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Abstract

We refine the simulation technique introduced in [10] to show strong normaliza-
tion of A-calculi with explicit substitutions via termination of cut elimination in proof
nets [12]. We first propose a notion of equivalence relation for proof nets that ex-
tends the one in [9], and we show that cut elimination modulo this equivalence relation
is terminating. We then show strong normalization of the typed version of the A;-
calculus with de Bruijn indices (a calculus with full composition defined in [8]) using
a translation from typed A; to proof nets. Finally, we propose a version of typed A
with named variables which helps to better understand the complex mechanism of the
explicit weakening notation introduced in the X;-calculus with de Bruijn indices [8].

1 Introduction

This paper uses linear logic’s proof nets, equipped with an extended notion of reduction, to
provide several new results in the field of explicit substitutions. It is also an important step
forward in clarifying the connection between explicit substitutions and proof nets, two well
established formalisms that have been used to gain a better understanding of the A-calculus
over the past decade. On one side, explicit substitutions provide an intermediate formalism
that - by decomposing the § rule into more atomic steps - allows a better understanding of
the execution models. On the other side, linear logic decomposes the intuitionistic logical
connectives, like the arrow, into more atomic, resource-aware connectives, like the linear
arrow and the explicit erasure and duplication operators given by the exponentials: this de-
composition is reflected in proof nets, which are the computational side of linear logic, and
provides a more refined computational model than the one given by the A-calculus, which is
the computational side of intuitionistic logic!.

The pioneer calculus with explicit substitutions, A,, was introduced in [1] as a bridge be-
tween the classical A-calculus and concrete implementations of functional programming lan-
guages. An important property of calculi with explicit substitutions is nowadays known
as PSN, which stands for “Preservation of Strong Normalization”: a calculus with explicit
substitutions has PSN when all A-terms that are strongly normalizing using the traditional
B-reduction rule are also strongly normalizing w.r.t. the more refined reduction system de-
fined using explicit substitutions. But A, does not preserve 3-strong normalization as shown
by Mellies, who exhibited a well-typed term which, due to the substitution composition rules
in A,, is not A,-strongly normalizing [17].
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Since then, a quest was started to find an “optimal” calculus having all of a wide range of
desired properties: it should preserve strong normalization, but also be confluent (in a very
large sense that implies the ability to compose substitutions), and its typed version should
be strongly normalizing.

Meanwhile, in the linear logic community, many studies focused of the connection between
A-calculus (without explicit substitutions) and proof nets, trying to find the proper variant
or extension of proof nets that could be used to cleanly simulate 3-reduction, like in [7].
Finally, in [10], the first two authors of this work showed for the first time that explicit
substitutions could be tightly related to linear logic’s proof nets, by providing a translation
into a variant of proof nets from A, [18, 4], a simple calculus with explicit substitutions and
named variables, but no composition.

This connection was promising because proof nets seem to have many of the properties
which are required of a “good” calculus of explicit substitutions, and especially the strong
normalization in the presence of a reduction rule which is reminiscent of the composition
rule at the heart of Mellies’ counterexample. But [10] only dealt with a calculus without
composition, and the translation was complex and obscure enough to make the task of ex-
tending it to the case of a calculus with composition quite a daunting one.

In this paper, we can finally present a notion of reduction for Girard’s proof nets which is
flexible enough to allow a natural and simple translation from David and Guillaume’s )\,
a complex calculus of explicit substitution with de Bruijn indices and full composition [8].
This translation allows us to prove that typed )A; is strongly normalizing, which is a new
result confirming a conjecture in [8]. Also, the fact that in the translation all information
about variable order is lost suggests a version of typed \; with named variables which is
immediately proved to be strongly normalizing. This is due to the fact that only the type
information is used in the translation of both calculi. Also, the typed named version of ),
gives a better understanding of the mechanisms of labels existing in the calculus. In partic-
ular, names allow to understand the fine manipulation of explicit weakenings in \; without
entering into the complicate details of renaming used in a de Bruijn setting.

The paper is organized as follows: we first recall the basic definitions of linear logic and
proof nets and we introduce our refined reduction system for proof nets (Section 2), then
prove that it is strongly normalizing (Section 3). In Section 4 we recall the definition of the
A; calculus with its type system, present the translation into proof nets, and show strong
normalization of typed A;. Finally, we introduce a version of typed \; with named variables
(Section 5), enjoying the same good properties, and we conclude with some remarks and

directions for future work (Section 7).

2 Linear logic, proof nets and extended reduction

We recall here some classical notions from linear logic, namely the linear sequent calculus
and proof nets, and some basic results concerning confluence and normalization.

MELL: Multiplicative Exponential linear logic Let A be a set of atomic formulae.
We suppose that A is partitioned in two disjoint subsets representing positive and negative
atoms respectively.

The set of formulae of the Multiplicative Exponential fragment of linear logic (called MELL)
is defined by the following grammar, where a € A:

F = a|F & F (tensor) | F » F (par) | \F (of course) | ?F (why not)

For every p € A, we assume that there is p' € A, called the linear negation of the atom
p. Linear negation of formulae is defined as follows
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From now on we will write p' instead of p'.

The name MELL comes from the connectors ® and *® which are called “multiplicatives”,
while ! and ? are called “exponentials”. We say that a formula is exponential if it starts
with an exponential connector. While we refer the interested reader to [12] for more details
on linear logic, we give here a one-sided presentation of the sequent calculus for MELL:
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MELL proof nets To all sequent derivations in MELL it is possible to associate an
object called a “proof net”, which allows to abstract from many inessential details in a
derivation, like the order of application of independent logical rules: for example, there are
many inessentially different ways to obtain - A;9As, ..., Ap119A, from b+ Ay, ... A,, while
there is only one proof net representing all these derivations.

Proof nets are defined inductively by rules that follow closely the ones of the one-sided
sequent calculus, and the set of proof nets is denoted PN. To simplify the drawing of a
proof net, we use the following notation: a conclusion with a capital greek letter 7, A, ...
really stands for a set of conclusions, each one with its own wire.
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Each box has exactly one conclusion preceded by a !, which is named “principal” port (or
formula), while the other conclusions are named “auxiliary” ports (or formulae). In what
follows, we will sometimes write an axiom link as A Al



Reduction of proof nets Proof nets are the “computational object” behind linear logic,
because there is a notion of reduction on them (called also “cut elimination”) that corre-
sponds to the cut-elimination procedure on sequent derivations. The traditional reduction
system for MELL is defined as follows:

Reduction acting on a cut Az — cut, removing an axiom :
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Reduction acting on a cut b — b, absorbing a box into another :
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Extended reduction modulo an equivalence relation Unfortunately, the original no-
tion of reduction on PN is not well adapted to simulate neither the 3 rule of A-calculus,
nor the rules dealing with propagation of substitution in explicit substitution calculi: too
many inessential details on the order of application of the rules are still present, and to make
abstraction from them, one is naturally led to define an equivalence relation on PN, as is
done in [9], where the following two equivalences are introduced:

2 7A3

7AL 7A2 7A
74 A B B
NA
7A 7A
7A 7A3 7A1 7A
~pB
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Equivalence A turns contraction into an associative operator, and corresponds to forget-
ting the order in which the contraction rule is used to build, for example, the derivation:

F?7A,7A,7A ]
7!—?14,?14 Contraction

A Contraction
Equivalence B abstracts away the relative order of application of the rules of box-formation
and contraction on the premises of a box, like in the following example.

