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Abstract

A wedged configuration with Coulomb friction is a nontrivial equilibrium
state of a linear elastic body in a frictional unilateral contact with a rigid
body under vanishing external loads. A supremal functional defined on the
set of admissible normal displacement and tangential stresses is introduced.
The infimum of this functional y* defines the critical friction coefficient for the
wedged problem (WP). For friction coefficients p with g > p* (WP) has at
least a solution and for ;o < p® (WP) has no solution. For the in-plane problem
we discuss the link between the critical friction and the smallest real eigenvalue
1® which is related to the loss of uniqueness.

The (WP) problem is stated in a discrete framework using a mixed finite
element approach and the (discrete) critical friction coefficient is introduced
as the minimum of a specific functional. A genetic algorithm is used for the
global minimization problem involving this non differentiable and non-convex
functional. Finally, the analysis is illustrated with some numerical experiments.

Keywords : Coulomb friction, elastostatics, non-uniqueness, eigenvalue problem, mixed-
finite element approximation, genetic algorithms

1. Introduction

By a "wedged configuration with Coulomb friction” we mean a nontrivial equilib-
rium state of a linear elastic body which is in frictional contact with a rigid body,
under vanishing external loads. Wedged configurations appears to be of industrial in-
terest in problems associated with automated assembly and manufacturing processes.
The theoretical interest of wedged configurations is related to the non uniqueness of
the equilibrium problem with Coulomb friction in linear elasticity (see for instance
[7, 5, 6]). As far as we know, the first study on the subject was done by Barber and
Hild [1], who have related it to the eigenvalue analysis of Hassani et al. [5, 6].

The aim of this paper is to find the relation between the geometry of the elastic
body (including the boundaries distribution) and the friction coefficient for which
wedged configurations exist. It is beyond of the scope of the present work to discuss
the quasi-static or dynamic trajectory of the body from the reference configuration
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to the wedged equilibrium. The (dynamic) stability conditions of the wedged con-
figurations, which are not considered here, are the same as for the stability of any
equilibrium state under Coulomb friction (see [8] for a recent study).

Let us outline the content of the paper. The wedged configuration with Coulomb
friction is considered firstly in a 3-D continuous framework in section 2. The infimum
of a supremal functional, defined on the set of admissible normal displacement and
tangential stresses, turns out to be u®, the critical friction coefficient. We prove, in
section 3, that for friction coefficients p with g > p* the wedged problem has at least
a solution and for p < p® it has no solution. For the in-plane problem we discuss,
in section 4, the link between the critical friction and the smallest real eigenvalue p*
which appears in [5] to be a critical coefficient for the loss of uniqueness.

In section 5 the wedged problem is stated in a discrete framework using a mixed
finite element approach and the (discrete) critical friction coefficient is introduced
as the minimum of a specific functional. In the next section the problem a genetic
algorithm is used for the global minimization problem involving this non differen-
tiable and non-convex functional. In section 7, we give some techniques to handle
the discontinuities of the normal vector on the contact surface. Finally, the analysis
is illustrated with three numerical experiments.

2. Problem statement

We consider the deformation of an elastic body occupying, in the initial uncon-
strained configuration a domain € in R¢, with d = 3 in general and d = 2 in the
in-plane configuration. The Lipschitz boundary 02 of Q2 consists of I'p, 'y and I'¢c.
We assume that the displacement field u is vanishing on I'p and that the boundary
part I'y is traction free (i.e. the density of surface forces is vanishing). In the initial
configuration, the part I'c is considered as the candidate contact surface on a rigid
foundation (see Figure 1) which means that the contact zone cannot enlarge during
the deformation process. The contact is assumed to be frictional and the stick, slip
and separation zones on I'¢ are not known in advance. In order to simplify the prob-
lem, and without any loss of generality we will suppose that the body €2 is not acted
upon by a volume forces (i.e. the given density of volume forces are vanishing).
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Figure 1: Schematic representation of the wedged geometry : the domain {2 and its
boundary divided into three parts I'p, I'y and T'¢.

