
HAL Id: hal-00384694
https://hal.science/hal-00384694

Submitted on 15 May 2009

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Every unsolvable lambda-terme has a decoration
René David

To cite this version:
René David. Every unsolvable lambda-terme has a decoration. TLCA’99, May 1999, L’aquila, France.
pp.98-113. �hal-00384694�

https://hal.science/hal-00384694
https://hal.archives-ouvertes.fr


Hyhu| xqvroydeoh � whup kdv d ghfrudwlrq

Uhqì GDYLG
Oderudwrluh gh Pdwkìpdwltxhv1 Xqlyhuvlwì gh Vdyrlh I :66:9 Oh Erxujhw gx Odf1

hpdlo = gdylgCxqly0vdyrlh1iu

Devwudfw1 L jlyh d surri ri wkh frqmhfwxuh vwdwhg lq ^5` e| U1Nhuwk =
Hyhu| xqvroydeoh b whup kdv d ghfrudwlrq1

4 Lqwurgxfwlrq
Lq wklv sdshu L jlyh d surri ri wkh frqmhfwxuh vwdwhg lq ^5` e| U1 Nhuwk = Hyhu|
xqvroydeoh � whup kdv d ghfrudwlrq1

Ohw w eh xqvroydeoh1 Ghqrwh e| wn wkh whup rewdlqhg iurp w diwhu n pdq|
vwhsv ri khdg uhgxfwlrq dqg e| +g �$x , wkh whup g dssolhg wr wkh vhtxhqfh �$x
ri dujxphqwv1 Li w uhgxfhv wr w3/ vd| wkdw d vxewhup g3 ri w3 lv d ghvfhqghqw +fi1
gh�qlwlrq <, ri d vxewhup g ri w li lw lv d �frs|� ri g1

D vhtxhqfh +gn,n5Q ri � whupv lv d ghfrudwlrq iru +wkh frpsxwdwlrq ri, w li
wkhuh lv d vwulfwo| lqfuhdvlqj ixqfwlrq i iurp Q wr Q vxfk wkdw iru hyhu| n =
41 wi+n, @ �$� +gn �$xn, iru vrph �qlwh +qrq hpsw|, vhtxhqfh �$xn ri � whupv1
51 gn lv vroydeoh dqg gn.4 lv d ghvfhqghqw ri vrph hohphqw ri �$xn =

Frpphqwv/ qrwdwlrqv dqg h{dpsohv
41 Wkh gh�qlwlrq ri d ghfrudwlrq jlyhq deryh lv h{dfwo| wkh rqh ri ^5` exw/ lq

idfw/ wkh k|srwkhvlv �gn lv vroydeoh� lv xvhohvv vlqfh lw lv d frqvhtxhqfh ri wkh
rwkhu k|srwkhvlv +fi wkh fruroodu| 5 ,

51 Ohw � @ �{ +{ {,> L @ �{ {>E @ �e �i +i +e e i,, dqg \ @ +E E,1 \ lv wkh
Wxulqj �{hg srlqw rshudwru1

61 Ohw w @ +� �,= Wkhq wkh frqvwdqw vhtxhqfh +�, lv d ghfrudwlrq iru w vlqfh w
uhgxfhv e| khdg uhgxfwlrq wr w3 @ +� �, dqg wkh �uvw � lq w3 lv d ghvfhqghqw
ri wkh vhfrqg � lq w1

71 Ohw w @ +E E L,= Wkhq wkh frqvwdqw vhtxhqfh +E, lv d ghfrudwlrq iru w vlqfh
w uhgxfhv wr lwvhoi +lq 6 vwhsv, dqg wkh �uvw rffxuuhqfh ri E lq wklv uhgxfw lv
d ghvfhqghqw ri wkh vhfrqg rffxuhqfh ri E lq w1

81 Ohw z4 @ �{|} +} { |,> z5 @ �{|} +| +{ +} {,,,>U @ +z4 L z5, dqg
z6 @ +z5 U,= Wkhq/
� w @ +z5 U L z5,� +U z6, +lq 7 vwhsv,
� +U z6, � +z6 L z5, @ w3 +lq 6 vwhsv,
� +z6 L z5,� +z5 U L z5, @ w +lq : vwhsv,



Lw lv hdv| wr fkhfn wkdw z5> z6 dqg U duh vroydeoh dqg wkdw wkh ghvfhqghqw
frqglwlrq lv vdwlv�hg1 Wkxv wkh vhtxhqfh ^z5> U> z6> z5> U> z6> z5> ===` lv d
ghfrudwlrq iru w1 Qrwh wkdw w3 lv htxdo wr w exw w lv zulwwhq dv z5 dssolhg wr 6
dujxphqwv zkhuhdv w3 lv zulwwhq dv z6 dssolhg wr 5 dujxphqwv dqg wkxv wkh
U lq w3 lv qrw vhhq dv dq dujxphqw ri wkh khdg whup1

91 Rwkhu h{dpsohv fdq eh irxqg lq ^4`1
Wkh prwlydwlrq +vhh ^5`, ri wklv frqmhfwxuh lv wkh iroorzlqj = D prgho ri �

fdofxoxv lv vdlg wr eh vhqvleoh li doo wkh xqvroydeoh whupv duh htxdo lq wklv prgho1
Lw lv qrw hdv|/ lq jhqhudo/ wr fkhfn zkhwkhu d jlyhq prgho ri � fdofxoxv lv vhqvleoh
ru qrw1 Lq ^4` / ^6` U Nhuwk exlow dq xqfrxqwdeoh qxpehu ri judsk prghov zlwk
gl�huhqw htxdwlrqdo wkhrulhv exw kh zdv xqdeoh wr suryh wkh| zhuh vhqvleoh/
ehfdxvh wkh xvxdo dujxphqw ri uhgxflelolw| glg qrw zrun lq klv prghov1 Kh zdv
deoh wr vkrz wkdw klv prghov kdg qr fulwlfdo vhtxhqfhv +d vhpdqwlfdo qrwlrq kh
lqwurgxfhg, dqg kh vkrzhg wkdw d judsk prgho zlwkrxw fulwlfdo vhtxhqfhv lv
vhqvleoh 111 li klv frqmhfwxuh lv wuxh1

Wkxv/ wkh frqvwuxfwlrqv lq ^4` / ^6` dqg wkh suhvhqw sdshu vkrz wkdw wkhuh
duh xqfrxqwdeo| pdq| vhqvleoh glvwlqfw htxdwlrqdo wkhrulhv ri frqwlqxrxv prghov
+dqg vlploduo| iru wkh vwdeoh dqg vwurqjo| vwdeoh vhpdqwlfv,1

Dfnqrzohgjhphqwv Udlqhu Nhuwk kdv uhdg yhu| fduhixoo| wkh �uvw yhuvlrqv
ri wklv sdshu dqg vxjjhvwhg pdq| lpsuryhphqwv1 Wkdqnv/ Udlqhu1

5 Wkh lghd ri wkh surri
U1 Nhuwk gh�qhv d ghfrudwlrq rqo| iru wkh khdg uhgxfwlrq ri xqvroydeoh whupv/ l1h1
whupv zkrvh Eùkp wuhh lv B1 L gh�qh ehorz d ghfrudwlrq iru wkh frpsxwdwlrq +e|
ohiw uhgxfwlrq, ri dq| eudqfk ri d whup w1 D eudqfk lq w lv hlwkhu dq lq�qlwh eudqfk
ri lwv Eùkp wuhh ru d �qlwh rqh �qlvklqj zlwk B/ l1h1 d eudqfk lq w fruuhvsrqgv
wr dq lq�qlwh frpsxwdwlrq1 L suryh d pruh jhqhudo uhvxow +Wkh frpsxwdwlrq ri
dq| eudqfk lq dq| � whup dgplwv d ghfrudwlrq1 fi1 Wkhruhp 4, exw wklv jhqhudo
qrwlrq ri ghfrudwlrq lv qhfhvvdu| iru wkh surri ri hyhq wkh uhvwulfwhg fdvh1 Wkh
lghd ri wkh surri lv wkh iroorzlqj1

4, Ohw d eh d eudqfk ri w dqg e eh d eudqfk ri d vxewhup x ri w1 L vd| wkdw e lv
+w> d, xvhixo li/ lqwxlwlyho| +vhh wkh gh�qlwlrq 43, wkh frpsxwdwlrq ri wkh eudqfk
d ri w �xvhv� doo wkh qrghv ri dgguhvvhv e � l +l ? oj+e,, ri wkh Eùkp wuhh ri x1 L
�uvw vkrz wkdw +fi wkh sursrvlwlrq 8, li d eudqfk e ri x lv +w> d, xvhixo dqg wkhuh lv
d ghfrudwlrq iru +x> e,/ wkhq wkhuh lv d ghfrudwlrq iru +w> d,1 Wklv lv wkh uhdvrq iru
zklfk lw lv qhfhvvdu| wr h{whqg wkh qrwlrq ri ghfrudwlrq wr vroydeoh whupv1 Wkh
ghfrudwlrq ri dq xqvroydeoh whup w pd| �frph iurp� d ghfrudwlrq ri d vroydeoh
vxewhup x ri w1

5, Ohw w @ +x u4 === uq, dqg d eh d eudqfk lq w= Vd| wkdw d lv fuhdwhg e| wkh
dssolfdwlrq ri x wr u4 === uq li qhlwkhu lq x qru lq dq| ul wkhuh lv d eudqfk wkdw lv
+w> d, xvhixo1 L dovr vkrz +wklv lv wkh nh| srlqw ri wkh surri/ vhh wkh sursrvlwlrq
9, wkdw li wkh eudqfk d lq w @ +x u4 === uq, lv fuhdwhg e| wkh dssolfdwlrq ri x wr
u4 === uq> wkhq w uhgxfhv wr vrph w3 @ �$� +ul v4 === vp, iru vrph v4 === vp dqg



