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Abstract

Consider K > 2 independent copies of the random walk on the symmetric group Sy starting
from the identity and generated by the products of either independent uniform transpositions or
independent uniform successive transpositions. At any time n € N, let GG,, be the subgroup of Sy
generated by the K positions of the chains. In the uniform transposition model, we prove that
there is a cut-off phenomenon at time N In(N)/(2K) for the non-existence of fixed point of G,, and
for the transitivity of Gy, thus showing that these properties occur before the chains have reach
equilibrium. In the uniform successive transposition model, a transition for the non-existence of
fixed point of G,, appears at time of order N I+% (at least for K > 3), but there is no cut-off
phenomenon. In the latter model, we recover a cut-off phenomenon for the non-existence of fixed
point at a time proportional to N by allowing the number K to be proportional to In(N). The
main tools of the proofs are spectral analysis and coupling techniques.

Keywords: random walks on symmetric groups, uniform transposition model, uniform suc-
cessive transposition model, cut-off phenomenon, flared transition phenomenon, existence of fixed
point(s) for random subgroups, transitivity for random subgroups, spectral analysis, coupling tech-
niques, exclusion processes, isoperimetric bounds.
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1 Introduction

The cut-off phenomenon usually describes the fast transition of the time-marginal distributions
of a Markov chain from being far from the equilibrium to be close to it. This subject has been
introduced and investigated by Persi Diaconis and its coauthors, see for instance [1, 5, 6] and
the references therein. Here we will study the cut-off phenomenon not for the convergence to
stationarity, but for weaker properties as for instance the transitivity of the subgroup generated
by some elements from a symmetric group obtained by a Monte-Carlo Markov chain procedure. In
general this kind of property occurs before the underlying Markov chain reaches equilibrium and
we will see that depending on how the Markov chain is generated, there will be or not a cut-off
phenomenon.

Let us describe more precisely the kind of questions we are interested in. Let p be a probability
measure on Sy the set of permutations of Ey = {1, ..., N}, with N € N\ {0, 1} which corresponds
to the size of the problem. We consider Z = (Z,)nen a corresponding random walk starting from
the identity. The simplest way to construct such a Markov chain is to use a family (Z,,)pen+ of
independent random variables distributed according to p and to begin with Zp = ¢, the identity
element of Sy, and next to take iteratively for any n € N, Z,,11 = Z,,417,,. For K € N\{0, 1}, that
we will sometimes call the multiplicity of the problem, let Z(), ..., Z(5) be K independent chains
distributed as Z (the possibility K = 1 is excluded from our study, indeed the following results are

not true in this case). Our main object of investigation is the subgroup G%K) of Sy generated by

Z,(LI), e ZT(«LK) at time n € N, and we are particularly interested in two features of its natural action

of G%K) on Ey: transitivity and the existence of fixed point(s). The latter property asks for the

existence of x € En such that for any g € G%K), g(x) = x, while the former property means that

for any x € Ey, there exists g € G such that g(1) = z (in particular there is no fixed point).

Let us denote respectively A,(lK) and By(LK) the events that G%K) acts transitively on En and that

G%K) admits at least one fixed point. The purpose of this paper is to study the mappings

N3n — PA®] and N>3n — P[BH)] (1)

(where P is the underlying probability measure) as N grows to infinity. This will be done for two
particular choices of 1, or more precisely of sequences of such probability distributions, since for
any N € N\ {0,1} we have to be given a probability measure y on Sy. We don’t know a priori if
these mappings are monotonous in n € N, contrary to the quantities (such that the total variation
distance between the time marginal distribution and the invariant measure) of interest in the study
of convergence to equilibrium. Indeed, if the support of i is a generating set for the group Sy and
if it contains ¢, then Z is an irreducible and aperiodic Markov chain, so its invariant measure v has
Sy for support. Applying the ergodic theorem to the Markov chain (Z(1, ..., Z(5)), which admits
v®K for attracting measure, it follows that almost surely,

lim inf A0 0
n—o0o n
lim sup g = 1
n—o0 n

so we cannot assert in a deterministic way that the subgroup will eventually become transitive.
In addition, for n large, ]P’[A%K)] will converge to the probability that K independent elements
sampled according to v generate a transitive subgroup of Sy, quantity which is strictly less than 1
(similar remarks hold for the existence of fixed point(s)). Nevertheless, we conjecture that the above
mappings are respectively increasing and decreasing under our assumption that (Zél), e Z(SK)) =
(4y...,t). Of course such monotonicity properties depend on the initial configuration, for instance
the situation would have been completely different if we had started with (o, ...,0) where o is a
cycle of order V.



For any size N € N\ {0, 1}, multiplicity K € N\ {0,1} and time n € N, let be given an event

Ck n, typically A,(lK) or the complementary event of B,(lK). We say there is a cut-off phenomenon
relatively to these events, if we can find a time T'(N, K) € R, such that

Yae(0,),  lm P[Crarevm) = 0
YV a e (1,+00), ]\}im P [Crarivg)] = 1

where for any t € Ry \ N, we took Ck; = Ck,|;, with [-] designating the integer part (this
convenient embedding of discrete time into continuous time will be implicitely enforced in the
whole paper to simplify notations). Such a result would give a rigorous probabilistic meaning to
the assertion that the subgroup G%K) becomes transitive at time T'(NNV, K). Of course such a time
T (N, K) can only be defined up to an equivalence relation as N becomes large.
More generally, we say that a transition phenomenon occurs at times of order T'(N, K) € R*,
if
lim limsupP [C’K@T(N,K)] =0
a=0+ Nooo
aEI-iI-loo 1}\1{&1;1;‘ P [CK,aT(N,K)] =1
A priori this definition does not forbid that several transition phenomena can occur at times of
different orders. So to avoid this possibility, we will speak of a unique transition phenomenon at
times of order T'(N, K) € R, if furthermore for any sequence of positive numbers (ay)nen 0,1}
converging to zero, we have

lim ]P)[CK,QNT(N,K)] = 0 (2)

N—oo

and for any sequence of positive numbers (ay) Nen\{o,1} diverging to infinity, we have

]\}EHOOP [Crayrvi)] = 1 (3)
The cut-off phenomenon is an example of transition phenomena, but at the opposite side of this
notion, we will speak of a flared transition phenomenon if there is a transition at times of order
T(N,K) € R* which is not sharp: we can find a non-empty interval (a,,a*) C R such that for
any a € (ax, ™), we have

1}\I[Iiglof P [CK,aT(N,K)] > 0

limsup P [CK,aT(N,K)] < 1
N—oo
However there is still hope for a cut-off phenomenon in this situation, if we allow the number

of chains K to depend on N. So we will say there is as (K, T)-sharp transition, if we can find a
sequence (K, T) = (K(N),T(N))nem{1,2y from N\ {0,1} x Ry such that

Vaelo,1),  lim PCxare] = 0
Vae(l,4+00), A}gnOOIP’[CK(N),aT(N)] = 1

The first case we will investigate is that of uniform generating transpositions, which corresponds
to

2
K= N(N —1) Z 0(i.)

1<jeEn



where (7,7) is the transposition exchanging i and j. This probability u does not satisfy the
assumption that ¢ belongs to its support and in fact the Markov chain Z is periodic of period
2, going from positive permutations to negative permutations and vice-versa. But this is not
important for our purposes and if p is replaced by (1 — en)pu + end, with limy ey = 0 (if
one considers for instance the probability measure g := ﬁ Zl BN d(ij), With (,4) = ¢ for any
i € En), then next result remains true (see Remark 11 at the end of section 3 for the links with
the continuous time setting).

Theorem 1 In the above model of uniform generating transpositions, there is a cut-off for tran-
sitivity as well as for the non-existence of fized point at time

T(N.K) = SoNin(N)

The fact that the cut-off occurs at the same time for both events suggests that a fixed point is the
last resort against transitivity in this model. This will be confirmed by the simulations of section 6.
Let us recall (see for instance the book of Diaconis [5]), that for the model of uniform generating
transpositions with gz as distribution of the increments of the random walk, the cut-off phenomenon
for the convergence to equilibrium in the total variation sense occurs at time %N In(N). This is
valid for the Markov chain Z but also for its K-product (Z(l), e Z(K)). So for the latter Markov
chain, the properties of transitivity and of the non-existence of fixed point appear strictly before
the equilibrium is reached.

