C QF, such that |Q*| = liminf, .o |Q.|. Then

ALQ) < lim XY (Q)

n—-—uoo

Proof Let € > 0 and S* C U,pnst(,)be a k-dimensional space such that:

Vol|?dx
A Q) + 6> max IQ”|7|,
veSk\{0} an v2dx

and let v, be a maximizer function such that [, vidr = 1. Let vP,i = 1,.,k be a Lg-
orthonormal basis for S¥.

We assume that liminf,, .. )\zt(Qn) < 00, otherwise the conclusion is obvious. Since
Jo [07Pdz = 1 we get that [, [Voj'[’dz is bounded. Consequently [, [V(vf' — c})[*dx
is bounded (here v — ¢ € H}(£2,)). Up to a subsequence we may assume that v — 7
converges weakly in H}(D) to w;, so the convergence 2, = Q implies w; € H}(Q). Let
Q* C D be such that |Q*| = a, where « is such that |Q,| — «. Since H}(Q) C H}(Q*) we
obtain w; € HJ(Q*).

Assume that |Q,| — a and ¢ — ¢;. Then

/(UZ" — c)dx H/(wi)d:c = vl-"dx—/ cldx —>/ widr = —ci|Qy] H/ w;dzx,
D D O n o Q-

and we get fm widr = —c;a. Let v; = w; 4+ ¢; € Uponst(2*). Indeed, we have fm vidr =
Jo (W + ¢;)dr = —cio0+ ¢,|Q*| = 0.
We introduce the space S = span(vy, ..., v5). One can verify that (v;,v;)2 = d;; so that

S is a k dimensional subspace of Upns(2*). The construction of S and the convergence
Q, —5 Q implies that for all v € S, v = ¥ asv; the sequence h, € S, defined by
h, = Xk a;uP converges weakly to v in H}(D). Moreover,

liminf/ |th|2dx2/ |Vo|?dx. (2.6)
n— Jq, o
To prove that
Vh,|*dx . [Vv|?d
i inf 40 V04T o [VOPdz (2.7)
n—-0o00 an h% fQ* ’U2

it is enough to prove that

limsup/ hidxg/ vidx. (2.8)

n—oo



By the definition of v; we obtain
/ vidr = / (SF_ ;) 2der = / (SF i (w; + ¢;))*dx
/ (BF_ apw; + S5 i) 2de = / (BF_ oyw;)?dx — 20%a + C?a
. %

:/ (BF_ awy)?de — C?a,
Q*

where C' = Zf“‘:lozici. On the other hand we get

/ hidx :/ (Zk L] ) dx :/ (Eleozi(vi" —ci)—l—Ek L Ch )Qda:

:/ (SF o (v — ) 2da + 255 auc / S o (vf — M da 4 (S i) Q]

n Qn
_ / (55 au(v? — &M)2da — 2C°|Q,| + Ca.
Qn

Inequality (2.8) is equivalent to

lim sup(/ (S i (v — ¢)2dx — 2C%|Q,| + C?%a) < / (SF qwy)?de — C?a - (2.9)
Qn *

n—0o0

Passing to the limit gives

—liminf 2C%Q,| + C*a < C?a.

Finally,
Jo, [Vv|Pdz
liminf A{(€2,) + & > liminf max 72
00 n—oo vesh\{o} [ vidw
Vh,|*dz . |Vv|*d
lim inf fQ"|—| > maxw > A Q).
Nn—00 an h%d.’lﬂ' veS fQ* v2dx
so liminf, oo AF(2,) + € > AE(2%). Making ¢ — 0, we conclude the proof. O

Theorem 2.8 Let ® : R¥ — RU{+00} be a lower semi continuous function, nondecreasing

i each variable. Then

in  BAT(R), ..., X 2.10
geamin QAT - X () (2.10)

has at least one solution.

Proof Let us denote X(Q) = (A{(£2), ..., \¢(2)). From the monotonicity property of A{,
the function ®(A“(2)) is non-increasing with respect to set inclusions. We assume that
O(A\“(Q)) is not identically +o0o, otherwise every open set of measure m is a solution. We
notice that ®(A“(€)) is bounded from below by ®(\“(D)).
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Let €2, be a minimizing sequence for the problem (2.10). From the compactness of
the w7y convergence, we may assume that Q, — €, and we get |Q| < m. If |Q] = m
than  is solution from Theorem 2.7. Otherwise, we find Q* such that |Q]* = m and
Q C Q*. Then, from the monotonicity and the lower semicontinuity of ® we get (A7 (Q2*)) <
lim inf ®(A“(2,)), consequently Q* is a solution. O

3 The conductivity eigenvalue problem

Let D be a bounded, connected open subset of RY such that RY \ D is connected. For every
open set ) C D we introduce the conductivity space
Hl

cond

(Q) = clHl(Q){u c H!

loc

(R™) | 3¢ > 0, Vu =0 a.e. on (R"\Q)“}.

