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NUMERICAL SOLUTION OF A PARABOLIC SYSTEM WITH BLOW-UP OF
THE SOLUTION

MARIE-NOELLE LEROUX

ABSTRACT. In this paper, the author proposes a numerical method to solve a parabolic system of
two quasilinear equations of nonlinear heat conduction with sources. The solution of this system
may blow up in finite time. It is proved that the numerical solution also may blow up in finite time
and an estimate of this time is obtained. The convergence of the scheme is obtained for particular
values of the parameters.

1. INTRODUCTION

The purpose of this paper is to study the numerical behavior of the solution of a nonlinear
reaction diffusion system with nonlinear source terms.

Let Q a smooth bounded domain in R?. We consider the system:

uy — Autt =t e, t>0

vy — AT =ttt e Q, t>0
Ul(l’,O) = Ulo(I) > 0, x €€
’Ul(SL’,O) = ’Ul(](.ilf) > 0, x €
U1:U1:0, xE@Q,t>O

with v, u >0, a > 0.

Samarskii and al. [fJ] have studied this system and obtained the following results:

If A\; denotes the first eigenvalue of the Dirichlet problem: —Ap = Ap, x € ), p=0,x € 9 and if
a > \q, the problem has no global solutions and there exists Ty > 0 such that

lim <Hulf+1(t, '>Hi2(ﬂ) + Hviﬂ-l(t, ‘)H;(Q)) = +o00

t—To—

In [B], [, we have proposed a numerical method to solve a quasilinear parabolic equation with
blow-up of the solution. The numerical solution is computed by using the function v = u}™; so
the nonlinearity is reported on the derivative in time. This solution has the same properties as the
exact solution, in particular blow-up in finite time. We generalize this method to the system of two

equations.

For what follows, it is more convenient to work with a transformed equation. Let u = u}f™!,

v = vf“, m = VLH, p= ﬁ; then we get m, p €]0, 1] and we suppose that p < m (or u > v).
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Then (u,v) satisfies the following system:

mu™ tu, + Au = av

(1.1) poP oy, 4+ Av = au
' u(z,0) = uii (z) = uo(w), v € Q
v(z,0) = 5™ (z) = vo(z), 2 € Q

where A is the operator —A of domain D(A) = H}(Q) N H?(Q).

An outline of the paper is as follows: In Section 2, we study the asymptotic behavior of the solution.
In Section 3, we define a numerical scheme and prove the existence of the solution of this scheme.
The section 4 is devoted to the properties of the scheme, in particular, the existence of a numerical
blow-up time in the case a > \;. Finally, in Section 5, we study the particular case p = m and
prove the convergence of the scheme in that case for a class of initial conditions.

2. ASYMTOTIC BEHAVIOR OF THE SOLUTION

Given ug, v € L>(f), a couple (u,v) is a weak solution of ([.1]) on [0,77] if u,v € L>((0,T) x )
and

/Ot /Q (u"dr — uAd + awe)drdt = /Qu(x,t)qb(x)dx — / uo(z)p(x)dx:

Q

/Ot/ﬂ(vpgbt_UA¢+au¢)dxdt:/QU(ZEJW(ZE)CZ:E—/vo(:):)qs(x)d;p

Q

for all ¢ € C2((0,T) x Q)N CLH[0,T] x Q), p(z,t) =0 for x € ON.

This problem admits a local solution and from the maximum principle, we get u(t),v(t) > 0 in
Q0<t<T.
We prove the following results:
t) if @ > A1, the solution blows up in finite time 7'; we get:

. m D
lim —— ™) + ——PT(¢) ) dr = +0
tﬁlT_ Q(m+1 *) p—l—lv (*)

w) if a < Ay, the problem has a global solution which tends to 0 when t—o0

we) if @ = Aq, the problem has a global solution (u,v) which tends to 8p; when t—o00 where p; is
the first eigenfunction of A (Ap1 = Mip1 and ||p1f| 1) = 1) and 6 is a constant depending on the
initial condition.

We introduce the functions ®, Z defined on [0,7] by
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O(t) = /Q (mlﬂum“(t) + ]%?ﬂ’“(t)) dx

m—1

(2.1) 2(t) = (1) = (/Q (Lumﬂ(t)ﬂLLv”“(t)) dx)m—ﬂ

m + 1 p+1

and the functional defined on H} () x HJ(Q2)by

(2.2) J(u,v) = /Q (IVu|* + |Vo|* = 20u0)da

Lemma 2.1. The function ® is conver and the function Z is concave

Proof: We prove that the second derivative of ® is nonnegative.
We have: ®'(t) = [, (mu™u, + pvPv,)dz
By multiplying the first equation of ([[.1) by u, the second by v and integrating over 2, we get:

' (t) = /Q (muuy + poPu)de = — /Q ((Au — av)u + (Av — au)v)dz =

—/ (IVul® + |[V]* = 20uv)dz = —J(u, v).
Q

Then we deduce:
Q" (t) = —2/ ((Au — aw)uy + (Av — au)vy)dx
Q

= 2/ (i(Au —av)?utT" 4 1(Av — au)Qvl_p) dx
0

m p

and ®”(t) > 0, Vt > 0. The function ® is convex.

