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AN OPTIMAL VARIANCE ESTIMATE IN STOCHASTIC
HOMOGENIZATION OF DISCRETE ELLIPTIC EQUATIONS

ANTOINE GLORIA & FELIX OTTO

Abstract. We consider a discrete elliptic equation on the d-dimensional lattice Z¢
with random coefficients A of the simplest type: They are identically distributed
and independent from edge to edge. On scales large w. r. t. the lattice spacing
(i. e. unity), the solution operator is known to behave like the solution operator of a
(continuous) elliptic equation with constant deterministic coefficients. This symmetric
“homogenized” matrix Apom = @nomld is characterized by &€ - Apomé = ((€ + V) -
A&+ V¢)) for any direction ¢ € R, where the random field ¢ (the “corrector”) is
the unique solution of —V* - A(£ + V¢) = 0 such that ¢(0) = 0, V¢ is stationary
and (Vo) =0, (-) denoting the ensemble average (or expectation).

It is known (“by ergodicity”) that the above ensemble average of the energy density
E=(£+ Vo) A& + Vo), which is a stationary random field, can be recovered by a
system average. We quantify this by proving that the variance of a spatial average of
& on length scales L satisfies the optimal estimate, i. e. var[>. Enz] < L9, where
the averaging function (i. e. > nr = 1, supp (n) C {|z| < L}) has to be smooth
in the sense that |Vn,| < L7179 In two space dimensions (i. e. d = 2), there is a
logarithmic correction. This estimate is optimal since it shows that smooth averages
of the energy density £ decay in L as if £ would be independent from edge to edge
(which it is not for d > 1).

This result is of practical significance, since it allows to estimate the dominant error
when numerically computing apom.

Keywords: stochastic homogenization, variance estimate, difference operator.
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1. INTRODUCTION

1.1. Motivation, informal statement and optimality of the result. We study dis-
crete elliptic equations. More precisely, we consider real functions u of the sites z in a
d-dimensional Cartesian lattice Z¢. Every edge e of the lattice is endowed with a “con-
ductivity” a(e) > 0. This defines a discrete elliptic differential operator —V* - AV via

—VE L (AVu)(z) = Y ale)(ulx) —ul(y)),
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2 A. GLORIA & F. OTTO

where the sum is over the 2d sites y which are connected by an edge e = [z, y] to the site
x. It is sometimes more convenient to think in terms of the associated Dirichlet form, i. e.

Y (Vo AVu)(z) = > v(x)(—V* - (AVu)(2))
zezd zezd
= > (@) —v(y))ale)(ulz) - uly)),
&
where the last sum is over all edges e, and (z,y) denotes the two sites connected by e,
i.e. e =[z,y] = [y, 2] (with the convention that an edge is not oriented). We assume the
conductivities a to be uniformly elliptic in the sense of

a < a(e) < [ for all edges e
for some fixed constants 0 < a < 3 < o0.

We are interested in random coefficients. To fix ideas, we consider the simplest situation
possible:

{a(e)}e are independently and identically distributed (i. i. d.).

Hence the statistics are described by a distribution on the finite interval [o, 5]. We'd like
to see this discrete elliptic operator with random coefficients as a good model problem for
continuum elliptic operators with random coefficients of correlation length unity.

The first results in stochastic homogenization of linear elliptic equations in the continu-
ous setting are due to Kozlov [11] and Papanicolaou & Varadhan [18], essentially using
compensated compactness. The adaptation of these results to discrete elliptic equations
in quite more general situations than the one considered above (that is under general er-
godic assumptions) is due to Kiinnemann [13] following the approach by Papanicolaou &
Varadhan for the continuous case, and also to Kozlov [12] (where more general discrete
elliptic operators are considered). Note that the discrete elliptic operator —V* - AV is the
infinitesimal generator of a random walk in a random environment, whence the rephrasing
of the homogenization result in [13] as the diffusion limit for reversible jump processes
in Z¢ with random bond conductivities. With the same point of view, it is also worth
mentioning the seminal paper by Kipnis & Varadhan [9] using central limit theorems for
martingales.

The general homogenization result proved in these articles states that there exist homoge-
neous and deterministic coefficients Ay, such that the solution operator of the continuum
differential operator —V - Ao, V describes the large scale behavior of the solution operator
of the discrete differential operator —V* - AV. As a by product of this homogenization
result, one obtains a characterization of the homogenized coefficients Ayom: It is shown
that for every direction & € R?, there exists a unique scalar field ¢ such that V¢ is sta-
tionary (stationarity means that the fields V(-) and V(- + z) have the same statistics
for all shifts z € Z9) and (V¢) = 0, solving the equation

—V* - (A(E+V9¢) = 0 inZ (1.1)

and normalized by ¢(0) = 0. As in periodic homogenization, the function Z¢ > z
£ -2+ ¢(x) can be seen as the A-harmonic function which macroscopically behaves as the

affine function Z¢ 3 x — & -x. With this “corrector” ¢, the homogenized coefficients Ayom
2



VARIANCE ESTIMATE FOR EFFECTIVE DIFFUSION 3

(which in general form a symmetric matrix and for our simple statistics in fact a multiple
of the identity: Anom = ahomld) can be characterized as follows:

£ Apomé = ((§+V9)-A(E+ V). (1.2)

Since the scalar field (£ + V@) - A({ + Vo) is stationary, it does not matter (in terms of
the distribution) at which site x it is evaluated in the formula (1.2), so that we suppress
the argument x in our notation.

The representation (1.2) is of no immediate practical use, since the equation (1.1) has to
be solved

e for every realization of the coefficients {a(e)}. and
e in the whole space 7.

In order to overcome the first difficulty, it is natural to appeal to ergodicity (in the sense
that ensemble averages are equal to system averages), which suggests to replace (1.2) by

§ : Ahomf ~ Z(§ + V¢) ’ A(f + V¢)77L, (1'3)
where 7, is a suitable averaging function of length scale L > 1, that is,
supp (1) C {lz| < L}, [l SL7% ) m=1. (1.4)

In fact, on expects the energy density (§ + V@) - A({ + V¢), which is a stationary random
field, to display a decay of correlations over large distances, so that (1.3) seems a good
approximation for L > 1.