F?A,7A, B ) F?A,7A, B
m Contraction m Bozx .
7418 Bozx 2 A1B Contraction

Finally, besides the equivalence relation defined in [9], we will also need an extra reduction
rule allowing to remove unneeded weakening links when simulating explicit substitutions:

7A 7A
wcC

7A ?7A

This rule allows to simplify the proof below on the left into the proof on the right

_T_
% Weakening
ﬁ Contraction ﬁ



Notation We will call in the following R the system made of rules Az — cut, '® — ®, w — b,
d—b,c—0b, b—b and wc; we will name E the relation induced on PN by the contextual
closure of axioms A and B; we will write Rg for the system made of the rules in R and the
equivalences in F; finally, R;"¢ will stand for system Rg without rule wc.

Systems Rp and Rp"°¢, that contain F, are actually defining a notion of reduction modulo
an equivalence relatzon, so we write for example t — g, s if and only if there exist r' and
s' such that r =g ' — g s’ =g s, where the equality =g is the reflexive, symmetric and
transitive closure of the relation defined by A and B.

An example of reduction in Rg is given here:
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The reduction Rg is flexible enough to allow an elegant simulation of § reduction and of
explicit substitutions, but for that, we first need to establish that Rg is strongly normalizing.
Let us see this property in the next section.

3 Termination of Rg

We know from [9] that Rz"° is terminating, and we can show easily that wc is terminating
too, so if we could show that the we-rule can be postponed with respect to all the other rules
of Rp"¢, we would be easily done using a well-known abstract lemma. Unfortunately, there
is premsely one case in which we cannot postpone the we-rule: when a we reduction creates
an axiom-cut redex, which in turn can only happen if the axiom link in question introduces
an exponential formula as the following example of reduction sequence from ¢ to ¢’ shows:
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We remark that starting from the same proof net ¢ we cannot get the same result ¢’ by
delaying the application of the we-rule. This is due to the fact that the axiom involved in ¢
has exponential formulae and this is the only case in which the we-rule cannot be postponed.
As a consequence we can split our termination proof in the following way:

e We first prove that Rg is terminating on the set of proof nets without exponential az-
ioms (Theorem 3.7). This can be done with the postponement technique (Lemma 3.3),
because the counterexample given above only hold in proof nets with exponential ax-
ioms.

e We then show that termination of R on all proof nets in PN is a consequence of
termination of Rp on proof nets without exponential axioms (Theorem 3.11). To
obtain this result, we give a translation of any proof net in PN into a proof net
without exponential axioms which allows us to simulate the reduction notion Rg on
PN into the reduction notion Rg on proof nets without exponential axioms.

3.1 Termination of Ry on proof nets without exponential axioms

We show in this section that all the Rg-reduction sequences from a proof net without
exponential axioms terminate. We first remind the following result from [9]:

—wc

Lemma 3.1 (Termination of Rz“¢) The relation — pove is terminating on PN.

Then, we establish the termination of we.

Lemma 3.2 (Termination of wc) The relation — . is terminating on PN.

Proof. The we-rule strictly decreases the number of nodes in a proof net so no infinite
we-reduction sequence is possible. .

Finally, we show that given any proof net without exponential axioms, the we-rule can
be postponed with respect to any rule of R5"°.

Lemma 3.3 (Postponement of wc w.r.t R;*¢) Let ¢ be a proof net without exponential
axioms. If £ —y. —>pgzwe t', then, there is a sequence t—>+R¢Ewc —* e t.

Proof. Let t — e —Rpwe t' be a reduction sequence starting at ¢ with a we-
reduction step. Let us show that we can build an equivalent reduction t—>+R¢Ewc —* e
by analyzing all the possible cases.

We do not detail here the cases of disjoint redexes: if we apply the we- rule followed
by a rule R1 in Rz"¢ and if the redexes occur at disjoint positions, then it is evident that
R1 can be applied first, followed by we, and getting the same result. We study now all the
remaining cases:



. The rule ¢ — b, first possibility :

I
¢

. The rule ¢ — b, second possibility :

a b a b

B B’
a b
—_— [E— [E—
wcC v

c-b
wce

. The rule d — b, first possibility :



o
Q a

=1 b =
T we “db

®) gt b

I
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4. The rule d — b, second possibility :

® 8

wWC

o

o

wC

N oy

We notice that everything is happening as if the redexes were disjoint. This is due
to the fact that the d — b rule is non-duplicating and non-erasing w.r.t boxes. As a
consequence, the we-redex is still preserved after the application of the d — b rule.

5. The rule b — b, first possibility :



<
\

‘ C

6. The rule b — b, second possibility :
For the same reason as for d — b, the redexes are considered as disjoint.

7. The rule w — b, first possibility :

8. The rule w — b, second possibility :

[ 2] [~ ¢
C\/
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9. The other rules :

For all the other rules the redexes are disjoint. Indeed, only the contraction or the
weakening appearing in a reduction sequence can interact with another redex. How-
ever, during the elimination of the axiom-cut or the '®-® cut, neither the weakening
nor the contraction may interfere (for proof nets without exponential axioms).

2???°?27??

Until now we have only worked with reduction rules of Rg, but to complete our statement
we also need to show that the wc-rule can be delayed w.r.t one equivalence step. We proceed
as we did for the reduction rules. We do not study the cases where redexes are disjoint
because they are evident. The remaining cases are the following;:

1. Associativity :

Al A2 A3 Al A2 A2 A3
o O
S
A A

~A
Al A2 A2 A3 wce

Al
AN

@/\@;@ .

A
2. Box passing, first case :
A1l A2 Al A2
\@i Al A2
wC \@ ~B
N N
A A A

~A

Al Al @ we
A2 e A2
~5 \/
()
A A

3. Box passing second case :
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A1 A2 Al A2

Al A2
wce ~B
A
A

7

A

~A
Al A2 Al A2
@) ~a )
W)
©
© )
A

We can now put together the previous results to prove termination of Rg on the set of
proof nets without exponential axioms.
But first of all, we establish two propositions stating the stability of wc and Rz"°.

Proposition 3.4 (Stability by —,,. ) The set of the proof nets without exponential ax-
ioms is stable by the reduction —,,. . In other words, for every proof net r without
exponential axioms, if » — . 7' then r’ is a proof net without exponential axioms.

Proof. We know that the application of wc does not modify the formulae of a proof net.
As a consequence, it is easy to see that the set of proof nets without exponential axioms is
stable by — ¢ . .

Proposition 3.5 (Stability by — g-we ) The set of the proof nets without exponential
axioms is stable by the reduction —g_we . In other words, for every proof net r without
exponential axioms, if 7 — g-we 7' then 7' is a proof net without exponential axioms.