Besides, we have:
m—1

Z'(t) = m—ﬂ@(t)—z/ (m+1) @/ (¢)
and Z"(t) = L= ((1)) VT (25((1))? — (1) P"(1)) -

By using Cauchy-Schwarz inequality, we get:

1/2 1/2
/ (Au — av)udr < LH/ (Au — av)*u*"™dx / Mty



4 MARIE-NOELLE LEROUX

1/2 1/2
/ (Av — au)vdr < (]il/ (Av — au)zvl_pdx) (/ va“dx)

We deduce:

and

(®'(1))? < (LH/Q(Au av)?u'” mda:+p;1 Q(Av—au)2v1_pdx) d(t)

and

1_ _ —2/(m+1)
Z"(t) <2 ( m)2 p—m </ <Lum+1 + va’”’l) dx) / (Av — au)*v' Pdz.
Q Q

(m+1)* p m+1 p+1

Since p < m, the function Z” is nonpositive , that is the function Z is concave.

In the two next propositions, we prove that in the case a > Ay, the solution (u,v) of ([.1) blows up
in finite time and obtain estimates of this time for a class of initial conditions.

Proposition 2.2. If o > Ay and if the initial condition satisfies J(ug,vo) < 0, the solution blows
up in finite time T such that

m+1 p p+1 d
1+m/<m+10 Tor1 )x

STem / (IVuo* + |Vvol* — 2auguy ) d

(2.3)

Proof: The function Z’ is nonincreasing, so we get:

(2.4) Z(t) — Z(0) < tZ'(0)

9
and 7'(0) = % (®(0)) M+ 1 J (ug, ).

The inequality (B-4]) may be written as

m—1
m p m+1 m p 1 m—+1
- tm+1 o p+1 d < / Y m p+ d
</Q<m+1“(> tor? )x) ‘<Q mr1 Tt )
1—m M it D B
(25) 1+ ﬁt muo + P+ 1U0 dx J(Uo, ’U()) .
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If « > \; , the set S = {(ug,vo) € HL(Q)/ J(ug,v9) < 0} is not empty. If J(ug,vo) < 0, the
right member of (B.J) becomes equal to zero for a finite time and so the solution blows up in a finite
time 7" such that

“—1-m —J (ug, vo)

Proposition 2.3. : If a > Ay, the solution blows up in finite time T and satisfies the inequality:

1 1

L m+1 L p+1 i < L o / L m+1 L p+1 m
(/Q(mleu (t)+p+1v (t))dx) _<T—t g e +p+1vo dx :

Proof: If J(ug,v9) < 0, from Proposition 2.3, we know that the solution blows up in finite time. If
J(ug, vg) > 0, the result is obtained by using the same proof as Friedman-McLeod in [I.

-

Since the function Z is concave, it satisfies
—t t
Z) > 2 200+ 12(s), 0<t<s<Tand lim Z(s)=0.
s

s—T

We deduce

m—1 m
mil T ¢ o
(/Q (Tﬂi 1um+1(t) + p—f— 11)7’“(15)) da:) > — (/Q (Tﬂi 1u6”+1 + p——]; 1vg+1) d:c) ,

that is the inequality (B-3).
Proposition 2.4. If a < Ay, the solution tends to 0 when t— + oo.

Proof: If \; > «, we get: J(u,v) > (A —a) [, (u® +v*)dz >0 and ®’'(¢) < 0. Since the function
® is convex, the function @ is nondecreasing and . 11111 P'(t) =1<0.

We deduce: ®(t) < ®(0) + It, Vt > 0; since $(t) > 0, we obtain that | = 0 and

(2.6) lim  J(u(t),v(t)) = 0.

t—4o00

If \; —a >0, then, we get ) liI_Ii_l Jo (u* +v?)dz = 0 and the solution tends to 0 when t— + oco.

Proposition 2.5. If \; = a, then lim wu(t) = lim v(t) = Op; in L*(Q2) where 0 is a constant

t—-+4o00 t——+4o00

depending on the initial conditions.

Proof: If \; = «, we get from (R.G) that . lim J(u(t),v(t)) = 0 and ®(¢) is bounded for ¢ > 0.

—+00

By interpolation, we obtain
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2/(m+1)
/uzdaj < 5/ \Vul® dz 4 C,(6) (/ udex) :
Q Q Q
2/(p+1)
/Uzdl’ < 5/ (Vo) da + Cy(6) </ Up+1dx) :
Q Q

Q
where C}(d) and C(9) are constants depending on © and m and p respectively and we get:

2/(m+1) 2/(p+1)
/ (u? + v*)dx < 6J(u(t),v(t))+26)\ / uwvdz +C(9) (/ um+1dx) +C5(0) </ Up+1dl’> :
Q 0 Q Q

We deduce
2/(m+1) 2/(p+1)
(1= 6A) / (2 + v2)dz < 87 (u(t), v(t)) + C1 () ( / um+1dg;) + Gy (6) ( / Wldx) |
Q Q Q
Since J(u(t),v(t)) is bounded, if ¢ is chosen such that 1 — d\; > 0, we deduce that u(t) and v(t)
are uniformly bounded in L*(Q) and in H}(Q2). So, we can extract subsequences t,— + 0o such

that u(t,) and v(t,) converge weakly in H}(£2) and strongly in L*(Q) to z; and 2, respectively.

We have : J(z1,22) < lim J(u(t),v(t)) = 0, that is [, (|V21\2 + |Vl — 2\12122) dz = 0 or

/ (‘v21|2 - )\12%) dx —|—/ (|V22|2 - >\12§) dx + >\1/ (Zl - 22)2 dr =10
Q Q Q
We deduce that z; = 2z = 0p;.