Here, for a set K C R™ and for € > 0 we denote

K= U B(z,€).

zeK

Let u € H} ,(Q). Clearly, there exists a constant ¢ such that « — ¢ € Hj(D). Indeed, by
definition there exists a sequence of functions u, € H (R") such that Vu, = 0 on (R™\Q)*
and u,, — u in H'(Q). Consequently, there exists ¢, such that u, — ¢, € H}(D), and we
may see the limit u,, — u in H*(Q2) for the extensions of u,, in H. (R"). Since Vu, = 0 a.e.

loc
on (R™\ Q) we have that Vu, FEY Va, u e H(R"). Since [, [Vu|*de = [, [Vu,|*dx
we get that [, [Vu, — Vi|*de — 0, where

~ Vu on €2
Vi = { 0 on Q°. (3.1)

Up to a sequence (still denoted using the same index) and since D is bounded and
2

connected, we have u, “B) % and @ = u on Q. Let K be a connected component of R™\ €.
We get that u is quasi everywhere constant on K. In particular, w equals the constant ¢ on
the unbounded component, so that @ — ¢ € H}(D).

We notice that if Q; and Q differ on a set of zero capacity, it is possible that H} (1)
and H!  (Q,) are not the same! This is not a real problem for the the study of isoperimetric
inequalities, as will be observed in the sequel, but is a hard difficulty for the study of the
shape stability question (which remains open).

We introduce the following closed subspace in HY,, ()

Upona() = {u e HL (Q)] /Qudx =0}.

The mapping v — || Vu||2(q) is a norm on Ugenq(£2). Moreover, the Poincaré inequality

/|u|2dx§C(D)/|Vu|2d:p
Q 0 e



holds with a constant C'(D) depending only on D. Indeed, we can write for a suitable value
C7

/D (u — ¢)2dz < C(D) /D V(- o)2da,

since u — ¢ € H}(D). Consequently

/Q (u — ¢)*dz < C(D) /Q Vulde.

Since [, udx =0 we get [, u*dx < [,(u—c)*dx < C(D) [, |Vu|*dz. The eigenvalues of the
Laplace operator with conductivity boundary condition are defined as the eigenvalues of the
operator

Ag : L)) — L3 ()
defined by Aqf = u where u solves the problem

U € Upona() /Q Vu - Vedr = /ﬂ Fodr Yo € Unona().

Alternatively, v minimizes

1
min —/|Vu\2dx—/fuda:.
ueucond(ﬂ)z Q Q

Proposition 3.1 The operator Aq is self adjoint, positive and compact.

Proof The continuity of Aq is a consequence of the Poincaré inequality in Ue,nq(£2). Its
compactness comes from the compact embedding Uepnq(Q2) — L2(2), while selfadjointess is
inherited from the Laplacian. O

A direct consequence of Proposition 3.1 is that the spectrum of conductivity b.c-Laplacian
consists on a sequence of eigenvalues

0 < X4Q) < \HQ) < ...
It is straightforward to observe that
M) = t72N(Q).

The monotonicity property Q; C Qy = \¢4(y) < A{4(Q;) is a consequence of the min max
principle:
Vu|*dx
Q) = min max f9|7|
VEUeona(\{0} ueVi\{0} [, u?dx

For every VF C Uepna(), V* = span{vy, ...v,} we consider v, extended to elements v} of
H (Q) and vf — ¢ € Uepna(22). The extension is done as follows: consider a sequence v
(€1) to vy, such that Vof = 0 on (RY \ Q1)°. We extend v§ by suitable

converging in HY
(Q2) and define vy as the limit of (v§)*.
11
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It is straightforward to observe that
le |V [2dx fQQ |V (v; — c)|*dx

fm vpdz fQQ v — cx|?d

Indeed, fQQ |vf — c)?dz > le lof — cxPdx > le |og|?dx.

Proposition 3.2 For every k € N the following inequality holds true
Mempr1 () £ AL () < AU(Q) < AF(Q) < X ()
where p > 1 is the number of the connected components of Q¢

Proof The first and the last inequalities are proved in [10]. The third inequality is a
consequence of the min-max formula and the inclusion Ueppst(2) C Ueona(€2).