Proof. The cut-elimination rules are local reductions so that they do not add axioms to
the a proof net (and so, a priori no exponential axioms). As a consequence, the formulae
of a proof net are never modified and, if r does not have exponential axioms, then r' can
neither have exponential axioms. .

Mettre ’endroit ou on applique de la stability

Lemma 3.6 (Extraction of R7%¢) Let S be an infinite sequence of Rg-reductions start-
ing at a proof net ¢ without exponential axioms. Then, there is a sequence of Rg-reductions
from the same proof net ¢ which starts by ¢ — gowe t', where ¢’ is also a proof net with-
out exponential axioms, and which continues with an infinite sequence S’. We write this
sequence as (t —spoue t') - S

12



Proof. Let S be an infinite sequence of Rg-reductions starting at ¢:

t—Rp ---——>Ry --- ——Rg ---

We know, by Lemmas 3.2 and 3.1, that the systems wc and R;"¢ are both terminating,
so it is not possible to have an infinite sequence only made of wc or R5"¢. As a consequence,
the infinite sequence of Rp-reductions must be an infinite alternation of non-empty finite
sequences of wec and Rp"°.

Now, there are two cases: either the alternation of sequences starts with a sequence
of Rp"“-reductions, and then the result holds by taking the sequence S without its first
reduction step as S';

Or the alternation starts with a we-step :

t—T e — T powe —T e —TRowe L.
that is, written in other way
"
t—Twe —Rgee t'—"pove — T e — T Rue L.

In this case, we consider the sub-sequence P = t—7T .. —Rpwe t" of the sequence S
starting at ¢. This sub-sequence is composed by k reduction steps of wc and one reduction
of Rp¥¢. Let call R the remaining sub-sequence of S.

By applying Lemma 3.3 k times on P, we can move the rule of Rz"¢ at the head of the
sequence. By Propositions 3.5 and 3.4 we know that all the proof nets of this reduction
sequence are proof nets without exponential axioms. We thus obtain a finite sequence P’
which begins with a reduction ¢ — g_we t', and ends on ¢". As a consequence, P'- R is the

infinite sequence starting by a reduction R;"¢ we were looking for. .

Now it is easy to establish the fundamental theorem of this section:

Theorem 3.7 (Termination of Rr on proof nets without exponential axioms) The
reduction relation Rg is terminating on the set of proof nets without exponential axioms.

Proof. We show it by contradiction. Let us suppose that Rg is not terminating on those
nets. Then, there exist a proof net without exponential axioms ¢ and an infinite sequence
S of Rp starting at ¢t. By applying Lemma 3.6 to this sequence S, we obtain a sequence
(t —>pgwe t')-S' such that S is infinite again. If we iterate this procedure an arbitrary

—wc

number times, we obtain a sequence of Rz"“-reduction steps arbitrary long. This contradicts
the fact that R;"¢ is terminating. .

3.2 Termination of Rz on proof nets with exponential axioms

We know now that Rg is terminating on every proof net without exponential axioms, but
we want now to show even more: termination of Rg on all the proof nets. To achieve this
result, we show in this section how to associate to a proof net ¢, which can eventually contain
some exponential axioms, another proof net E(t) without exponential axioms, and such that
every reduction from ¢ of length n can be “simulated” on E(t) by another reduction of length
at least n. This property will be enough to reduce termination of Rg on proof nets with
exponential axioms to termination of R on proof nets without exponential axioms.

Now, we first observe that in the case of the MLL proof nets, one can use indifferently
nets with “atomic” axioms (i.e. the conclusions of the axiom links are atomic formulae) or
not, because we can easily replace a non-atomic axiom by its “expansion”: for example, if
A and B are two formulae, then the axiom

13



A®B AL o BL

can be replaced by

—T1 |

A B At B+

A®B Al o BL

We can iterate this procedure until no non-atomic axiom remains in the proof net, and
obtain in this way what we will write as exp(4 ® B ALoBL), the complete expansion
of the axiom A ® B AlwBL. An expanded proof net is still a well-formed proof net (as
defined in Section 2) and has the same dynamic properties of the original proof net, i.e. all
reductions on the original proof net can be simulated on the expanded proof net.

Starting from this observation, we could define expansion for MELL, and hope to obtain
a similar result. Nevertheless, it turns out that for our purposes it is enough to expand only
exponential axioms, without expanding all non atomic ones, so we will focus here on this
limited expansion of exponentials.

Let us formalize this special notion of complete expansion of an axiom, for which we can
associate a measure of complexity rk.

Definition 3.1 (Complete expansion of an axiom link) For each axiom link A At
we can associate a net exp(A A1) with same conclusions, defined by induction on the
complexity of the formula A as follows:

e cxp(A Aty =A AL if Ais not an exponential formula

e cxp(lA 7AL) = Qé

14 74t
which is well defined, because the formula A is smaller than !A.

Definition 3.2 (Measure of a complete expansion) We define the measure rk of a
complete expansion of an axiom by cases:

o rk(exp(A AL)) =0, if A is not an exponential formula
o rk(exp(?AL 14)) = 1 + rk(exp(A Al))
We can now define the notion of expanded net E(t) for every net t:

Definition 3.3 (Expanded net) The ezpanded net of a net t, written E(t), is the proof
net obtained from ¢ by replacing each occurrence of an exponential axiom a by exp(a).

For example, here is a proof net and its expanded net:

14
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The measure of the complete expansion of this net is 1.

Remark 3.8 The only difference between a proof net ¢ and its expanded net E(t) is on the
set of their axioms. So, for every reduction t — g, t' which does not affect the axioms of
t, there is a reduction E(t) — g, E(t').

We have now to show that there is no problem for the axioms either, and to do so we
need the following measure:

Definition 3.4 (Maximal distance of a cut) Given a proof net ¢ and a cut link on a
completely expanded axiom a in ¢, the measure d(a,t) is the maximal distance, in the proof
net ¢, between this cut and the first weakening or dereliction node encountered in the way
which leaves the cut, by the opposite extremity from the expanded axiom a, and go throw
the nodes from down to up (here up and down are used formally for the orientation of the
nodes presented in the introduction). More precisely, each node encountered and each box
passed on the way values 1, including the final dereliction or weakening node. This measure
is always finite on a finite proof net because there are no arbitrary long ascendant ways.

Example 3.9 In the following net, the maximal distance of the cut is 4.

Fully
expanded

axiom

Lemma 3.10 (Cut elimination on an expanded net) Let ¢t be an expanded net. A
cut in ¢ with a completely expanded axiom ezp(a) reduces in ¢ like in an ordinary axiom
cut. In other words,

Proof. We prove the property by induction on the lexicographic order (rk(exp(a)), d(exp(a),t))
where exp(a) is the completely expanded axiom in the proof net ¢.