By multiplying the two equations of ([]]) by p; and integrating over 2, we get:

d

— (/ (u™ + vp)pldx) = 0 and then

dt \ Jo

/ (u™(t) +0P(t))prda = / (ug" + vy )prdez, for all t > 0.
Q Q

Hence we obtain

/ (@™ pm+t 4 PP da = / (ug' + vh)prd.

Q Q

and there exists a unique positive value of # satisfying this equation; we deduce the proposition
3. DEFINITION OF A NUMERICAL SCHEME

The classical Euler scheme cannot blow up in a finite time, so we generalize here to a system the
numerical scheme used in [J].
The first equation of ([[.1) may be written:
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and the second: y
1 fpv%(vp_l) + Av = au.

So, we discretize the two derivatives in time in the same manner:
If (uy,v,) is the approximate solution at the time level ¢, = nAt, ( where At is the time step), the
approximate solution at the time level ¢, is solution of the system:

m
1—

(3.1) Up g u™ P (uP™t — uf;rll) + AtAu, 1 = alAtv, 1,

n

(3.2) Upp1 (VP — 0P 70) 4+ AtAv, 1 = aAtu,, .

1—

We prove first that the system (B.1), (B.4) has a unique positive solution if u,, v, are positive in Q.
We need several lemmas. For what follows, we denote: |[v]], = [|v]| (g, -

Lemma 3.1. If the functions u, and v, are positive on ), continuous in ) and satisfy the condition:

mp

1-m 1-p I
(3.3) [tn| o™ lvnll ™ < a2(1 — p)2Ae2

then the system (1), (83) has a positive solution u,,1,v,11 € C*(Q)

Proof: Consider the functional defined on H}(Q2) x HI(Q) by:
(3.4) Jn(u,v) = / (IVul* + |Vo|]* = 20m0)da + ¥/ (mul ' + poP~v?)da
' A Q (1=p)At Jo " "

and let us denote K = {(u,v) € (H&(Q))Q// (mu™ P |uPT + p o[ de = 1} :
Q

Since (u,,v,) satisfies (B-3), we get : mu™ 'u? + pvP~1v? — 2a(1 — p)Atuv > 0 and
In(u,v) 20, Ju(lul, [v]) < Ju(u,v), Yu,v € Hy(Q).

Now, we consider the problem:

(3.5) min _J,(u,v)

(u,v)eK

From the preceding remark, the solution of (Bf), if it exists, will be positive.
We denote ¢(u,v) = [, (mul—PuP* 4 poP+h)dz.
If (@, D) is a solution of problem (B.H), there exists A € R such that:

OJp (1, 0) B %(ﬁ, 8) =0
ou u
OJy(u, 0) B A@qb(A 5 = 0
B gu T
o(u,0) =1



8 MARIE-NOELLE LEROUX

Then, we get for any v € H}(Q),

m
Vi Vi — ad dx+7/unm_17l dr = m(p+1 /unm_pﬂp dz,
[ (Vi o —avae+ = [ avds = am(p+ 1) v

Q

~ ~ b p—1n _ nP
/Q (Vo V¢ — awp)dx + T /QU" opdr = A\p(p + 1) /Qv Ydx

and
/ (mub~ a4+ poP T de = 1.
Q

Hence, (u,0) satisfies the equalities:

m
Al — ab + ————u"" = Am(p + Du" PP,

(1 —p)At

AV — au + mvﬁ_lﬁ = Ap(p + 1)’&1]

and (i,0) € C*(). Besides J, (i, 9) = A(p + 1).
A solution of (B2]), (B-2) is then defined by w,41 = YU, v,41 = Y0; we get

m _ _ e
Atupig — vy + mu:’; 1un+1 = )\71 Pm(p + l)un PquH,
b _ _
AvUpg1 — QUpyq + mvﬁ Y1 = A Pp(p + Doy
and
1 1/(1-p)
3.6 _ .
(36) ! ((1 —P)ALI (@ @))

Hence, the numerical scheme admits at least one positive solution.

Before proving the uniqueness of the solution, we first prove the existence of bounded supersolutions
and of maximal solutions.

Lemma 3.2. If the hypotheses of the lemma ([3.1) are satisfied, the system (5.1), (5.3) admits a

constant supersolution.

Proof:  Let (C},C%) € R%; (Cp, C2) will be a supersolution of the system (B.), (B.9) if these
constants satisfy the inequalities:

m Cl

" pym—p M mel 2
(1—p)At( ) Punt P 4 Chu > aCs,

(37) (1= p)ar s
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p 2 p 2, p—1 1
3.8 — (OO + ——————C0P > aC).
(38) A=t O T o e 2 0G
We note =z = g—jl
The first inequality may be written:
m m—1 m 1\p—1, m—
L —ar > —— (OY)P p
1—pat™ — =0 —p)At( W)

hence this inequality may be satisfied only for = < =5-% [

The second inequality may be written:

p -1 _ XS p 2\p—1
A= ~Z2a=par
1 _
and may be satisfied only if - < m [on I 1
So a necessary condition to obtain inequalities (B.7), (B.§) is that :
1 —p)aAt _ _
% lonll 7 < ﬂTm)aAt i ||™", that is the condition (B:3)
1 —p)aAt _ —_—
and L7DORE Y ip g T
* (1—p)aAt >
If we choose C} = rtall Ty then we get :
Oé(l _p) 1-m P
1 — ———=Atx ||luy ||
m

