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Abstract- Non integer order systems are used to model diffusion
in conductive parts of electrical machines as they lead to more
compact and knowledge models but also to improve their
precision. Nevertheless, non integer order models have been
established under linear conditions. It is than interesting to study
the influence of saturation on such model parameters. In this
article, a linear half-order impedance model of a ferromagnetic
sheet deduced from the diffusion of the magnetic field is
introduced. Then, a non linear half-order impedance model of the
sheet is proposed. It is finally validated by performing 3D finite
element simulations and experimentally verified on a 3 kVA
saturated synchronous machine.

L INTRODUCTION

Current embedded generation requires to come back over the
modelling of supply groups of various principles and power
ranges in order to study the impact of their integration on the
dynamic behaviour of systems as aeronautic systems. The
current aim is then to improve modelling in order to optimize
the control of these systems which are highly subjected to
manifold disruptions or state uncertainties (load steps,
saturations, time-delays and so on).

In this article, we have focused on synchronous machine
modeling. It is then necessary not only to supply accurate
models of machines over a wide range of frequencies, but also
to include knowledge in models. Moreover, model order has to
be reduced as robust control techniques lead also to high-order
controllers [1]. The system order is then so high that classical
dynamic studies like stability become difficult.

In most generators, as frequency increases, induced currents
can no longer be neglected. Equivalent circuits of synchronous
machines are then improved by including ladder elements with
constant parameters [2,3]. However, as this effect is a
distributed phenomenon described by partial differential
equations, classical improved equivalent circuits must include
in theory an infinite number of lumped and constant
parameters.

In previous works, the authors have proposed an alternative
way of modelling based on non integer order systems. These
systems have then been used to model diffusion in conductive
parts of electrical machines as they lead to more compact and
knowledge models but also to improve their precision [4].
Nevertheless, non integer order models rest valid for linear

cases. It is than interesting to study the influence of saturation
on such model parameters as saturation strongly influences the
field current and the load angle for each load behaviour
condition [5].

As robust control can be applied to non linear processes, the
non-linearity may be taken into account as an uncertainty
which influences the control design. The proposed model
would then present three retrieved benefits: a knowledge model
with a much reduced order and a global simplicity compared to
finite element models, magnetic equivalent circuit, artificial
neural networks or even models based on cross-magnetization
which lead to d and q axes inductances which depend on the q
and d armature currents [5,6,7].

In this paper, the authors have focused on the modelling of
saturation of ferromagnetic sheet using half-order systems.
Following an overview of non integer order systems, a linear
half-order impedance model of a ferromagnetic sheet deduced
from the diffusion of the magnetic field is briefly introduced as
this work has been already detailed in previous works [4].
Then, from physical considerations, a non linear half-order
impedance model of the sheet is proposed taking into account
of saturation and diffusion both. The proposed model is finally
validated by performing 3D finite elements simulations and
with tests performed on a synchronous machine of 3 kVA
working in saturated conditions.

IL. PRESENTATION OF NON-ORDER SYSTEMS

Some linear systems can be represented by constant
parameter differential equations which order n is non integer or
even complex. Such systems are used for complex systems
control, non-Newtonian fluids modeling, fractal structures or
distributed parameters systems which are represented by partial
differential equations [8].

A normalized system of order 1 can be characterized by the
following transmittance:
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where @ is the cut-off frequency of the system and u the
normalized frequency (in per unit).
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A non integer order system of order n is very similarly
characterized by equation (2). As an instance, Fig. 1 describes
the Bode diagram of both half-order and integer order systems

presented above.
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Fig. 1: Bode diagrams of first and half-order systems

Therefore, it should be noticed that the gain asymptote of a
half-order system decreases by 10 dB along a decade and the
phase asymptote is -45°.

The main property of non integer systems is their
compactness, as they include at the same time slow and fast
dynamics; their time response can then be divided in two
phases; first, the system starts to answer very quickly to
solicitations, then it spends a long time to reach the end value.

In electrical engineering, non integer order systems have
been used to model classical electrical machines, as induction
machines [9], synchronous machines [4] or transformers. All
frequency models presented as equivalent circuits are globally
of reduced order compared to classical integer order ones
thanks to property presented above. They also found an
application in electrochemical devices modeling such as
batteries [10], supercapacitors or fuel cells [11] taking into
account of the species diffusion in electrochemical double
layers.