Denoting by n the unit outward normal vector of 02 and by p > 0 the friction
coefficient on I'c the wedged problem (WP) can be formulated as

Wedged problem (WP). Find ® : Q — R? and g with ® # 0 and p > 0 such
that

o(®)=Ce(P), divo(®)=0 inQ, (2.1)
=0 onlp, o(®)n=0, only, )
d, <0, 0,(P)<0, P,0,(®)=0, |0¢(P)| < —po,(®) onlyg, (2.3)

where e(®) = (V® + VI®)/2 denotes the linearized strain tensor field, C is a
fourth order symmetric and elliptic tensor of linear elasticity and we adopted the
following notation for the normal and tangential components: ® = &, n + ®; and
o(®)n = 0,(®)n+ o (P).

Let remark first that ® is an equilibrium configuration of the dynamic (or quasi-
static) problem with Coulomb friction but ® is not a solution of the static problem.

The function ® is determined up to a positive multiplicative constant, i.e. if ®
is a solution then t® is also a solution for all ¢ > 0. Let also remark that if ® is a
solution of (WP) for a friction coefficient p then it is is also a solution for all friction
coefficients i1 > .

Other important remark it the fact that (WP) problem depends only on the geom-
etry of {2 and on the elastic coefficients (Poisson ratio in the case of isotropic elastic
material).

In order to fix the ideas and to give precise framework of our discussion we shall
consider in the next a class of regularity for the wedged problem.

Definition. Let s > 1/2, p,q € [1,400] with p > ¢ be given. By a solution
of the wedged problem (with the regularity (s,p,q)) we mean a nontrivial function
® ¢ H'(Q)? which satisfies (2.1)-(2.3), such that ®, € H*([¢), o:(®) € LP(T¢)?
and o, (®) € LY(I'¢).
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3. Critical friction as an infimum of a supremal functional
Let 3, and X, be the spaces of the tangential and normal stresses and let denote
by and S,, the space of normal displacements on I'¢

S, ={relPTe); 7-n=0}, %,=LYT¢), S,=HTe),

with s > 1/2 and p,q € [1, +00].
For all 7 € ¥; and v € S,, we consider the solution U (7,v) = u € H'(Q)¢ of the
following elasto-static problem :

o(u) =Ce(u), divo(u)=0 in Q, (3.4)
u=0 on I'p, o(un=0 on Iy, (3.5)
u, =v on I'g, o(u)=71 on Ic. (3.6)

Since the stress o(u) € H(div ;Q)? and o,(u) € H /?(I'¢) we can define the
operator £ : 3, x S,, — H™Y?(T¢) by L(T,v) =: o,(u).

Let S be a cone in the space of tangential stresses and normal displacements 3, x S,
defined by

S={(r,v) €X xS,; (T,v) #0, v<0,v|r|=0, on I'c},

and we define the cone of admissible states S™ (tangential stresses and normal
displacements) by

Sm = {(t,0) €S L(T,v) €X,, L(T,v) <0, vL(T,v) =0 on I'c}.
We consider now the supremal functional J : & — R U {+o0} defined by
J(7,v) = ess sup Q(|7(z)], L(7,v)(x)),

zel'c

where @ : Ry x R_ — R, U {400} is a quotient given by

t
—;, if r<0
QUr) =19 0, if t=0 (3.7)
400, if r=0,t>0,

The following lemma gives the connection between the supremal functional J and
the wedged problem.
Lemma 3.1. For all (17,v) € 8™ with J(T,v) < +o0 the field ® = U(T,v) is a
solution of (WP) with p = J(7,v).

Proof. Since ® = U(T,v), from (3.4-3.5) we deduce that ® satisfies (2.1-2.2). Bearing
in mind that (7,v) € 8" and 0,(®) = L(7,v) we get ®,, < 0, 0,(®) < 0, and
®,0,(®) = 0. If 0,(®)(x) = 0 from J(1,v) < +o0o we get |ox(®)(x)] = 0. If
02(®)(2) < 0 then — |y (®) (2)| /o () (x) = QI (2], £(, 0) (x)) < J(7,v) =t and
we obtain |oy(®)(x)| < —po,(®)(x) for all © € I'c which means that ® is a solution
of (WP).O
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Let % be the infimum of J on S%™ given by

Y= inf J(7,v).
a (T ,v)eSadm ( )
As it is proved below u" is the critical friction coefficient (for the wedged problem).
Theorem 1. Suppose that S™ is not empty and p* is finite. Then we have
i) For all pn > pu® the problem (WP) has at least a solution.

i) If < p* then (WP) has no solution.