15



All the cases such that rk(exp(a)) = 0 (including the base case) correspond to a proof
net in which ezp(a) is an axiom link, so the same reduction rule applies and the property
then trivially holds.  Otherwise, for rk(exp(a)) > 0, we must consider all the other cases,
which are separated in two different categories:

The cut formula has the following shape : ?A'. In this case, the proof net is expanded,
so the cut must necessarily take place with the principal door of a box :

exp( A At )
)
74t A 7L
| | |
! 1 y
1A 7A+ 1A 29 %L

then, we can eliminate the b — b cut to obtain :

exp( A At
® )
24+ A 729 %L
T
1A
1A 77*L
then, we eliminate the d — b cut :
exp( A At )
R
A 77+L
\ |
1A 77*L

finally, by definition, exp(A+ A) is smaller than exp(?A+L l4). So, the mea-
sure rk has decreased and we can apply the hypothesis induction on the axiom cut
connected with exp(A-+ A). Then we obtain :



Il

A 77+L
|
|

1A 77+L

The cut formula has the following shape : !A. In this case, there are several possibil-
ities for the node which is cut with the completely expanded axiom:

e A weakening node. In this case, it is not necessary to use the induction. ..

exp( At A)

We eliminate the w — b cut to obtain :

¥

?7A+

e A dereliction node. The cut has the following shape :

[ ]

I
exp( A At ) }
I

1A 7A+ 7A+
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then, as previously, we notice that the measure rk(exp(A+ A)) is smaller than
the measure rk(exp(? A+ 1A4)) so we can apply the induction to obtain:

AJ_

®

7A+

e A contraction node. In this case, the proof net has the following shape:

[ [
[ [
[ [
exp( A At ) | |
@ ?7A+ ?7A+
7A+
|
\ I
1A ?7A+ ?7A+

exp( A At exp( A At
@ \ @ \
74+ \ 74+ \
| |
\ I \ \ I \
1A 7At 7A+ A 7At 74+
l
74t
Now, the measure rk(exp(A+ A)) is the same but d has decreased in the new

proof net (we have one less contraction node), so that we can apply twice the
induction hypothesis to obtain the final proof net:

18



e An auxiliary door of a box. In this last case, we have this configuration :

7A+

exp( A At )
)
74t 24t B 72t
| | | |
! I | | |
1A 24+ 24+ B 77 %L
so that we can eliminate the b — b cut as follows:
exp( A At )
)
?7A*
| %
1A At 744
’ B 77+t
—
24+ B 27+t

Now, the measure rk(exp(A+

to obtain the final proof net:

e Since the proof net is expanded there is not cut with an exponential axiom, so

A)) is the same but d has decreased in the new
proof net (we have one less box), so that we can apply the induction hypothesis

R
7A+ B 77*t
| | |
| | |
?7A+ 1B 77t

there is no other case to consider.
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This allows us to establish the final result of this section :

Theorem 3.11 (Termination of Rg) The reduction R is terminating on all proof nets.

Proof. We establish this result by proving that each reduction step t — g, ¢ can be
simulated by at least one reduction step E(t)—" g, E(t').

If the reduction step ¢t — g, t' does not reduce any exponential axiom with a cut, then
we obtain the result immediately because the only difference between t and E(t) is on their
axioms. Indeed, we can reproduce the same reduction on E(t) in order to obtain E(¢') and
this concludes this case.

Otherwise, if t — g, t' reduces an exponential axiom a with a cut then by Lemma 3.10
there exist a non-empty sequence of reductions starting at E(t) which eliminates the com-
plete expansion of the axiom a, and gives the proof net E(t').

Now, to conclude the proof, suppose that there is a proof net ¢ such that the reduction
Rp is not terminating on ¢, that is, there is an infinite Rg-reduction sequence starting at
t. By the previous remark we can simulate this infinite reduction sequence by another Rp-
reduction sequence on expanded proof nets not containing exponential axioms. This leads
to a contradiction with Theorem 3.7 so that we can conclude that Rg is terminating on the
set of all proof nets. .

4 From )\; with de Bruijn indices to PN

We now study the translation from typed terms of the Aj-calculus [8] into proof nets. We
start by introducing the calculus, then we give the translation of types of \; into formulae
of linear logic, and the translation of terms of A; into linear logic proof nets PN. We verify
that we can correctly simulate every reduction step of A; via the notion of reduction Rg.
Finally, we use this simulation result to show strong normalization of the A;-calculus.

4.1 The )\,-calculus

The A;-calculus is a calculus with explicit substitutions where substitutions are unary (and
not multiple). The version studied in this section has variables encoded with de Bruijn
indices. The terms of \; are given by the following grammar:

M:= n variable
| AM abstraction
| (MM) application
| (k)M label
| [i/M,j1M  substitution

Intuitively, the term (k)M means that the k& — 1 first indices in M are not “free” (in the
sense of free variables of calculus with indices). The term [i/N,j]M means that the i — 1
first indices are not free in N and the j — 1 following indices are not free in M. Those indices
are used to split the typing environment of [¢/N, j|M in three parts: the first (resp. second)
one for free variables of M (resp. N), the third one for the free variables in M and N.

The de Bruijn indices we use start with 0 instead of 1. For example, the identity function
is written as I = AQ.

The reduction rules of A; are given in Figure 1 and the typing rules of \; are given in
Figure 2, where we suppose that |?| = ¢ and |A| = j.

We notice that for each well-typed term of the A;-calculus, there is only one possible
typing judgment. This will simplify the proof of simulation of )\; by easily considering the
unique typing judgment of terms.

As expected the Aj-calculus enjoys the subject reduction property [15].
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(b1) (AMN) — [0/N,0|M
(b2) ((KYAM)N) —  [0/N,k]M
(f) [i/N,jJAM) —  Ali+1/N,jIM
(a) [i/N,jl(MP) —  ([i/N,jIM)([i/N, j]P)
(e1) [i/N,j) (k)M — (j+k—-1)M ifi<k
(e2) [i/N,jJ(k)M —  (K)[i — k/N,jIM ifi>k
(1) [i/N,jlk — k ifi>k
(n2) [i/N,jli — ()N
(n3) [i/N,jlk — jt+k1 ifi<k
(c1) [i/N,jllk/P,I]M — [k/[i —k/N,j|P,j+1—1]M ifk<i<k+l1
(c2) [i/N.jllk/PIIM  —  [k/[i = k/N,jIPI][i =1+ 1/N,jIM if i>k+1
(d) @M — (i+)M
Figure 1: Reduction rules of A; with de Bruijn indices
. AFM:B
T A AL A Ariom T AF )M B ek
?FM:B—-A ?FN:B B,?+FM:C
7F(MN): A App TEAM B o ¢ Lambda

AIIFN:A 7, AII-M:B
?,AII+[i/N,j]M : B

Subst

Figure 2: Typing rules for A; with de Bruijn indices

Theorem 4.1 (Subject Reduction) If ¥+ M : C and M — M', then ¥+ M': C.