In another way, non-integer order systems also allow to link
geometrical properties of large electrical networks with their
frequency characterization. This allows to obtain extremely
compact equivalent dynamics of complex systems that can be
very interesting for the analysis and network planning.

I1I. HALF-ORDER MODELLING OF SYNCHRONOUS
MACHINES IN LINEAR CONDITIONS

First, the non integer order modeling is introduced with the
modeling of a simple rectangular ferromagnetic sheet. Then,
non integer models of a synchronous machine are presented
from physical considerations.

A.  Ferromagnetic sheet and rotor bar modeling

The radius of a machine’s rotor is supposed to be sufficiently
large for being represented as a sheet (Fig. 2).
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Fig. 2: Studied ferromagnetic sheet

This sheet is characterized by a permeability (£, a resistivity
(0) and surrounded by a n-turns field winding. Classical
analytical model of its impedance can be expressed by (3) [12]:

tanh(a )
Zapg =Jj0y —— 3)
with:
n’el e 2
Lo=F"Cl and @2 = jwﬂ[_j (4)
L ol2

Ly is the DC inductance of the sheet.

From this analytical model, an integer order approximation
of this impedance from serial decomposition of tangent
hyperbolic function can then be classically used in simulation
software [2,12].

In parallel, from a second-order limited development of
tangent hyperbolic function given by:

mnh(x)_sinh(x) _ x _ x
2
cosh(x)x_>01+x7x_>0 11+ 52 %)
2

a non integer approximation of the analytical impedance is
given by [4]:

1/2 JLyw
inductive (a)) - © 6
1+j— (6)
Wy

with:
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wy is the DC inductance of the sheet.
Equation (6) represents an inductive half-order impedance
thanks to its DC behaviour. Fig. 3 allows to compare analytical

and half-order models on a large frequency range. It can be
noticed that this half-order models is very relevant compared

with the analytical expression (3).
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Fig. 3: Analytical and half-order expressions of sheet’s impedances

The same approach is used for damper bars modelling. This
leads to a resistive half-order impedance which parameters R0
and ), the DC resistance and cut-off frequency of a
rectangular conductive bar, are directly to constructive
parameters of the machine.

1/2 _ / . W
Zresistive (C«)) - RO 1+ J w (8)

B. Non-integer equivalent circuit of synchronous machine under
linear conditions

Finally, half-order linear impedances can be included in the
Park equivalent circuits of synchronous generators (Fig. 4)
following some physical conditions [3,4]. Then, for d-axis
modelling, no induced currents expand in armature windings or
field windings for low frequencies; they are then modelled by
constant parameters: (r4, 1g) for stator and (ry lp for field
windings. Then, a constant inductance (lad) is introduced to
model the stored energy in the air gap. Finally, eddy-currents
development in massive parts of the rotor and in damper bars
are modelled by an inductive (Ziln/dzuctive) and a resistive
(Z }e/sﬁmve ) impedances respectively described in (6) and (8).

The same considerations are taken for the g-axis except that
there are no excitation windings. The corresponding equivalent
circuits are described on Fig. 4.

jq M ls o W

Fig. 4: Non integer order d and g-axis equivalent circuits of an alternator

The circuit parameters are then evaluated by curve-fitting
from operational impedances issued from StandStill Frequency
Response tests (SSFR) [13]. The results of identification are in
good agreement with the expected values: angular frequencies
of several Hertz for the damper windings or some miliHertz for
the rotor [4]. Moreover, model order has significantly
decreased with, for instance, an equivalent circuit in g-axis
which includes only 8 parameters whereas any integer order
includes more then 13 for an equivalent precision.

Iv. NON-LINEAR MODELLING OF FERROMAGNETIC SHEET

The authors propose a new model of the inductive half-order
impedance taking into account non-linear conditions. Indeed,
in electrical machines, magnetic saturation of ferromagnetic
pieces influences mainly the value of the inductances [14].

First, it is important to note that we are only interested in
small-signal modelling for linear control operations. Then, we
look at small dynamic variations of electrical variables (current
or voltage) for a given magnetic state of the machine.