Proof. 1) It’s a direct consequence of Lemma 3.1.

ii) Let @ be a solution of (WP) and denote by v = ®,,, 7 = 0,(®). Let us prove that
> p?. From(2.3) we get that if v(xz) < 0 then o, (®)(z) = 0 and then |7(z)| = 0,
hence (7,v) € 8™, Let us compute now J(7,v) to deduce that p > J(7,v) and
since J(7,v) > p* we get u > p*. Indeed if L(7,v)(x) = 0,(®)(x) < 0 then p >
Q7 ()], 0(®)(x)) and if 7,(®)(z) = 0 then |(x)| = 0 and Q(|7(x)], o (®)(x)) —
0 < p. Taking the upper bound for x € I'c we get u > J(7,v) > p*. O

As it follows from the above theorem for a given geometry and for some given
elastic coefficients (Poisson ratio in the case of isotropic elastic materials), wedged
configurations exist only if the friction coefficient is larger than the critical value u®.

4. Links with spectral analysis

We consider in this section the in-plane configuration, i.e. we have to take d = 2.
This assumption is essential in defining the spectral problem.

Let P be a partition of the boundary I'c into two zones : T'7° the free (no contact)
zone and and 'Y the non vanishing tangential stress zone. With this partition of T'¢
we define a new partition of I' = ', UT% UTY, where 'y, = I'y UTL, and we
associate a given ”directional function” y : TS — {—1,1}.

For a given couple of partition P and directional function x we consider the spectral
problem (SP)= (SP)(P, x) introduced in [5, 6] as follows :

Spectral problem (SP). Find p° > 0 and the nontrivial displacement field ®° :
Q) — R? such that

o(®°) =Ce(P%), divo(®°) =0 in Q, (4.8)
®*=0 onl)p, o(®)m=0 onlY, (4.9)
oF =0, 01(®°) = —p’xo,(®°) on Iy, (4.10)

where we have chosen the tangent vector ¢ = (—ng,ny) with respect to the unit
outward normal n = (ny,ny) of 9.

Lemma 4.2. Let p* = p*(P,x) > 0 and ®° = ®*(P, x) be a solution of the spectral
problem (SP) (with the regularity (s,p,q)) for a given choice of the partition P and
directional function x. If ®3 < 0,0,(®°) <0 on Le (or &5 > 0,0,(P°) >0 on '¢)
then ®° (or —®°) is a solution of the problem (WP) and we have

p < (P, x)- (4.11)
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As it follows from [5, 6] the smallest real eigenvalue u® appears as a critical co-
efficient for the loss of uniqueness. No other conditions on the eigenfunction are
necessary. In contrast, for the wedged problem, the eigenfunction corresponding to
the smallest real eigenvalue has to satisfy the above inequalities on I'c. If these in-
equalities are not satisfied then there is no connection between the spectral problem
and the wedged configuration (i.e. we can have p® < u" too). The spectral criti-
cal coefficient p® is related to the fact that a given geometry is open to a “general”
non-uniqueness and the wedged critical coefficient p is related to a special type of
non-uniqueness in which one of the solution is the trivial one.

Proof. For z € T we have ®%(z) = 0 and |o(®°)(x)| = —p’o, (®%)(x). If z € TY
then 04(®°)(x) = 0,(®°)(x) = 0 hence ®° satisfies (2.3) for all x € I'c. That means
that ®° is a solution of (WP) and from Theorem 1 we get the inequality. O

The above spectral problem has a low cost of computational time. In order to ob-
tain a upper bound of p*, one can choose to compute the smallest positive eigenvalue
1 (P, x) for different choices of P and y. If the above inequalities on the normal
displacement and normal stress are verified then p*(P, ) gives an upper estimation
of . However, the computational time for changing the boundary conditions (in-
cluded in the partition of I'c) and the great number of choices for P and y, make this
method not so attractive in computing the critical friction for the wedged problem.