4.2 Translation of types and terms of ),
We use the translation of types introduced in [6] given by :

A* = A if A is an atomic type
(A— B)* = ?((A*)Y)»!B* (that is, !A* —!B*) otherwise

Since wires are commutative in proof nets, we feel free to exchange them when we define
the translation of a term. The translation associates to every typed term M of A;, whose
type judgment ends with the conclusion written below on the left, a proof net having the
shape sketched below on the right:

7FM:A 2704 A
Here is the formal definition of the translation T' from \;-terms into proof nets.
e If the term is a variable and its type judgment ends with the rule written below on

the left, then its translation is the proof net on the right
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L eob

7, A AR A 77eloasl 7Arl Ar
where i is the position of A in the typing environment,

e If the term is a A-abstraction and its type judgment ends with the rule written below
on the left, then its translation is the proof net on the right

T(M)

?272+L op+Ll c*
I

B?FM:C Lambd ‘ R
7?7FAMM :B—C amoda 22+L 7R L g IC*

e If the term is an application and its type judgment ends with the rule written below
on the left, then its translation is the proof net on the right

T(M)

277t Bt op AT ! T

?7W-M:B— A ?+FN:B App
?H(MN): A PREIE

e If the term is a substitution and its type judgment ends with the rule written below
on the left, then its translation is the proof net on the right

(V)
1]
L
AIIFN:A 7?7, AII+-M:B Sub
7 ALF [i/N,j]M : B ubst :

where i is the length of the list 7 and j is the length of the list A, then its translation
is the proof net

e Finally, if the term is a label and its type judgment ends with the rule written below
on the left, then its translation is the proof net on the right

_AEM:B o @
B 2A*L B* 29 %L

AR (M

where i is the length of the list 7, then its translation is the proof net
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4.3 Simulating )\-reduction

We now verify that our notion of reduction Rg on PN simulates the \;-reduction on typed
Ai-terms. It is in this proof that we find the motivation for our choice of translation from
A-terms into proof nets: with the more traditional translation sending the intuitionistic type
A — B into the linear !A — B, the simulation of the rewrite rule f would give rise to an
equality, not to a reduction step like in this paper.

Lemma 4.2 (Simulation of );) The relation Rg simulates the );-reduction on typed
terms: if ¢t —y, t', then T(t)—T g, T(t'), excepted for the rules e and d for which
we have T'(¢t) = T'(t').

Proof. The proof proceeds by cases on the reduction rule applied in the step t —y, t'.
Since reductions \; and Rg are closed under all contexts, we only need to study the cases
where reduction takes place at the head position of ¢. In the proof, rule wec is used to
simulate bs, e, ny,n9, n3, equivalence A is used to simulate a,cy,cs, and equivalence B is
used to simulate f,a,cy,co.

e rule b : (A\MN) — [0/N,0|M
The typing judgment of (AM N) ends with

B,?7+FM:A
TEAM B o A Lambda
TF OMN) - A

and its translation is the proof net

T(M)

7 1B*t Ax

7 7B*L 14 B

7B*L o 14* |

N

The typing judgment of [0/N,0]M must end with:

B?HFM:A ?FN:B
? F[0/N,0]M : A

Subst

and its translation is the proof net
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%
]

A*

Starting from the first proof net, we eliminate the ®-® cut, then the d — b cut and
finally the Ax — cut cut to obtain the final proof net.

e rule by : (((E)AM)N) — [0/N,k]M

The typing environment can be split in two parts 7 and A, where k is the length of
?. The typing judgment of (((k)AM)N) ends with

B,AFM:A

AFAM:B— A

?.AF()AM:B—>A ? AFN:B

7,AF ((KAM)N) : A

and its translation is the proof net

A ?B*L ax

A ?B*L 14

?7B*L g 14*

?

T(N)
0|l
%

1B* 7A*L

( IB* @ 7A*L
|

The typing judgment of [0/N, k]M must end with:

? AFN:B B,AFM:A

7AF [0/N, KM : A

and its translation is the proof net

Subst
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T(M)
T(N)
7B*+
A Brorooa
| | |
'B* ? A
\%
A* ? A

As for the b — 1 rule, we eliminate the *-® cut, then the d — b cut, and the Az — cut
cut. Finally, we apply the wc rule to achieve the desired result.

e rule f: [i/N,j]AM — A[i+1/N,j|M

The typing environment can be split in three parts 7, A, II, where ¢ is the length of
? and j is the length of A. The typing judgment of [i/N, j]AM ends with

B,2,C.TIF M: A
ATIFN:C 7,CIIFAM:B— A Lambda

T ATIF /NN B4 Jubst
and its translation is the proof net
T(M)
T(N)
P T
? o ?B*+a* 0%t
| | |
I I
> m ¢ & b
N N N
¢t 1c* A I
L
2B L 1A”
?7B*+ 1A I
The typing judgment of A[i + 1/N, j]M must end with:
AT+-FN:C B,?7,CIIFM:A
- ; Subst
B,?7, ANTIF[i+1/N,j]M: A
Lambda

7, ATIFNi+1/N,j]M:B - A

and its translation is the proof net
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T(M)
— T(N)
?B*L A*
C* A o
? II | | |
[ [ [
20+t 1c* A il
i
r f
? ?B*t1a* A o
?7B*L g 1A*

To reduce the first proof net into the second one, we must eliminate the b — b cut,
then use the equivalence relation B (we will exactly show how to use the equivalence
relations in the case of the rule a).

e rule a : [i/N,j|(MP) — (([i/N,j)1M)([i/N,j]P))

The typing environment can be split in three parts 7, A, II, where i is the length of
? and j is the length of A. The typing judgment of [i/N, j](M P) ends with

2,0IFM:B>A ?,CUFP:B
ATIFN:C ? C,IIF MP: A pp
; - Subst
7, AILF [i/N,j](MP) : A

and its translation is the proof net

The typing judgment of (([i/N, j]M)([i/N, j]P)) must end with:
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ATIFN:C ?,C,Hl—M:B—)ASb ATIFN:C ?,C’,HI—P:BSb
T AIE (i/N,jIM): B> A >ubst TATF (i/N.JP) B ubst
pp

7 AF (([i/N, M) (/N ]P)) : A

and its translation is the proof net

IB* 74+

IB* @ 7A*+

—

We eliminate the ¢ — b cut, then the b — b cut, and thus we get the following proof net:
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T
c* A I >
I W

\— 1c* A I

1B*7A4*+

—

(O~ I

\l

To get to the desired proof net we need to use the equivalence relations A and B which
were introduced in Section 2. To better understand how to use them, we focus on the
crucial informations, i.e. the contraction nodes and their connections with the nets
T(M), T(N) and T(P). Here is the net corresponding to the above net :

T(M)

We use the associativity axiom A to obtain :
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I
Again by associativity we get
T(M)
T(N) T(P) T(N)
II
11 I I
!
1 I
|
\ \
T I1
—
l
I

Using the B axiom we can put the contraction inside the box :
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T(M)
T(N) T(P) T(N)
II

11 I I

| !