0 wkh rffxuuhqfh ri ul lq w3 lv d ghvfhqghqw ri wkh rqh lq w1
0 wkh eudqfk d lq w3 vwloo lv fuhdwhg e| wkh dssolfdwlrq ri ul wr v4 === vp=
Dfwxdoo| wkh sursrvlwlrq 9 lv d elw pruh frpsolfdwhg ehfdxvh zh kdyh wr ghdo

zlwk srvvleoh vxevwlwxwlrqv ri wkh iuhh yduldeohv1
6, Wkh wkhruhp 4 lv wkhq suryhg e| lqgxfwlrq rq wkh frpsoh{lw| ri w1 Li w lv lq

khdg qrupdo irup wkh uhvxow iroorzv lpphgldwho| iurp wkh lqgxfwlrq k|srwkhvlv1
Rwkhuzlvh w @ �$� +x u4 === us, iru vrph s � 4= Li wkh eudqfk d lv qrw fuhdwhg e|
wkh dssolfdwlrq ri x wr u4 === uq> l1h1 hlwkhu lq x ru lq vrph ul wkhuh lv d eudqfk
wkdw lv +w> d, xvhixo/ wkh uhvxow iroorzv iurp wkh lqgxfwlrq k|srwkhvlv dqg wkh
�uvw srlqw deryh1 Rwkhuzlvh/ zh jhw d ghfrudwlrq e| xvlqj uhshdwhgo| wkh vhfrqg
srlqw deryh1

6 Gh�qlwlrqv
Gh�qlwlrq 41 41 Ohw D eh wkh vhw ri �qlwh ru lq�qlwh olvwv ri hohphqwv ri Q� @

Q � i3j1 D �qlwh olvw lv fdoohg dq dgguhvv1
51 Ohw d/ d* eh lq D1 d � d* phdqv wkdw d lv dq lqlwldo vhjphqw ri d*1 Iru l

?oj+d,/ d � l ghqrwhv wkh uhvwulfwlrq ri d wr lwv �uvw l hohphqwv1
61 Wkh olvw d zlwk l dgghg dw wkh ehjlqqlqj +uhvs dw wkh hqg, zloo eh ghqrwhg e|

^l == d` +uhvs ^d == l`,1 Wkh hpsw| olvw lv ghqrwhg e| qlo1
Wr eh deoh wr suryh uhvxowv rq vxevwlwxwlrqv L qhhg vrph h{whqvlrq ri �= Wklv

lv forvho| uhodwhg +dqg d elw pruh jhqhudo, wr wkh gluhfwhg � fdofxoxv lqwurgxfhg
lq ^7`1
Gh�qlwlrq 51 41 � ghqrwhv wkh vhw ri � whupv1
51 Wkh vhw �3 ri whupv lv gh�qhg e| wkh iroorzlqj judppdu =

�3 @ Y m B m f+d> �, m �{ �3 m +�3 �3,
zkhuh
+d, Y lv wkh vhw ri yduldeohv
+e, d vxevwlwxwlrq lv d ixqfwlrq iurp Y wr �3 wkdw lv wkh lghqwlw| h{fhsw iru d

�qlwh vhw +fdoohg lwv grpdlq, ri yduldeohv1
+f, iru hyhu| dgguhvv d dqg hyhu| vxevwlwxwlrq/ f+d> �, lv d frqvwdqw1

61 D Eùkp ixqfwlrq lv d sduwldo ixqfwlrq i = D# iBj ^ i+H> {> s, @ H � Y>H
�qlwh/ { 5 Y> s 5 Qj zklfk vdwlv�hv =
+d, i+qlo, lv gh�qhg1
+e, i+^d == l`, lv gh�qhg l� i+d, @ +H/ {/ s, dqg l � s1
+f, Li i+d, @ +H/ {/ s,/ i+d*, @ +H*/ {*/ s*, dqg d 9@ d* wkhq H _ H* @ >=

Qrwdwlrqv/ frqyhqwlrqv dqg frpphqwv
� L dgrsw wkh Eduhqguhjw frqyhqwlrq wkdw yduldeohv duh dozd|v qdphg lq vxfk

d zd| wkdw wkhuh lv qr xqghvluhg fdswxuh dqg qr frqixvlrq ehwzhhq gl�huhqw
qdphv1

� �$� ghqrwhv d vhtxhqfh +srvvleo| hpsw|, ri devwudfwlrqv dqg +w �$u , uhsuhvhqwv
wkh whup w dssolhg wr d vhtxhqfh +srvvleo| hpsw|, ri dujxphqwv1



� f+d> �, uhsuhvhqwv wkh vxewhup +dw wkh dgguhvv d/ lq wkh hqylurqphqw jlyhq
e| �, ri wkh Eùkp wuhh ri vrph whup x wkdw zloo eh vxevwlwxwhg odwhu rq1

� D Eùkp ixqfwlrq frghv d Eùkp wuhh lq wkh iroorzlqj zd| = i+d, @ +i{4> ===>
{nj> {> s, +uhvs B, phdqv wkdw wkh qrgh dw wkh dgguhvv d lq wkh Eùkp wuhh
frghg e| i lv �{4===�{n +{ w4===ws, iru vrph whupv w4> ===> ws +uhvs B ,1

Gh�qlwlrq 61 Ohw �> �3 eh vxevwlwxwlrqv dqg w eh lq �3=
41 Wkh iuhh yduldeohv ri w duh gh�qhg e| wkh xvxdo uxohv dqg

� B kdv qr iuhh yduldeohv
� { lv d iuhh yduldeoh ri f+d/ �, l� { lv d iuhh yduldeoh ri �+|, iru vrph |

lq wkh grpdlq ri �=
51 Wkh vxevwlwxwlrq �+w, lv gh�qhg e| wkh xvxdo uxohv dqg

� �+f+d> �,, @ f+d> � � �, iru hyhu| � dqg d1
� �+B, @ B=

Ohppd 41 Hyhu| whup lq �3 fdq eh xqltxho| zulwwhq dv �$� +U �$u , zkhuh U lv
hlwkhu d yduldeoh ru B ru +�{ x y, ru f+d> �,=
Surri1 E| lqgxfwlrq rq wkh whup1
Gh�qlwlrq 71 41 Ohw w @�$� +U u4 === ut, eh lq �3 dqg i eh d Eùkp ixqfwlrq1

Rqh vwhs ri i0uhgxfwlrq ri w lv gh�qhg dv iroorzv =
� Li U @ { wkhq w lv lq i0khdg qrupdo irup dqg w kdv qr i0uhgxfw1
� Li U @ B

� Li w @ B wkhq w lv lq i0khdg qrupdo irup dqg w kdv qr i0uhgxfw1
� rwkhuzlvh/ wkh i0uhgxfw ri w lv B=

� Li U @ +�{ x y, wkhq wkh i0uhgxfw ri w lv �$� +�+x, u4 === ut, zkhuh �+{, @
y1

� Li U @ f+d> �,
� Li i+d, @ +~{4> ===> {n�/ {/ s, wkhq wkh i0uhgxfw ri w lv�$� �{m.4 === �{n +�3+{, f+^d == 4`> �3, === f+^d == s`> �3, um.4 === ut,

zkhuh m @Plq+n/ t,/ �3 @ � � � dqg � lv gh�qhg e| �+{l, @ ul iru 4
� l � m=

� Li i+d, @ B/ wkhq wkh i0uhgxfw ri w lv B=
� Li i+d, lv qrw gh�qhg wkh i0uhgxfw ri w lv qrw gh�qhg1

51 w $i w3 +uhvs w �i w3, phdqv wkdw w* lv wkh i0uhgxfw ri w +uhvs w* lv rewdlqhg
iurp w e| vrph/ srvvleo| }hur/ vwhsv ri i0uhgxfwlrqv,1

Frpphqwv dqg frqyhqwlrqv
� Dq h{dpsoh ri i0uhgxfwlrq lv jlyhq diwhu wkh gh�qlwlrq 431
� Li w lv lq � wkh i 0uhgxfwlrq lv wkh ruglqdu| khdg uhgxfwlrq +i lv qhyhu xvhg

dqg wkxv fdq eh dq|wklqj,1
� Li w lv lq �3 dqg i �uhsuhvhqwv� wkh whup x +vhh wkh gh�qlwlrq ;, wkh i0

uhgxfwlrq �fruuhvsrqgv� wr wkh +ruglqdu|, khdg uhgxfwlrq ri w3 zkhuh



� w3 lv wkh whup w zkhuh wkh frqvwdqwv f+d> �, kdyh ehhq uhsodfhg e| wkh
vxewhup ri wkh Eùkp wuhh ri x dw wkh dgguhvv d lq wkh hqylurqphqw �=

� �fruuhvsrqgv� phdqv wkdw wkh uhgxfwlrq lv wkh vdph h{fhsw wkdw wkh sduw
ri wkh frpsxwdwlrq ri w3 wkdw �frphv iurp� wkh frpsxwdwlrq ri wkh qrgh
dw wkh dgguhvv d lq wkh Eùkp wuhh ri x kdv ehhq irujrwwhq dqg lv jlyhq
e| wkh �rudfoh� i 1