5. Mixed finite element approach of the critical friction

The body 2 is discretized by using a family of triangulations (7,), made of finite
elements of degree k£ > 1 where h > 0 is the discretization parameter representing the
greatest diameter of a triangle in 7. The space of finite elements approximation is:

V), = {vh; vn € (COE, wplr € (P(T))? VT € T;,, v, = 0 on FD},

where C'(Q) stands for the space of continuous functions on 2 and P, (T) represents
the space of polynomial functions of degree k on 7. On the boundary of €2, we still
keep the notation v, = vp,n + vy, for every v, € V;, and we denote by (7}); the
family of (d — 1)-dimensional mesh on I'¢ inherited by (7). Set

Shn = {V;V = Vplr. -1, vy € Vh}7

the space of normal displacements which is included in the space of continuous func-
tions on I'c which are piecewise of degree k on (7}),. For the tangential and normal
stresses we put

S = {7 € (CTe)™™ milr € (PUT))™ ¥T €T, },

S = {oion € C(Te),onle € PUT) VT € Th},
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The discrete problem issued from the continuous wedged problem (WP) becomes:
Discrete wedged problem (WP);. Find (®,, A, Ani) € Vi X Xy X Xy such

that
/ C€(‘I)h) : 6(’Uh) dQ) = / )\hnvhn dl’ +/ Aht - Upt dF, (512)
Q e o]
()i <0, (Mnn)i <0, (Pn)i(Ann)i = 0, |[(Ane)il < —plAnn)i, (5.13)

for all v, € Vj, and 1 < i < p, where (®,,);, (Apn); and (Ap); with 1 < i < p, denote
the nodal values on I'c of ®y,,, A\n,, and Ay, respectively.

Remark 5.3. One can formulate the finite element approach of the wedged problem
using the generalized loads. To do this we denote by p the dimension of Sy, and by
Y;, 1 <1 < p the corresponding canonical finite element basis functions of degree k.
For all v € Sy, (or in Xj;) we shall denote by F(v) = (F;(v))i<i<, the generalized
loads at the nodes of I'c:

FZ-(V)z/F v, Y1<i<p.
C

The corresponding boundary conditions for the wedged problem with generalized
loads read

(Pn)i <0, Fi(An) <0, (Pn)iFi(An) =0, |F(A)| < —pFi(An), 1<i<p. (5.14)

If a generalized load formulation of the wedged problem is adopted (i.e. (5.13) is re-
placed by (5.14)) then the method developed in the next two sections are essentially
the same. Only some minor modifications have to be done.

Let us define now the discrete version of the operator £ by Ly, : 3y X Spy — 2pn as
follows. For all 7, € 3;; and wy, € S, we consider the solution u;, = Uy, (Th, wy) € Vy,
of the following elasto-static problem

Upy = wp, on I'o, / Ce(uh) : €(’Uh) dQ) = / Th* Upt dF, Yy, € Wh, (515)
Q T

C

where

W, =: {vhth;vh-n:O, on Fc}

Let Ly (Th,wp) € Xpy, be the normal stress associated to wy, = Uy, (T, wy), i.e.

/ CE(’U,h) : €(’Uh) dQ) = £h(7h7 ’LUh)?)]m dl’ + / Th* Unpt dF, Yv, € V. (516)
Q

le le

If p is the dimension of Sy, then the (discrete) linear operator £y, is a p x 3p matrix
for the 3-D problem and a p x 2p matrix for the in-plane problem.

Let Sp, be the cone (in the space of tangential stresses and normal displacements
3he X Spn) given by

Sp=:{(Th,vn) €y x Sy (a,v) 0, (va)i 0, (vp)il(Tr)i| =0, 1<4<p},
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and S the cone of admissible states

Spm = {(Th,vn) € Sns (Ln(Th, )i <O, (vn)i(La(Th,vn))i =0 1 <i < p}.
(5.17)
We define the (discrete) supremal functional Jj, : S#™ — R U {+o00} as follows

In(Thyvp) = S%Q(KT}LM, (Lr(Th,vn))i),

1

with @ given by (3.7) and we put u’ as

/L;lu = inf Jh('Th,Uh>.
(T h,on)eSEA™

which turns out to be (see the following theorem) the (discrete) critical frictional
coefficient.
Theorem 2. Suppose that SY™ is not empty and p is finite. Then we have

i) There exists (T5,v;) € SM™ such that J,(T5,v5) = p. Moreover, (®5, X5, Ar,)
gwen by ®F = Uy (75, v5), Ny = Ln(T5,05), A, = 77, is a solution of (WP), for
= -

i) If p < p3’ then the problem (WP), has no solution.