1 I
II
I1

I

And finally we use the A axiom again to obtain the desired proof net :

T(M)
T(N) T(P) T(N)
i
o o o
T
/1_1 i
m
o

e rule e; : [i/N,jI{ik)M — (j+k—-1)Mifi<k
The typing environment can be split in four parts 7, A, II, and II', where i is the
length of 7, j is the length of A, and k (k > 4) is the length of ? plus the length of II

plus 1. The typing judgment of [i/N, j](k)M ends with

mEM: A Weak
AILI'EN:B TBILIE(RM:A
7 A LIV F [i/N, J(RYM : A ubst

and its translation is the proof net
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T(M) T(N)

L

o A ?B*L B* A I I

The typing judgment of (j + k — 1) M must end with:

II-M: A
PATIF G+k—DM:A ek
and its translation is the net
ool ") e
I ? ' A* A

Starting from the first proof net, we eliminate the w — b cut, then we apply the wc
rule and we finally obtain the desired proof net.

e rule e, : [i/N,j](k)M —s (k)[i — k/N,j]M if i > k

The typing environment can be split in four parts 7, 7', A, II, where i is the length
of 7 plus the length of 7', j is the length of A and k (k < i) is the length of 7. The
typing judgment of [i/N, j](k) M ends with

2B I M:A
AIIFN:B 2,7 ,B,IIF (k)M : A
? 2 ATLF [i/N, (k)M : A

Weak
Subst

and its translation is the proof net
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The typing judgment of (k)[i — k/N, j]M must end with:

ATIFN:B ?' . BXIFM:A
PUNIF [i— k/N,j)M : A
7,70 A ILF (k)i — k/N,j]M : A

Subst
Weak

and its translation is the proof net

T(M) T(N)

W —

|
? A* B*L B* A I

é \—”T*An

We notice that the two nets are already the same. This is the first of the exception
cases of the lemma.

e rule ng : [i/N,jlk — kifi>k

The typing environment can be split in five parts 7, A, 7/, A, II, where ¢ is the length
of 7 plus the length of ?' plus 1, j is the length of A and k (k < 7) is the length of 7.
The typing judgment of [i/N, jlk ends with

ATIFN:B 7 A7 B IFk:A f;xzome
7 A7 ATIF[i/N.jlk: A ubst
and its translation is the proof net
A*_L
T(N)

POOO | @

70 2A%L Ax7BrL B* A II

II

The typing judgment of k must end with:

7, A7 ATIFk: A

and its translation is the proof net
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A*J_
n 2 7024 A0 A
To reduce the first proof net into the second one it is enough to eliminate the w — b

cut and to apply the wc rule.

rule ny : [i/N,jli — ()N

The typing environment can be split in three parts 7, A, II, where i is the length of
? and j is the length of A. The typing judgment of [i/N, j]i ends with

ATIFN:A 7. ATFi: 4 Aviome

T AT /N, jli-A oubst
and its translation is the proof net
A*_L
0 o
Ww
n 7 TA*L A A A I

The typing judgment of (i) N must end with:

ATIFN:A

T ATIF ()N A ek
and its translation is the proof net
@ T(N)
? A* A I

Starting from the first proof net, we eliminate the d — b cut, then the Ax — cut cut,
and we apply the wc rule to obtain the desired proof net.

rule ng : [i/N,jlk — j+k-1ifi <k

The typing environment can be split in five parts 7, A, II, A, II', where i is the length
of 7, j is the length of A and k (k > i) is the length of ? plus the length of II plus 1.
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The typing judgment of [i/N, jlk ends with

A:]-_I)A:H/l_N:B ?BHAnll_k.Alémzome
7oA ILA I F[i/N,jlk: A ubst
and its translation is the proof net
A*L
T(N)

CICECRCH LY N

? I ?4*L A*?B*L B* A m 7A*L 1

o 74*+ g

The typing judgment of j+k-1 must end with:

TN LA F kel A4 1O

and its translation is the proof net

@@@@J@

? HI A*L A*

As for the n; rule, we eliminate the w — b cut, then we apply three times the we rule
to achieve the desired result.

e rule ¢ : [i/N,jl[k/P,]IM — [k/[i —k/N,jlP,j+1—-1M ifk <i<k+1

The typing environment can be split into five parts 7, 7', A, II, II', where i is the
length of 7 plus the length of 7', j is the length of A, k (k < i) is the length of 7 and
I (k+1 > i) is the length of 7' plus the length of II plus 1. The typing judgment of
[i/N,j][k/P,]]M ends with

2 BIOI'FP:C ?,C,I'+M:A
AILII'FN:B 7.2/ B, ILII' - [k/P,]M : A
? 70 AL+ [i/N, j][k/P,1]M : A

Subst
Subst

and its translation is the proof net
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Hl

The typing judgment of [k/[i — k/N,j]P,j + 1 — 1]M must end with:

AILIEN:B 2.BILIEP:C
AL F i — k/N,jIP: C ubst o oMk M- A

7 P AL [k/[i — k/N,jIP,j + - 1]M : A Subst

and its translation is the proof net

H/

To reduce the first proof net into the second one, we must eliminate the b —b cut, then
apply the equivalence relations A and B.

e rule ¢y : [i/N,jl[k/P,]\M — [k/[i — k/N,jlP,1][i =1+ 1/N,jIM if k+1 <

The typing environment can be split in five parts 7, 7', 7", A, I, where 7 is the length
of 7 plus the length of 7’ plus the length of 7", j is the length of A, k (k41 < i) is the
length of 7 and [ is the length of ?’. The typing judgment of [i/N, j][k/P,]M ends with
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20920 BIFP:C ?7,0,2",B,IIFM:A

ATIFN:B 70T B f/PAM A Subst
7,27 7 AILF [i/N, j|k/P,0M : A ubst
and its translation is the proof net
T(M) T(P) T(N)

[ I I [ I I I [ [ [ [

The typing judgment of [k/[i — k/N, j]P,l][i — 1 + 1/N, j]M must end with:

AIIFN:B ?',?2".BIFP:C ATIFN:B ?,C,2",B,IIFM: A

2T ATE i — kNP0 Oubst ?,C,?”,A,Hl—[z’—l+1/N,j]M:Asu:'stt
uos

-

[ T T [ T T
A* 2 ol 7B*J_7C*J_

36



Starting from the first proof net, we eliminate the ¢ — b cut, then the b — b cut, and
we apply the equivalence rules A and B to obtain the desired proof net.

eruled: (iI)(j)M — (i+j)M

The typing environment can be split in three parts 7, A, II, where i is the length of
? and j is the length of A. The typing judgment of (i)(j)M ends with

and its translation is the proof net

PY

The typing judgment of (i + j)M must end with:

A* II

nEM:A
T AT (i 4 )M A ek
and its translation is the proof net
@ @ T(N)
? A A* I

We notice that the two proof nets are already the same. This is the second of the
exception cases of the lemma.

4.4 The proof of strong normalization of ),

We are now able to show strong normalization of A;. To achieve this result, we use the
following abstract theorem (see for example [11]) :

Theorem 4.3 Let R = (O, R; U Ry) be an abstract reduction system such that Rs is
strongly normalizing and there exist a reduction system S = (O’, R'), with a translation T'
of O into O’ such that a — g, bimplies T(a)—+ g T'(b); a — g, bimplies T'(a) = T(b).
Then if R’ is strongly normalizing, Ry U R» is also strongly normalizing.