For the second inequality, let us consider a k-dimensional subspace Sy C Ueona(€2). It
is easy to notice that Sy has a k —p + 1 dimensional subspace Sk_p11 C Ueonst(§2). Conse-
quently, the min-max formula implies the second inequality. O

The shape stability question for A¢? is much more difficult than for A{. No general continuity
result could be obtained, since many small pieces carrying different constants may produce a
relaxation process into the limit process, which is not clear how to handle. It turns out that
this relaxation process is close to the relaxation of Neumann problems, which is an open
question.

Proposition 3.3 In two dimensions of the space, assume that Q, C D, $Q¢ < M. If
Q25 Q and |Qn] — |Q then A4(€,) — AS(Q).
The proof is a consequence of the Mosco convergence Uep,q(§2y,) t0 Ueona(€2). The difficulty

is to handle the constant values of varying functions on merging connected components. We
refer the reader to [4] for a discussion of this topic.

4 The isoperimetric inequality for the first conductiv-
ity eigenvalue

In [10], the authors proved the following isoperimetric eigenvalue for A
AT(B1U By) < AT(Q)

where (2 is a bounded open set of measure m and By, By are two disjoint balls of measure
m/2. The main idea consists in rearranging in the sense of Schwarz (u — ¢)* and (u —¢)~,
for some test function u € Uepnst(€2), such that u — ¢ € H(€2). This rearrangement leads to
searching the minimizer only among the union of two disjoint ball of total measure equal to
m, and an analysis depending on the radius drives to the conclusion that the balls have to
be equal.
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In the sequel we shall prove a similar isoperimetric inequality for the conductivity eigen-
value. The new difficulty is that on the boundary of €2, the test function has different
constant values, so that several regions with flat parts may appear in the rearrangement
procedure. Consequently, a second rearrangement process has to be introduced in order to
eliminate the flat parts.

Theorem 4.1 Let Q be a bounded open set of RY. Then
AY(B1 U By) < AT(Q)
1€2]

where By and By are two disjoint balls of measure =5*.

Proof Let u € Uepna(€2) be a test function such that Vu = 0 on (R™\ Q)¢. In particular,
this implies the existence of a finite number of flat parts of u, corresponding to the (finite
number of) connected components of (R” \ ).

Let ¢ € R such that u—c € H'(R") (i.e. u = ¢ on the unbounded component of (R™\2)¢).
We make a Schwarz rearrangement of (u — ¢)* and (u — ¢)~ (see for instance [11, 12]). Let
us denote ut = [(u—c)*]* and v~ = [(u—¢)7]*. If (u—¢)" = ¢1 on a connected component
K of (R™\ Q)¢, after the rearrangement procedure there is an annulus Ky, ,, with measure
at least the measure of |K|, where u™ equals ¢;.

The set €2 with the test function w is replaced by the set €2y U €2y with the test function
c—u~, c+u" obtained in the following way. We remove out from the flat part of value ¢; the
annulus K, - such that ry <7, and |K,, | =|KN(R"\Q)|. Making this procedure for
every flat part of u, (without ¢), we construct the new test function u consisting on c—u~ on
Q; and ¢+ ut on Qy, where Q; and Q, are respectively unions of concentric annuli. In this
way, | UQy| = |Q| and leUQQ udx = 0, fmum w?dr = [, u*dx. Moreover U € Uyona(£ USy)
and [o o [Val’de < [, |Vul*dz.

At this point, we have to search the minimizer only among configurations of the form
(u, 24,5). We make a new rearrangement procedure which will keep constant the measures
of the level sets of u and diminish the Dirichlet energy, in order to create a test function in
U,onst- Consequently, we will be able to use the isoperimetric inequality of Greco and Lucia
and conclude the proof. In fact, we will stretch the annuli in order to eliminate the flat parts
of u which are not counted in the measure |y U Qy].

It is enough to prove the following result corresponding to one annulus. Let u €
H}(B(0,73)), v = 1 on B(0,7) be a positive radial function symmetric in the sense of
Schwarz. For 7, < ry such that [B(0, r5)| > | Ko, |, we introduce the function ¢ : [ry, 7] —
[, 1], e(r) = 3/ (ry)® — r} 4+ rn, such that ‘Ko,c(r),r;| = | Ko We define the rearrange-
ment of u by {u* > ¢} = B(0,¢(r)) if ¢ is such that {u > ¢} = B(0,r). Clearly, since the
measures of the level sets are constant, we have that

’
1,7

V1<p<+oo uPdx = / (u")Pdx.
K

Ko
T1T2 o

We evaluate the behavior of the gradient. Since u is radial, we can use spherical coordinates
to express [, |Vu[?dz. We notice that u* € Hg(B(0,73)), since u*(c(r), 01, ..., 0, 1) =
sT1T2
13



u(r, b, ...