Proof. 1) Since the the functional Jj, is positively homogenous of degree 0, i.e.
Jn(t(Th,v8)) = Ju(Th,vp) for all £ > 0, we can normalize S through a given norm.
To do this let B; be a unit ball in the space X5, X Sp, and S} = Sﬁdm N By. We can
reduce now the minimization of Jj, on the closed cone S™ to the minimization of .Jj,
on the compact set S}, i.e. we have

S inf  Ju(7h,vn).
K, (Tham)es] ( )

Let us prove now that Jj, is lower semi-continuous (l.s.c.). To see that we remark
that @ is l.s.c. on R, x R_ which means that W;(7p,vs) =: Q(|(74):|, (Lrn(Th,v1)):)
is Ls.c. on Sﬁ for all 1 < ¢ < p. Since J, is a maximum of a finite set of Ls.c.
functionals we get that that Jj, is Ls.c. also. We can deduce now the existence of
a global minimum (77}, v) of the Ls.c. functional J, on a compact set S} from the
Weistrass theorem. One can use the same techniques as in the proof of Lemma 3.1
to deduce that (®5, A}, Ar,) is a solution of (WP), for u > uj.
ii) The proof is similar to the proof of Theorem 1 ii). O

6. Genetic algorithm approach

For the sake of simplicity, only the plane problem will be considered here but the
extension to the 3-D problem can be done without any difficulty.

We give in the next some details of application of the Genetic algorithm to the plane
problem for k = 1. For all (7,,vy) € Xpt X Shy with 1(x) = Y0 Tihi(x), vp(x) =
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Figure 2: Example of function 8 = (T,V) : [-1,1] — {0} x [-1,0] U [-1,1] x {0}
used to reduce the dimension of of S}

P Viti(x), we have (1); = T;, (vs); = V;. First we have to compute the matrix
Li; of Ly, i.e.

Lot vn)(x) =) (Z LT+ Lika) Ui(). (6.18)

p
=1

Since the functional Jj, is positively homogenous of degree 0 (i.e. Ju(t(7,v)) =
Jp(7,v) for all t > 0) we can normalize S, through the ”maximum” norm to get

Si = {(mh,vp) €5y x S, ; Vi€ [-1,0], Ty € [-1,1], Vi|T;| =0, 1<i<p}

The genetic algorithm is a technique of global optimization which can be useful
if the computation time for .J, is small and if the dimension of S} is not too large.
In order to increase the efficiency of the algorithm, we reduce the dimension of S}
from 2p to p as follows. Firstly we remark that if (75,,vs) € Sp then (T}, V;) € D =:
{0} x [-1,0) U [-1,1] x {0}. After that we construct @ = (T,V) : [-1,1] — D as
a continuous and surjective function. One choice of 8(s) = (T'(s),V (s)) can be the
following (see Figure 2)

T(s)=(4s+1)/3, V(s) =0, if se[-1,—-1/4]
T(s)=0, V(s)=4|s| -1, if se[-1/4,1/4]
T(s)=(4s—1)/3, V(s) =0, if se[l/4,1],

We notice that the application W : (sq,..,sp) — (O b T(si)ti, by V(si)y) is
surjective from [—1,1]” to S}. We can define now the set

K =: {(31,..,sp) e [-1,1]7; ¥U(sy,..,s,) € S,‘;dm} (6.19)
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and J : [—1,1P — R4 U {400} such that J(s1,..,,) = Ju(¥(s1,..,5p))

T(s0r05,) = me,w?pQ ZLZ]T s;) + Zsz+kV sg)), if (s1,..,8p) € K
400, otherw1se,
(6.20)
to get the following minimization problem for J on [—1, 1]?
wy = min J (81, .-, Sp)- (6.21)

(s1,..,8p)E[—1,1]P

From the definition of our optimization problem it is intuitively clear that the
supremal functional has a great number of local minima. On the other hand, the
functional is very smooth almost everywhere with respect to the parameters s; inside
of the admissible set. With such a local regularity it is straightforward to implement
an efficient procedure of local optimization (with Newton’s like methods for instance).

Considering those two aspects of our problem we used a stochastic algorithm based
on the so called “genetic hybrid technique” (see for instance [4, 3] for the theoretical
details of such aglorithms). The main idea of those methods is to manage in the
same time a global random exploration of the search space and some local optimiza-
tion steps. More precisely, we used an implementation of this stochastic method very
close from the one proposed in the EO library (see [2]).