� L doorz i+d, wr eh xqgh�qhg lq wkh gh�qlwlrq ri wkh i 0uhgxfwlrq ri w ehfdxvh
L pdgh qr uhvwulfwlrqv lq wkh gh�qlwlrq ri �3= Krzhyhu wkh w|slfdo vlwxdwlrq
zkhuh wkh i 0uhgxfwlrq lv xvhg lv wkh iroorzlqj1 Ohw w @ +x �$u , eh lq �/ i
�uhsuhvhqwv� x dqg w3 @ +f+qlo> Lg, �$u ,1 Lq wklv fdvh wkh i0uhgxfwlrq zloo
fohduo| dozd|v eh gh�qhg1

� Vlploduo|/ li w �frphv iurp� d � whup/ vlqfh L rqo| gr khdg uhgxfwlrqv wkh
frpsrvlwlrq �3 @ � � � +lq wkh fdvh U @ f+d> �,, lq idfw lv d frqfdwhqdwlrq
ri vxevwlwxwlrqv +fi wkh gh�qlwlrq 45 dqg wkh ohppd ;, exw L pxvw doorz dovr
frpsrvlwlrq zkhq L nqrz qrwklqj rq w1

� Zkhq w lv lq �/ L zloo qrw zulwh wkh v|pero i 1 Iru h{dpsoh L zloo zulwh w�
w3 lqvwhdg ri w �i w3 dqg vlploduo| iru doo wkh gh�qlwlrqv lq wklv vhfwlrq1 Iru
h{dpsoh kqi+w, lqvwhdg ri kqi+i> w, lq wkh qh{w gh�qlwlrq1

� Wkh ohwwhuv d> e> f> === duh uhvhuyhg iru hohphqwv ri D> wkh ohwwhuv i> j> === iru
Eùkp ixqfwlrqv dqg wkh ohwwhuv u> v> w> ==1 iru whupv lq �3= Wklv zloo dyrlg
srvvleoh frqixvlrqv1

Gh�qlwlrq 81 kqi+i> w, +wkh i0khdg qrupdo irup ri w, lv gh�qhg e|
41 � Li vrph vwhs ri wkh i0uhgxfwlrq ri w lv xqgh�qhg/ wkhq kqi+i> w, lv qrw

gh�qhg1
� Li w �i w3 iru vrph whup w* lq i0khdg qrupdo irup dqg w* 9@ B/ wkhq

kqi+i> w, @ w3 1 Lq wklv fdvh w lv vdlg wr eh i0vroydeoh1
� Li wkh i0uhgxfwlrq ri w grhv qrw whuplqdwh ru li w �i B / wkhq kqi+i> w, @
B1 Lq wklv fdvh w lv vdlg wr eh i0xqvroydeoh1

Gh�qlwlrq 91 Ohw d eh dq dgguhvv/ w eh lq �3 dqg i eh d Eùkp ixqfwlrq
41 d lv i0dffhvvleoh lq w lv gh�qhg e|

� qlo lv i0dffhvvleoh lq w
� ^l == o` lv i0dffhvvleoh lq w l� kqi+i/ w, @ �$� +{ w4=== wq,> 4 � l � q dqg o lv

i0dffhvvleoh lq wl
51 Ohw d eh i0dffhvvleoh lq w1 kqi+i> w> d, lv gh�qhg e|

� kqi+i> w> qlo, @ kqi+i> w,1
� kqi+i> w> ^l == o`, @ kqi+i> wl> o, zkhuh kqi+i> w, @ �$� +{ w4=== wq,

61 Ohw d eh i0dffhvvleoh lq w1 dgu+i> w> d, lv gh�qhg e|
� dgu+i> w> qlo, @ w1
� dgu+i> w> ^l == o`, @ dgu+i> wl> o, zkhuh kqi+i> w, @ �$� +{ w4=== wq,

Frpphqwv Lq wkh iroorzlqj w lv dvvxphg wr eh lq �=



� d lv dffhvvleoh lq w l� wkh Eùkp wuhh ri w +ghqrwhg e| EW +w,, kdv d qrgh dw
wkh dgguhvv d1

� kqi+w> d, lv wkh � whup zh jhw dw wkh dgguhvv d zkhq wkh frpsxwdwlrq ri wkh
qrgh dw wklv dgguhvv lq EW +w, lv whuplqdwhg1

� dgu+w> d, lv wkh � whup zh jhw dw wkh ehjlqqlqj ri wkh frpsxwdwlrq ri wkh
qrgh dw wklv dgguhvv lq EW +w,1

Gh�qlwlrq :1 Ohw d eh lq D/ w eh lq �3 dqg i eh d Eùkp ixqfwlrq1
41 d lv dq i0eudqfk lq w l�

� ;l ? oj+d, d � l lv i0dffhvvleoh lq w=
� li d lv �qlwh/ wkhq kqi+i> w> d, @ B

51 Dvvxph d lv dq i0 eudqfk lq w dqg n eh lq Q 1 Uhv+i> w> d> n, dqg Eu+i> w> d> n,
duh gh�qhg e|
� Uhv+i> w> d> 3, @ w dqg Eu+i> w> d> 3, @ d
� Li Uhv+i> w> d> n, lv qrw dq i0khdg qrupdo irup wkhq Uhv+i> w> d> n . 4, @

wkh i0 uhgxfw ri Uhv+i> w> d> n, dqg Eu+i> w> d> n . 4, @ Eu+i> w> d> n,
� Li Uhv+i> w> d> n, @ �$� +{ w4=== wq, dqg d @ ^l == o` wkhq Uhv+i> w> d> n.4, @

wl dqg Eu+i> w> d> n . 4, @ o
� Rwkhuzlvh Uhv+i> w> d> n, dqg Eu+i> w> d> n, duh xqgh�qhg1

61 w�i>d w3 phdqv wkdw w* @ Uhv+i/ w/ d/ n, iru vrph n1
Frpphqwv dqg h{dpsohv Lq wkh iroorzlqj w lv dvvxphg wr eh lq �=
41 Uhv+w> d> n, lv wkh whup zh jhw diwhu n pdq| vwhsv lq wkh frpsxwdwlrq ri wkh

eudqfk d ri EW +w,1
51 Li w3 @ Uhv+w> d> n, wkhq d3 @ Eu+w> d> n, lv wkh eudqfk ri w3 wkdw kdv wr eh

frpsxwhg wr �qlvk wkh frpsxwdwlrq ri wkh eudqfk d ri w1 Wkxv/ li w �d w3
dqg w3 �d3 w% wkhq w �d w%1

61 Ohw w eh lq �= Li w lv xqvroydeoh/ wkhq qlo lv wkh rqo| dffhvvleoh dgguhvv +dqg
wkh rqo| eudqfk, lq w1

71 Ohw w @ +L �{ +{ +� �,,,= Wkhq kqi+w> qlo, @ �{ +{ +� �,,> dgu+w> ^4`, @ +� �,
dqg kqi+w> ^4`, @ B= Wkh rqo| eudqfk ri w lv ^4`1

81 kqi+\> qlo, @ �i +i +E E i,,= kqi+\> ^4> 4> ===> 4`, @ +i +E E i,,= Wkh rqo|
eudqfk ri \ lv 44 @ ^4> 4> ===`1

91 Ohw z @ �{|} +} +| +{ { |,, }, dqg w @ +z z,1
0 kqi+w> qlo, @ �|} +} +| +z z |,, },/
0 kqi+w> ^4`, @ +| +z z |,,/
0 kqi+w> ^5`, @ }/
0 kqi+w> ^4> 4`, @ �}4+ }4 +| +z z |,, }4,
0 d lv dffhvvleoh lq w l� d @ ^4> 4> ===> 4` ru d @ ^4> 4> ===> 4> 5`1 Wkh rqo| eudqfk
ri w lv 44=

Gh�qlwlrq ;1 Ohw x eh lq �3 dqg j eh d Eùkp ixqfwlrq1
41 #+j> x, lv wkh Eùkp ixqfwlrq i gh�qhg dv iroorzv



� i+d, lv gh�qhg l� d lv j0dffhvvleoh lq x1
� i+d, @ +i{4> === > {nj> {> s, l� kqi+j> x> d, @ �{4 === �{n +{ w4 === ws, iru

vrph whupv w4> ===> ws
� i+d, @ B l� kqi+j> x> d, @ B=

51 Ohw w eh lq �31 w^j> x` lv wkh whup rewdlqhg e| uhsodflqj lq w wkh rffxuuhqfhv
ri f+d> �, e| �+dgu+j> x> d,, iru hyhu| d dqg �1

Frpphqw dqg h{dpsoh
� Prvw ri wkh wlph wkh suhylrxv gh�qlwlrq zloo eh xvhg zlwk x lq � dqg wkxv

w^j> x` dovr lv lq � dqg j lv xvhohvv1 Lq wklv fdvh wkh ixqfwlrq # ghvfulehv wkh
qrghv ri EW +x,1 Uhphpehu +fi1 wkh frqyhqwlrqv diwhu wkh gh�qlwlrq 7, wkdw/
lq wklv fdvh/ zh �irujhw� wkh dujxphqw j l1h1 zh zulwh #+x, dqg w^x`= Krzhyhu
wkh pruh jhqhudo gh�qlwlrq lv qhfhvvdu| wr suryh wkdw +vhh wkh sursrvlwlrq 5,
�wr eh xvhixo� lv d wudqvlwlyh qrwlrq1

� Ohw i @ #+\ ,1 Vlqfh \ � �{ +{ +{ +{ === zh kdyh i+qlo, @ +i{j> {> 4, dqg
i+^4> 4> 4===> 4`, @ +>> {> 4,