If we take O as the set of typed A\-terms, Ry as A\; — {e2,d}, Ro as {es,d}, O’ as the set
of proof nets and R’ as the reduction Rg, then, by the Theorem 4.3 and the fact that the
system including the rules {es, d} is strongly normalizing [8], we can conclude :

Theorem 4.4 (Strong normalization of )\;) The typed A;-calculus is strongly normal-
izing.
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5 The \;-calculus with names

In this section we present a version of typed A; with named variables. We first introduce the
grammar of terms, then the typing and reduction rules, and finally, we will briefly discuss
the translation of this syntax to PN.

The terms of this calculus are given by the following grammar:

M= z variable
| Az.M abstraction
| (MM) application
| AM label
| Mz, M,?,A] substitution

Intuitively, the term AM means that the variables in A are not in M, and the term
Mz, N,?,A] means that the variables in 7 do not appear in N (they only belong to the
type environment of M) and the variables A do not appear in M (they only belong to the
type environment of N).

Variables are bound by the abstraction and substitution operators, so that for example
x is bound in Az.z and in z[z, N, 7, A].

Terms are identified modulo a-conversion so that bound variables can be systemati-
cally renamed. Indeed, we have Ay.y[z,z,0,0] =4 M .y'[z,2,0,0] and Ay.y[z,=,0,0] =,
Ay.ylz',z,0,0] and M.y[z, 2z, {I}, 0] =4 N'.y[z, 2, {I'},0]. We remark that the conditions on
indices used in the typing rules given in Section 4.1 are now conditions on sets of variables.
The typing rules are given in Figure 3.

TEM:A TNA=

T o AFz: A Aviom T AFAM:A ek
TEFM:B— A ?l-N:BApp ?,x:AFM:B Lambd
?F(MN):A ?FAz:AM:B— A ~ombaa
ATIFN:A ?22:ATMFM:B (?,z:ANA=0
Subst

A,? IIF M[z,N,?,A]: B

Figure 3: Typing rules for the );-calculus with named variables

We remark that whenever ? F M|z, N, A, 1] is derivable, then ? necessarily contains A
and TII.
As expected the \j-calculus with names enjoys the subject reduction property.

Theorem 5.1 (Subject Reduction) If ¥ - M : C and M — M’, then ¥+ M': C.

Proof. By induction on the structure of terms. If the reduction takes place in an internal
position of M, then we can apply the induction hypothesis. Otherwise, we verify all the
possible cases.

e Rule b;.
U rx:AFM:C
UhkA:AM:A—C
UkAz: AM)N:C

(lamb) YFN:A
(app)
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U rx:AFM:C UYEFEN:A
U+ Mz,N,0,0]: C

(sub)

e Rule by. Without loss of of generality we can suppose that ¥ =7, A.

?x:AFM:C
THFXM:AM:A-C
TAFAMz:AM): A= C

AR (A(Az: AM))N : C

(lamb) A=A 7NA=0

(weak) ?7,AFN:A

(app)

Since z is bound in Az : A.M we can suppose that A = A does not contain z, so that
we obtain

7o AFM:C P ARN:A xz:ANA=0 A=A
? A M[z,N,0,A]: C

(sub)

e Rule f. Without loss of of generality we can suppose that ¥ =7 A Il and C = A —
C'.

?I,z:B,y: Ar M : ('
ATIFN:B T2y (lamb) (?,2:B)NA=0
? Iz:BFAXy:AM:C (sub)

2ATIE Ay AM)[z,N,?,A]: C

Since y is bound in Ay : A.M we can suppose that A does not contain y, so that we
obtain

AIFN:B ?z:By:A-M:C" (?,z:B,y:ANA=0
ALy AR M[z,N,(?,z: B),A]: C' (lamb)
AR ANy: AM[z,N,(?,z: B),A]: C

Y Y

e Rule a. Without loss of of generality we can suppose that ¥ =7 A II.

?I,z:BFM: A ?,I,z:BFP: A
ATIFN:B il s il (app) (?,z:B)NA=10 \
?,,z:BF(MP):C (sub

?,AIL+ (MP)[z,N,?,A]: C

ATIFN:B ?z:BFM:A—-C (?,2:B)NA=0

(sub)
?ATIE M[z,N,?,Al: A= C
ATIFN:B ?z:BFP:A (?,z:B)NA={ (sub)
su
?, AT Plz,N,?,A]: A
AT E M[z,N,?2,Al: A= C ?,AJTI+ Plz,N,?,A]: A
(app)

?,AIIF (M[z,N,?,A|P[z,N,?,A]) : C
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e Rule e;. Without loss of of generality we can suppose that ¥ = 7, A, TI. We know
also, by hypothesis, that z € A, so that A can be written as z : B,?" 11", where
?=72" T =1II',II" and such that the set difference ? \ A is 7’ and IT\ A is ¢t II'.

YOI FEM:C AN =

: ¢LI) =0 (weak) (?,z:B)NA =1
P ,z: BFAM :C (sub)
AT AM[z,N,?,A]: C

ATIFN:B

Since II' C II, then it is evident that AN’ = (§, and since ?' C ?, then AN?' =0
comes from the fact that (?,z : B)N A = (. Indeed, (A\2z) N (?",II') = P is a
consequence of AN (?',II') = (). We thus obtain

PIMEM:C (AUA\z)Nn@, 1) =0
?7,ATF(AUA\2)M :C

(weak)

e Rule e;. Without loss of of generality we can suppose that ¥ = 7 A II. We also
know, by hypothesis, that € A, so that A can be written as 7", II", where ? = 7',7",
Mm=1',1T"and so ?', ',z : B,A=7,Il,z : B.

P, z:BFM: P,z B)NA=

b ¢ .Ie:Bn 0 (weak) (?,z:B)NA=10
?,IIz:B+-AM : C (su
AT AM[z,N,?,A]: C

AIIFN:B

AMEN:B PWa:BEM:C 2=?\A T"=M\?
su
AL? F M[z,N,? \A,AU(A\?)]: C (weak)
?,AITF (2 NA)M[z,N,? \A,AU(A\?)]: C

e Rule n;. Without loss of of generality we can suppose that ¥ =7, A II.

AIIFN:B 7, x:B)NA=
?Myz:BrFy:C (az)  (*,2: B) / (sub)

A ylz, N,?7,AL: C

(az)
7 AIlyz:BFy:C

e Rule ny. Without loss of of generality we can suppose that ¥ =7, A TI.

ATIFEN:C ?z:Ckz:C (?,z:C)NA=10
A ylz, N,?7,AL: C

(sub)

ATIFN:C ?20nA=0
?2,ATIF?N: C

(weak)
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e Rule ¢;. Without loss of of generality we can suppose that ¥ = 7, A T, where 7 =
®' A, Q. Since z € &\ A, then ® can be written as ®',z : B.