However, one still has to solve (1.1) on the whole space Z%, albeit for a single realization
of the coefficients. In order to overcome this second difficulty, we start with the following
observation: Since ¢ on the ball {|z| < L} is expected to be little correlated to ¢ outside
the ball {|z| > R} for R — L > 1, it seems natural to replace ¢ in (1.3) by ¢g:

D E+Ve) A+ V)L ~ Y (E+Vér) - A€ + Vor)L, (1.5)

where ¢p is the solution of an equation on a domain (say, a ball) of size R with homoge-
neous boundary conditions (say, Dirichlet):

—V* - (A(E+Ver) = 0  inZn{|z| <R},
é6r = 0 inZin{|z| > R},

so that the r. h. s. of (1.5) is indeed computable.

(1.6)

However, V¢pr defined by (1.6) is not statistically stationary, which is a handicap for the
error analysis. It is therefore common in the analysis of the error from spatial cut-off to
introduce an intermediate step which consists in replacing equation (1.1) by

T or —V*- (A€ +Vor)) = 0 inZ% (1.7)

Clearly, the zero order term in (1.7) introduces a characteristic length scale VT (the
notation T that alludes to time is used because 7! corresponds to the death rate in the
random walker interpretation of the operator T~! — V* . AV). In a second step, (1.7) is
then replaced by

Tl —V*- (A +Vergr) = 0 inZin{z| <R},

¢rr = 0 inZin{lz| > R}.
3



4 A. GLORIA & F. OTTO

The Green’s function Gr(x,y) of the operator T~ —V*- AV is known to decay faster than
any power in \x—\/—j_z;\ < 1 uniformly in the realization of the coefficients (see in particular
Lemma 2.8 (iii)). Therefore one expects that ¢ and ¢r g agree on the ball {|z| < L} up
to an error which is of infinite order in € = R—\/:TL (¢ is the inverse of the distance of the ball

{|z| < L} to the Dirichlet boundary {|z| = R} measured in units of v/T, see for instance
[2, Section 3] for related arguments). Hence we shall consider > (§ +Vor) - A+ Vor)nL
as a very good proxy to the practically computable Y (£ + Vorr) - A(§ + Vorr)nL:

Y (E+Ver) - A+ Vormr & Y (E+Vérr) - A€+ Vérr)nL.

In view of this remark, we restrict our attention to the error we make when replacing

€ Anomé ~ Y (€4 Vor) - A(§+ Vér)n.

It is natural to measure this error in terms of the expected value of its square. This error
splits into two parts, the first arising from the finiteness of the averaging length scale L
and the other arising from the finiteness of the cut-off length scale /T

<‘Z(£ +Vor) A€+ Vor)L — ¢ Ahom£‘2>

D ([ Vor) - A+ Vorm — (€ + o) Al + o] )
= var[Y(€+ Vor) - A + Vorin (1.8)

+ (Do + Vor) - Ag + Vorm ) — (€ + Vo) - A€+ v¢)>(2 .

In view of the stationarity of (£ + Vor) - A(§ + Vor), of (1.4) and of (1.1), the second
part (1.9) of the error can be rewritten as

(1.9)

(S (e +Vor) - A6+ Vorin ) — (€ + Vo) - Ae + Vo)
= [(E+Vor) - A+ Vor) — (E+ V) - A + V)|
= ((Vér — Vo) - A(Vor — Ve))>. (1.10)

What scaling can we expect for the two error terms (1.8) & (1.10)7 A heuristic prediction
can be easily inferred from the regime of small ellipticity contrast, i. e. 1 — % < 1 (and

a=1w.1l o g). In this regime, to leading order, the two error terms (1.8) & (1.10)
behave like

vat [Z (& (A—(A)E+26- V) 77L] and (|[Vor — Vo|?)2,

where ¢ and ¢ are defined via
-0 = V- (( )
T_lq_ST _ AQ_ST — v*. (( )

respectively. In the first error term, we have replaced ¢ by ¢ for simplicity of the
exposition.

(4))¢) (L11)
(4)

A—(A))¢),
A— (A)E), (1.12)

4



VARIANCE ESTIMATE FOR EFFECTIVE DIFFUSION 5

These error terms can be computed in a straightforward manner. Indeed, as shown in the
Appendix, they scale for any direction || = 1 as:

var [3° (€ (A~ (A +26- V)| ~ L7 (113)

~ - T for d <4,
(IVor —Vo2)? ~ { T4m?T for d=4, (1.14)
T4 for d > 4.

We now argue that the first error term (1.13) is the dominant one (in dimensions d < 8). In
order to do so, we argue that the choice of L ~ /T is natural (for which (1.13) dominates
(1.14) in dimensions d < 8). Indeed, we recall that in the ball {|z| < L}, ¢r is a proxy
for the computable ¢ r (defined on the larger ball {|z| < R}). The error is of infinite
order in the distance between the two balls, measured in the length scale v/T, i. e. in
e :=VT/(R — L) < 1. Hence for the sake of discussing rates we may indeed think of
L~VT~R.

In this paper, we therefore focus on the error term (1.8) coming from the finite range L

of the spatial average. In Theorem 1 (see also Remark 2.1), we shall establish that (1.13)
holds as an estimate also for its nonlinear counterpart (1.8), that is,

var [ (€ + Vor) - A€+ Vorym| S L7, (1.15)

with two minor restrictions:

e In dimension d = 2, the prefactor depends logarithmically on 7" (whereas for d # 2,
the prefactor depends only on the ellipticity constants).

e The spatial averaging function 7y has to be smooth in the sense that |Vnr| <
L=91 in addition to (1.4).

The estimate for the higher order term (1.9) will be the object of a subsequent work.