The second case we will investigate is that of successive generating transpositions, which cor-
responds to

1
b= Z O(i,i+1)
i€En
where Ex has to be seen as Z/NZ, so that N +1 = 1.
The situation is now different from the previous one, since we have:

Theorem 2 At least as soon as K > 3, there is a flared transition for the non-existence of fixed
point in the model of successive generating transpositions, at times of order

T(N,K) = N'Yx

One may consider both the uniform generating transpositions and the successive generating
transpositions as Monte-Carlo ways to sample subgroups of the symmetric group without fixed
point (even if we don’t know which laws one would get by following these procedures) and hope-
fully of transitive subgroups. Assuming that to sample according to p is of order 1, as a first
approximation, the complexity of these algorithms (namely the required computational time) is
heuristically K'T'(N, K). So for the uniform generating transposition chain we get NIn(N)/2 as
complexity, while we get KN +% for successive generating transposition chain. Optimizing the
latter expression in K € N\ {0,1}, it appears that the better choice is K = 2In(N), so we get a
complexity of the same order in both cases (if one wants to be more precise at the level of constant
factor, one should first remember that at each elementary step, to sample uniformly over a set of
cardinal N2 asks a priori twice the time necessary to sample uniformly over a set of cardinal N).
One may think that the first algorithm has the advantage that it admits a cut-off phenomenon,
which enables to stop more sharply the algorithm. But this is also true for the second algorithm:
consider the decreasing function defined by

1
J:Risa — /0 exp(—2a(1 — cos(27s))) ds (4)

which is going from 1 to 0. Let a € R% be the unique value such that J(a) = exp(—1/2). Then
we have



Theorem 3 In the model of successive generating transpositions, there is a (K, T')-sharp transition
for the non-existence of fixed point with

=
3
I

= 2In(N)
T(N) = &N

We conjecture that both Theorems 2 and 3 (with another constant &, see section 6) hold for
transitivity, we have not yet been able to prove them, but this is also suggested by simulations,
see section 6.

In fact our motivation for the above results comes from the design of algorithms for bivari-
ate polynomials factorization, relying on combinatorial invariants attached to union of random
Riemann surfaces. Let us briefly sketch the link with the transitivity of subgroups generated by
products of transpositions. The set of zeros of a “generic” bivariate polynomial f € Clz,y| of
degree N defines a smooth Riemann surface X C C?, let 7 : X — C denote the first projection
(z,y) — x. In this case, X has N(N — 1) points with a vertical tangent and their projections by 7
form a subset A of N(N — 1) points in C called the discriminant. Then, 7 : X \ 7~ 1(A) - C\ A
is a connected N-covering, i.e. for each a € C\ A the fiber above a, namely {y € C : f(a,y) = 0},
consists of N distinct points. Suppose 0 ¢ A and denote by E := {y1,...,yn}, the fiber above 0.
Now consider a loop v C C\ A starting and ending at 0, and lift it by 7—! to N paths in X \7~1(A).
Each path starts at some y; € E and ends at another (possibly the same) y; € £ and this process
defines a permutation p, on E; this permutation only depends on the homotopical class of « in
C\ A. The subgroup of Sy generated by all such permutations is called the monodromy group
of X, with respect to w. When v is a “small” loop circling around only one discriminant point,
then the permutation p, is a transposition. Furthermore, some numerical evidences, reinforced
by heuristic arguments, suggest that there exists an ordening of F such that these transpositions
are close to uniform successive transpositions when N is large and when the discriminant point is
chosen uniformly. Anyway when ~ is a “large” loop circling around a set of n discriminant points,
then +y is homotopic to the concatenation of n “small” loops, and the permutation p., is equal to the
product of the corresponding transpositions. The question is to predict when a subgroup generated
by K permutations of type p, has the same connecting effect on F as the whole monodromy group.
See e.g. [3] and [12].

The plan of the paper is as follows. In the next two sections we investigate the uniform
generating transposition model, first by establishing the cut-off phenomenon for the non-existence
of fixed points for G,(lK) in section 2 and next for transitivity in section 3. The two main underlying
tools of this proof of Theorem 1 are spectral analysis and coupling techniques, which enable to come
back to Markov chains whose spectral decomposition is well-known. The following two sections
concerns the successive generating transposition model. In section 4 we prove Theorem 2, namely
we show that there is a flared transition for the non-existence of fixed point. We try to follow
the approach developped in section 2, but the lack of strong symmetries leads to more involved
computations. Section 5 is devoted to the proof of Theorem 25, which is an extension of Theorem 3.
It will be a relatively direct consequence of the estimates deduced in section 4. Finally to illustrate

the obtained results and to support our conjectures, we give some simulations in the last section 6.

2 Fixed points for the uniform generating transposi-
tions

We prove here the simplest part of Theorem 1, namely we investigate the cut-off phenomenon for the
non-existence of a fixed point for the generated subgroup, in the uniform generating transposition
model.



Since in this section and the two following ones the multiplicity K € N\ {0, 1} won’t depend on
the size N of the problem, we remove it from our notation when this doesn’t lead to confusion. Thus

for instance for any time n € N, GG,, designates the subgroup of Sy generated by ZT(Ll), e ,ZT(LK),
where recall that ZW) ... ZUX) are K independent random walks on Sy whose increments are
uniform transpositions as described in the introduction. For any x € Ey, consider

Bu(z) = {Vie[L,K], Z{(z)=ua}

the event saying that = is a fixed point for the action of G, on Ey, so we can write B, =
Uzepy Br(z). As it was announced, our goal here is to prove the

Proposition 4 In the model of uniform generating transpositions, we have

vV a€l0,1), A}im PBar(nvi)] = 1
Va>1  lim PByrpr)) = 0
where
1
T(N.K) = 5=N(N)

The second convergence is the easiest to prove, since it is a consequence of the rough bound

VneN, P[B,)] < ) P[Bu(x)]
rzeEN
= NP[B(1)]
= NP[Z,(1) =1)¥
where (Z),)nen is a random walk starting from ¢ and whose increments are uniform transpositions.
Indeed, next result is quite immediate:

Lemma 5 If T(N, K) is as in the previous proposition, we have, for any a > 0,

+oo ,ifa<1
]\}E)n NP[ZaT(N,K)(l) = 1]K = 1 s ifa=1
> 0 Jifa>1

Proof

Let us denote for any n € N, X,, = Z,(1). It appears that (X,,)nen is a Markov chain on Ey,
starting from 1 and whose transition matrix P is given by

2 2
P = S M+(1-—-"—)
N -1 +< N—1>

where M is the transition matrix whose all entries are 1/N and Id is the identity matrix. It follows

that for any n € N,
2 " 2 "
P, = (1—-——— ] Id 1—(1——— M
s (o) e (- (o)

(as it is usual in Markovian semi-group theory, we rather denote P,, the n-th power P™ of matrix

P), so we get that
2 " 2 "\ 1
= (1—_> +<1—<1_N_1>>N




We deduce that

1 N_1 9 laN In(N) /2K )\ &

Note that for @ > 0, we have for N large

. 9 laNIn(N)/2K | 1
N -1 N&

(this is even true for a = 0). The announced result follows at once since K > 2.

We now come to the first convergence of Proposition 4. For a = 0, it is obvious because
Go = {¢}. So let us fix some a € (0,1) and to simplify notations, denote ny = |oT (N, K)|. We
furthermore introduce

SnN = Z By (z)
z€EN

The idea of the proof is get a concentration result on S, . More precisely we will show that

. Var(Sny)
NCES ) 5)

where Var(Sny) = E[(Sny — E[Sny])?] = E[S? ] — E[S,,]? is the variance of Sy,,. Then we can
deduce that

P[B;.] = PSuy =0
< ]P)HSTLN — E[SnN” > E[SHNH
Var(Sp, )
< [ N
= E[Sny]?

and the wanted convergence would follow.
To work out this program, we have to evaluate the expectation and the variance of S,,,. The
first of these two tasks is easy, since we have for N large

E[Sny] = NP[By,(1)]
= NP[Z,,(1) = 1"
~ N—(e=D (6)

according to the above proof of Lemma 5.

But to evaluate the variance of Sy, , it won’t be sufficient to consider the Markov chain (X, )men
introduced in this proof and we will need the stochastic chain (X, Yin)men = (Zm(1), Zm(2))men-
Indeed, we have

]E[ST'QLN] = 2 Z P[Byy (z) N Buy (y)] + Z P[Bny ()]

r<y€En z€EN
= NN = DP[Bny (1) N By (2)] + E[Shy]
= N(N -1)P[X,, =1,Y,, =2/ +E[S,,]

So to insure the validity of (5), in view of (6), it is enough to show that for IV large

P[Xpy =1,Vny =2] ~ N2% (7)

7



To go in this direction, we first note that the stochastic chain (X, Y;n)men takes values in E](\?) =

E%\ {(z,z) : # € Ex}. It is not difficult to convince oneself that it is Markovian and that its
transition matrix P is given by

e Jif 2/ £z andy =y

NG !
D) Jif' =zandy £y

¥ (z,y), (@) €BY,  PO((y),(@y) = yo i =yandy o
1—% Jif =zandy =y
0 , otherwise

A spectral approach to (7) would then consist in diagonalizing this matrix (see next section), but
we will present here a more probabilistic proof, which will also serve as a guide for section 4. In
fact the form of the matrix P leads us to consider another transition matrix P?) on E% given
by

m Jif ' A#xandy =y

2 if 2/ =xand ¢y #y

V(x,y), (@ y) e By, PP((y), (@y) = { N D
-5 Lif2’=zandy =y
0 , otherwise

Let (X, Yim)men be a Markov chain on E% admitting P®) as transition matrix and starting from
(1,2). The fact that P(?) and P®) are close implies the same property for the law £(X,,, Yn, ) of

(Xny, Yny) and that of (X, Yo, ):

Lemma 6 There exists a constant ¢ > 0 such that for any N € N\ {0,1}, we have in total
variation

< Cln(N)