,0,-1), and c is a Lipschitz function. Then, we have (below w(n) is the measure of

the unit sphere of RY)

while

"2 Ou
2d — / N2 . nfld
/KO’T”2 |Vul“dz = w(n) s <8r) r r

L/ whff¢v=umny/2<Qi»2-0v”*df
K r; 8T

0,r1,r2

We perform the change of variable

and w*(r') = u(r) = u(¥/(r")" +r3 — (ry)"), so that

ou* % (rynt
o' o /() +rg — (ry)]

Consequently

r U , r )21 ) /
/K |W*I2=w<n)/ (%)%). (r) ((r'y"dr.

ort) ; V05 = P

n—1

and writing = ¢(r) and dr’ = r dr so that (r')"1dr’ = r"ldr.

Vi) —rgren=t

"2 Oy (T/>2(n—1) . (T/)n—l ypn—1
*12 ZN2 X
/ o |VU/ | - W(n) /7-1 (ar) r2(n71) (r/)n—ldr

’ 17T2

" U T .
—uln) [ GERCdr

Since & < 1 we deduce that fKO Vet < fKO’T”Q |Vul?.

sT15To

5 Numerical results

In this section we address the problem of the numerical minimization of the conductivity
eigenvalues with respect to a domain € in R?. We refer the reader to [6, 15] for a detailed
exposition of classical shape optimization methods.

We recall that the eigenfunctions have to be constant on each connected component of
the boundary of the domain. Since the topology of the optimal sets is unknown, a classical
boundary variation optimization is not relevant here. To tackle this difficulty, we propose an
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optimization procedure based on standard genetic algorithm technics (see [13] for details on
stochastic optimization methods). The parametrization of domains and the cost evaluation
are the main new features of our approach. Our algorithm has the following principal
ingredients:

e description of the unknown sets by a small number of parameters
e identification of the topology of each set (in order to handle the constant levels)

e computation of the conductivity eigenvalues imposing the locally constant boundary
conditions (relaying on the topology)

The first point is based on the study of level sets of functions described by Fourier
series. Let (amn) C [0, 1] be a family of parameters. We consider the function f defined on
[0,1] x [0,1] by

flz,y) = Z A, SN TNE COS TMY.

m,n

We associate to the set of parameters (a,,,) the open set

max f
)

By classical linear interpolation technics, it is straightforward to get a complete polygonal
approximation of the boundary of Q. Notice that the boundary of € is, by construction, (for
almost every family of parameters) a union of none overlapping simple closed curves. We
show in figures below two random sets obtained with a family of 30 parameters.

0= {(x,y) €10,1] x [0,1], f(z,y) <

Figure 1: \{¢ = 45.84 Figure 2: \{¢ = 53.54

The next step is to give a complete description of the topology of 9€2. We have to
determine on which connected components of 02 the eigenfunction must take the same
value. We construct a tree structure whose vertices are the polygonal connected components
of 02 and whose edges represent the “direct” inclusion of those lines. More precisely, two
polygonal lines are connected by an edge if one of them contains the other and there is no
other polygonal lines contained inbetween. With this tree, it is straightforward to identify
the polygonal lines on which the eigenfunctions must have the same value.

Using this information, we can proceed to the computation of eigenvalues. First, we
generate a triangular mesh of our set. This has been done with the very performing 2D mesh

generator Triangle (see [14]). Then, we compute the standard stiffness matrix A associated
15



to Neumann boundary condition. Next, we impose the constraints on the boundary by
penalization. Imposing the condition u; = u; is handled by the matrix penalization indicated
below:

N O
i| 1/e —1/e
j|—1/e 1/e

In the sequel we present a few examples for the calculus of optimal shapes (together
with eigenvalues and eigenfunctions). A good exploration of the space of parameters by
genetic algorithms leads to the following numerical results (see figures below) for the shape
optimization problems

|Sr21‘1in NAYQ), k=1,2,3.
We notice that for £ = 1 we numerically find the optimal solution consisting on two disjoint
balls, as Theorem 4.1 states, while for £ = 3 the optimal shape is a ball.

Optimal value 46.33%

gyl

Figure 3: \§¢ Figure 4: \$ Figure 5: \§?
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