1.2. Discussion of the works of Yurinskii and of Naddaf & Spencer. In this
subsection, we comment on two papers on error estimates (in the sense of the previous
subsection) which from our perspective are the essential ones. We also explain how our
work relates to these two papers.

Still unsurpassed is the first quantitative paper, the inspiring 1986 work by Yurinskii [21].
He essentially deals with the error (1.9) arising from the spatial cut-off T'. In our discrete
setting of i. i. d. coefficients a(e) and for dimension d > 2, his result translates into

(Vér —Vo[?) < Tt (1.16)

for T'> 1 and some arbitrarily small 6 > 0, see [21, Theorem 2.1] (and [5, Lemma A.5]
for this rephrasing of Yurinskii’s result).

Yurinskii derives estimate (1.16) by fairly elementary arguments from the following crucial
variance estimate of the spatial averages > ¢rny of ¢ on length scales L:

var {Z qSTnL] ST <%> e (1.17)

5



6 A. GLORIA & F. OTTO

for 1 < T < L% and some arbitrarily small § > 0, see [21, Lemma 2.4]. Let us comment
a bit on the proof of (1.17): By stationarity of ¢, the variance can be reformulated as a

covariance, i. e.
var [Z (JST?]L} = cov [Z ¢TﬁL;¢T(O)] )

with a modified averaging function 7. The starting point for (1.17) is to control the
covariance by:

i) An additive decomposition of ¢7(0) over all finite subsets S of the lattice Z, i. e.
¢7(0) = D gcza ¢1,5(0), where ¢7,5(0) only depends on ajg, i. e. the coefficients
a restricted to the subset S.

ii) An estimate on how sensitively > ¢r7;, depends on as-

The decomposition in i) is based on the probability measure on path space [0,00) 3 t —
n(t) € Z¢ describing the random walk generated by the operator —V* - AV (for a fixed
realization of a). Indeed, this probability measure on path space allows for a well-known
representation of ¢7(0) in terms of paths starting in 0 (via the expected value). Hence the
splitting can be obtained from restricting the expected value to all paths n with image S
(up to some exit time larger than T'), see [21, Lemma 2.3].

The sensitivity estimate ii) comes in form of the deterministic energy-type estimate

1> i =Y érin® < % > (1+[Vor(e)?),

edges es. t. eNS#QD

where ¢r is the solution of T~ ¢y — V* - A(€ + Vér) = 0 with coefficients A which differ
from A only on the subset S, see [21, (1.17)].

The third ingredient for (1.17) is an estimate of the probability that a path n starting in 0
crosses a given edge e. This probability can be estimated in terms of the Green’s function
Gr(x,0) of the operator T-1 — V* - AV (where z is one of the two sites on the edge e).
Yurinskii then appeals to estimates on G (z,y) that only depend on the ellipticity bounds
a <a < fof A (and therefore do not depend on the realization of a) see [21, Lemma 2.1].
As is well-known, these type of estimates rely on the Harnack inequality.

Our variance estimate (1.15) also relies on these deterministic estimates of the Green’s
function Gr(z,y), see Lemma 2.8. However, our strategy to estimate a variance differs
substantially from Yurinskii’s strategy of i) & ii). As a matter of fact, with our methods,
we could derive the optimal variance estimate

var [Z QSTUL} < (1.18)

for L > 1. Estimate (1.18) is optimal in the sense that we obtain the above scaling in
the regime of “vanishing ellipticity ratio” 1 — % < 1 by the arguments in the previous
subsection. Still, the optimal estimate (1.18) would not yield the optimal estimate (1.14)
by Yurinskii’s argument to pass from (1.17) to (1.16).

Our strategy of estimating a variance is inspired by an unpublished paper by Naddaf &
Spencer [17]. They use a spectral gap estimate to control the variance of some function X
of the coefficients {a(e) }edges ¢ (i. €. a random variable):

var [X] < <Z (aii)>2>’ (1.19)

edges e
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see [17, p.4]. This type of estimate can be seen as a Poincaré estimate with mean value
zero w. r. t. the infinite product measure that describes the distribution of the coefficients
(and the optimal constant in this estimate is given by the smallest non-zero eigenvalue
of the corresponding elliptic operator, whence “spectral gap”). Naddaf & Spencer derive
(1.19) via the Brascamp-Lieb inequality for a large class of statistics for {a(e)}edges e, Which
however does not include all i. i. d. statistics of {a(e) }edges e considered by us. We therefore
rely on a slight modification of (1.19), see Lemma 2.3.

We also follow Naddaf & Spencer in the sense that we treat the variance of an energy
density. However, they express their result not in terms of the energy density of ¢ but
of a generic solution v with a compactly supported, deterministic r. h. s. f, i. e.

—V* . AVu = V' f. (1.20)

Using (1.20), they obtain the formula a%(e) > Vu-AVu = —|Vu(e)|? so that an application
of (1.19) yields the following estimate on the energy density X = > Vu - AVu:

var {Z Vu - AVu} S <Z ]Vu\4> , (1.21)

see [17, Proposition 1].

8]

Naddaf and Spencer also remark that provided the ellipticity contrast 1 — 3 is small
enough, Meyer’s estimate holds which states that

S vult < >4 (1.22)

with a constant that only depends on «, #. The combination of (1.21) & (1.22) yields the
a priori estimate

var {Z Vu - AVu} S Z |£]%, (1.23)

see [17, Theorem 1]. Since the 1. h. s. of (1.23) scales as (volume)?, while the 1. h. s. only
scales as volume, this estimate reveals the optimal decay of fluctuations on the macro-
scopic level, very much like (1.15). — There is a somewhat theatrical convention in the
homogenization literature to call the lattice spacing € instead of 1 which highlights this
scaling. Following Naddaf & Spencer, we use Meyer’s estimate, albeit applied on the
Green’s function Gr(z,y), see Lemma 2.9.