HE(X,LN,Y,LN) — L(Kny V)| ©

Proof

By coupling the trajectories (X, Y))pe[o,m) and ()Zp, ?}o)pe[[o,m]], for any m € N, we will show the
stronger result that for any N € N\ {0, 1}, we have in total variation

H[’((Xpa Yp)pe[[O,m]]) - [’((Xp’ i\}p)pe[[o,m]])HtV s 1= (1 a N(N21)>m ¥

Taking m = ny < N In(N)/4, the bound announced in the lemma easily follows.
So let (z,y) € E](\?), we compute that (with the convention that P®)((z, ), (z/,y')) = 0 for (z/,y/) &
BY),

3 ]p@)((x, y), (@', y) — PP ((z,y), (, z/)>\
(' y)EES
= PO((z,y), (1, 2)) + PO((z,1), (z,2)) + PO((z,), (4, 1))
+ PO,y (@) = PO ((,9), (2.9)
4
N(N-1)

This implies we can construct a law Q((x,y), (z,y),-) on Ej(\g) x E3%, such that the first marginal
on E](\?) is P?)((x,y),), the second marginal on E% is P@((z,y),-) and we have

2

QA.w). @) (@) R = g



(see for instance the book of Lindvall [11]). For (x,y) € E](\?) and (2/,y') € E% with (z,y) # (2/,1/),
let us define Q((x,y), (¢, y/),-) = P@((z,y), )@ PA((2',y/),-). Next consider (X, Yy, Xp, Yp)pen
a Markov chain starting from (1,2, 1,2) and admitting @ has transition kernel. Then (X, Y})pen
is a Markov chain starting from (1,2) and admitting P(®) as transition matrix and ()Z'p, }N/p)peN is

a Markov chain starting from (1,2) and admitting P® as transition matrix. Let 7 = inf{pe N :
(X, Yy) # (Xp,Yp)}, then we have for any m € N,

| £ Yolpeto.m) = £( X, Vodpepom)|, < PIr <]

(as soon as N (NN — 1) > 2, which is satisfied under our assumptions).

In particular, we deduce that

o > In(N
IP)[‘X”N = 17Y7’LN = 2] - ]P)[XnN = 17Yn1\r = 2] < Cn](\])

so to prove (7), since In(N/N) is negligible with respect to N™2%, it is sufficient to see that for
large N,

P[Xpy =1,Yny =2] ~ N 2% (9)

nn y T NN

The advantage of (Xp,i;p)pGN is that we can describe explicitely its time-marginal distribution.
More precisely, let P be the transition matrix on Ey defined by

~ 4 4
P = N_1M+<1—N_1>Id

where, as in the proof of Lemma 5, M is the transition matrix whose all entries are 1 /N and Id is
the identity matrix. The evolution according to P(®) can be described in the following way: first
we choose one of the factor of EZQV with a chance one half each, next we make the corresponding

coordinate evolve according to P. So conditioning on the number of times the first factor has been
chosen, we get

~ 1 & ~ ~
VmeN,V(z,y), (. y) e EL, P ((xy), (), = —mz < )P z,2")Po—p(y,y)
In particular, if 2’ = x and v/ = vy, it appears that
PO ((@,y), (x,y }nz( )13 (L) P (1,1)

Note that by computations similar to those of Lemma 5, we have

~ 1 N-1 4\
VpeN, B,1,1) = N+N<1_N—1)



so for the quantity we are interested in, we get,

1l & 1 N-t/f 4 v 1 N-1/ 4 P
N 2 L\ p N N N -1 N N N -1
1 N-11 X /ny N —1\2 4 \™
= — 42— 1— A 1 —
vt () (- ws) + (5F) (-35)

p=0

N —
1 +2]\7—1 1 - 4
- N -1

2 4 nN
1 - ——
7+ 2 (N>( 1)
- 1+2N—1 . N ) 4 \"™
e N2 N -1

~ N72%

+

(since « < 1, K > 2 and ny = aNIn(N)/(2K)). This is just (9) and that ends the proof of
Proposition 4.

3 Transitivity for the uniform generating transposi-
tions

Our goal here is to complete the proof of Theorem 1 by establishing the cut-off phenomenon for
transitivity. The basic ingredient will be the knowledge of whole spectra of the exclusion process
associated to a complete graph random walk.

First we note that if G, admits a fixed point, it cannot be transitive, so with the notations of
the previous section, we have P[A,] < P[B¢]. Proposition 4 then implies that

Vace [Oa 1)7 ]\}E)HOOP [AaT(N,K)] =0
and to prove Theorem 1 it remains to show that
Va>l, NliLnOOIP [Awrivy] = 1 (10)

To simplify notations, we assume for the remaining part of this section that o > 1 is fixed and we
denote ny = [aT(N, K)].

The proof of (10) begins with very simple bounds. Let R be the set of nonempty subsets of
En whose cardinal is less than N/2. We have

c . k _
AS = {3ReR:Vke[l,K], z)(R) =R}

so by symmetry (see the proof of Lemma 7 below for a formal justification of the last identity) we
get,

PlAS. ] < Y PV ke[1,K], Zz)(R) = R]

RER
= ) P[Zy(R) =R
RER
[N/2]
= > (T)P[va({l ;rh) = {1, ] (11)
r=1



This leads us to introduce, for r € [1, | N/2|], the set E%) of subsets of Exn whose cardinal is r
and the E%)—valued stochastic chain (R(mr))meN defined by

vmeN, R" = Z,({1,..r}) (12)

m

(for » = 2, these objects do not coincide exactly with E](\?) and (X, Y )men considered in the

previous section, because the latter were related to ordered pairs and not to subsets of cardinal
two).

It is not difficult to see that (R(mr))meN is a Markov chain, whose transition matrix P(") is given by

" %&23 - Jif [ANB|=r—1
VA BeEy, P"Y(AB) = e i A= B
0 , otherwise
Thus we can write
2 N(N —-1)—=2(N —nr)r
(rn — 2  pm
P N Mt NN-—1) 4

where M) is the E](\;) X Ej(\c)—matrix given by

1 ,if|[ANBl=r—1

0 , otherwise

YA BeEY, MDUAB) = {

This is the adjacency matrix of a distance transitive graph (called the Johnson graph J(N,r)), so
its spectrum is known: the eigenvalues are the quantities (r —[)(N —r —1) — [, for [ € [0, ], with
multiplicities (7) - (Zﬂ) (with (ivl) = 0), cf. the book of Bannai and Ito [2] (see also Diaconis [8] and
Donnelly, Lloyd and Sudbury [9]). It follows that the eigenvalues of P(") are the §; = 1 — %
for 1 € [0, r] with multiplicities (]2[) - (lﬂ).

This knowledge and the fact that P(") admits a lot of symmetries enable to give an explicit formula
for the quantity we are interested in:

Lemma 7 For any time n € N, we have

PIZo({1, 7)) = {1t} = (f)l 3 <<le> - <ZJ_V1)>9;L

1€[o,r]
() (0)-(0) (200

Proof
A one-to-one mapping ¢ : E](\}") — E](\}”) is called a symmetry for P(") if

Va,ye BV,  PO(gx),9(y) = PY(x,y)

The set of all such symmetries is a group under the composition law. In our situation this group
acts transitively on E](\;), since it contains all mappings of the form g, where h is a one-to-one
mapping h : Exy — En and where g, is defined by

VA= {5} e BV, gu(A) = {h(z1), ... h(z)}

11



Note that for any n € N, the symmetries for P(") are also symmetries for (P("))”, so we get that
for any A, B € E](\?), p" (A A) = P,(Lr)(B, B) and finally

PIZo({1, 7)) = {1t} = —tr(P())
i
- () 2 (0)-(2)n
() 5 (0)- (X)) (20)

where the last bound is a consequence of the concavity inequality In(1 — z) < —z, valid for any
r <1

[ |
Now via (11), to end the proof of (10), we have to show that
K
; RNy (/v (Y N AN DY) o
Noso £\ r) S\ 1-1)) P\ TN -1 -

To do so, let n > 0 small enough so that v := (1 — n)a > 1 (recall that a > 1 is the fixed number
entering in the definition of ny), we denote 8 := (y+1)/2> 1, p:= [(B—1)"'|+1and ry = [nN].
For r € [1, | N/2]], we introduce the quantities

o = () 32 (- () (25
o () ()
o (O (@)t

le[(rnAr)+1,r]

(of course such a quantity is null if the domain of the corresponding sum is empty). We also
consider

) =S ()t
IN) = Lg (V)
JN) = Liwjj WET

Taking into account the bound (z +y + 2)% < 3512 4 & + 2K, valid for any z,y,z > 0, the
next three technical results complete the proof of Theorem 1.