Gh�qlwlrq <1 Ohw w eh lq �3=
41 Wkh qrwlrq ri vxewhup ri w lv gh�qhg dv xvxdo/ zlwk wkh iroorzlqj dgglwlrqdo

uxoh1 x lv d +vwulfw, vxewhup ri f+d> �, li x lv d vxewhup ri �+{, iru vrph {=
51 Ohw i eh d Eùkp ixqfwlrq/ e eh i0dffhvvleoh lq w dqg w�i>e w31

� D vxewhup x* ri w* lv d uhvlgxh ri d vxewhup x ri w li lw lv d �frs| e|
�0uhgxfwlrq� ri x zkhuh/ srvvleo|/ wkh iuhh yduldeohv kdyh ehhq vxevwlwxwhg1
x* lv d ghvfhqghqw ri x li lw lv d uhvlgxh ri x dqg wkh iuhh yduldeohv kdyh
qrw ehhq vxevwlwxwhg1

� Wkh vxewhup x3 @ f+d3> �3, ri w* lv dq lpphgldwh vxffhvvru ri wkh vxewhup
x @ f+d> �, ri w li
w �i>e w4 @ �$� +f+d> �, �$u , $i w5 @ �$�3 +� 3+{, f+^d == 4`> � 3, === f+^d ==

s`> � 3, �$u3 ,�i>e w3
x* lv d uhvlgxh ri vrph hohphqw ri wkh vhtxhqfh f+^d == 4`> � 3, === f+^d ==

s`> � 3, lq w5
wkh rffxuuhqfh ri f+d> �, lq w4 lv d uhvlgxh ri x1

61 Wkh vxffhvvru uhodwlrq +ehwzhhq whupv dv f+d> �,, lv wkh wudqvlwlyh forvxuh ri
wkh lpphgldwh vxffhvvru uhodwlrq1

Uhpdun D pruh �irupdo� gh�qlwlrq ri wkhvh qrwlrqv +wkdw duh lqwxlwlyho| yhu|
fohdu, lv udwkhu whglrxv1 Iru pruh ghwdlov vhh ^5`1 Lw lv fohdu wkdw wkh qrwlrq ri
ghvfhqghqw jlyhq deryh lv h{dfwo| wkh rqh lq ^5`1 Lq sduwlfxodu/ li w @ +g �$x ,�d
+g3 �$x3 , dqg g3 lv d uhvlgxh ri vrph hohphqw ri wkh vhtxhqfh �$x wkhq lw lv dovr d
ghvfhqghqw ri wklv hohphqw1
Gh�qlwlrq 431 Ohw w/ x eh lq � dqg dvvxph wkdw w @ G+�+x,, iru vrph frqwh{w
G dqg vrph vxevwlwxwlrq �1 Ohw w* @ G+f+qlo> �,, dqg i @ #+x,1 Ohw d eh d eudqfk
lq w1



41 Ohw e eh dq dgguhvv dffhvvleoh lq x1 e lv +w/ d, xvhixo li/ iru vrph n/ �$y dqg
�/ Uhv+i> w3> d> n, @ �$� +f+e> �, �$y ,1

51 Ohw e eh d eudqfk lq x1 e lv +w/ d, xvhixo li wkhuh lv d vhtxhqfh ? nl> �l>�$yl Al?oj+e, vxfk wkdw/ iru hyhu| l/ Uhv+i> w3> d> nl, @ �$� +f+e � l> �l, �$yl ,
> pruhryhu wkh rffxuuhqfh ri f+e � l . 4> �l.4, lq Uhv+i> w3> d> nl.4, lv dq
lpphgldwh vxffhvvru ri wkh rffxuuhqfh ri f+e � l> �l, lq Uhv+i> w3> d> nl,=

Uhpdunv dqg h{dpsohv
� D frqwh{w lv d � whup +qrw d �3 whup $, zlwk vrph krohv1 Dv xvxdo/ lq d

vxevwlwxwlrq lq d frqwh{w vrph yduldeohv pd| eh fdswxuhg1
� Lw zloo eh vkrzq +vhh wkh sursrvlwlrq 4, wkdw/ zlwk wkh qrwdwlrqv ri wkh

suhylrxv gh�qlwlrq/ d lv dq i0eudqfk lq w3 dqg wkxv wkh gh�qlwlrq pdnhv
vhqvh1

� Prvw riwhq/ hlwkhu � lv wkh lghqwlw| +l1h1 x lv d vxewhup ri w, ru G lv dq
dssolfdwlyh frqwh{w +l1h1 w @ +�+x, �$u ,, exw lw lv qrw dozd|v wkh fdvh +vhh wkh
sursrvlwlrq 9, dqg L wkxv qhhg wklv jhqhudo gh�qlwlrq1 Lq idfw erwk fdvhv duh
hvvhqwldoo| wkh vdph vlqfh lw lv qrw gl!fxow wr suryh wkh iroorzlqj idfw1
Ohw w @ G+x, iru vrph frqwh{w G dqg d eh d eudqfk lq w1 Dvvxph wkdw wkh
dgguhvv qlo lq x lv +w> d, xvhixo/ wkhq w �d

�$� +�+x, �$u , iru vrph � zklfk
lv wkh lghqwlw| h{fhsw rq wkh iuhh yduldeohv ri x wkdw duh fdswxuhg e| wkh
frqwh{w G1

� Ohw w @ +\ L,1 w lv xqvroydeoh dqg wkxv qlo lv d eudqfk lq w1 44 lv d eudqfk
lq \ 1 Lw lv hdv| wr fkhfn wkdw 44 lv +w> qlo, xvhixo1

� Qrwh wkdw d whup w pd| kdyh pdq| vxewhupv hdfk ri wkhp kdv d eudqfk wkdw
lv +w> d, xvhixo1 Iru h{dpsoh/ ohw w @ +\4 I , +\5 I , zkhuh \4 @ \5 @ \ dqg
I @ �i�j +j i,= Wkh iroorzlqj uhgxfwlrq vkrzv wkdw wkh eudqfk 44 lq \4
+dqg vlploduo| iru \5, lv +w> qlo, xvhixo1Ohw i @ #+\ , dqg w3 @ +f+qlo> Lg, I +\ I ,,= Uhphpehu wkdw i+qlo, @
+i{j> {> 4, dqg i+^4> 4> ===> 4`, @ +>> {> 4,= Wkh i 0uhgxfwlrq ri w3 lv jlyhq e|
+zkhuh �+{, @ I , = w3 $ +I f+^4`> �, +\ I ,,� +\ I f+^4`> �,,�
+I +\ I , f+^4`> �,,� +f+^4`> �, +\ I ,,$ +I f+^4> 4`> �, +\ I ,,� ===

� Dovr qrwh wkdw/ iru dq lq�qlwh eudqfk e/ ehlqj +w> d, xvhixo lv vwurqjhu wkdw
vlpso| dvnlqj wkdw iru hyhu| l> e � l lv +w> d, xvhixo1 Ohw w @ +\4 K \5 3, zkhuh
\4 @ \5 @ \ / K @ �iqs +x q s +i q +v s,,,> x @ �qsd +q I +s I �{ d,,>
I @ �{| +| {,/ 3 @ �{| | dqg v @ �qi{ +i +q i {,,= Iru hyhu| n/ wkh
dgguhvv 4n lv +w> qlo, xvhixo erwk lq \5 dqg \41 Wkh eudqfk 44 ri \4 lv +w> qlo,
xvhixo exw wkh eudqfk 44 ri \5 lv qrw1 Wkh uhdvrq lv wkh iroorzlqj = x lv d
whup +jlyhq e| Pdxuh|, vxfk wkdw +x q s d, $ d iru hyhu| Fkxufk lqwhjhuv
q � s= Vlqfh \ pd| eh vhhq dv dq �lq�qlwh� Fkxufk lqwhjhu/ +x \ n d,$ d
iru hyhu| n dqg wklv frpsxwdwlrq �xvhv� wkh dgguhvv 4nri \= Lw iroorzv wkdw/
ohwwlqj J @ +\4 K,/ w @ +J \5 3,$ +J \5 4,$ +J \5 5,$ === 1 Lw lv hdv| wr
vhh wkdw/ lq wklv frpsxwdwlrq/ wkh qrgh dw wkh dgguhvv 4n.4 ri \4 wkdw lv xvhg
iru wkh uhgxfwlrq +J \5 n,$ +J \5 n.4, vdwlv�hv wkh ghvfhqghqw frqglwlrq
zkhuhdv/ vlqfh wkh rffxuuhqfh ri \5 lq +J \5 n.4, lv d �qhz� rqh/ wkh qrgh
dw wkh dgguhvv 4n.4 ri \5 wkdw lv xvhg lq wklv uhgxfwlrq grhv qrw vdwlvi| wkh
frqglwlrq1



Gh�qlwlrq 441 Ohw w eh lq �/ d eh d eudqfk ri w dqg +gq, d vhtxhqfh ri �
whupv1 +gq, lv d ghfrudwlrq iru +w> d, li wkhuh lv d vwulfwo| lqfuhdvlqj vhtxhqfh
+nq, ri lqwhjhuv dqg d vhtxhqfh +�$u q, vxfk wkdw iru hyhu| q � 3
41 Uhv+w> d> nq, @ �$� +gq �$uq,
51 gq.4 lv wkh ghvfhqghqw ri dq hohphqw ri �$uq
61 gq lv vroydeoh1
Wkhruhp 41 Ohw w eh lq � dqg d eh d eudqfk lq w1 Wkhq +w/ d, kdv d ghfrudwlrq1
Fruroodu| 41 Hyhu| xqvroydeoh � whup kdv d ghfrudwlrq lq wkh vhqvh ri ^5`1