We will make use of the following notation:

e d > 2 is the dimension;

° fzd dz denotes the sum over z € Z%, and fD dz denotes the sum over z € Z% such
that € D, D open subset of R%:

e (-) is the ensemble average, or equivalently the expectation in the underlying prob-
ability space;

e var [] is the variance associated with the ensemble average;

e < and 2 stand for < and > up to a multiplicative constant which only depends on
the dimension d and the constants «, 3 (see Definition 2.1 below) if not otherwise
stated;

e when both < and 2 hold, we simply write ~;

e we use > instead of 2 when the multiplicative constant is (much) larger than 1;

(e1,...,eq) denotes the canonical basis of Z¢.

7



8 A. GLORIA & F. OTTO

2. MAIN RESULTS
2.1. General framework.
Definition 2.1. We say that a : Z9 x Z¢ — R*, (x,y) — a(z,y) is a conductivity function
on Z< if there exist 0 < o < 3 < oo such that
e a(z,y) =0if |z —y| # 1,
® (Z(Cﬂ,y) = a(y,x) € [Oé,ﬁ] if |£C - y| =1
We denote by A,z the set of such conductivity functions.

Definition 2.2. The elliptic operator L : L? (Z%) — L2 (Z%),u — Lu associated with a

conductivity function a € A,z is defined fork;;ll W/ ll);fc
(Lu)(x) = =V* - A(z)Vu(x) (2.1)
where
u(z 4+ e1) —u(x) u(x) —u(z —eyq)
Vu(z):= | : » V() = | ’
ulie + eq) — () u(@) — u(z — eq)
and

A(z) = diagla(z,z + e1),...,a(z,r + eg)].
In particular, it holds that

(Lu)(x) = D alz,y)(u(z) = uly)).
y,lz—y|=1
If a(x,y) = 1 for |x —y| = 1, then the associated elliptic operator L is the discrete Laplace
operator, and is denoted by —A.

Definition 2.3 (discrete integration by parts). Let d > 2, h € L?(Z%), and g € L*(Z%,R%).
Then the discrete integration by parts reads

/ hx)V* - g(x)de = — | Vh(z)-g(x)de.
7.4 7.4

We now turn to the definition of the statistics of the conductivity function.

Definition 2.4. A conductivity function is said to be independent and identically dis-
tributed (i. i. d.) if the coefficients a(x,y) for |x — y| = 1 are i. i. d. random variables.

Definition 2.5. The conductivity matrix A is obviously stationary in the sense that for
all z € Z%, A(- + z) and A(-) have the same statistics; and for all z, z € Z¢,

(A(z + 2)) = (A2)) -
Therefore, any translation invariant function of A, such as the modified corrector ¢r (see
Lemma 2.2), is jointly stationary with A. In particular, not only are ¢ and its gradient
V¢r stationary, but also any function of A, ¢ and V¢p. A useful such example is the
energy density (£ + Vor) - A(§ 4+ Vor), which is stationary by joint stationarity of A and
Vor.
Another translation invariant function of A is the Green functions G of Definition 2.7.
In this case, stationarity means that Gr(- + z, - + z) has the same statistics as Gr(-,-) for
all z € Z4, so that in particular, for all z,y, z € Z,

(Gr(z+ 2,y + 2)) = (Gr(z,y)) .-
8
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Lemma 2.1 (corrector). [13, Theorem 3] Let a € Aypg be an i. i. d. conductivity function,
then for all € € RY, there exists a unique random function ¢ : Z% — R which satisfies the
corrector equation

—V*- A(z) (Vo(z) + &) =0 in 7.2, (2.2)
and such that ¢(0) = 0, V¢ is stationary and (V¢) = 0. In addition, (|[V¢|*) < |¢%

We also define an “approximation” of the corrector as follows:

Lemma 2.2 (approximate corrector). [13, Proof of Theorem 3| Let a € Aypg be an i. i. d.
conductivity function, then for all T > 0 and & € R?, there exists a unique stationary
random function ¢ : Z% — R which satisfies the “approzimate” corrector equation

T~ or(z) — V' A(@) (Vor(z) +€) =0  in 24, (2.3)
and such that (p7) = 0. In addition, T~ (¢7.) + <]V¢T]2> < €2,
Note that ¢p is stationary, whereas ¢ is not.

Definition 2.6 (homogenized coefficients). Let a € Ayg be an i. i. d. conductivity
function and let ¢ € R? and ¢ be as in Lemma 2.1. We define the homogenized d x d-
matrix Apom as

§ - Anomé = ((§+V9) - A(E+ V9)(0)). (2.4)

Note that (2.4) fully characterizes Apop since Apon is a symmetric matrix (it is in particular
of the form apopyId for an i. i. d. conductivity function).

2.2. Statement of the main result. Our main result shows that the energy density
E =T 2 + (Vor + &) - A(Vor + &) of the approximate corrector ¢p, which is a
stationary scalar field, decorrelates sufficiently rapidly so that smooth spatial averages
(defined with help of ;) fluctuate as they would if £ would be independent from site to
site (as is the case for the tensor field A of the coefficients). The strength of fluctuation
is expressed in terms of the variance. In more than two space dimensions (i. e. d > 2),
the estimate does not depend on the cut-off scale v/T and thus carries over to the energy
density of the corrector ¢. In two space dimensions, we are not able to rule out a weak
(i. e. logarithmic) dependence on the cut-off scale v/T:

Theorem 1. Let a € Ayg be an i. i. d. conductivity function, and let ¢ and ¢ denote
the corrector and approximate correctors associated with the conductivity function a and
direction € € R, || = 1. We then define for all L > 0 and T > 1 the symmetric matriz
Ar 1 characterized by

€ Auri= [ (1700 + (Vor(e) +€)- A@)(Vor(a) + O)m(w) dr.

where  + ni(x) is an averaging function on (—L,L)? such that [,,ni(z)dz = 1 and

IVnLllpe < L™%1. Then, there exists an exponent ¢ > 0 depending only on «,f3 such
that
ford=2: var[¢- ApL7€) S L3 (InT)Y,
ford>2: var[¢-Apr&] S L4

In particular, for d > 2, tha variance estimate (2.5) holds for the energy density of the
corrector ¢ itself.