Lemma 8 We have

lim H(N) = 0

N—o0

12



Proof
Since p is a fixed integer, we can write that for any r € [1, | N/2]],

Hi(r) < (?r)_l IEHO%:MH (‘7) exp (—nNQZJ(V]\(TJ\;Z__;)]_)> K
< pit (];f) -K ZE%ATH <];7)Kexp (KHNW)

Since 3 < «, there exists a Ny € N\ {0, 1} (depending only on «, # and slightly on K) large enough
such that for all integers N > Nj,

AN=TED o sy

Vie [[Oap]]a KnN N(N—l) =

Thus for such N, we get

H(N) pK—ltgj (JX)H{ 3 <7>KN—ﬁl

le[0,pAr]

RaPIORN

lefo0,p] re[1vi,| N/2]]

IN

To go on, we need to evaluate the last sum and the simplest way seems to divide it into two parts.
1-K
Consider first ZTE[HN/4J+LLN/2J]] (];7) . Using Stirling’s formula, it appears that we can find a

constant h > 0 independent from N such that for any r € [| N/4] + 1, | N/2]], (JTY) > exp(hN), so
we get

> (JD ot < Nexp(—(K —1)hN)

re[[N/4]+1,[N/2]]

For the remaining sum, we note that since for any r € [0, N], we have ( N Ner (N), it appears

r-l—l) r+1 \r
that for N large enough and r € [0, | N/4]], (TJL) > 2(17\4[), so we get

1-K 1-K
Z <N> < <1J\\j l> Z o—(r—1VI)(K~1)
.

re[1VL, | N/A]] re[1VL,|N/A]]

N O\ K
< 2
< 2(,7)

Since for N large the quantity N exp(—(K — 1)hN) is negligible with respect to (1]\\501—1(7 we get

1-K 1-K
that the whole sum ZTE[[I\/Z IN/2]] (]X ) is also of order (1]\%) . By consequence to obtain the
convergence announced in the above lemma, it is sufficient to show that

1-K
lim (]D + > (7)]\7% - 0

le1,p]

and this is immediate because for any fixed [, (];7 ) is of polynomial order N' since 8 > 1.

13



Lemma 9 We have

lim I(N) = 0

N—o0

Proof
Applying the Holder inequality to the probability on [0, 7] given by

() ()-(M))

we obtain that for any r € [1, | N/2]],

R M () R I A

le[(pAr)+1,rnAT]

() L5 (e (i)

le[(pAr)+1,rnAT]

lefo,r]

IN

Due to our choice of 3, for N large enough, we have

AN 141 o

1 Kny—————=
VlE[[,TNﬂ, nN N(N—l) =

and thus we get for N such that rny > p,

Ny < > <];[> exp (=l In(N))

re[1,|N/2]] le[(pAr)+1,rnAT]

< [N2] D> an(l)

le[p+1,rn]

with an(l) = (]y)N*ﬁl. We compute that for [ € [p+ 1,rn],

an(+1) _ N-ly .,
CLN(Z) [+1
< NP
1
< —
- 2

again for N large enough. It follows that for all such N,

I(N) < gQaN(p-l—l)

1
NPT B
(p+1)!

and the wanted convergence follows from the fact that (3 —1)(p+1) > 1.

Lemma 10 We have

lim J(N) = 0

N—oo

14



Proof

Since n > 0 is fixed, there exists x > 0 (depending on 7, a and K') such that for all N large enough,

20N —1+1)
N(N -1)

thus we get that for all such N and all r € [1, [ N/2]], Jn(r) < exp(—xN In(N)) (Jn(r) is even
null if » < rpy). It follows that

Viern, | N/2]], Kny XN In(N)

r

[N/2]
) < ey Y- (1)

r=1
N
< exp(—xNIn(N)) T)
ref0,N]
= 2V exp(—xN In(N))

and the announced convergence is immediate.

We end this section with three remarks.

Remark 11 Note that the last expression in Lemma 7 is the one we would have got if we had

decided to work with continuous time Markov processes (where the time periods [n,n + 1], n € N

are replaced by independent exponential waiting times) instead of discrete time Markov chains.

More precisely, for k € [1, K], let (§7(Lk))neN* be independent sequences of independent exponential

variables of parameter 1 (which are furthermore assumed to be independent from the chains Z ON
., ZU)). We denote

Vee[LKLVneN, 1 = Y &P
me[1,n]
(in particular Ték) = 0) and we consider the Markov processes Z @, ..., ZE) constructed via
Vie[L,K,vt>0, Z" = z® ittez® M)

All notions discussed in the introduction can be extended to this continuous time setting and then
Theorems 1 and 2 are also satisfied. Indeed it is easy to pass directly from discrete to continuous
times (and conversely), using the strong law of large numbers which asserts that a.s.

.
V ke[l K], lim — = 1
n—oo n
The same kind of considerations enable to justify the assertion made before Theorem 1. Assume
more generally that Theorem 1 is satisfied with some times T(N, K) by the chains constructed
with the help of some probability measures . Next modify the latters through the transformations
= (1 —en)u+ end, with ey € [0,1). Suppose that the limit [ = limy_. ey exists in [0,1).
Then Theorem 1 is also valid for the chains constructed by rather using g, but with the times
T(N,K):=T(N,K)/(1-1). In particular if | = 0, we obtain what was announced before Theorem 1
for the slightly slowed down uniform transposition generating chains.
O

Remark 12 To estimate the quantity (11), we used the E()-valued Markov chains defined in
(12). But a priori one could have thought of simpler Markov chains: for r € [1, | N/2]] define

VneN, VO = card({1,..,r} N Z,({1,...,7}))

15



It is a birth and death chain on [(2r— N),r], let call Q") its transition matrix. Then the quantity
we are interested in can be written as

P[Zpy ({1, .oty ={1,....7}] = PV =7

ny
= Qszr]\); (’l", T)

Unfortunately, due to the lack of symmetry of this chain, the latter term is not so easy to evaluate
in term of the spectrum of Q") in particular it is not equal to tr( %)/M at least if 2r < N. To be
convinced by this assertion, note that since Q) is an irreducible birth and death transition matrix,
it is diagonalizable and its eigenvalues have multiplicity one. Furthermore since the Markov chain
V(") is a function of the Markov chain R("), the eigenvalues of Q") are also eigenvalues of P("). Tt
follows that if 2r < N, the r 4+ 1 eigenvalues of Q(") are exactly those of P(").

O

Remark 13 The arguments given in this section and in the previous one can be slightly extended
to show that the cut-off phenomena for the non-existence of fixed point and transitivity are indeed
unique transitions in the sense given in (2) and (3).

O

4 Fixed points for the successive generating transpo-
sitions

The goal of this section is to prove Theorem 2, namely that there is a flared transition phenomenon
for the existence of fixed points in the successive generating transposition model. Even if this
behavior is different from the sharp transition taking place for the uniform generating transposition
model, we will first adapt the approach of section 2 to this new situation, i.e. we will try to extract
as much information as possible from the evaluation of the expectation and the variance of the
sum of the indicator functions associated to fixed points. This won’t be sufficient to prove that
the transition is flared, but similar estimates will enable us to conclude.

Thus with the notations of section 2, the sums defined by
VneN,  S. = Y pw
rz€EN
will play an important role here. Their expectations are not difficult to compute:

Lemma 14 We have at any time n € N,
K

E[S,] = N % > (1+;<Cos<2N7rl>—1>)n

le[o,N—1]
and in particular for N > 4, the mapping N 3 n — E[S,,] is nonincreasing.

Proof

By definition, we have



Fix x € Ey and consider the stochastic chain (X;,)nen = (Z5(2))nen. It is indeed a Markov chain
on Z/(NZ) starting from = and whose transition matrix P is given by

~ , if d(a,y) =1
VJ")yEENa P(:Z:?y) = 1_% 71f‘,1::y
0 , otherwise

where d is the natural graph distance on the discrete circle Z/(NZ). So we can write P =
2M + (1 — %)Id where M is the transition matrix of the usual random walk on Z/(NZ). Its
spectral decomposition is well-known (see for instance the book of Diaconis [5]): the eigenvalues
are the quantities cos (%’rl), for [ € [0, [N/2]]. For [ # 0,N/2, the corresponding multiplicity is
2 and the eigenspace is generated by the real and imaginary parts of the complex-valued function
En 3 x +— exp(i2nlz/N). For l = 0 and [ = N/2 (which occurs only if N is even, then M is periodic
with period 2), the multiplicity is 1. We deduce that the eigenvalues of P, with multiplicity, are
the numbers 1 + % (cos (%5%) — 1), for [ € [0, N —1].
Note furthermore that P is space-homogeneous, so we get that for any n € N and x € Ey,

PZ,(x) =2] = Py(z,x)

yeEN
1

= Ntr(Pn)

1 2 27l "
= N Z <1+N(COS(N>—1)>
le[[o,N—1]

and this leads to the formula of the above lemma. The monotonicity is a consequence of the fact
that the eigenvalues of P are nonnegative for N larger than 4.
[

Next result shows that it is at times n of order N1+ % that something interesting is happening for
E[S,).