The frequency structure of the model presented in equation
(6) is kept quite identical, but parameters L, and w, vary with
the current i as shown below:

1/2

inductive,sat

(i) =Lk (i)
©)

1+
T an (i)

The evolution of Ly, and wq with the current should be
physically significant with a decrease of L, and an increase of
o with current growth as apparent permeability decreases with
saturation.
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In order to validate the proposed model, finite elements
simulations of the ferromagnetic sheet have been done with
Flux© software. The impedances were calculated over the
range of frequency from 0.01 Hz to 1000 Hz. An amplitude of
a current in a one turn winding corresponded to the values
0.01, 0.1, 1, 10 and 20 A, which gave a magnetic field of 0.05,
0.5, 5,49.7 and 99.4 A/m respectively.
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Fig.5. Modelled ferromagnetic sheet with its saturation curve

The gain of ferromagnetic sheet impedance is then plotted on
Fig. 6.

In a second step, parameters L,(i) and w,(i) can be easily
obtained by analyzing an asymptotic behaviour of the half-
order impedance model (9) for low and high frequencies.
Figure 7 shows the evolution of these parameters versus the
polarization current i.
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Fig.7. Parameters L and w, identified from finite element simulations

It can be noticed, that the half-order impedance model is in
very good agreement with simulations along a wide range of
frequencies, as shown in figure 8. This tends to prove that it
could be used for modelling of synchronous generators
operating in saturated conditions.
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Fig. 8: Comparison of the half-order model with the finite element
simulations
V. SSFR TESTS OF SATURATED SYNCHRONOUS MACHINE

The half-order impedance (9) is included in the equivalent
circuits of a synchronous machine taking into account on the
one hand eddy-currents in massive parts of the rotor or rotor
bars and, on the other hand, saturation of the magnetic field.
We consider then, that the parameters L, and w, are strongly
influenced by saturation in low frequency range and the
leakage inductance [/, is influenced by saturation for high
frequencies.

To identify these saturated equivalent circuits, the authors
propose a method which consists in performing a regular SSFR
with a short-circuited armature by a controlled DC voltage
source (Fig. 9). This modified SSFR test in then easy to
perform and allows precise control of the machine. This
method is issued from works presented in [15].

However, this configuration allows obtaining only two
operational transfer functions in d and q axes defined as the
ratio between armature voltage and current in each axis.
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Fig. 9: Measurement setup for d-axis SSFR test of saturated synchronous

machine

The test has been performed on a 3 kVA, 4-poles
synchronous machine. Field current of the machine has been
changed from 0 to 9 A. For each magnetization level, series of
SSFR measurements have been done from 0.1 Hz to 1 kHz.

Identification of parameters has been done using
Matlab® software using a Levenberg-Marquardt optimization
algorithm (Isqnonlin function). A global identification is first
obtained. Then, only parameter L, is identified another time
from low frequency range for each magnetization level. The
same approach is used to analyse the influence of saturation on
lyand w.

As expected, the evolution of the parameters Ly, I,
and w, (Fig. 10) is similar to the evolution of a saturated
ferromagnetic sheet and is physically representative.
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Fig. 10: Parameters L,4, l;, and w,, identified from the SSFR measurements

of the saturated synchronous machine

Due to the numerical identification procedure and low
measurement quality for high magnetization levels, a
significant error in w, identification can be noticed. However,
even after correction (represented with dashed line on figure
11), the model remains valid for all the magnetization levels
and frequency ranges.
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Fig. 11: Comparison of the half-order model with the SSFR measurements

of the saturated synchronous machine

VL CONCLUSION

This paper presents an original knowledge model of a
synchronous machine which takes into account of diffusion of
the magnetic field in conductive parts of the machine and of
magnetic saturation.

This half-order modelling has been validated with finite
elements simulation in order to prove that it is well adapted to
non-linear circuits. Then, the parameters of the non integer d-q
generator equivalent circuits have been identified with data
from the SSFR test performed on a 3 kVA synchronous
machine for different magnetization levels.

Future works will focus on robust control of this machine
supplying an electrical system in saturated conditions. Then,
the saturation would be considered as an uncertainty and
control would have to respect performance templates whatever
saturation level. For that purpose, the authors will also assess if
non integer order controllers (i.e. controllers defined with non
integer derivative or integrators) would also be an interesting
way to improve the robustness of a system while keeping a few
number of setting parameters [8].
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