7 ||y ||
2 = o0 .
n 1 N\ VD)
(1 _ o =P gy y|un||}x,m)
m

It remains to prove that z may be chosen in the interval [w ||Un||;17 : ﬁ ||Un||;m]
such that C? satisfies : (C2)P~! < ovP™! — %%At.
In order to obtain this inequality, the parameter x must satisfy:
(3.9) [ P ool
(1—atear o, o) ™ T (1 alzat ) )

Let us denote a = %Ata o7, b= Tant |77

we have : @ < x < b and the condition (B.9) may be written:

(1-p)/(1=m)
P paewaemy (P T 1) e
A= pjant™ ( b) =\ {1 = p)ait ( x>9’ '
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If we define the function f by

(1—p)/(1—m)
(1 —p)aAt (1 —p)aAt

the condition (B.9) becomes: f(z) > 0.

The function f satisfies f(a) < 0 and f(b) > 0; so there exists xy €|a, b such that f(z) =0
and the couple

Cl — ||u”Hoo 02 — ||Un||oo
n 1— B 1/(A1-p)’ —n 1— At B 1/(1-p)
(1= ot asay ) o7) (1-al2 2 i)
m p o

is a supersolution of the system (B.1]), (B-9).

Lemma 3.3. System (3.1), (3.3) has a mazimal solution (u, v) and any solution (u,v) satisfies:
0<u<u 0<v <.

Proof: We use the same method as Keller in [fl]. We consider the sequences defined by: w410 =
C}, Un+1,0 = C?

n n?

m m—1 . m P m—p
Atlppq 1 + mun Up+t1,j+1 = QUpy1,5 T+ munHJUn )

_ p
Avpgr i+ mvg 1,U7l+17j+1 = QUpy1,5 + mvgﬂ,j'
We get:
Au — Uny1,0) + Lum_l(u — Upt1p0) = aC? + SR (chr —wr='cy)
n+1,1 n+1,0 (1 N p)At n n+1,1 n+1,0 n (1 —p)At n n n n) -

The second member of this equality is negative; we deduce from the maximum principle that:
Upt11 < Upg1o- In the same manner, we get: v,111 < v,410. We prove recurently that the
sequences (Uny1,5);>0 and (vn415));>0 are decreasing; in fact, we have:

m
AUt iaq — Upar i M (i q ia] — Upati) =
(u +1,5+1 u +1,]) + (1 —p)Atun (u +1,5+1 U +1,j)

a(vn-i-l,j - Un+1,j—1) + ( m_p(ufm,j - uft—i—l,j—l)

m

—
1—pAt ™

and the second member is negative from the recurrence hypothesis.

We deduce: w1141 < Upy1j. Similarly, we get: vy 41 < Upgr
Since the two sequences (un+1);j>0 and (v,41,);>0 are nonnegative, they converge to u and v and

taking the limit when j— + 0o, we obtain:

_ m o m L
Al+ ——— " U=t + ————— " PP

(1—p)At " (1—-p)At ™
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_ p —1— _ p _
A D _ p

v+ 1 —p)AtU" U =Qu+ {a —p)AtU
So, the functions u and v are solutions of the system (B.1), (B.2).
It remains to prove that any solution (u,v) satisfies: 0 <u <w, 0 <v <7T
Let (u,v) a solution of system (B), (B:3), we have: 0 < u < C}, 0 < v < C?; we have the
equalities:

m i m i
A(u - un+17j+1) + mun 1(u — un+1,j+1) = a(v — Un-i-l,j) + mun p(ul’ — ufﬁl’j)
A(v — Vi1 441) + va_l(v — Upg141) = (U — Upi14) + L(v” —ob ).
! (1—p)At™" ! T (T=p)At e

For j = 0, the second member of these inequalities is negative; then we get u < w411, v < Upg1
and recurrently, we obtain © < 41,5, v < Upqq; for any j > 0. It results: v <u, v < 7.

Theorem 3.4. If the functions u, and v, are positive, continuous in Q and satisfy the condi-
tion (B.3), then system (51), (B.-3) has a unique positive solution.

Proof:  From the previous lemmas, we know that the system admits at least one positive solution
and that any solution (u,v) satisfies 0 <u <w, 0 <v < 7.
We get:

/Q(Auﬂ—Aﬂ u)dr =0 = ﬁ/{lu?_pu a(uf™! —Up_l)d:)s—l—oz/Q(vﬂ—Eu)dx.

Similarly, we have:

ﬁ /Qv T (vt =P N dx + oz/Q (ut —Tw)dx =0

We deduce from these equalities that [, (u — vT)dz = 0 and then v =7, v =7.