Lemma 15 Let fir o € (0,+00) and define ny = LaNH%j. Then we have

Jim E[S,,] = I¥(a)
with
1
I —_
(a) 2/
Proof

According to the previous lemma, we have to show that
. 1 2 27l N
g 2 (e (e(F) ) - e
lefo,N—1]
Reinterpreting [0, N — 1] as Z/(NZ), we decompose the above sum into

L(N) = Nll_K > <1+12v<‘3"s<21vﬂ>_1>>w

leZ1(N)

= ol (NS A CHCO RN

K 1ezy(N)
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with

Zi(N) = {l€Z/(NZ) : d(0,]) <eyN}
Zy(N) = {le€Z/(NZ) : d(0,l) > enyN}
where the sequence (ey) Nen\{o0,1} has been chosen such that
lim ey = 0
lim eNN% = +oo

The first condition insures that for large N, I;(NN) is equivalent to

and we recognize a Riemann type sum. More precisely, we bound below and above this sum
respectively by

L

exp(—4n?as?) ds

and

1 leNN|NK
+ 2/ exp(—4nlas?®) ds
® 0

Due to our second assumption on the sequence (en)nem fo,1}, both quantities converge for large
N toward

/ exp(—4n?s®)ds =
R
So to prove the announced result, it is sufficient to see that

i L) = o

2/

Using the concavity inequality In(1 + s) < s, valid for all s € (—1,+00) and the fact that there
exists a constant ¢ > 0 such that cos(z) — 1 < —cz? for all s € [0, 7], we have

I;(N) < 2 Z exp(—8ﬂ2acl2N%_2)
le[[len N|+1,[N/2]+1]
e 2 .2
< 2/ L exp(—8m“acs”) ds

leNN|N'™K

and it is clear that the latter integral goes to zero as N becomes large.
|

We deduce the following result on the existence of fixed point(s) at large times with respect to the
order NV H'%, which corresponds to the easy part of Theorem 2:

Corollary 16 Consider for N € N\ {0, 1}, times of the type ny = LaNNH%J, with an > 0, and
denote o = liminfny_ o an. Then we have

limsupP[B,,] < I%(«)

N—oo
with the convention I(+00) = 0, so that imy_.o P[By,]| = 0 if a = +00. Furthermore under the
assumption a > o/ = ﬁ, we get

limsupP[B,,] < 1

N—oo

18



Proof

Since we have for any time n € N,
P[B;] < ) P[Bu(x)]
= E[S)]
the first bound will be proven if we show that

lim E[S,,] < I%(a) (14)

N—oo

Consider o < a and define ny(«) == aN 1+% . Due to Lemma 15 and to the monotonicity property
alluded to in Lemma 14, we have

IN

limsup E[Sy,] limsup E[S;, ()]

N—oo N—oo

- *()

Next letting o — a_, (14) follows.
Concerning the last assertion, it comes from the fact that defining

1
/ = 1 f : ] =1 = —_—
! inf{ao >0 : I(c) } gy

we have I(«) < 1 for any a > o/,
|

To proceed with our program, we also need to evaluate the variance of S,, and this amounts to get
estimates on P[Z,(z) = =, Z,(y) = y] for © # y € En. Indeed, we have for any time n € N,

Var(S,) = E[SZ] —E?[S,]
= Y PBu(x) N Bu(y)] — E?[S,]

ryeEN

= Y PBa(@)NBa@)]+ ) P[Ba(x)] — E*[S,)]
r#YyeEN z€EN

= Z ]P)K[Zn(x) =x,Zn(y) = y| + E[S,] - EQ[Sn] (15)
zAYyE€EN

Contrary to the uniform generating transposition model, the quantity P[Z,(z) = x, Z,(y) = ]
now depends on x # y € Ey, but only through the distance d(z,y), due to the underlying space
homogeneity of our present model.

First we try to obtain a bound via a coupling argument similar to the one used in section 2. So
fix x # y € Enx and denote (X,,, Yy )nen = (Zn(x), Zn(y))nen which is a stochastic chain starting
from (x,y) and taking values in Eﬁ) = E%\{(z,2) : © € En}. It is indeed a Markov chain whose
transition matrix P is given by

+ yifd(z, 2’y =1and ¢ =y

+ yif 2/ =2 and d(y,y') =1

1 : ! /
@) @ e B PO ) = 1 e S ey )

1-2 ifdz,y)=12"=zandy =y

0 , otherwise
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The form of this matrix suggests to consider another transition matrix P®) where the main inter-
action between the two components has been removed, namely

it d(w,a') + d(y,y') = 1
Jifa' =zandy =y
, otherwise

Y (2y), (@) € EY,  PO((a,y),@y)) =

S g
|
2

Its interest is that we can evaluate its powers:

Lemma 17 We have for any N > 9, any (z,y) € E% and n € N,

(-5) (E[Ji]y < PP((ry).(w9) < (E[Ji])K

In particular in the time scale we are interested in, as N goes to infinity we have for any given
a >0,

(2) 2
PO g (@) ~ Plo)—y
Proof

As it was explained at the end of section 2, the lack of interaction between the components enables
to compute explicitely the powers of P2): for any m € N, we have

~ 1 <= /n\ =~ ~
V) W) e B PR @) = 53 (1) Bea) Pyl
p=0
where now,
~ % yif d(z,y) =1
YV x,y € En, P(x,y) = 1—% yifx =y
0 , otherwise

In particular, for any m € N and (z,y) € E%,

~ 1 <= /n\ ~ ~

P’r(LQ)((x’y)v('ray)) = 27 <p>Pp(xa$)Pnp(yay)

p=0

Due to the space-homogeneity of the transition matrix P (with Ey identified with Z/(NZ)), for
any p € N, the quantity P,(x,x) does not depend on the choice of x € Z/(NZ) and thus we have

~ ~

VaxeZ/(NZ), Py(x,x) = Ntr(Pp)
1 N
= - > o
le[o,N—1]

where (é\l)le[[o, N—1] are the eigenvalues (with multiplicities) of P. The proof of Lemma 14 shows
that we can take

_ 4 9l
Vie[o,N-1], 6 = 1+N<cos(;>—1>
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Putting together these considerations, it appears that for any n € N and (z,y) € EZQV,

1 o= /n\ 1 P —
=0

P k,le[0,N—1]
1 1 = (0 2panp
- % X o (l)wm
k,le[0,N—1] p=0
1 O + 6, !

k,le[0,N—1]

For [ € [0,N — 1], let X, := 2(cos(2wl/N) — 1)/N, so that 6 = 1 + 2X,. These quantities are
nonpositive, so we get that for any k,l € [O,N — 1], 1 + X\ + N < (1 + M) (1 + ;) and

~ 1 n
PP ((x,y), (x,y)) = N2 > d++N)
k1E[0,N-1]
2

% >+

lefo,N—1]

_(ESJ\®
B N
according to Lemma 14.

Furthermore, since we have for any [ € [0, N — 1], —% < )\ <0, it appears that for any k,[ €
[0, N —1],

IN

g\ !
Q+X)1+N) <1< <1—N) (T4 X+ )
and the wanted lower bound follows.
The announced equivalence is an immediate consequence of Lemma 15.

Note that if in (15) we could replace the term P[Z,(z) = =, Z,(y) = y] = P,@((x,y), (z,y)) by
é@((w, y), (x,7)), we could bound below and above the variance by

- (1 NN -1)(N -8)
N3

N(N —1)
N2

> E%[S,] + E[S,] < Var(S,) < — <1 - ) E?[S,] + E[S,]

(at least for N >9). Taking into account Lemma 15, we could then conclude to the

Proposition 18 Take K > 3 and consider times of the kind ny = LozNNH%J, where (aN) Nen\{0,1}
is a sequence of positive numbers converging to o € [0,400). Assume that

2(K—2)
lim ayNGK-DK = 400 (16)

N—oo

(in particular this is automatic if « > 0), then we have

lim Var(Sy, )

A sy = @)

with the convention I~%(0) = 0.
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This result will be the crucial estimate to complete the proof of the transition phenomenon alluded

to in Theorem 2. B
But let us first prove the above proposition by comparing the powers of P@ with those of P2,

To go in this direction, it is convenient to introduce ()N(n, ?n)neN a Markov chain on E%; starting

from (z,y) and admitting P( as transition matrix. Consider
7 = inf{neN:dX,,Y,) <1}

Since P and P® coincide on the lines corresponding to couples (z,y) € E% such that d(z,y) > 1,
a simple coupling argument shows that for any (z,y) € EJ(\?) and time n € N,

S POy, @) - BP(wy), )| < 2P <) (17)
(¢ y")EES
Next result enables to evaluate the r.h.s. in the time scale we are interested in:

Lemma 19 There exists a universal constant ¢ > 0 such that T is stochastically bounded below by
an exponential random variable of parameter c¢/(L?N), where N > 8 and L = d(z,y) > 2.

Proof

Define forn € N, V,, == d()?n, )N/n) It appears easily that V' = (V},),en is a birth and death Markov
chain on [0, | N/2]], starting from L > 2. If N > 8 is even, its transition matrix P is given by

T Rl

- . N , if z € 40, and |y — x| =
Vx,yG[[O,N/Q]], P(.’E,y) T 1_% ,1fx:y
0 , otherwise

(if N > 8 is odd, this transition matrix has to be slightly modified: P((N —1)/2,(N —3)/2) = 2/N
and P((N —1)/2,(N —1)/2) =1 —2/N). Then we have

7 = inf{neN:V,=1}

To come back to a well-known absorbing problem, consider the new transition matrix P on [1, L]

given by
% yifx g {1,L} and |y — x| =1
2 — N yife=Landy=L-1
Vﬂf,yE[[].,L]]a P(x,y) : 1_% ’1f;p:y7£1
0 , otherwise

Let U = (Up)nen be a corresponding Markov chain starting from L (note that it is absorbed at
1). It is not difficult to construct a coupling of V' and U such that

Vn<T, Up < Vi
This shows that 7 is stochastically bounded below by
7 = inf{neN: U, =1}

The advantage of the latter absorbtion time is that its distribution is well-known (see Karlin and
McGregor [10]): let (0;);cq1,z—1] be the nonzero eigenvalues of P, if they are all nonnegative then
7 is distributed as a sum of independent geometric random variables of respective parameters the

22



family (Hvl)le[u’ r—1]- In our situation these eigenvalues are known (see for instance the last example
of Diaconis and Miclo [7]):

Vie[l,L-1], 6 = 1+;\l[<cos<72rg/l:1l))>—1>

It follows that 7 is stochastically bounded below by 74 geometric random variable of parameter 51,
which means that

VneN,  Plr=n = (1-60,)f}

The random variable 7y is itself stochastically bounded below by an exponential random variable
of parameter In(1/6,).