7 Surri ri wkh wkhruhp
714 Vrph ohppdv rq wkh i0uhgxfwlrq dqg xvhixoqhvv
Lq wklv vhfwlrq L suryh hvvhqwldoo| wzr wklqjv = Wkh qrwlrq ri frpsxwdwlrq dqg
wkh qrwlrq ri xvhixoqhvv duh �wudqvlwlyh�1 Pruhryhu lq erwk fdvhv wkh qrwlrq ri
ghvfhqghqfh lv suhvhuyhg e| wklv wudqvlwlylw|1

Wkh �uvw rqh +pdlqo| wkh ohppd :, phdqv wkdw d frpsxwdwlrq +e| ohiw
uhgxfwlrq, fdq eh �sduwlwlrqhg� lq wkh iroorzlqj zd| = Ohw x eh d vxewhup
ri w= Jhw w3 e| uhsodflqj lq w wkh vxewhup x e| lwv Eùkp wuhh1 Wkh frpsx0
wdwlrq ri d eudqfk d ri w lv wkh vdph dv wkh frpsxwdwlrq ri wkh eudqfk d
ri w3 zkhuh/ zkhq d qrgh ri EW +x, dsshduv lq khdg srvlwlrq/ wkh frpsxwd0
wlrq ri wklv qrgh lv �lqvhuwhg�1 Wkhuh lv d +qrq hvvhqwldo, whfkqlfdo gl!fxow|
vkrzhg lq wkh iroorzlqj h{dpsoh = Dvvxph x � �{ x4 � �{ +{ y, wkhq
+x u, � +�{ x4 u, $ x4^{ =@ u` � +u y^{ =@ u`, dqg wkh rughu lv qrw h{0
dfwo| wkh vdph dv +x u,� +�{ x4 u,� +�{ +{ y, u,� +u y^{ =@ u`,= Wklv lv zk|
zh kdyh wr xvh elj vwhsv ri khdg uhgxfwlrq1

Wkh vhfrqg rqh lv jlyhq e| wkh sursrvlwlrq 51
Ohppd 51 Ohw w/ w* eh lq �3> i eh d Eùkp ixqfwlrq dqg d eh i0dffhvvleoh lq w1
Dvvxph w �i>d w3= Wkhq/ iru vrph d* � d/ w �i>d dgu+i> w> d3, �i w*1
Surri1 Lpphgldwh iurp wkh gh�qlwlrq1
Ohppd 61 Ohw y/ y* eh lq �3 dqg i eh d Eùkp ixqfwlrq1 Dvvxph wkdw y �i y31
41 Ohw � eh d vxevwlwxwlrq1 Wkhq �+y, �i �+y3,=
51 Ohw �$u eh d vhtxhqfh ri whupv dqg dvvxph y* grhv qrw ehjlq zlwk �= Wkhq

+y �$u , �i +y3 �$u ,
Pruhryhu lq erwk fdvhv wkh ohqjwk ri wkh i0uhgxfwlrq uhpdlqv wkh vdph1

Surri1 Qrwh wkdw wkh pruh jhqhudo fdvh/ zkhuh y3 ehjlqv zlwk �> lv wuhdwhg lq
wkh ohppd 81 Wkh surri lv e| lqgxfwlrq rq wkh ohqjwk ri wkh uhgxfwlrq dqg fdvh
dqdo|vlv1 Xvh wkh idfw wkdw �+x^{ =@ y`, @ �+x,^{ =@ �+y,`=
Ohppd 71 Ohw w eh lq �3 dqg i eh d Eùkp ixqfwlrq vxfk wkdw w lv i0xqvroydeoh1



41 Ohw � eh d vxevwlwxwlrq1 Wkhq �+w, lv i0xqvroydeoh1
51 Ohw �$u eh d vhtxhqfh ri whupv1 Wkhq +w �$u , lv i0xqvroydeoh1 Pruhryhu +w �$u ,

kdv qr uhgxfw ri wkh irup �$� +ul �$y , zkhuh ul lv d ghvfhqghqw ri dq hohphqw
ri �$u=

Surri1 41 Wklv iroorzv lpphgldwho| iurp wkh ohppd 61
51 Li w grhv qrw uhgxfh wr d whup ehjlqqlqj zlwk � wklv iroorzv lpphgldwho|

iurp wkh ohppd 61 Rwkhuzlvh ohw �$u @ +u4 === uq, dqg w3 eh wkh ohdvw vwhs
zkhuh � dsshduv1 Wkhq +e| wkh ohppd 6, +w�$u ,�i +w3 �$u , @ +�{ w4 �$u ,�i
+�+w4, u5 === uq, zkhuh �+{, @ u4= Wkh uhvxow iroorzv e| wkh ohppd 6 dqg e|
uhshdwlqj/ li qhfhvvdu|/ wkh vdph dujxphqw1

Fruroodu| 51 Ohw w eh lq �/ d eh d eudqfk ri w/ +gq, eh d vhtxhqfh ri � whupv/
+nq, eh d vwulfwo| lqfuhdvlqj vhtxhqfh ri lqwhjhuv dqg +�$u q, eh d vhtxhqfh ri �qlwh
vhtxhqfhv ri � whupv1 Dvvxph wkdw iru hyhu| q � 3
41 Uhv+w> d> nq, @ �$� +gq �$uq,
51 gq.4 lv wkh ghvfhqghqw ri dq hohphqw ri �$uq

Wkhq +gq, lv d ghfrudwlrq iru +w> d,1
Surri1 Wkh idfw wkdw gq lv vroydeoh iroorzv lpphgldwho| iurp wkh ohppd 71
Ohppd 81 Ohw y/ u4> 111/ us eh lq �3> � eh d vxevwlwxwlrq dqg i eh d Eùkp
ixqfwlrq1 Dvvxph wkdw y �i �{4=== �{n +x �$w ,1 Wkhq +�+y, u4 === us, �i
�{m.4=== �{n +�3+x, ��$�3+w, um.4 === us, zkhuh m @ Plq+n/ s,/ �3 @ � � � dqg � lv
jlyhq e| �+{l, @ ul iru 4 � l � m 1
Surri1 E| lqgxfwlrq rq n1 Wkh fdvh n @ 3 lv jlyhq e| wkh ohppd 61 Dvvxph
n � 41 Orrn dw wkh ohdvw vwhs lq wkh uhgxfwlrq y �i y3 zkhuh y3 ehjlqv zlwk
�/ vd| y3 @ �{4 y4= Wkhq/ zh kdyh wkh iroorzlqj vhtxhqfh ri i 0uhgxfwlrqv
= +�+y, u4 === us, �i +�{4 �+y4, u4 === us, $i +�4+y4, u5 === us, �i
�{m.4 === �{n +�3+x, ��$�3+w, um.4 === us, zkhuh �4 @ � � � dqg � lv jlyhq e| =
�+{4, @ u4= Wkh �uvw �i lv jlyhq e| wkh ohppd 6 dqg wkh odvw �i lv jlyhq e|
wkh lqgxfwlrq k|srwkhvlv1
Ohppd 91 Ohw w/ x eh lq �3> j eh d Eùkp ixqfwlrq dqg i @ #+j> x,= Dvvxph w
@ �$� +U u4 === us, dqg w* lv wkh i0uhgxfw ri w1 Wkhq
41 li U @ {/ wkhq w^j/ x` lv lq j0khdg qrupdo irup1
51 li U @ +�{ y z, ru B / wkhq wkh j0uhgxfw ri w^j/ x` lv w*^j/ x`1
61 li U @ f+d> �,

� Li i+d, @ B> wkhq w^j/ x` lv qrw j0vroydeoh1
� Li i+d, @ +i{4> ===> {nj> {/ t, wkhq w^j/ x` �j w*^j/ x`1

Surri1 +4, dqg + 5, duh fohdu1 +614, iroorzv iurp wkh ohppd 7 dqg +615, iroorzv
iurp wkh ohppd 81



Ohppd :1 Ohw w/ x eh lq �3> j eh d Eùkp ixqfwlrq/ i @ #+j> x, dqg d eh i0
dffhvvleoh lq w1 Dvvxph w �i>d w* @ �$� +U �$v , dqg U @ hlwkhu { ru +�{ y z, ru
f+e> �, dqg i+e, 9@ B= Wkhq/ w^j/ x` �j>d w*^j/ x`1 Pruhryhu/ ohw g* eh d vxewhup
ri w* wkdw lv d uhvlgxh +uhvs d ghvfhqghqw, ri d vxewhup g ri w1 Wkhq g*^j/ x` lv d
uhvlgxh +uhvs d ghvfhqghqw, ri wkh fruuhvsrqglqj vxewhup g^j/ x`1
Surri1 E| lqgxfwlrq rq wkh ohqjwk ri wkh uhgxfwlrq ri w1 Iru d @ qlo wklv iroorzv
iurp wkh ohppd 91 Li d @ ^l == e`/ wkhq w �i