7. How to manage the discontinuities of the normal on the contact surface

Let us suppose that the contact surfaces I'c contains a (wedged) point P where
the outward unit normal n has a discontinuity. Since we shall choose P to be a
node (denoted by k), the same discontinuity will be inherited by all the meshes which
approach €. Let us firstly remark that the normal and tangential stresses (An,)x and
(Ant)r of the mixed finite element formulation, given through (5.12), are well defined.
That is a consequence of the fact that we deal in (5.12) with an integral formulation
and the normal is well defined on each segment of the contact boundary. In contrast,
the normal displacement (®,); in the node k is not well defined and the frictional
contact condition (5.13) has to be reconsidered in the context of a discontinuity of
the normal.

To fix the ideas, let us suppose that we deal with an in-plane geometry and we have
a parametric description ¢t — (z1(t), z2(t)) of I'c. Let tp be the abscise corresponding
to P = (2, 2’) and let n_ and n, be the normal vectors defined for ¢ < tp and for
t > tp respectively, i.e. at the left and at the right side of P. We distinguish two
situations: when the angle o between n_ and n, is positive or negative (see Figure
3). In each case we may define the inward normal cone C,, by

O::{{v,v n <0}N{v;v-n, <0}, if >0 (7.22)

{v;v-n <0}U{v;v-n, <0}, if a<0



Hassani, Ionescu and Oudet/ Wedged configurations with Coulomb friction 11

G,

Figure 3: Examples of discontinuities of the normal and of the inward normal cone
C,. Left: the angle a between n_ and n, is positive. Right: the angle a between n_
and n, is negative.

The frictional contact condition (5.13) in the wedged point P (i.e. for i = k) reads

()\hn)k = 0, if ((I)h)k S Int[C’n]

M)k <0, if (Pp)r € 0C,, (7.23)

@0 € Cor 1ni] < o {

where Int[C,] and 0C,, denote the interior and the boundary of the inward normal
cone C,,.

For all 7, € ¥, and wy, € Sy, we denote by u, = U, (T4, w;) and by u} =
U7 (71, wy) the solution of (5.15) for the choice of the normaln =n_ and n = n; in
the wedged point P, respectively. We introduce now the linear operators M, , M," :
Yt X Spn — R given by

M (Th,wp) = Uy (Thyws))e -0, M (Th,wy) =2 (U (Th, wp))e -0,

and let £; (74, wy) and L} (74, w;) be defined by (5.16) in which we have replaced
uy, by w;, and by u;, respectively. The linear operators £, (-,-) and L} (-,-) are rep-
resented by the matrixes L;; and L]; through (6.18) in which we have replaced L, by
L, and by L}, respectively.

Discontinuities of the first kind : o > 0. In this case the frictional contact
condition (7.23) reads

{ (@r)r-n- <0, (Pp)r-ny <0, (Ann)r[(Pr)r - n][(®r)r - ny] =0,

Ak <0, [(An)r] < —p(Ann)is (7.24)

To manage the above unilateral constraint we have to modify the definition (5.17) of
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the cone of the admissible states as follows

S = {(Th,on) € Sny (Ly (Thovn))i <0, (n)i( Ly (Thovn))i = 0, for alli # k
My (Th,wn) <0, (L (Thyvr))e <0, (0n)e(Ly, (Thy vr)) My, (Th, wy) = 0},

and to replace the matrix L from the definition (6.20) of J by L~. Then the critical
wedged friction coefficient ) is obtained as the minimum of 7 through the optimiza-
tion technique based on the genetic algorithms presented in the previous section. Let
us remark that if one chooses £ and M," in the definition of S¢¥™ and L' in the
definition (6.20) of J, then p}’ the minimum of J is exactly the same.

Discontinuities of the second kind : o < 0. In this case the frictional contact
condition (7.23) reads

(®r)e -0 <0, (Ann)e(®r)e-ne =0, (Ao )e[(®n)e - ny]- =0,

(@r)r -0y <0, M)k (®r)i -0y =0, (Ap)i[(Pr)r-n_]- =0, (7.25)

(Ann)k <0, (Ant)k] < —p(Ann )k,

where we have denoted by [z]_ =: (x — |z|)/2 the negative part of x.
To handle these unilateral conditions it’s more convenient to solve two optimization
problems for two functionals 7~ and J . In order to do it let

Sadm . {(Th,vn) €Sy (L}, (Th,vn))i <0, (vp)i(Ly, (Th,vn))i =0, for all 7,
(L5, (Ths o))k [ My (Th, wp)] - = 0},