The result announced in the above lemma then comes from the existence of a constant ¢ > 0 such
that for any N > 8 and L > 2,

C

Next result gives an evaluation of the error made by replacing P?) by P® on the time interval
we are interested in.

Lemma 20 Let ¢ > 0 be the constant defined in the previous lemma and let be given n € N and
L e [2,|N/2]], for N > 8. Then we have

2cn

Pg)((fv,y),(x,y))—]Bg)((x,y),(:c,y)) < N2

max
me[0,n], z,y€Z/(NZ): d(z,y)>L

Consider times of the kind ny = LaNNH%J, where (aN)nen\{0,1} 5 @ sequence of positive num-

1
bers, and take Ly = ozj{,N%+%. Assume either that imy_..o any = 0 or that K > 3 and that the
sequence (aN)NeN\{O,l} converges to some o > 0, then we have for large N,

> PR (@) ()™~ Y (PR (y), (z,9)"

2,y€Z/(NZ): d(z,y)>Ly a#y€L/(NZ)

Proof
According to (17), we have for any m € [0,n] and any z,y € Z/(NZ) such that d(z,y) > L,

PR((@,9), (2,)) = P2 ((2.y), (w,9))| < 2P[F <m]
< 2P[F < n
< 2P [LQACTNE < n}

where the constant ¢ > 0 is defined in Lemma 19 and where £ is an exponential random variable
of parameter 1. So the latter probability is

P{géﬁ"} - 1_6Xp<_L2CNn>

C

= 2N"

where we used the convexity inequality exp(—s) > 1 — s valid for any s € R, and this leads to the
announced bound.
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Concerning the wanted equivalence, recall that in the r.h.s. the quantity ﬁéi)((x,y), (z,y)) does

not depend on the couple (z,y) € E]2V Lemma 17 shows that for large N,

ﬁ#ﬁv)((l',y), (.%', y)) = ﬁ?"(L?V)((()’ 0)7 (07 0))

- ()

By our assumption on the times ny, for N € N\ {0, 1}, we can find a constant a > 0 such that for
any N € N\ {0,1}, ny < aN'T% | and Lemma 14 and Lemma 15 imply that

o 2= C a2

1}]Vm£f1vxp,gfg((o,0),(o,0)) = liminf EX[S,, ]

N—oo

o 2
> liminf Ex |:SaN1+2:|

N—oo K

= I*(a)
1
Thus by the choice of Ly = ayN %J“%, our assumptions implies that for large N,

P3((0,0),(0,0)) > N

c
——n
L3N

so that uniformly in z,y € Z/(NZ) such that d(x,y) > Ly, we have

Pé?v)((xa y)? (l’,y)) ~ ﬁ’r(b?\])((x7y)7 (xa y))

The announced equivalence is then a consequence of
card({(z,y) : d(z,y) > Ly}) ~ N?

because our assumptions also imply that limy_,oo Ly /N = 0.
|

So in the time scale we are interested in, we can replace in (15) most of the terms P[Z,(z) =

x, Zn(y) = y| by 137?)((35, y), (z,v)). To end the proof of Proposition 18, it remains to show that,
with the notations of Lemma 20 and under the assumptions of Proposition 18,
. 2 K _ . 2 K
m oY B @) = JmaN Y (PR(0.2), (0.2)))
r#yely 1d(z,y)<Ln z€[[1,LN]
= 0 (18)

To do so, we will produce a direct bound on Pg\,)((x,y), (x,y)), but it won’t be so sharp. The
underlying idea is to use heat kernel type estimates deduced from isoperimetric information (for
a well-written introduction to this subject, see for instance Coulhon [4]). So let us consider the

transition kernel Q?) which is defined by the same formulas as P®), except that E](\?) is replaced
by V@ = 72\ A(Z?) (where A(Z?) = {(z,z) : © € Z} is the diagonal of Z?). We endow V(?)
with a graph structure by introducing the set of edges

€8 = oy} e #y e VP and QP (z,y) > 0}

We denote respectively by A and Ay the counting measures on V) and on £®. Let us also
designate by R the set of nonempty finite subsets of V. If R € R, its boundary is the finite
subset of £?) defined by

OR = {{z,y}€€® :zc Randy ¢ R} (19)
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Lemma 21 There exists a constant ¢ > 0 such that the 2-dimensional isoperimetric inequality is
satisfied:

Ao(OR)
A(R)

VY ReR, > ¢

Proof

The typical example of a 2-dimensional isoperimetric inequality is that of V = Z? endowed with
1ts traditional nearest neighborhood graph structure. More rigorously, consider the set of edges

= {{x,y} CZ? : |r —y| = 1} and denote respectively by A and Ay the counting measures on V
and on &. For any R € R, the set of nonempty finite subsets of V, we define the boundary set OR
by the same formula (19), with £®) replaced by €. It is well-known (see for instance Coulhon [4]),
that there exists a constant ¢ > 0 such that

VRER,

(more generally and with obvious notations, a similar result is true for the d-dimensional lattice

74, with d € N*, except that in the Lh.s., X%(R) has to be replaced by X%(R), this corresponds
to the d-dimensional isoperimetric inequality).

Let us come back now to the graph (V3 £®)) which can be seen (from “far away”) as a
slight modification of (V,€). First consider R € R which is symmetrical, in the sense that if
x = (r1,22) € R then T = (z2,21) also belongs to R. Define

R = RU{(x1,71) €Z? : 319 € Z with |z — 25| = 1 and (21,29) € R}
and let us show that
o Pa(R)
- 2

Ao (R) (20)
Indeed, let {z,y} € OR be given, with € R and y ¢ R and consider the different possibilities
which can occur:

e If z € V® and y € VP, then {z,y} € OR.

o If v = (z1,71) € ANZ?) and y = (y1,12) € V@ for instance if y; = 21 and yo = x1 + 1.
By definition of R, it is easy to check that either {(z1 — 1,21),(z1 — 1,21 + 1)} € OR, either
{(z1—1,21+1),(x1,21+ 1)} € OR (depending on the belonging or not of the point (x; — 1,21 +1)
to R).

e The possibility y € A(Z?) is not permitted by our definition of R.

So to any edge of OR, we can associate an edge of R and through this relation any edge of OR
can be associated only twice to an edge of R. The bound (20) then follows.

Note that trivially we also have A(R) < A(R), so we get

Aa(OR) 129(9R)
A2 (R) 2 \2(R)
and
VREeR, Ao (OR) > ¢
MNR) 2

where R is the subset of R consisting of symmetrical sets.
Next consider R € R and let R € R be its symmetrized set:

R = {zeV® :2cRorZc R}
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We will show that

No(OR) . 129(9R)
A2(R) 2 )\3(R)

so the above lemma will be proven with ¢ = ¢/4. -

Since we have clearly A(R) < A(R), it is sufficient to see that Ag(R) > ’\aéR). To do so, let
{z,y} € OR, withz € Rand y ¢ R. If z € R then we have {x,y} € OR, because R° C R, If
T € R, then {Z,y} € R, because we also have y € R° C R°. Thus an argument similar to the one

leading to (20) enables us to conclude.