Theorem 3.5. The numerical solution exists at least until the time

fi=min (M

)\m—l p )\P—l
0 70((1—])) 0 )

with >\0 = maX(HUOHoo ) HUOHOO)

Proof: We prove recurently that the solution (u,, v, satisfy the inequality: |lun| ., [|vnlls < @0
1— 1— _ A
where ¢,, is defined by ¢y = max (uk?_l, u%’ Y= . 1/(-p)"
m p (1 - tn¢0) P
If this inequality is satisfied at the time level ¢, = nAt, if ¢, 1169 < 1, the inequality (B.3) is verified
and the solution exists at the time level ¢, ;.
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The quantity ¢,+1 will be a supersolution of the system (B.1]), (B.2), if we have the two inequalities:

m - m -
Y il Lt mﬁ%ﬂun L > agni,

_ p D b p—1 -
(1 _ p)At n+1 + (1 _p)AtQSn-i-l'Un - O‘gbn—i-L

This may be written:

1-p 1-p
¢rh > max i Hu")HOO : a an@oo
1— a2 Atflun | 2™ 1= a—LLAL o] 27
p
But, from the recurrence hypothese, we get
Huanlx?p )‘é_p
(1 _p) 1-m 1-p A"
1-a At lunllog™ (1 —=tngo) 1 — a—=At ey
m m (1 - tn¢0) P

and it is easy to see that this quantitiy is bounded by ¢y, 1.
lonllse”

1— _
1— a—L At |Jv, |1

In an analogous manner, we obtain that is bounded by ¢, 1.

So, the solution at the time level ¢, satisfies: [Jups1|l s [[vnt1lle, < @ng1 and the numerical
solution exists exists during a positive time interval.

4. PROPERTIES OF THE NUMERICAL SCHEME

In this section, we prove that if o > A;, the numerical solution blows up in finite time.
We define the functional v,, and F), by:

1/(p+1)
Up(u,v) = (/ (munm_f”w’”Jrl +pvp+1)dm)
Q

and
J(u,v)

Fulwnv) = o o)

Lemma 4.1. The sequence (F,,(un, vy))n>0 s nonincreasing.

Proof: Since u, 1 = vyt and v, =70, (4,0) € K, we get ¥y, (tupi1, Vpy1) = v and F,(tpi1, Vpi1) =
J(a,9).

1
Besides from (B.4), we have J(a,0) = J,(u,v) — m/ (mu™ 4 4 po~to?)dx.
-Pp Q
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T (U, V) 1 /Q(mu:’f_luiﬂ +pobtun ) )de
Hence, we get : J(1,0) < ——"""% —
( ) ,lvbr%(umvn) (1 _p)At ¢i(un+l>vn+l)

In addition, we have the equality:
Jn(una Un) = J(una Un) +
We deduce:

1= p)At (thn (i, ) )P

J(ﬁ7f))< '](unavn) + 1

= 2 (up,vn) (1 —p)At (Vo (U, 0) )P —

By the Holder inequality, we have at once:

(p+1)/2 (1-p)/2
/ug_puﬁilldx < (/ uiﬂunm_ldx) (/ uf’f“dm) ,
Q Q Q
" ) . (p+1)/2 . (1-p)/2
/Uflﬂdx < (/ vg Vb d:z:) </ VPt d:z:) .
Q Q Q

Hence, we get:

(p+1)/2 (1-p)/2
VP (U1, V) <M (/ uiﬂug_ldx) (/ u?“dm)
Q Q

(p+1)/2 (1-p)/2
+p </ vfbﬂvfl_ldx) </ vfl“d:c)
Q Q

and
(4.1) U2 (s, D) < (m [utde ey | d) Pt 00).
Q Q
o J(tp, vp) .
We deduce: J(u,v) < W, that is F, (U1, Vns1) < Fp(tn, vp).
n uruvn

Lemma 4.2. Forn > 0, we have the estimate:

(42) (1 - p)AtFn(un—l—lv Un—l—l) S wz_l(un—l—lv Un—l—l) - ¢5_1(un7 Un) S (1 - p)AtFn(unv Un)-

Proof: 1) We prove first the right inequality. We have: ¢ (uy+1, vpy1) = ; from (B-G), we obtain
U (g1, Vnsr) = ((1 = p)ALJ, (@, 0))/#~Y

and

_ I (U, vp)
1 n\%n, Un

that is
¢£_1(un+17 Uny1) < (1 —p)At (Fn(unu Un) + mwg_l(um Un)) .
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w)Multiplying (B]) by un41 and (B-2) by v,41 and integrating on 2, we get:

o 2 gt m / pt+l, m—p / 2 _
— | u’,u dr — ———— | w,qu," Pdx + Vu, — Uy Uy dz =0,
(1—p)At /Q i (1—p)At Jq n+1 o (| 1 +1 +1)

T g7t Jy e _L/ wd / Vonnl* dz = 0
(1—p)At/Q/Un+1Un xr (1—p)At Qvn+1 «T"‘ Q(| Un+1‘ aun—l—lvn-i-l) T .

Hence , we get :

1 - . 1
m/ (muiﬂuzl 1 +pvi+1v£ 1)d:13 — mwz+l(un+l’ vnet) + T (s vms1) = 0.
- Q
By using (1)), we deduce:
,lvbfz_l(UTn 'Un) - wﬁ_l(un_ﬂ, Un—i—l) + F(un_i_l’ 'Un—i-l) < 0.

This concludes the proof.