(2.5)

9



10 A. GLORIA & F. OTTO

Remark 2.1. While it is natural to include the zero-order term 7~ !(¢2.) into the definition
of the energy density, it is not essential for our result. Here comes the reason: By a
simplified version of the string of arguments which lead to Theorem 1 we can show that
the variance of the zero-order term is estimated as

9 < | (InT)? ford=2,
var |:/Zd ¢T(x) UL(x)dx] ~ { L2141  ford > 2.
Hence this term is of lower order in the regime (of interest) L < 7.

The main ingredient to the proof of Theorem 1 is of independent interest. It states that
all finite stochastic moments of the approximate corrector ¢ are bounded independently
of T for d > 2 and grow at most logarithmically in T" for d = 2.

Proposition 1. Let a € Ayp be an i. i. d. conductivity function, ¢ € R with |¢| =1 and
let ¢ denote the approximate corrector associated with the conductivity function a, and
&. Then there exists a continuous function vy : Rt — R such that for all ¢ € RT, there
exists a constant Cy such that for all T > 0,

ford=2: (|¢r(0)|?) < Co(In T,

ford>2: (6r(O0)]%) < Cy. (26)

In addition, v(2n) = n(n + 1) for alln = 2!, 1 € N large enough.

Let us give a heuristic argument for the behavior of (|¢7(0)|?) for d = 1. In this case, for
T = o0, the gradient of the corrector associated with £ = 1 is explicitly given by

1
Vp = —— —
¢ a(a™1)
Hence, ¢(x) € R behaves as a discrete Brownian motion in € Z. Therefore, conditioning

on the value of ¢(0), if |z| ~ \/T’
(|6(2)]76(0) = 0) ~ (VT)2,

Since for d = 1 conditioning on the value ¢(0) = ¢7(0), ¢r(x) and ¢(z) are expected not
to differ much for |z| < /T, this indeed suggests that

or ()7 ~ vVT”?,

so that there is a transition between unboundedness and boundedness in 7T for some
d € (1,3). The linearization of the problem in the regime of vanishing ellipticity contrast,
i.e. 1— % < 1, suggests that d = 2 is indeed the critical dimension for Proposition 1, i. e.
the dimension where a logarithmic behavior is to be expected. However, there is no reason
why d = 2 should be critical for Theorem 1. Indeed, in the case of d = 1, the statement
of Theorem 1 holds without a logarithm.

In view of our discussion of the case d = 1 and the observations in case of vanishing
ellipticity contrast it is not surprising that the statement of bounded stochastic moments
is harder to prove the closer we are to d = 2. For the experts in homogenization, let us give
a quick sketch of the strategy of the proof of this result. Independent of the dimension, the
proof always starts from the variance estimate (Lemma 2.3) applied to ¢7(0)¢ and makes

use of the representation of ag;(i())) with help of the gradient V,Gr(x,0) (Lemma 2.4).
10
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e In the case of d > 4, the uniform pointwise, but suboptimal, decay |V,Gr(x,y)| <
|z — y|?2, which can be easily obtained from the same pointwise decay of the
Green’s function itself, is sufficient.

e In case d = 4, it would be enough to appeal to the Holder estimate (with exponent
~ only depending on the ellipticity contrast) in order to get the somewhat better
pointwise decay |V,Gr(z,y)| < |z —y|97277.

e In d = 3, we need (in addition) the optimal decay |V,.Gr(z,y)| < |z —y|?!, which
can’t be a pointwise control, but only an average control on dyadic annuli. In
fact, we need the control of the square average, which we easily obtain from the
Cacciopoli estimate.

e For d = 2, the square average is not sufficient anymore, we need the average to
some power p > 2, as provided by Meyers’ estimate (Lemma 2.9). This forces us
— somewhat counterintuitively — to first estimate high moments of ¢, so that
the exponent we put on the gradient of the Green’s function can be chosen close
to 2 (and thus below Meyers’ exponent).

In this presentation, we only display the last strategy (although it is an overkill for di-
mensions d > 2).

As a corollary of Proposition 1, we obtain the following existence and uniqueness result of
stationary solutions to the corrector equation (1.1) for d > 2, which settles a long-standing
open question.

Corollary 1. Let a € Au,p be an i. i. d. conductivity function. Then, for d > 2 and for
all € € RY, there exists a unique stationary random field ¢ such that (¢) = 0 and

—VF(AE+ V) =0 inZ%
In addition, (¢* +|Vo[*) < [¢]°.

We will not prove Corollary 1 in detail. Here comes the argument. Proposition 1 yields
the a priori estimate <q§%> < C which is uniform in 7. This additional estimate allows us
to pass to the limit in the probability space for ¢, as it is done for V¢ in [13, Proof of
Theorem 3]. Note that the corrector fields of Lemma 2.1 and Theorem 1 do not coincide
(only their gradients coincide). Uniqueness further requires the argument by Papanicolaou
& Varadhan in [18], which does not appear in [13].

Let us point out that Proposition 1, Theorem 1 & Corollary 1 hold true for more general
distributions, provided the variance estimate of Lemma 2.3 below holds. In particular, the
law of a(z,z + ;) may depend on the direction e;, which would give a general diagonal
homogenized matrix (not necessarily a multiple of the identity matrix). More generally,
a(xz,2’) and a(y,y’) may also be slightly correlated. We do not pursue this direction in
this article.

2.3. Structure of the proof and statement of the auxiliary results. Not surpris-
ingly, in order to control the variance of some function X of the coefficients a (like the
spatial average of the energy density of the approximate corrector ¢r), one needs to con-
trol the gradient of X w. r. t. a. As in [17], this is quantified by the following general
variance estimate:

Lemma 2.3 (variance estimate). Let a = {a;}ien be a sequence of i. i. d. random variables

with range |a, B]. Let X be a Borel measurable function of a € RN (i. e. measurable w. 7. t.
11



12 A. GLORIA & F. OTTO

the smallest o-algebra on RY for which all coordinate functions RY 3 a — a; € R are Borel
measurable, cf. [10, Definition 14.4]). Then we have

2 < (3 sun| 2] var o (2.7
var su var [a .
> s aip 3ai 1]
where sup,, g—é‘; denotes the supremum of the modulus of the i-th partial derivative
0X
aa‘(ala"' s i1, Gy Qi 1,7 )
7

of X with respect to the variable a; € |a, [].