Let us define a new transition kernel QV(Z) on V@, by imposing that

B L if fa,y) € €@
Va#yeV?, QW (x,y) = { S i)tgrvﬁse

and by adjusting the values on the diagonal. The link with the boundary measure )y is that

VaetyeV® Nz} = 4A@)QP(z,y)
The isoperimetric inequality of the above lemma then implies the following upper bound on the
diagonal (see Theorem 4.2 of Coulhon [4]): there exists a constant ¢ > 0 such that

C/

(2) N (2) <
VeV ,\V/TZEN, Qn (:UVT) -~ 14+n

(a d-dimensional isoperimetric inequality rather leads to a Gaussian bound of the type ¢/ (14n)~9/2).
Note that for N > 4, the kernel Q?) is strongly related to Q): with probability 4 /N the transition
is the same and otherwise the current state does not make a move. In particular we get that

9 9 n 4\P 4 n7p~2
VzeV® vVneN, le)(x,a;) = Z <><N> (1—N> Qé)(x,x)

p€[0,n] b

‘X GG 0-8)

pe0n]

w2 G )08

p€[0,n]
, N

Cn—i—l

IN

<

By comparison, this bound enables to evaluate P on the diagonal:

Lemma 22 There exists a constant ¢’ > 0 such that for N > 4,

N n
Z 7 (2) < /"
VYxeZ/(NZ),¥YneN, P¥((0,2), (0,2)) 1/\(0 (1 n+N3>>
Proof

Let z € [0, N — 1] (naturally identified with Z/(NZ)) be given and consider (X,,Y,),cn be a
Markov chain starting from (0,z) and admitting P®) as transition kernel. Let y := (z + N)/2, if
x+ N is even we define 7x (respectively 7y) as the first time (X,,)nen (resp. (Yy,)nen) reaches y and
if . + N is odd, let 7x (respectively 7y') be the first time (X,,)nen (resp. (Y )nen) reaches one of
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the vertices adjacent to the egde containing y. Next we “cut” the discrete circle Z/(NZ) at y. This
means that if © + N is even (respectively odd), we identify Z/(NZ) with [y — N + 1, —1] U [0, y]
(resp. with [y — N +1/2, —=1]U [0,y — 2]). Then up to the time 7 := 7x A7y, (Xpn, Yn)nen behaves
like a Markov chain (X, Y, )nen on V® starting from (0,z) and admitting Q® as transition
matrix (more rigorously this means there exists a coupling between these two chains so that for
any n < 7, (X, Yn) = (Xn,Yy)). It follows that for any n € N, we have

PP ((0,2),(0,2)) < QP((0,2),(0,2)) +P[r < n]
< QP((0,2),(0,2)) +Plrx < n] +Plry <n
Q2 ((0,2), (0,z)) + 2P[rx < n]
< QP((0,2),(0,2)) + 2P[F < n]

with
7 = inf{neN:d(0,X,)>yA(N—y)—1/2}

Arguments similar to those used in the proof of Lemma 19 enable to see that there exists a univeral
constant ¢ > 0 such that 7 is stochastically bounded below by an exponential random variable of
parameter ¢’ N1 (y A (N —y) —1/2)2. But for N > 4, we have y A (N —y) > N/4, so we deduce
that for any time n € N,

P[T < n]

IN

1 — exp(—8%¢"'n/N?)
2 N
S 8¢ ﬁ

The announced result then follows from the bound given above the lemma on ng)(((), x),(0,z)).
|

The proof of (18) is now clear: by the previous estimate, we have

N (PRI0.2),0.0)F < NLy (( . +7v5§)>K

ze[1,Ly] L+ ny

and taking into account the form of ny, this expression will vanish for large N if

1
lim N 'Ly— = 0
Noo Naﬁ

and

]\}E}rclx) N_2K+3LNQ% = 0

1
Remembering that Ly := a}I\,N%JF% and that the sequence (an)yen (0,1} is bounded, the latter
convergence is a consequence of the fact that —2K +7/2+ 1/K is negative for K > 3. Concerning
the former convergence, it amounts to the condition (16) of Proposition 18, and this ends its proof.
Taking into account Corollary 16, we can now complete the proof of the transition phenomenon of
Theorem 2, which is based on the following observation: for any time n € N, we have

P[B;] = P[S,=0]
Var(Sy)

<
- E2[S,]
Let a > 0 be fixed, Proposition 18 implies that

. 1
hmlanP’[BaNH%] > 1-

o n = R @) (21)
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so as announced,

lim liminfP[B N”%] =1

a—04 N—oo «
Remark 23 We strongly believe that the condition (16) of Proposition 18 is only technical

and that a further investigation should enable to remove it. It would follow that the transition

phenomenon for the non-existence of a fixed point is unique in the sense given in the introduction.
O

To complete the proof of Theorem 2, it remains to show that the transition for the non-existence
of fixed point is flared, namely to find a non-empty interval (au,a*) C Ry such that for any
a € (ay, ),

0 < L(a) < L(a) < 1 (22)
where

L(a) = 1}@£fp[BaNl+%}

L(a) = limsupIP’[BaNH%}

N—oo

Corollary 16 already shows that L(a) < 1 for a € (o, +o0). Unfortunately, (21) only informs us
that L(a) > 0 for a € (0,a/). To go beyond o, we use Bonferroni inequalities (also known under
the name of exclusion-inclusion principle) which in our context say that at any time n € N: for
any odd p > 1,

P(UzepyBn(z)) < Z(‘Dlil Z P[mje[[l,l]]Bn(xj)]

=1 r1<we<--<x€EEN

—

and for any even p > 2,

P(UrciyBn(z)) = > (-1 > P [Njeqi,gBn(z;)]

=1 1<zl --<zEEN

o~

Consider the case p = 2, we get

P[Bn] = Z P[By(z)] — Z P[By(z) N By (y)]
2€EN z<y€EN

According to (15), the last sum is equal to (Var(S,) — E[S,] + E2[S,])/2 and it follows that

3 1 1
P[B,] > <=E[S.] - =E%S,] — = Var(S,)

2 2 2
Let a > 0 be fixed, for K > 3, Lemma 15 and Theorem 18 imply that
3 1

el = o) - P (@) - 515 (0)

1
We deduce that L(c) > 0 for a € (o, +00) with

" = infla>0:I%(a) <2}
1
22+%T{'

< o

[0}

lim inf P[B
N—oo
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Together with (21), this implies that L(a) > 0 for any o € (0, +00). Thus (22) holds with a, = o/
and o = +o0.

We end this section with the observation that the interval on which we know that L(a) < 1
can be improved as K becomes larger and larger:

Remark 24 The study of the flared transition relative to the non-existence of fixed point in the
successive generating transposition model can be push further, as it is suggested by the Bonferroni
inequalities.

For given p > 3 and z; < 29 < --- < z, € Ey, the p-tuple process (Z,(x1), ..., Zn(zp))nen is a
Markov chain, letNP(p) be its transition matrix. As it was done in this section for the case p = 2,
we can consider P() the transition matrix on Z/(NZ) where the main interaction of exchange
between two components has been removed from P®)_ Considerations similar to those of Lemma
17 enable to see that for N large

pw 1
LO(NHKJ((:Bl,...,ﬂL’p),(:171,...,:1;1,)) ~ IP(« )NK

Furthermore, arguments similar to those which have led to Proposition 18 show that for any given
a > 0, the quantity

3 P[mje[[l,,]]BaNH%(xj)} = Y (PP (@1 ), (@1 )

Nt K
r1<xo<-<Iy r1<T2<- <2y La J

has the same behavior for large N as

> B L (@) )

r1<ro<l--<I]

at least if K > (p + 2)/2. Thus if p is odd, we get that

Z(a) < i llIlK( )

=1

~

while if p is even, we have

L(a) Z i l 1IlK )

=1

—

Note that as a — 04, the latter r.h.s. goes to —oo, so none of these lower bounds enables to recover
the fact that lim,—o, L(0) = 1. Of course, one would like to forget the condition K > (p + 2)/2
and let p go to infinity to obtain

lim P[BQNH%} = 1—exp(—I%(a)) (23)

N—oo

Heuristically this is what we will do in next section by allowing the multiplicity K to depend on
the size N.
O
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5 Sharp transition for the successive generating trans-
positions

Here we give the proof of an extension of Theorem 3. It is based on the estimates of the previous
section, whose arguments indeed simplify in the case we are interested in of a multiplicity increasing
with size. The heuristic convergence (23) gives a feeling why it should be true: for large K, the
r.h.s. seen as a function of & € Ry becomes closer and closer to a function whose value is 1 on
[0,/) and 0 on [¢/,400), where o = 1/(47) was introduced in Corollary 16. But this picture is
also a little misleading, since the true critical value & appearing in Theorem 3 is not equal to o/,
as it will be checked in section 6. This comes from the different renormalizations we use: in some
sense the limits that we are considering are not commuting.

Recall that the function J was defined in the introduction by
1
J:Risa — / exp(—2a(1l — cos(27s))) ds
0
and for any 8 > 0, consider () € R the unique value such that J(a(3)) = exp(—1/43). Theo-

rem 3 can be extended into

Theorem 25 In the model of successive generating transpositions, there is a (K, T)-sharp transi-
tion for the non-existence of fized point with

K(N) = gln(N)
T(N) = «af)N
Let «, 3 > 0 be given, from now on, we denote for N > 2V exp(2/[3)
Ky = [BIn(N)]
ny(a) = |aN]|

As usual our primary object of interest will the random variable counting the number of fixed
points

S(N,a) = Z BEN) ()

2€EN np(a)

because the approach presented in section 2 shows that the above theorem is a consequence of the
following estimates

Proposition 26 The crude asymptotical behavior of the expectation of the above sum is

+oo , if a < a(f)

lim E[S(N,a)] = { 0 L if a > a(f)

N—oo
Furthermore, in the case o < a(3), we have

. Var(S(N,a))
N ES(Na) (25)

The proof of (24) begins with the explicit formula for the expectation given in Lemma 14:

s = (5 3 (10 (m(3) )

lefo,N—1]

Ky
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Note that we can find a universal constant ¢ > 0 such that for any [ € [0, N — 1],
2 2ml 2 2ml
exp (—%) exp <N [cos <]7\r7> — 1}) < 1+ N <COS <]7\;> — 1>
e 2 coS 2l 1
xp [ — 20 -
PAW N

so since ny (o) Ky /N? goes to zero for large N, we get that

N

IN

Ky
1 2 27l
E[S(N,a)] ~ N N Z exp <N [cos <N> - 1] nN(a)>
lefo,N—1]
Ky
1 2ml
= N (N Z exp <2a [cos (N) — 1}))
lefo,N—1]
Next recognizing a Riemann type sum, we have
. 1 27l
A}gnooﬁ Z exp (2a [cos <N> — 1]) = J(a)
lefo,N—1]
so it appears that
- In(E[S(N,a)])  _

and the announced convergence (24) follow at once.