Lemma 4.3. The sequence (J(un, vy))n>0 S nonincreasing

Proof: In [ , we have proved the inequality:

1
Va,b € RY, " (b—a)? < @' — ! — #zﬂ(bp-l e
-Pp
We deduce from this inequality:
1 _
/ (Unt1 — up)*up o < /Qunmﬂd:c - /Qufbflu;”_pd:c - % i u (WP — Py
0

and

1+p _

—_ 1 1 _

/ (Vg1 — vp) 0Pt < /Qvffldx — /Qvflildzv 1, Qviﬂ(vzﬂ — vPNd.
Q

Since w41 and v,4+1 are solutions of (B]), (B-2), we get:

1—p)At
/ uiﬂ(uf;ll —uP " Pdr = %/ (\Vun+1\2 — QUpy1Upy1)dT
Q Q

and

_ _ 1—p)At
/ vfﬁl(vf;ﬁ — P Ndr = %/ (|VUns1]> = Qi1 Vs )da.
Q Q
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So, we obtain:
m/ (un-i-l - un)2uzl_1dx +p/ (Un-i-l - Un)21)£_1dl'
Q Q

< PP (U, v) — VP (s, Vpan) — (1 + ) AT (Uit Vg1 )-

From the inequality [J :Va,b € RT, a?™ — pr! < %ﬁ a?(bt — P,
we deduce:

1+ _ _
¢£+1(um Un) - wﬁ+1(un+17 Un+1) S ?iwi(um Un)(¢£ l(un+17 Un+1) - WL 1(un7 Un))

and by using (7)), we get:

(4.3) U (i, vn) = U (Uns1, vnsa) < (14 p)ALT (ug, vi).

So, we get

m/ (un+1 - un)2u;n_1d$ +p/ (Un+1 - Un)2vfz_1dx S (1 —I—p)At (’](umvn> - J(un—l—lavn—l-l)) :
Q Q

We deduce: J(up, vy) > J(Unt1, Vni1)-

We note

@n:/ Lum+l+iv”+l dx

Lemma 4.4. If J(up,v9) < 0, the sequence ()0 is increasing.

Proof: We have the equality :

A ) = [t e = 4 0@, + D [ gy
Q m+1 Jq

Besides, we get:

mim —
(4.5) U (Ung1, Vng) = / (muy Pub Ly 4+ pobi)de < (p+ 1)@y + 7;% 1p ) / wm .
Q Q

and we deduce:

1
(I)n_q)n < — P ny Un) P n+1, Un .
+1_p+1(¢n (Un, vn) — Y0 (Upt1, v +1)>
By using (f.3) , we obtain ®,, — ®,,11 < AtJ(up, v,).
If J(ug,v9) < 0, since the sequence (J(uyn,vy))n>0 is nonincreasing, we deduce that the sequence
(®,,)n>0 is increasing.
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Lemma 4.5. If J(ug,v9) <0, for n > 0, we have the inequality:

_ 1
(4.6) (I)i/(pﬂ) (q)?gp+11)/(p+l) _ cbglp—l)/(pﬂ)) < 7@52(%”%1) (?/fﬁ_l(unﬂ, Upat) — ¢£—1(umvn)) ‘

Proof: This inequality may be written:
Uty va) + (m+ DO PB4 11, 0 )8 (1, Vnet) + (m o+ 1)
By using (f-4) and ([.5), we obtain that a sufficient condition to satify this inequality is:

(p+ 1)®, + (m — ppn + (m + 1)@ PN GE-D/E+D

< ((p+ D)@y + (m = )" ((p+ 1)@y + (m = p)p)*"V P+ (m + 1) 0,

m

Q

P+ D)+ (m = plitn_ Pn

If J(ug,vo) < 0, the sequence (P,,),>o is increasing, so we get: > )
. . B (p + 1>(I)n+1 + (m - p),un (I)n—l—l
Hence, it is sufficient to prove:

(p+ 1)®, + (m — P, + (m + 1)@ FTHGE-D/E+D

n

S ((p + ]')@n + (m — p),un)) q)ng_i_—ll)/(P'i‘l)(bgl—P)/(lﬁ-p) + (m + 1)q>n

that is Mn(q)g_i_—f)/(l-i—m _ (I)Sll—P)/(l-i-p)) < (I)n(q)g_i_—f)/(l-i—p) _ (I)Sll—p)/(l-i-p))

and this inequality is satisfied since u,, < ®,,.

Lemma 4.6. If J(ug,vy) < 0, we have the estimate:

(4.7) (I)i/(p+1) <q)7(1p;11)/(p+1) _ q)?gp—l)/(p+1)) < %Aw(un,vn)
m

Proof: We deduce the estimate immediately from (f.9) and ([£.6)

Theorem 4.7. If J(ug,vy) < 0, the numerical solution blows up in a finite time T, such that

_m_,m+l , _p ,ptl
1+m fQ <m+1u0 + 55 % dx

T, <
I1—p —J(anvo)
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Proof: From ([7), we get P/ < glp=1/(+1 ﬁAtq)f/(pH)J(un,vn)
and since the sequence (J(un,v,))n>0 is decreasing and the sequence (®,,) increasing, we get :

1—
—1)/(p+1 =1/ (p+1 S o
<I>£f’+1 V) < (I)gp v <1 1+ mtnq)o 1J(u0, UO))

and we deduce the estimate.

Remark 4.8. In the case p = m, we obtain the same bound for the numerical blow-up time and
for the blow-up time of the exact solution. In the case p < m, the bound obtained for the numerical
blow-up time is inferior to the estimate obtained for the blow-up time of the exact solution

5. THE CASE p=m

In the case p = m, the functionals v, and F,, are independent of n. We shall note them respectively
¥ and F"

Y(u,v) = (fom(umtt + va)d:zs)m;“ and F(u,v) =

Besides, we get: ™ (uy, v,) = (m + 1)®,, n > 0.
The estimate of the numerical blow-up is in that case the same as the estimate of the exact blow-up.