Remark 2.2. Let us comment a bit on Lemma 2.3. Estimate (2.7) is a weakened version

of a spectral gap estimate
oo 2
0X
X < 2.8
var[X] < <§Hj oL > (28)

which already played a central role in Naddaf & Spencer’s analysis of stochastic homog-

enization [17, Section 2]. We note that for i. i. d. random variables, such a spectral gap
estimate (2.8) follows “by tensorization” from the one-dimensional spectral gap estimate

0X 2> , (2.9)

6@1
see for instance [14, Lemma 1.1]. The one-dimensional spectral gap estimate (2.9) holds
under mild assumptions on the distribution of a;. Yet, (2.9) does not hold for atomic
measures like (X(a1)) = (X (1) + X(2)). Since Lemma 2.3 covers the case of atomic
measures, we only obtain the weaker form (2.7) of (2.8). Despite this technical detail, the
proof of Lemma 2.3 is very similar to the one in [14, Lemma 1.1].

(X(a1)?) = (X(a1))® S <

As in [17], in the proof of Theorem 1, we will make use of the fact that T~ 1¢2 + (Vor +
€)-A(Vor+¢§) is an energy density, which yields the following elementary formula for the
partial derivative w. r. t. the value a(e) of the coefficient in the edge e = [z, z + €]

aaa(e) /(quj% + (Vor + &) - A(Vor + &) (x)n (z)dz

_2/ (88;22) Vi - A(Vér + 5)) (z)dz + (. (Vidr + &) (2),  (2.10)

up to minor modifications coming from the discrete Leibniz rule, see Step 1 of the proof
of Theorem 1.

This formula makes the gradient of the averaging function 7, appear; in order to benefit
from this, we assume that the averaging function is smooth so that we get an extra power

of L71. The merit of (2.10) is that we need to control the partial derivative Bg%(g) of

the approximate corrector ¢r(x) (and not of its spatial derivatives). Not surprisingly,
this partial derivative involves the Green’s function Gp(x,-). More precisely, it involves
the gradient V,,Gr(z, z) of the Green’s function with singularity in z (and not its second
gradient V., V,Gr(z,2), for which we would not have the optimal decay rate uniformly

in a). We define discrete Green’s functions as follows:
12
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Definition 2.7 (discrete Green’s function). Let d > 2. For all T' > 0, the Green’s function
Gr : Aapx 24 x 78 — 7%, (a,z,y) — Gr(x,y;a) associated with the conductivity function
a is defined for all y € Z¢ and a € A,g as the unique solution in L2(Z9) to

/Zd T 'Gr(z,y;a)v(z)de + | Vo(z)- A(x)V.Gr(z,y;a) dz = v(y), Yo € L*(29),

7.4
(2.11)
where A is as in (2.1).

Note that the existence and uniqueness of discrete Green’s functions is a consequence of
Lax-Milgram’s theorem. Throughout this paper, when no confusion occurs, we use the
short-hand notation Gr(z,y) for Gr(z,y;a).

» Odr (m)
da(e)

The following lemma provides the elementary formula relating the “susceptibility
of ¢r(z) to the Green’s function Gr(z,y):

Lemma 2.4. Let a € A,g be an i. i. d. conductivity function, and let Gt and ¢t be
the associated Green’s function and approzimate corrector for T > 0 and £ € R?, |¢] = 1.
Then, for all e = [z, 2 + e;] and x € 72,

%{Z)a) = —(Vior(z;a) + &)V, Gr(z,z;a), (2.12)
and for allmn € N,

sup | gglér@ ey | S Ipr(eaP(Vior(e o)l + DIV Gr,aia)

+(|Vipr(z;a)| + 1)V, Gr(z, ;0) " . (2.13)
In addition, it holds that
51(11)) |Vidr(z;a)| < |Vior(z;a)| + 1. (2.14)
Note that the multiplicative constant in (2.13) depends on n next to o, 3, and d.

In addition, Lemma 2.4 provides uniform estimates on 8[%7;7%)"} in a(e) (the case n > 1

is needed in Proposition 1). In order to obtain this uniform control in a(e), we need to
control V,G(z, x; a) uniformly in a(e). Again, this comes from considering avzaiigzsx,a) The

following lemma provides the elementary formula for avzaiigzsx;a) and a uniform estimate

in a(e).
Lemma 2.5. Let G : Aog x 23 x 2% — R, (a,z,y) — Gr(z,y;a) be the Green’s function

associated with the conductivity function a for T > 0. For all e = [z,z + €;] and for all
x,y € Z%, it holds that

0
— ra) = —V,, : . ja). 2.1
aa(e) GT(x7y7 a) VZZGT(I',Z7G)VZZGT(Z,:U7@) ( 5)
As a by-product we also have: For all x € 7¢
sup |V, Gr(z,z;a)| S |V, Gr(z,x;a)|. (2.16)

a(e)

13



14 A. GLORIA & F. OTTO

There is a technical difficulty arising from the fact that a has infinitely many components.
In Lemma 2.3 this technical difficulty is handled by the strong measurability assumptions
on X. The following lemma establishes these measurability properties for ¢, so that we
can apply Lemma 2.3.

Lemma 2.6. Let a € A,p be an i. i. d. conductivity function, and let Gr(-,-;a) and
ér(-;a) be the associated Green’s function and approzimate corrector for & € R, d > 2,
and T > 0. Then for fized x,y € Z¢, Gr(z,y,-) and ¢r(z;-) are continuous w. . t. the
product topology of Asp (i. e. the smallest/coarsest topology on RE | where E denotes the
set of edges, such that the coordinate functions R¥ 3> a +— a., € R are continuous for all
edges e € E).