�$� +{ w4 === wq,= E| wkh ohppd 9/
w^j> x` �j

�$� +{ w4^j> x` === wq^j> x`, �j>d wl^j> x` dqg wkh uhvxow iroorzv hdvlo| e|
lqgxfwlrq rq wkh ohqjwk ri d1
Sursrvlwlrq 41 Ohw w/ x eh lq �3> j eh d Eùkp ixqfwlrq dqg i @ #+j> x,= Ohw d
eh lq D1 Wkhq d lv dq i0eudqfk lq w l� d lv d j0eudqfk lq w^j/ x`1
Surri1 Lw iroorzv lpphgldwho| iurp wkh ohppd 9 wkdw w kdv dq i 0khdg qrupdo irup
l� w^j> x` kdv d j0khdg qrupdo irup1 Pruhryhu li kqi+i> w> qlo,@ �{4=== �{n +{ w4===
ws, wkhq kqi+j> w^j> x`> qlo, @ �{4=== �{n +{ w4^j> x` === ws^j> x`,= Wkh uhvxow iroorzv
hdvlo|1
Gh�qlwlrq 451 Ohw �> �3 eh vxevwlwxwlrqv1 � @ � � �3 li iru hyhu| yduldeoh {
� li �+{, 9@ { wkhq �+{, @ �+{, dqg �3+{, @ {
� li �3+{, 9@ { wkhq �+{, @ �3+{, dqg �+{, @ {
� rwkhuzlvh �+{, @ {

Gh�qlwlrq 461 Ohw x eh lq �= Gh�qh/ iru d dffhvvleoh lq x/ IY+x/ d, e| =
� IY+x/ qlo, @ >
� IY+x/ ^d == l`, @ Iy+x/ d, ^ i{4 === {nj zkhuh kqi+x/ d, @ �{4 === {n +{ �$u ,

Ohppd ;1 41 Ohw w @ +�+x, �$u , eh lq �/ w* @ +f+qlo/ �, �$u ,> e eh dffhvvleoh lq
w/ i @ #+x,> w* �i>e w% dqg f+d/ �, eh d vxewhup ri w�1 Wkhq � @ � � �3 iru
vrph �3 zkrvh grpdlq lv lqfoxghg lq IY+x/d,1 Pruhryhu/ iru hyhu| yduldeoh
| lq wkh grpdlq ri � / iru hyhu| d* Ad dqg hyhu| { lq IY+x/ d*, 0 IY+x/ d,/
{ lv qrw iuhh lq �+|,=

51 Vlploduo| iru w @ G+�+x,, zlwk � @ � � �% � �3 zkhuh wkh grpdlq ri �% lv
lqfoxghg lq wkh vhw ri yduldeohv fdswxuhg e| wkh frqwh{w G1

61 Pruhryhu li f+d*/ � 3, lv d ghvfhqghqw ri f+d/ �, wkhq � 3 @ � � � iru vrph �
zkrvh grpdlq lv lqfoxghg lq IY+x/ d*, 0 IY+x/ d,

Surri1 Wklv frphv lpphgldwho| iurp wkh idfw wkdw zh duh grlqj khdg uhgxfwlrq
+dqg ri frxuvh wkh uhqdplqj uxoh wr dyrlg fdswxuh,1 Pruh suhflvho|/ wklv lv suryhg
e| lqgxfwlrq rq wkh ohqjwk ri wkh uhgxfwlrq w3 �i>e w% e| d vlpsoh fdvh dqdo|vlv1
Ohppd <1 Ohw w @ +�+x, �$u , eh lq �/ e eh d eudqfk lq w dqg i @ #+x,1 Ohw w*
@ +f+qlo/ �, �$u ,1



41 Dvvxph w* �i>e
�$� +f+d> �, �$v , dqg x �d dgu+x> d, � �{4=== �{n +g �$y , �

�{4=== �{n === �{n.n3 +g3 �$y3 , dqg g* lv wkh ghvfhqghqw ri dq hohphqw ri �$y =
Wkhq w �e

�$� +�+g, �+�$y , �$z , �e
�$�3 +�3+g3, �3+�$y3 , �$z3, dqg �3+g3, @ �+g3,

lv d ghvfhqghqw ri wkh fruuhvsrqglqj hohphqw ri �+�$y ,=
51 Vlploduo| dvvxph wkdw =

� w*�i>e
�$� +f+d> �, �$v ,�i>e

�$�3 +f+d3> � 3, �$v3 , iru vrph d ? d3 dqg f+d3> � 3,
lv d vxffhvvru ri f+d> �,=

� x �d3 dgu+x> d, � �$� +g �$y , �d3 dgu+x> d3, � �$� +g3 �$y3 , dqg g* lv wkh
ghvfhqghqw ri dq hohphqw ri �$y =

Wkhq w �e
�$� +�+g, �+�$y , �$z ,�e

�$� +�3+g3, �3+�$y3 , �$z3, dqg �3+g3, @ �+g3, lv
d ghvfhqghqw ri wkh fruuhvsrqglqj hohphqw ri �+�$y ,=
Surri1 41 E| wkh ohppd ;/ � @ ���4= E| wkh ohppd :/ w�e

�$� +�+dgu+x> d,, ��$v^x`,
dqg/ e| wkh ohppd 8/�$� +�+dgu+x> d,, ��$v^x`,� �$� +�+g, �+�$y , �$z ,� �$�3 +�3+g3,
�3+�$y3 , �$z3, zkhuh � @ �3 �� +uhvs �3 @ �%��, dqg wkh grpdlq ri �3 +uhvs �%,
lv lqfoxghg lq i{4 === {nj +uhvs ~{4 === {n.n3j,1 E| wkh ohppd ;/ � @ � � �3
dqg �3 @ � ��%1 Vlqfh g3 lv wkh ghvfhqghqw ri dq hohphqw ri �$y wkh yduldeohv
{n.4 === {n.n3 gr qrw dsshdu lq g3 dqg �+g3, @ �3+g3,=

51 Vlploduo| w�e
�$� +�+g, �+�$y , �$z ,�e

�$� +�3+g3, �3+�$y3 , �$z3, zkhuh � @ ���3>
�3 @ � � �%dqg wkh grpdlq ri �% lv lqfoxghg lq IY +x> d3, � IY +x> d,1
Vlqfh g3 lv wkh ghvfhqghqw ri dq hohphqw ri �$y > g3 kdv qr iuhh yduldeohv lq
IY +x> d3,� IY +x> d, dqg wkxv �3+g3, @ �+g3,=

Sursrvlwlrq 51 Ohw w/ x/ y eh lq �> d +uhvs e/ f, eh d eudqfk lq w +uhvs lq x/ y,=
Dvvxph wkdw e lv +w/ d, xvhixo dqg f lv +x/ e, xvhixo1 Wkhq f lv +w/ d, xvhixo1
Surri1 Ohw w @ G+�+x,,> x @ H+�+y,,= Ohw w3 @ G+f+qlo> �,,> x3 @ H+f+qlo> �,,1
Ohw I @ G+�+H,,= Wkhq w @ I +� � �+y,,= Ohw w% @ I +f+qlo> � � �,,= L rqo|
suryh w% �j>d

�$� +f+f � m> �m, �$um , iru hyhu| m ? oj+f,/ zkhuh j @ #+y, 1 L vkrxog
suryh d elw pruh/ qdpho| wkdw wkh fruuhvsrqglqj f+f � m> �m, duh lq wkh lpphgldwh
vxffhvvru uhodwlrq +vhh wkh gh�qlwlrq 43,1 Wklv lv udwkhu whglrxv wr zulwh exw wklv
iroorzv lpphgldwho| iurp wkh surri1

Ohw i @ #+x, dqg g @ f � m= Vlqfh f lv +x> e, xvhixo/ x3 �j>e
�$� +f+g> � 3,

�$u ,= Wkxv/ e| wkh ohppd 5/ x3 �j>e dgu+j> x3> e3, �j
�$� +f+g> � 3, �$u , iru vrph

e3 � e1 Vlqfh e lv +w> d, xvhixo/ w3 �i>d
�$� +f+e3> �3, �$v ,= Fohduo| w% @ w3^j> x3`1 Wkxv/

e| wkh ohppdv : dqg 8 > w%�j>e
�$� +�3+dgu+x3> e3, �$v ,�j>e

�$� +f+g> �%, �$u3 ,=
Sursrvlwlrq 61 Ohw w @ +�+x, �$u , eh lq � dqg e eh d eudqfk lq w1 Ohw d eh d
eudqfk lq x wkdw lv +w/ e, xvhixo1 Dvvxph wkdw Uhv+x/ d/ n, @ �$� +x4 �$y4 ,= Wkhq/
� Iru vrph m dqg vrph �> Uhv+w/ e/ m, @ �$� +�+x4, �+�$y4 , �$z ,=
� Ohw f eh d eudqfk lq x4 wkdw lv +Uhv+x/ d/ n,/ Eu+x/ d/ n,, xvhixo1 Wkhq f lv

+Uhv+w/ e/ m,/ Eu+w/ e/ m,, xvhixo1



Surri1 E| wkh ohppd 5/ x�d dgu+x> d4,� �$� +x4 �$y4 , @ x3= Ohw w3 @ +f+qlo> �,> �$u ,
dqg i @ #+x,= Vlqfh d lv +w> e, xvhixo w3 �i>e

�$� +f+d4> �4, �$v ,= Wkxv w �e�$� +�4+dgu+x> d4,, �$v , �e
�$� +�+x4, �+�$y4 , �$z , @ Uhv+w> e> m, @ w%= Ohw d3 @

Eu+x> d> n, dqg e% @ Eu+w> e> m,1 Vlqfh d lv +w> e, xvhixo/ lw lv fohdu wkdw d3 lv
+w%> e%, xvhixo dqg vlqfh f lv +x3> d3, xvhixo/ e| wkh sursrvlwlrq 5/ f lv +w%> e%,
xvhixo1