St = A{(Th,vn) € Sni (L (Thywn))i <0, ()i L] (T, 0n))s = 0, for all 4,
(EZ(Thavh))k[MIj(Thvwh)]— = 0}7

be the two cones of admissible states. We denote by K~ and K+ the sets defined
through (6.19) in which we have replaced Sg%™ by Sp9™ and by Sp9™, respectively.
We can define now the functionals 7~ and J7* through (6.20), in which L, K are
replaced by L=, K~ and by L*, K, respectively. For each of these functional we can

use the genetic optimization technique presented in the previous section to find

w . — w . +
= min J (s1,..,8 = min T (s1,..,s
Hp, (51,080)€[—1,1]P ( (RS} p)7 :uh—&- (51,480 €[=1,1]P ( [ p)a

and the corresponding wedged configurations ®;_ and ®;_ . The critical wedged
frictional coefficient ) is the minimum of these two numbers, i.e.

= min{ gy, gy}

and the (global) wedged configuration ®; is ®;_ or ®; , depending if i) < pj, or
Hh— > Hiy-
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’

Figure 4: Left: the distribution of the wedged configuration ®; (arrows) and of
the stress |o(®})| (color scale). Right: the deformed mesh corresponding to the
displacement ®;.

8. Numerical results

First example. For the first test we wanted to give an example when the wedged
problem and the (linear) spectral problem has the same solution. For that we have
chosen the wedged geometry of Figure 4, where we do not expect a non contact zone.
Here the contact surface I'¢ is represented by the solid line and the other part of the
boundary is stress free. For this particular problem it is simple and natural to choose
the partition P of the boundary T'¢ ( T4 = ) and T = T'¢) and to associate a
given ”directional function” y : T% — {—1,1}. We have found a very good agreement
(uy = 0.300001 and p; = 0.300005) between the two solutions (i.e. between (®;, i)’)
and (5, 113)).

Second example. The second example has be chosen such that an unexpected
wedged configuration exists. The geometry is plotted in Figure 5, with the surface
['c represented by the solid line and the other part of the boundary is stress free.
The contact surface has a normal discontinuity of the first kind (i.e. a > 0) in the
left corner of the bottom, we have used the techniques presented in the previous
section to handle this difficulty. The wedged frictional coefficient was founded to be
py = 1.59627 and the corresponding wedged configuration ®; is plotted in Figure 5.

In Figure 6 we have plotted the distribution of the displacements (normal and tan-
gential) on the contact surface. As it can be seen, the founded wedged configuration
®; has no free zone where the elastic body is not in contact with the rigid support.

In order to see the influence of the mesh size (i.e. of h) we have performed the
same computations on three meshes. The first one has 61 nodes (h = h;), the
second one has 31 nodes (h = hs) and the third one has 16 nodes (h = hs) on
I'c. We have found the variation of the wedged frictional coefficient i}’ is not large
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Figure 5: The computed wedged configuration. Left: the distribution of the Von-
Mises stress |o/(®;)| (color scale). Right: the deformed mesh corresponding to the

displacement ®;.
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s sss000ed -9
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Figure 6: The distribution of the normal displacement and of the tangential displace-
ment on the contact zone I'c (red : bottom side, green : left side).
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Figure 7: The distribution of the normal stress (left) and of the tangential stress
(right) on the bottom side of the contact boundary for different meshes: 61 nodes
(blue), 31 nodes (green) and 16 nodes (red) on I'c.

(py, = 1.59627, py, = 1.55045, py. = 1.68817) and the normal and the distribution
of tangential stresses are very close (see Figure 7). As far as we have computed the
wedged configurations we have not found any significant dependence on the mesh of
the numerical results.

Third example. In the third test we wanted to point out that there are wedged
configurations with free zones on the contact surface. For that we have considered the
geometry drawn in Figure 6. As before the contact surface I'¢ is represented by the
solid line and the other part of the boundary is stress free. The normal discontinuity of
the contact surface, which is of the second kind (i.e. @ < 0), has been handled using
the techniques presented in the previous section. The wedged frictional coefficient
was founded to be p}’ = 0.6330019 and the corresponding wedged configuration ®7 is
plotted in Figure 8. The founded wedged solution ®; exhibits two no contact zones.
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Figure 8: The computed wedged configuration. Left: the distribution of the Von-
Mises stress |o/(®})| (color scale). Right: the deformed mesh corresponding to the
displacement ®;. Note that the wedged configuration exhibits two no contact zones.
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