J(u,v) .
¥*(u, v)

5.1. Properties of the scheme.

Proposition 5.1. If a > A\ and T* is the numerical blow-up time, we get the estimate:

1

Proof: The estimate ([.J) may be written in this case:
(1 = m)ALF (uns1, vns1) < O™ (Ungr, Vogr) = "7 (i, 0n) < (1= m)ALE (g, vp).

We deduce, since (F'(uy, v,))n>0 Is @ nonincreasing sequence:
¢?_1(un+j7 Un+j) - QM?_l(umrUn) < (1 - m)jAtF(un,vn), vj > 07

P Uiy Vp—i) — VU, vy) < —(1 — m)iALF (uy,, vy,), Vi > 0.
So, we obtain:

W (Unags Vng) + 500 (Unmiy Vi) < (4 5)U0 " (U, Un)-

If T, = NAt is the numerical blow-up time, by choosing i =n, j = N —n, we get :
(N = n)y™ H(ug, v0) < N (tn, va) 01, 17" (U, 0) < "t V).

This is the same estimate as for the exact solution.

T, —t
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Proposition 5.2. If a < Ay, the numerical solution tends to 0 when t— + o0.
Proof: In that case, we get: J(u,v) > (A — ) [, (u? +v*)dz > 0.

2
Besides, since m < 1, for any ¢ € L*(Q2), we have: [, ¢*dz > C(Q) ([, ¢ dx) ™
and by using Young inequality, we get
2

L—m m+1 2 2

2_m+1 (/ (um-i-l_l_,um-i-l)dl,) < (/um+1d9:)m+1 i (/ vm+1d9§)m+1
Q Q Q

< % </Q (u® +v2)d:c).

: > 1—a'
So, we get : F(u,v) > @)

Besides, from (), we obtain ¢ (Un41, Vpi1) > U™ (Un, vy) >

)\1—Oé

Q)

At and

A — Q@
V"N (U, vn) = ™ (ug, vo) + é’T

We deduce:  lim [, (u™ + 0™ )dx = 0.

n—--—+o00

th-

Proposition 5.3. Ifa = A\, then lim wu, = lim v, = 0p; where 0 is depending on the initial

n—--+4o0o n—--+00
conditions.
Proof: We have the equality: ®, ; — ®, = m%rl (W™ (U1, Vng1) — V™ (U, v0))
m+1 __ bm-i-l < 1+ ma2 (bm—l _ am—l)
—1-m ’

and from the inequality Va,b € RT, a

we obtain:
q>n+1 - (I)n S 1

¢2(un+1> 'Un—i-l) (¢m—1(un’ Un) - wm—l(un+l’ Un—l—l)) S —AtJ(Un+1, Un-i—l)'

In the same manner as in proposition (B.j), we deduce that lim w, = lim v, = 0p;.

n—-s-+oo n—---+o00

We now obtain an estimate for 6 :
By multiplying the equations (B.1]), (B-J) by p1 and integrating on 2, we get:

m - m
T — a1 dr — —— m dx+>\At/ ntl — Un dxr =0,
1—m/9u +1U,  P1 1—m Qun-i-lpl 1 Q(U 41— Ung1)prde

m 1 m
— [ v de — —— | ™ d:z:+)\At/ Upgl — Upr1)dr = 0.
T—m Jo "n P1 1—m Qn—l—lpl 1 Q( +1 +1)
By using the inequality: w7, < (1 —m)u + mu,u~' and the same inequality applied to the
function v, we get

A
/unmﬂpldmg/u;”pldm—l—At—l/ (U1 — Upy1)prde,
Q Q m Ja

A
/ vp' prde < / v prdx + A2 (Upy1 — Upy1)prde,
Q Q m Jo
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and then: / (up'ey + ot ) prda < / (ug' + vg")prdx, n > 0.
0 Q

/ (ug" + vy")prde

0
2 / P da
0

5.2. Convergence of the scheme.

In this section, we obtain estimates on the numerical solution so we can extract by compactness a
convergent subsequence. In order to prove that the limit is solution of the system ([[.]]), we need
an hypothesis on the initial condition, (this is due to the fact that we have a negative power in
the scheme and we may not use a Holdér inequality). If the initial condition does not satisfy the
hypothesis, we observe numerically that this hypothesis is satisfied after a few times steps and the
scheme again converges.

We deduce: 8™ <

Let us denote by T} =, Aian T.(At) if T, is the existence time of the numerical solution. Tt
<At<Ato

follows from theorem B.5 that 7} > 71 > 0. Let T' € [0, 7], (T’ = NAt). We denote ua; and vay
the approximation of u and v defined by:

t—t 1/m
UAt(t)=<u e = (upq — u&”)) ;

t— ¢ 1/m
va(t) = <U21 + Tt"(v;’il - UZL)) .

Theorem 5.4. The sequences (ua;) and (vag) are uniformly bounded in C(0,T; H}(2)) and H*(0,T; L*(Q)

Proof:  Since T' < T}, the functions (uy,)n,>o and (v,),>o are uniformly bounded in C(0,7; )
and since J(u,,v,) is nonincreasing, we get: J(u,,v,) < J(ug,v9). We deduce that the sequences
(Vg )n>o and (Vu,),>o are uniformly bounded in L2(Q).