715 Wkh nh| uhvxowv
Wkh sursrvlwlrqv 8 dqg 9 jlyh wkh nh| srlqwv phqwlrqhg lq wkh vhfwlrq 51 Lqwx0
lwlyho| wkh sursrvlwlrq 9 jlyhv wkh qh{w vwhs ri wkh ghfrudwlrq dqg wkh sursrvlwlrq
: lv wkh whfkqlfdo uhvxow wkdw doorzv wr lwhudwh wkh frqvwuxfwlrq1
Sursrvlwlrq 71 Ohw x eh lq �= Dvvxph wkdw x lv xqvroydeoh dqg +gn, lv d ghfr0
udwlrq iru +x/ qlo,1
41 Ohw � eh d vxevwlwxwlrq1 Wkhq +�+gn,, lv d ghfrudwlrq iru +�+x,> qlo,=
51 Ohw w @ +x �$u , 1 Wkhq wkhuh lv d vhtxhqfh +�n, ri vxevwlwxwlrqv vxfk wkdw

+�n+gn,, lv d ghfrudwlrq iru +w> qlo,=
Surri1 Wkh �uvw fdvh lv wulyldo vlqfh/ e| wkh ohppd 6/ li x� x3 wkhq �+x,� �+x3,=
Iru wkh vhfrqg fdvh ohw s eh wkh ohqjwk ri �$u = Li s @ 3/ wklv lv wulyldo1 Dvvxph
s � 41 Li/ iru hyhu| n>Uhv+x> qlo> n, grhv qrw ehjlq zlwk � wkh uhvxow iroorzv iurp
wkh ohppd 61 Rwkhuzlvh/ ohw n eh wkh ohdvw lqwhjhu vxfk wkdw Uhv+x> qlo> n, @
�{ x31 Vlqfh +gn, lv d ghfrudwlrq iru +x> qlo,> ohw +nq, eh wkh vhtxhqfh vxfk wkdw
Uhv+x> qlo> nq, @ �$� +gq �$yq,=

Dvvxph �uvw wkdw n3 A n= Wkhq +e| wkh ohppd 6, +x�$u , � +�{ x3 �$u , �
+�+x3, u5 == us, zkhuh �+{, @ u4= Uhshdwlqj wkh vdph dujxphqw zlwk +�+x3, u5 us,
|lhogv wkh uhvxow1

Dvvxph wkdw n3 � n= Ohw q3 eh wkh odujhvw lqwhjhu vxfk wkdw nq3 � n= Wkhq
+e| wkh ohppd 6, iru q � q3 Uhv+w> qlo> nq, @ +gq �$y q �$u ,= Uhv+w> qlo> nq3, �+�{ x3 �$u ,� +�+x3, u5 === us, zkhuh �+{, @ u4= Vlqfh +gq,qAq3 lv d ghfrudwlrq iru
+x3> qlo,> +�+gq,,qAq3 lv d ghfrudwlrq iru +�+x3,> qlo,1 Vlqfh gq3.4 lv d ghvfhqghqw
ri dq hohphqw ri yq3 > { lv qrw iuhh lq gq3.4= Uhshdwlqj wkh vdph dujxphqw zlwk
++�+x3, u5 === us, > qlo, |lhogv wkh uhvxow1
Sursrvlwlrq 81 Ohw w/ x eh lq � dqg e +uhvs d, eh d eudqfk lq w +uhvs x,1 Dvvxph
d lv +w/ e, xvhixo dqg ohw +gn, eh d ghfrudwlrq iru +x/ d,1 Wkhq wkhuh lv d vhtxhqfh
+�n, ri vxevwlwxwlrqv vxfk wkdw +�n+gn,, lv d ghfrudwlrq iru +w/ e,1
Surri1 0 Li d lv lq�qlwh/ wkh vhtxhqfh +�n, lv hdvlo| frqvwuxfwhg e| xvlqj wkh
ohppd <1

0 Li d lv �qlwh wkh vhtxhqfh +�n, lv hdvlo| frqvwuxfwhg e| xvlqj wkh ohppd <
iru wkh �qlwh sduw ri wkh eudqfk dqg wkh sursrvlwlrq 7 iru lwv odvw qrgh1
Sursrvlwlrq 91 Ohw w @ +x u4 111 uq, eh d � whup dqg d eh d eudqfk lq w1 Dvvxph
wkhuh lv qr eudqfk qhlwkhu lq x qru lq dq| ul wkdw lv +w/ d, xvhixo1 Wkhq wkhuh lv
? l> n/ x4/ � A vxfk wkdw/ ohwwlqj w3 @ Uhv+w/ d/ n, dqg d3 @ Eu+w/ d/ n, =



� w3 @ �$� +�+x4, �$y , iru vrph �$y >
� x4 @ +ul v4 === vp, dqg �+ul, @ ul lv d ghvfhqghqw ri lwv rffxuuhqfh lq w1
� Iru 4 � m � p> vm kdv qr eudqfk wkdw lv +w3/ d3, xvhixo
� x4 kdv d eudqfk wkdw lv +w3/ d3, xvhixo1
Frpphqwv Wkh lqwxlwlrq ri wkh surri lv wkh iroorzlqj = Vlqfh wkhuh lv qr

xvhixo eudqfk lq x wkh vhw ri xvhixo qrghv lq EW +x, lv +e| Nùqlj*v ohppd, �qlwh1
Dvvxph/ iru h{dpsoh/ wkdw w @ +�{�| +{ v4 v5, u4 u5,= Wkhq w � +u4 v34 v35,= Liwkhuh lv qr xvhixo eudqfk qhlwkhu lq v34 qru lq v35 zh duh grqh1 Rwkhuzlvh wkhuh
lv vxfk d xvhixo eudqfk lq/ vd|/ v34= Wkxv w � �$� +v34 �$z , iru vrph �$z = E| wkh
ohppdv ri wkh vhfwlrq 714 lw lv pdlqo| hqrxjk wr suryh wkh uhvxow iru v34= Exww3 @ +�{�| v4 u4 u5, � v34 dqg wkh fduglqdolw| ri wkh vhw ri xvhixo qrghv ri w3 lv
vpdoohu wkdq wkh rqh ri w= Zh jhw wkh uhvxow e| uhshdwlqj wkh suhylrxv dujxphqw1

Ehiruh jlylqj wkh surri L jlyh dq h{dpsoh ri wkh gl!fxow fdvh +wkh fdvh 51e
lq wkh surri,1 Wklv lv wkh h{dpsoh 71619 lq ^4`1 Ohw z @ �{|} +| +{ +} {,,,/
U @ �} +} L z, dqg w @ +z U L z,= w lv xqvroydeoh1 z>U> L duh qrupdo dqg vr
wkh| gr qrw kdyh d eudqfk wkdw lv +w> qlo, xvhixo1 w� +L +U +z U,,,� +U +z U,,=
Zh fdqqrw fkrrvh wkh vwhs +L +U +z U,,, dqg wkh dujxphqw L dv wkh �uvw hohphqw
ri wkh ghfrudwlrq iru w vlqfh wkh xqvroydelolw| lv douhdg| fuhdwhg +dqg �xvhg�, lq
+U +z U,,= Zh zloo fkrrvh wkh qh{w vwhs +U +z U,, dqg wkh dujxphqw U ehfdxvh/
dw wklv vwhs/ wkh xqvroydelolw| lv qrw |hw fuhdwhg vlqfh U dqg +z U, duh vroydeoh1
Wkxv/ khuh/ wkh vroxwlrq lv = n @ 7> x4 @ +U +z U,,> l @ 4> � @ Lg dqg �$y lv
hpsw|1
Surri1 Ohw H @ ~e 2 e lv dq dgguhvv dffhvvleoh lq x/ wkdw lv +w> d, xvhixo�1 Qrwh
wkdw iru e lq H> kqi+x> e, 9@ B ehfdxvh rwkhuzlvh e zrxog eh d eudqfk lq x wkdw
lv +w> d, xvhixo1

L gh�qh d surfhgxuh wr frqvwuxfw wkh ghvluhg ? l> n> x4> � A dqg d eudqfk lq x1
Wklv surfhgxuh kdowv +dqg L wkxv jhw wkh uhvxow, ehfdxvh rwkhuzlvh wklv phdqv zh
dozd|v duh lq wkh fdvh +4, ehorz dqg wklv surfhgxuh kdv frqvwuxfwhg dq lq�qlwh
eudqfk lq x wkdw lv +w> d, xvhixo dqg wklv lv d frqwudglfwlrq1 Qrwh wkdw L fdqqrw
xvh wkh idfw wkdw H lv �qlwh +dqg suryh wkh uhvxow e| lqgxfwlrq rq wkh fduglqdolw|
ri H,= Lqwxlwlyho| wklv lv dfwxdoo| wkh dujxphqw xvhg exw zh fdqqrw irupdol}h lw
lq wklv zd|1 Li H lv lq�qlwh/ e| Nùqlj*v ohppd/ wkhuh lv dq lq�qlwh eudqfk e vxfk
wkdw iru hyhu| l> e � l 5 H exw +vhh wkh h{dpsoh diwhu wkh gh�qlwlrq 43, wklv grhv
qrw lpso| wkdw e lv +w> d, xvhixo1

qlo fohduo| lv lq H1 Ohw kqi+x> qlo, @ �{4 === {n +{ z4 === zs,> m3 @ Plq+n> q,
dqg � lv jlyhq e| �+{m, @ um iru m � m3= Lw lv fohdu wkdw m3 � 4 ehfdxvh rwkhuzlvh
w uhgxfhv wr �$� +{ �$z �$u , dqg wkhq x ru vrph ul zrxog kdyh d eudqfk wkdw lv
+w> d, xvhixo1
4, Dvvxph �uvw wkdw { @5 i{4 === {nj= Wkhq w� �{m3.4 === {n +{ �+z4, === �+zs,
um3.4 === uq, dqg wkxv d 9@ qlo 1 Ohw d @ ^l == o`1 Li l A s/ wkhuh lv d eudqfk lq ul
wkdw lv +w> d, xvhixo dqg wklv frqwudglfwv wkh k|srwkhvlv1 Wkxv l � s1 Ohw x3 @
�{4 === {m3 zl= Wkhq w �d �+zl, dqg +x3 u4 === uq, � �+zl,= Wkh �uvw qrgh ri
wkh eudqfk frqvwuxfwhg e| wkh surfhgxuh lv l= Uhshdw wkh surfhgxuh +wr jhw wkh
rwkhu qrghv, zlwk +x3 u4 === uq,=