In particular, Gr(z,y;-) and ¢r(z;-) are Borel measurable functions of a € Ang, so that
one may apply Lemma 2.8 to ¢p(x;-) and nonlinear funtions thereof.

The proof of Theorem 1 crucially relies on the fact that ¢ is almost bounded indepen-
dently of T' (in d > 2). More precisely, it relies on the fact that any moment (¢7(0)") is
bounded independently of T" as stated in Proposition 1. Starting point for Proposition 1
is again Lemma 2.3, which is iteratively applied to ¢7(0)™ where m increases dyadically.
This is how Lemma 2.4 comes in again. However, the crucial gain in stochastic integra-
bility is provided by the following lemma. It can be interpreted as a Cacciopoli estimate
in probability and relies on the stationarity of ¢r.

Lemma 2.7. Let a € Au.p be an i. i. d. conductivity function, and let ¢r be the approxi-
mate corrector associated with the coefficients a for ¢ € RY, |€| = 1. Then for d > 2 and
for all n € 2N,

(lor|"(IVor* + [V or[*)(0)) < (|6r]"(0)) (2.17)

where the multiplicative constant does depend on n next to «, 3, and d, but not on T > 0.

In order to prove Proposition 1 via Lemma 2.3 (applied to ¢7(0)") and Lemma 2.4, we need
some weak version of the optimal decay of the gradient V,Gr(x, z) of Green’s function in
|z — z|, that is,

IV.Gr(z,2:a)] < |z—2'"¢ uniformly in a and 7. (2.18)

This decay is the best we can hope as can be checked on the Green function for the Laplace
equation. The same decay property is needed to prove Theorem 1 via Lemma 2.3 (applied
to (2.10)) and Lemma 2.4. Yet it is well-known from the continuum case that there are
no pointwise in z bounds of the type (2.18) which would hold uniformly in the ellipticity
constants «, (. (An elementary argument shows that any bound on V,G(z,y) that is
uniform in ¢ and in 1/2 < |z — y| < 1 would yield that a bounded a-harmonic function
has bounded gradient. However, for d = 2 and for any ~ > 0, there are examples of
a-harmonic functions from the theory of quasi-conformal mappings that are not Holder
continuous with exponent ~, see [6, Section 12.1].) Nevertheless, (2.18) holds in the square
averaged sense on dyadic annuli, as can be seen by a standard Cacciopoli argument based
on the optimal decay of the Green’s function itself, that is,

Gr(z,2) < |z —2*¢ uniformly in a and T, (2.19)

in the case d > 2. The pointwise estimate (2.19) in z and z is a classical result [7, Theorem

1.1] that relies on Harnack’s inequality. It has been partially extended to discrete settings,
14
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see in particular the Harnack inequality on graphs [3]. However, we did not find a suitable
reference for the BMO-type estimate in the case of d = 2. On the other hand, we don’t
require the pointwise version of (2.19), but just an averaged version on dyadic annuli. The
statements we need are collected in the following lemma:

Lemma 2.8. Let a € Ayg, T > 0 and Gt be the associated Green’s function. For all
d>2andqg>1,r >0,

(i) BMO and LY estimate: for all R > 1,

fra=2: [ (Grley) - Grlpesnlidr S B @20)
lz—y|<R

ford>2: / Gr(z,y)?de < RY(R*4)9, (2.21)
R<|z—y|<2R

where GT(',y)ﬂy,ﬂgR} denotes the average of Gr(-,y) over the ball {x € 74, |x —
y| < R}
(ii) Behavior for R ~ T and d = 2:

R? ‘ KRGT(x,y)Q de < 1. (2.22)
z—y|<

(iii) Decay at infinity: for all R > /T,
/ Gr(z,y)de < RYR*HIVTRY. (2.23)
R<|e—y|<2R

The multiplicative constants in (2.20), (2.21), and (2.23) depend on q,r next to «, 3,
and d.

We present a proof of Lemma 2.8 which for d = 2 is a direct version of the indirect
argument developed in [4, Lemma 2.5] in case of a nonlinear, continuum equation. For the
convenience of the reader, we also include the proof for d > 2 — anyway, it has the same
building blocks as the argument for d = 2. This makes our paper self-contained w. r. t.
the properties of Gr.

However, it is not quite enough to know (2.18) in the square-averaged sense on dyadic
annuli. In order to compensate for the fact that we only control finite stochastic moments
of V¢ (0) via Proposition 1, we need to control a p-th power of the gradient V,Gp(z, 2)
of Green’s function in the optimal way for some p > 2. This slight increase in integrability
is provided by Meyers’ estimate, which yields such a p > 2 as a function of the ellipticity
bounds «a, 3 only. Meyers’ estimate has already been crucially used in [17], however in a
somewhat different spirit. There it is used that for sufficiently small ellipticity contrast,
1—% <« 1, one has p > 4. The following lemma is the version of Meyers’ estimate we need
and will prove:

Lemma 2.9 (higher integrability of gradients). Let a € Ay be a conductivity function,
and Gt be its associated Green’s function. Then, for d > 2, there exists p > 2 depending
only on a, B, and d such that for oll T >0, p>qg>2, k>0 and R> 1,

/ V.Gr(=0)%d> < RYR™9min{1, VTR 1}k, (2.24)
R<|2|<2R

15



16 A. GLORIA & F. OTTO

For technical reasons, we need a pointwise decay of Gr(x,y;a) in | — y| uniformly in a
(but not in T'). The decay we obtain is suboptimal and easily follows from Lemmas 2.8
& 2.9 using the discreteness:

Corollary 2.2. For all d > 2 and T > 0, there exists a bounded radially symmetric
function hr € LY(Z%) depending only on d,a, 3, and T such that

Gr(r,y;a) < hr(z —y)
for all z,y € Z¢ and a € Aup.

Lemmas 2.8 & 2.9 only treat Gp away from the diagonal = y — which is a consequence
of the fact that the scaling symmetry is broken by the discreteness. Using the discreteness,
the following corollary establishes a bound independent of 7" and a.