' Qr:BIOIFP:C Ay:AQUFM:C Ay:AN(@,2:B)=10

AIFN:B (sub) (?,z:B)NA=19
' ANQ=7?2:B/IIFM[y,PA®:C
?,A I My, P,A,®][z,N,?,A]: C
ATIFN:B =2:B,®,QUFP:C (z:B,® QNA=0 (sub)
su
'O ATIIF Plz,N,? \AA]: C
Since y is bound in M|y, P, A, ®], then we can suppose that A does not contain y, so
that we obtain
' QANF Pz, N2 \AA:C Ay:AQUEM:C (y:AAN)N(A )= (sub)
su
O AN QAIIE My, Plz, N,7 \ A,ALAJAU (@ \2)]: C
e Rule ¢o. Without loss of of generality we can suppose that ¥ = 7, A T, where ? =
®, A, Q. We also have z ¢ ® U A.
®,. 0. z:B,IIFP: ANy:AQax:BIIFM: ANy:ANd =
AIFN:B i el ¢ KB ¢ Wy:4)n 0 (sub) (?,z:B)NA =10

3,A,Q=7,2:B,1F Mly,P,A,®]: C (

?,AILF M[y,P, A, ®|[z,N,?,A]: C

AIFN:B @, Qz:BIOFP:C (2,Qz:B)NA={(
o QA IF Plz,N,7\A,A]: C

(sub)
Since y is bound in M|y, P, A, ®], then we can suppose that A does not contain y, so

that we obtain

AIFN:B Ay:AQz:BIOFM:C (Ay:AQz:B)NA=0)
ANy: A QA TTE M[z,N,(?\®)+y,A]: C

(sub)

O,Q0,ATFPlz,N,2\AA:C Ay:AQATFMaN,(\®) +y,Al:C (Ay:ANd=0

b
7 AT F Mla, N, (7 \ ®) +y, Ally, Ple, N, \ A, A, A, @] : C (sut)

e Rule d. Without loss of of generality we can suppose that ¥ =7, A TI.

I-M:C TINA=0
(weak)
ATIFAM:C 7n(AI) =0 (weak)
7 AIF?AM: C

O-M:C (UA)NIT=0)
2 AIF(?UAM : C

(weak)
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(b1) (A : AM)N — Mz, N,0,0]
(ba) (AQQz : AM))N —  Mz,N,0,A]
(f) Ay : AM)[z,N,?,A] — Jdy:AM[z,N,? +y,A] if y g FV(N)
(a) (MP)[z,N,?,A] — (M[z,P,?,A]P[z,N,?, A])
(e1) AM[z,N,?,A] — (AU(A\z))M z €A
(e2) AM[z,N,?,A] — (?NA)M[z,N,? \A,AU(A\?)] z g A
(nl) y[.Z‘,N,?,A] — Y y;ém
(n9) zlz, N,7,A] — 7N
(1) Mly, P,A,®][z,N,?,A] — My, Plz, N,? \A,ALA,AU(®\z)] z€P\A
(ca) Mly, P,A,®][z,N,?,A] —  M[z,N,(? \ ®) +y,A]

[y, Plz,N,? \ A, A],A,? N @] r € PUA
(d) ?AM — (PUAM

Figure 4: Reduction Rules of the \;-calculus with named variables

We define the reduction rules only on typed terms, since we are focusing here on a
named version of the typed \; calculus with indices. These rules already give the flavor of
what a general notion of reduction for non-typed terms with names should be, but a precise
formalization of the untyped case is left for further work.

The reduction rules of the typed A;-calculus with names are given in Figure 4 (notice
that rule by is a particular case of rule by with A = ).

As customary in explicit substitutions calculi with names [3], we work modulo a-conversion,
so that we can suppose that in the rule Weak the set A does not contain variables that are
bound in M. Also, this allows us to restrict rule f, without loss of generality, to the case
where no variable capture arise.

6 Strong normalization of the \; calculus with names

We now give the translation of the terms of A; with names into proof nets in PN, and the
proof of strong normalization of ;.

6.0.1 Translation and simulation of )\; with names

In order to translate a term of )\; into a proof net, we use exactly the same translation
of types that we used in Section 4.2 and we then define the translation of a term M using
the type derivation of M.

The translation is then defined in the following way:

e If the term is a variable having a type derivation ending with

7z APz A Aviome

A*L
its translation is given by Q?
T

AR VNS
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e If the term is a A-abstraction having a type derivation ending with

x:B7FM:C
?FXe:B.M:B—C

T(M)
its translation is given by

77l 7Bi

Lambda

7B L !(7*

?7*i 7B*L g 10t

e If the term is an application having a type derivation ending with

?FM:B3A ?FN:B
A
7+ (MN): A PP

T(M)
T(N)

77+l 7oprlog

- W
v
<
3
v

its translation is given by

A 7741

e If the term is a substitution having a type derivation ending with

ATIFEN:A ?2,2:ATNFM:B (?,z:ANA=0
A2 T M[z,N,?,A]: B

Subst

its translation is given by

77xt B* It 7A

e If the term is a label having a type derivation ending with
?FM:A TNA=

T AFAM A Vedk
s T(M)
its translation is given by - @
?A*i B* 27 * 1
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We can clearly verify that the translation is identical to that given for A\; with de Bruijn
indices. This is completely normal since the type derivations are similar in both formalisms.

The simulation of the reduction rules of the \;-calculus with names by the reduction Rg
is identical to that given in Section 4.2 for the A;-calculus with indices. We just remark that
rule ng has no sense in the formalism with names so that the proof has one less case. We
just state the result without repeating a boring verification:

Lemma 6.1 (Simulation of \; with names) If ¢ A\;-reduces to t' in the formalism with
names, then T'(t)—1 g, T(t'), except for the rules es and d for which we have T'(t) = T'(t').

We can then conclude the following;:

Theorem 6.2 (Strong Normalization of \; with names) The typed \-calculus with
names is strongly normalizing.

7 Conclusion and future works

In this paper we enriched the standard notion of cut elimination in proof nets in order to
obtain a system Rp which is flexible enough to provide an interpretation of A-calculi with
explicit substitutions and which is much simpler than the one proposed in [10]. We have
proved that this system is strongly normalizing.

We have then proposed a natural translation from )\; into proof nets that immediately
provides strong normalization of the typed version of A;, a calculus featuring full composi-
tion of substitutions. The proof is extremely simple w.r.t the proof of PSN of \; given in [8]
and shows in some sense that \;, which was designed independently of proof nets, is really
tightly related to reduction in proof nets.

Finally, the fact that the relative order of variables is lost in the proof-net representation
of a term lead us to discover a version of typed A; with named variables, instead of de Bruijn
indices. This typed named version of A; gives a better understanding of the mechanisms of
the calculus. In particular, names allow to understand the manipulation of explicit weak-
enings in )\; without entering into the details of renaming of de Bruijn indices. However,
the definition of a general notion of reduction for non-typed terms with names remains as
further work.

This work suggests several interesting directions for future investigation: on the linear
logic side, one should wonder whether Rg is the definitive system able to interpret 8 reduc-
tion, or whether we need some more equivalences to be added. Indeed, there are still a few
cases in which the details of a sequent calculus derivation are inessential, even if we did not
need to consider them for the purpose of our work, like for example

5B yeaken kB
74,7, B | ckening FrB O
Fra,7,1p B o7 p Weakening

On the explicit substitutions side, we look forward to the discovery of a calculus with
multiple substitutions with the same properties as A;, in the spirit of .
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