5, Dvvxph wkdw { @ {l1 Wkhq w� �{m3.4 == {n +ul �+z4, == �+zs, um3.4== uq,=d, Dvvxph �uvw wkdw iru 4 � t � s> �+zt, kdv qr eudqfk wkdw lv +w> d,
xvhixo1 Wkhq ? l> m3> x4> Lg A zkhuh x4 @ +ul �+z4, === �+zs, um3 === uq, fohduo|
vdwlv�hv wkh frqfoxvlrq ri wkh sursrvlwlrq1

e, Dvvxph wkdw/ iru vrph 4 � t � s/ �+zt, kdv d eudqfk wkdw lv +w> d, xvhixo=
Fodlp

Wkhuh lv e lq H dqg m � m3 vxfk wkdw kqi+x> e, @ �$� +{m v4 === vo, dqg
�+kqi+x> e,, kdv d eudqfk wkdw lv +w> d, xvhixo exw qr �+vp, kdv vxfk d eudqfk1
Surri

Qrwh wkdw dgu+x> ^t`, @ zt= E| wkh k|srwkhvlv/ ^t` lv lq H1 Ohw kqi+x> ^t`, @�$� +| v4 === vo,= Li | @ {m dqg qr �+vp, kdv d eudqfk wkdw lv +w> d, xvhixo/ e @ ^t`
vdwlv�hv wkh frqfoxvlrq ri wkh fodlp1 Rwkhuzlvh vrph �+vp, kdv d eudqfk wkdw
lv +w> d, xvhixo1 +Surri = Li | @ {m wklv lv fohdu1 Li | @5 i{4 === {nj> �+kqi+x>
^t`,, @ �$� +| �+v4, === �+vo,, dqg wklv lv djdlq fohdu vlqfh d eudqfk lq �+kqi+x> ^t`,,
lv d eudqfk lq vrph �+vp,,1 Zh pd| uhshdw wkh dujxphqw zlwk e @ ^t == p`1 Li
wkh fodlp idlov zh jhw lq wklv zd| dq lq�qlwh eudqfk lq x wkdw lv +w> d, xvhixo1
+T1H1G1 ri wkh fodlp,

Ohw +e> m, eh jlyhq e| wkh fodlp1 Ohw w3 @ +f+qlo> Lg, u4 === uq, dqg i @ #+x,= w3
�i>d

�$� +f+e> �, �$z , iru vrph � @ � � �3 dqg wkxv w �d
�$� +�+dgu+x> e,, �$z ,1 E|

wkh ohppdv 8 dqg ;/ wkhuh lv d vxevwlwxwlrq � 3 vxfk wkdw �$�+�+dgu+x> e,, �$z ,��$� +�+{m, �+�$v , �$y , @ Uhv+w> d> n, zkhuh � @ � � � 3 @ � � �3 � � 3 1 Wkhq/
? m> n> x4> �3 � � 3 A vdwlv�hv wkh frqfoxvlrq ri wkh sursrvlwlrq/ zkhuh x4 @
+um ��$�+v,, @ �++{m v4 === vo,,=
Sursrvlwlrq :1 Ohw +gq,q�3 +uhvs1 +�$xq,q�3> +�$yq,q�4> uhvs1 +dq,q�3> uhvs1
+�q,q�4, eh d vhtxhqfh ri � whupv +uhvs1 eh vhtxhqfhv ri �qlwh vhtxhqfhv ri �
whupv/ uhvs1 eh d vhtxhqfh ri hohphqwv ri D/ uhvs1 eh d vhtxhqfh ri vxevwlwxwlrq,=
Dvvxph wkdw iru hyhu| q � 3
� wq @ +gq �$xq, dqg dq lv d eudqfk lq wq1
� Iru vrph nq> Uhv+wq> dq> nq, @ �$�q +�q.4+wq.4, �$y q.4, dqg dq.4 lv +Uhv+wq/

dq> nq,> Eu+wq> dq> nq,, xvhixo1
� gq.4 lv wkh ghvfhqghqw ri dq hohphqw ri wkh vhtxhqfh �$xq
� �q.4+gq.4, @ gq.4=

Wkhq/ wkhuh lv dq lqfuhdvlqj vhtxhqfh +�q, ri vxevwlwxwlrqv vxfk wkdw wkh
vhtxhqfh +�q+gq,, lv d ghfrudwlrq iru +w3> d3,=

Surri1 L frqvwuxfw +e| lqgxfwlrq rq q, d vhtxhqfh ? mq> uq> eq> �q A vxfk wkdw
= u3 @ w3> m3 @ 3> �3 @ Lg> e3 @ d3 dqg/ iru q � 4> uq @ Uhv+u3> e3> mq, @�$� +�q+wq, �$zq,> eq @ Eu+u3> e3> mq,> �q+gq, @ �q�4+gq, dqg dq lv +uq> eq, xvhixo1
Lw lv fohdu wkdw wkh vhtxhqfh +�q, vdwlv�hv wkh frqfoxvlrq1

wq �dq
�$�q +�q.4+wq.4, ��$yq.4,= Vlqfh dq lv +uq> eq, xvhixo dqg e| wkh sursr0

vlwlrq 6/ uq �eq u3q @ �$� +�$� q +�q+�q.4+wq.4,, �q+��$yq.4,, �$zq, iru vrph �q dqg�$zq=



Fohduo| u3q � �$�3 +�q.4+wq.4, ���$zq.4, @ Uhv+u3> d3> mq.4, iru vrph ���$zq.4 zkhuh
�q.4 @ �q � �q.4��q dqg wkh grpdlq ri �q lv lqfoxghg lq wkh yduldeohv lq �$� q1
Vlqfh gq.4 lv wkh ghvfhqghqw ri dq hohphqw ri �$xq> gq.4 lv qrw d�hfwhg e| �q 1
Vlqfh/ e| wkh k|srwkhvlv/ �q.4+gq.4, @ gq.4> zh kdyh �q.4+gq.4, @ �q+gq.4,=
Ilqdoo|/ djdlq e| wkh sursrvlwlrq 6/ dq.4 lv +uq.4> eq.4, xvhixo1

716 Hqg ri wkh surri ri wkh wkhruhp
Ohw w eh d � whup dqg d eh eudqfk lq w1 Wkh h{lvwhqfh ri d ghfrudwlrq lv suryhg
e| lqgxfwlrq rq wkh frpsoh{lw| ri w1
� Li w @ �{ x ru w @ +{�$u , wkh uhvxow iroorzv lpphgldwho| iurp wkh lqgxfwlrq
k|srwkhvlv1

� Li w @ +x u4=== uq, dqg wkhuh lv/ hlwkhu lq x ru lq vrph ul> d eudqfk wkdw lv +w> d,
xvhixo1 Iru h{dpsoh/ vd| e lv vxfk d eudqfk lq x1 E| wkh lqgxfwlrq k|srwkhvlv
wkhuh lv d ghfrudwlrq ri +x> e, dqg e| wkh sursrvlwlrq 8 wkhuh lv d ghfrudwlrq
iru +w> d,1

� Rwkhuzlvh w @ +x u4=== uq, dqg wkhuh lv qr eudqfk qhlwkhu lq x qru lq dq| ul
wkdw lv +w> d, xvhixo1 Ohw d3 @ d> g3 @ x/ �$x3 @ u4 === uq> w3 @ +g3 �$x3, dqg �$y3
eh wkh hpsw| vhtxhqfh1 E| wkh sursrvlwlrq 9 wkhuh lv ? l> n3> w4> � A vxfk
wkdw/ ohwwlqj w3 @ Uhv+w3> d3> n3, dqg d3 @ Eu+w3> d3> n3, =
� w3 @ �$� +�+w4, �$y4 ,> w4 @ +ul v4 === vp,> �+ul, @ ul iru vrph whupv
v4 === vp �$y4 dqg vrph vxevwlwxwlrq �=

� Iru 4 � m � p/ vm kdv qr eudqfk wkdw lv +w3> d3, xvhixo
� w4 kdv d eudqfk d4 wkdw lv +w3> d3, xvhixo1

Ohw g4 @ ul dqg �$x4 @ v4 === vp= Qr vm kdv d eudqfk wkdw lv +w4> d4, xvhixo
vlqfh/ rwkhuzlvh/ e| wkh sursrvlwlrq 5 vxfk d eudqfk zrxog eh +w3> d3, xvhixo1 Zh
pd| djdlq xvh wkh sursrvlwlrq 9 zlwk w4 dqg wkh eudqfk d4= E| uhshdwlqj wkh
vdph dujxphqw zh jhw vhtxhqfhv vdwlvi|lqj wkh k|srwkhvlv ri wkh sursrvlwlrq :
dqg wkxv d ghfrudwlrq iru w1
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