Concerning the convergence (25), since for o < a(3), we have limy_,oc E[S(N, )] = 400, it is
sufficient (recall (15)) to show that

Jim EZ(S(N,0)] D PN[Zyy(o)(2) = 2, Zuy( () =4 = 1
FESNSI N

Using the notations introduced above Lemma 17 and identifying En with Z/(NZ), this amounts
to

Jim E2S(N )N 3D (P ((02), (0,2)F = 1
2#£0€Z/(NZ)

and Lemma 17 implies immediately that

lim EZ2S(V,a)IN > (PP ((0,2), (0,2))K

N—o0 N
z#0€Z/(NZ)
, B N(N —1) ~
= Jm s Y B, (0,0),0,00)

-1 (27)
so we are led to show that

2
- Sasoenyon) Pa(0,2), (0,2)
—o S02) =1 (28)
N OOZm#OEZ/(NZ)(PnN(a)((Ovx)v(va))) N
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Let (Ln)nen\{o,1} be a sequence of positive integers diverging to infinity but such that limy .. Ln /N =
0. We decompose the above numerator into

Ri(N.a) = 3 (P2 ) ((0,2), (0,))) N
2€Z/(NZ):d(0,x)>Ly
Ry(N.a) = 3 (P2 ((0,2), (0,2)))"

2€Z/(NZ):1<d(0,2)<Ln

On one hand, according to Lemma 20, we have, with the constant ¢ > 0 defined there and for
any © € Z/(NZ) such that d(0,x) > Ly,

P ) ((0,2), (0.2)) = P ((0,2),(0,2))| =

Pr(j\f)(cx)((o? x),(0,z)) — ‘ﬁ'rs,if)(a)(((]’ 0),(0,0))

< QCnNga)
NIZ,
2ca
=1
N

and on the other hand, (26) and (27) show that

liminf P* ((0,0),(0,0)) > J*(a)

N—oo ny(a)

We deduce that for large NV,

Ri(N) ~ ) (P2 ((0,), (0,2)) <
z€Z/(NZ) :d(0,x)>Ln

= (N = 2Ly = 1B ) ((0.2), (0.2)

N

~ > (B (0,3, (0,2)) K

2£0€Z/(NZ)

Finally, contrary to what we have done in Section 4, we don’t need here isoperimetric estimates
to treat the term Ry(IV, ), we just write that

RQ(N,Oé) < 2Ly +1
< J*(a)(N —1)
~ > (B (0,), (0,2))

©#0€Z/(NZ)
to end the proof of (28).

Remark 27 We believe that the results obtained in this section and in the previous one also hold
for the transition corresponding to transitivity. But to follow the approach presented in Section 3,
we would need to know the spectra of the exclusion processes associated to the simple random
walk on Z/(NZ). Unfortunately they do not seem to be known and this looks like an interesting
subject to be investigated.

O

6 Simulations
Here we use the computer to evaluate numerically the constant & and to plot Monte Carlo ap-

proximations of the mappings defined in (1) in several situations to illustrate our results and to
support some conjectures.
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Usual numerical resolution techniques gives the following approximate value for the constant «
defined above Theorem 3:

a ~ 0.2916614

So as announced at the beginning of section 5, & is clearly different from o = 1/(4m) ~ 0.0795775.
Note that a is quite close to 0.25, so if we come back to the complexity arguments presented
after Theorem 2, we see that the complexities in the cases of uniform transpositions and successive
transpositions (of Theorem 3), respectively N In(/N)/2 and 2aN In(N), are very close (without
taking into account the cost of the underlying uniform samplings). At least for the nonexistence
of fixed point property, because the last picture below suggests that if Theorem 3 holds for the
transitivity property, then the corresponding constant « should be not very far from 2a.

Now we come to the pictures of the mappings defined in (1).

We made several experiments with the computer algebra system Maple, using the package
“group” which provides facilities to represent permutations, compute product of permutations,
generate subgroups and compute orbits. Maple also have a command rand(1..N)() which allow to
produce sequences of integers between 1 and N almost following a uniform distribution.

For each case we experimented, we let the program run 100 (independent) times, then we took
the average values as an empirical estimation of the targeted probability. The graphics in Figure 1
picture interpolating curves.

6.1 Cut-off for transitivity in the uniform transposition case

Picture (a) is an illustration of Theorem 1. We fix K = 4 and we consider three values of N.
Abscissa stands for the time (or the number of product of uniform transpositions) normalized by
NIn(N)/(2K). The empirical probabilities that the generated subgroup is transitive are repre-
sented as ordinates. The three values for the size of the problem are:
N = 30, in red and thickness 4, at the right of the picture
N =50, in blue and thickness 2, at the middle of the picture
N =100 in black and thickness 1, very close to the previous plot.

As expected, a cut-off phenomenon appears around the normalized time 1.

6.2 Comparison of nonexistence of fixed point and transitivity in
the uniform transposition case

Picture (b) shows that the events of nonexistence of fixed point and transitivity are very close in
the uniform transposition case, in accordance with Theorem 1 and its proof. The values N = 30
and K = 4 are fixed and as above the time is divided by N In(/N)/(2K) in abscissa. The plot of
the empirical probabilities for transitivity (respectively for nonexistence of fixed point) is in red
with thickness 4 (resp. in black thickness 1).

Of course, the graph for nonexistence of fixed point is above the one for transitivity, but they
are very close. Indeed, if in Picture (a) we had rather plotted the curves for nonexistence of fixed
point, we would have ended up with a very similar picture.

6.3 Flared transition for nonexistence of fixed point in the suc-
cessive transposition case

Picture (c) is an illustration of Theorem 2. We fix K = 4 and we consider three values of N.

Abscissa stands for the time normalized by N I+% (recall this is just an order, so the value 1
has no real meaning in abscissa). The empirical probabilities that there is no fixed point for the
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generated subgroup are represented as ordinates. The three values for the size of the problem are:
N = 30, in red and thickness 4
N =50, in blue and thickness 2
N = 80 in black and thickness 1.

The three graphs are quite close, suggesting that there is indeed a fast convergence as N goes
to infinity of the graph of the transitivity probabilities as a function of the renormalized time.

6.4 Flared transition for transitivity in the successive transposi-
tion case

Picture (d) suggest that Theorem 2 also holds for the transitivity property. The values are the
same as in Picture (c), except that we have plotted the empirical probabilities for the transitivity
property of the generated subgroup.

Again the three graphs are quite close, this also supports the conjecture there is a flared
transition in this situation. Note the limit graph would be quite different for nonexistence of fixed
point and transitivity.

6.5 Comparison of nonexistence of fixed point and transitivity in
the successive transposition case

Picture (e) shows that there is a nonnegligeable difference between the events of nonexistence of
fixed point and transitivity in the successive transposition case, contrary to the uniform transpo-
sition situation. The values N = 80 and K = 4 are fixed and the time is still divided by N I+
in abscissa. The plot of the empirical probabilities for nonexistence of fixed point (respectively
transitivity) is in red with thickness 4 (resp. in blue thickness 2).

As expected, the graph for nonexistence of fixed point is above the one for transitivity. Their
difference suggests there will be new difficulties if one wants to extend Theorem 2 to the transitive
case or to investigate the limiting graphs.

6.6 Comparison uniform vs successive transposition models

Picture (f) is an illustration for Theorem 3 and suggests that in order to extend it to the transitivity
property, a would have to be modified. We consider N = 50 and K = 8 which is close to 2In(V). In
abscissa, the time is renormalized by 0.26 /N which is also approximatively equal to N In(N)/(2K).
The empirical probabilities are represented in ordinate. In the uniform transposition case, the
probabilities for nonexistence of fixed point and for transitivity are the same, up to the thickness
of the line, black (and green inside) with thickness 6. On the contrary, in the successive case, the
graphs of nonexistence of fixed point and of transitivity are clearly distinct, their respective colors
are red and blue, with thickness 4 and 2.

Note that the plots of nonexistence of fixed point probability are quite similar, this mirrors the
fact that both satisfy a cut-off phenomenon as predicted by Theorem 1 and 3. But the graph for
transitivity becomes also similar to them if its time scale is divided by two.
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(a): uniform, transitivity (b): uniform, nofixedpoint-transitivity
N =30,50,100 , K =4 N =30, K =4
071\\HH\HH\HH\\H\\H\ 00
(c): successive, nofixedpoint (d): successive, transitivity
N =30,50,80 , K = 4 N =30,50,80 , K = 4
= 7‘1%‘6 "o b e e de ds 26 20
(e): successive, nofixedpoint-transitivity (f): uniform-successive
N =80, K =4 N =50, K =8

Figure 1: Transitions for uniform and successive transposition cases.
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