We prove now that the sequences ( ZtAt) and (£2¢) are uniformly bounded in L*(0,T; L*(Q2)).
We have:

’ /t"“ / L 20em Ung1 = Uy’ 2da:dt
120, T; LX(Q ’ At

duny
dt
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From the following inequalities, u, 7" [uly; — ul'| < [uns1 — up] and ub™™ [uyy — ul| < Jtpi1 — un),
we deduce:

duay ?
dt

N-1
Z/ (Upp1 — Up)2de
Q

<
L2(07T7 L2(Q>> m At n=0

1 N-1
m—1 2 1-m
E U Upt1 — Up) dx ) |uy,
mQAt gt </(‘2 n ( +1 ) ) || Hoo

and we obtain analogous inequality for va;.
Hence, we get:

since (||unl| o )o<n<n and (||vn|| o )Jo<n<n are uniformly bounded.

If o« < A1, we have: J(uy,vy) >0,

if @ > Ay, we get J(un,vy) > (A — @) [, (ufy +v})dz and this quantity is bounded from below;
we deduce that the sequences are uniformly bounded in L?(0,T’; L*(Q)).

2
dUAt

dt

duny
dt

< C (J(uo, v0) = J(un, vn))

2
‘ L2(0,T;L2())

L2(0,T5L2(Q)

Since the sequences (ua¢) and (va;) are uniformly bounded in C(0,7; H}(Q)) N HY(0,T; L*()),
we can extract subsequences which converge to functions u and v in C(0,7;9Q) if d = 1 and in
C(0,T;L"(2)), (r<2d/(d—2)ifd>2,r=o0ifd=2,( Simon [d]).

In order to prove that the limits u, v are solutions of the system ([[1])), We use the same proof as
in [B]; so we need to estimate the quantities |(up 7" —ub™™)um~!| and |(v 7" — va~™)om~t|. This
is the object of the two next lemmas.

Lemma 5.5. Forn > 0, we have the inequalities:

(5.1) o1 Up T > tun ™™ v >t

Proof: These inequalities are proved recurrently; it is true for n = 0. Assume it is true at the order
n — 1, that is :

tnui_m 2 tn—lui:qla tn'Ul m > tn 11)71L rln,
' L\ Lam) L \Vamm) ‘ ,
The functions ( th) Uy (—th) vy, will be subsolutions of ([7]]) if :
At
—L—u? + AtAu,, — aAtv, <0,
1—-mt,
At
—L—v + AtAv,, — aAtu,, < 0.
1—-mt,

But u,, v, are the solutions at the time level ¢,,, so we get:
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m At m m At m m— m m m Mg, M= b
T maun +At(Au,—av,) = 1—m <Eun + unup T — un) Tt (ui Ty = tn
m At m the
and —mt—vzn + At(A'Un — Oéun) = _1 — mU;ﬂ(U}L—mU;n:ll - 1)'

From the recurrence hypotheses, the second members of these two innequalities are non positive and
the inequalities (B.]) are satisfied at the order n.

Lemma 5.6. Assume that the initial conditions ug, vy satisfy:
There exists a constant Cy such that

(5.2) Aug — avg + Coul' >0, Avg — aug + Covt >0

Then, we have the estimates:

T, \ VO™ T, \ VO™
5.3 il | ny Ung1 S | 57— n
(5:3) et = (T2 — tn—l—l) o Ontt 15—t !

Proof: This lemma is proved recursively. First, we prove the inequalities for n = 0.
1/(1=m) 1/(1—m)
(Tfm) Ug, (Tfm) will be supersolutions of (B2]), (B3) if

m/(1-m) 1/(1-m) 1/(1-m)
m T m Ty T,
o 0 OHAL | ———— Aug— > ()

l—m(D—AJ “VH—m(n—AJ ot (g_AJ (Aug—awo) > 0,

m/(1—m) 1/(1—m) 1/(1=m)
m T m T, T,
o 0 0 At —_— Avn— >0

1—m(n—m) 1WH—m<B—AJ Yt (n—m) (Avo—auo) 20,

that is, ﬁug@ + Aug — avg > 0 and ﬁ%ﬂ + Avg — aug > 0.

From (F.9), these inequalities are satisfied.
Assume now that the estimates are satisfied at the order n.We prove it is satisfied at the order

n+1.
he £ ) Tty Y™ Tty O™ will b luti f (B B.9) if
[he functions <7Tz—tn+1) Up, (Tz_tnﬂ) v, will be supersolutions of (B.]), (B.2) i
m 1 m
am— m A n n > 0, P o A n n > 0.
1—m72—tnun =0 1—mT2—tnvn o e =

Since u,, v, are the solutions at the time level ¢,,, we get :

m o um A N m ml2 = tn1 m—1
_ Up — Uy, = Un - unun_ )
1L—mTy,—t, (1 —m)At Ty —ty !
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m U;? + A m mT2 - tn—l m—1
_— VUp — QUpy = v, — VU, .
1—mT,—t, (1 —m)At Ty —t, !

By using the recurrence hypothesis, we obtain the estimates (f.J).

Remark 5.7. If Aug — avg > 0 and Avy — auy > 0, then To = +o00 and we obtain: upi; <
Un, Un41 S Up,-

From these two lemmas, we obtain the inequalities

At
1— 1— -1
Sl (R T (TS Ty —tor
n

and analogous inequalities for v,. Then, we obtain the convergence of the scheme as in [J].
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