Corollary 2.3. For alla € Ayg, T >0 and z,y € 79,
IVGr(z,y;a)] < 1.

~

Finally, for the proof of Theorem 1, we need to know that also the convolution of the
gradients of the Green’s functions decays at the optimal rate, i. e.

/ V.Gl 2)||VaGr(@, 2)ldz < |z —2/2~¢ uniformly ingand 7. (2.25)
7.4

As for (2.18), it is not necessary to know (2.25) pointwise in (z, "), but only in an averaged
sense on dyadic annuli. The following lemma shows that (2.25) for linear averages can be
inferred from (2.18) for quadratic averages:

Lemma 2.10. Let hy € L2 (Z%) be such that for all R>> 1 and T > 0,

loc

ford=2: / h2.(2)dz < min{1, VTR™'}2, (2.26)
R<|z|<2R
ford>2: / hA(2)dz < R*4, (2.27)
R<|z|<2R
and for R ~ 1
ford>2: / ha(z)dz < 1. (2.28)
|2|<R

Then for R > 1

ford=2: / / hr(2)hy(z — ) dz de < R?max{1,In(vVTR™)}, (2.29)
|z|<R JZ4

ford>2: / / hr(2)hy(z — x) dzdx < R2. (2.30)
|z|<R JZ4

We present the proof of Proposition 1 and Theorem 1 in Section 3. We gather in Section 4
the proofs of the decay estimates for the discrete Green functions (that is Lemmas 2.8 &
2.9, and Corollaries 2.2 & 2.3) since they are needed at several places in the paper, and
may be of independent interest. The proofs of the remaining auxiliary lemmas are the

object of Section 5.
16
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3. PROOFS OF THE MAIN RESULTS

3.1. Proof of Proposition 1. Starting point are Lemmas 2.3 and 2.6, which yield
dpr(0)™ |
var [¢7(0)™] < sup |———1 ),
; a(e) aa(e)

where ), denotes the sum over the edges. Using now (2.13) in Lemma 2.4, this inequality
turns into

d
var[or(0)"] < / S {6061 + 1719, Gr (2, 0)
=1

+(Vior ()] + 1) V2, Gr(=, 01" ) dz,

where we have replaced the sum over edges e by the sum over sites z € Z¢ and directions
e; for i € {1,...,d} according to e = [z, z + €;]. Simplifying further, we obtain

warlorO)"] 5 [ (60" (Vor(z) + DAV.Gr (= 0)F

H(IVr ()| + 12" [V.Gr(z,0) ™) dz. (3.1)

We proceed in four steps. Assuming first that for n big enough and for all m < n it holds
that

[ (@ (Vor(2)] + 12196 0)F + (Vor ()] + 1/7V.Gr (= 00" dz

ny Z——l InT for d =2,
S (<¢T(O)2 >n 4 1) { 1 for d > 2 (3.2)

we prove the claim in the first step. The last three steps are dedicated to the proof of
(3.2) for n large enough.

Step 1. Proof that (3.1) and (3.2) imply (2.6).
For notational convenience we set pq(7) = 1 for d > 2 and pg(T) = InT for d = 2. Let
n = 2!, 1 € N*. Using the elementary fact that

(67(0)™) < (7(0)™)* + var [¢r(0)™],
from the cascade of inequalities (3.1) & (3.2) for m = 2!79, ¢ € {0,...,1}, we deduce

(602 5 (6r02) + nalD)(or0))

S S
TR 1), (estimate 0)

(or@227) £ (6r(02 ™) + pa(T)(Hr(0))F T 4 1), (estimate g)

<¢T(0)2'20> < (or(0)? +Md(T)(<¢T(0)2">%_m +1). (estimate 1)

Lemma 2.2

0
17



18 A. GLORIA & F. OTTO

We then take the power 27 of each (estimate ¢) and obtain using Young’s inequality:

(6r(0)") < (dr(0)")* + pa(T)((H(0)*")

1——1L1
n(n+1) + 1),

122
n(n+1) + 1),

(or022)" 5 (0002 7)" 4 palr) (or(0)
ga+1 9a+2 ga+1

(602 5 (oYt (or )T 1),

n 1
(6r(0%)" < wa@)"(Sr(0)")" " + 1),
Summing these [ 4+ 1 inequalities then yields

N

l

(67(07°") S D na(T)* ({¢r(0)*")

q=0

1— 20
"D 4 ). (3.3)

Using Young’s inequality, each term gives the same contribution and (3.3) turns into
(67(0)™") S pa(T)" D). (3.4)
Formula (2.6) is then proved for all ¢ < 2n using Hoélder’s inequality in probability.

Step 2. Estimate for the Green’s function.
Let p > 2 be as in Lemma 2.9. We shall prove that for all ¢ > 1 and R > 1 the following
holds

ford=2: / IV.Gr(z,0)%dz < RZ™ U3 R=amin{1, VTR 19, (3.5)
R<|z|<2R

for d > 2 / IV.Gr(z,0)9dz < RI™>LEH (Rl—dya, (3.6)
R<|z|<2R

We split the argument into two parts to treat ¢ > p and ¢ < p respectively. For ¢ > p, we
use the discrete LP — LY estimate:

1/q 1/p
[ owereops) <[ v.Greops)
R<|z|<2R R<|z|<2R

Combined with (2.24) & (2.24) in Lemma 2.9, it proves (3.5) & (3.6).
p _p
q7

For ¢ < p, we simply use Hoélder’s inequality with exponents ( pT) in the form

1/q 1/p
<R_d/ IVZGT(Z,O)quZ> S <R_d/ IVZGT(z,O)I”dZ> ,
R<|z|<2R R<|z|<2R

that we also combine with (2.24).

Step 3. General estimate.
Let x > 0 be a random variable. In order to prove (3.2), we will need to estimate terms
of the form

[ WGz 0 " dz
VA
18
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for ¢, > 1. Relying on (3.5) & (3.6), we show that

[ 9-Grz 0l iz
7.4

3 — l a4 — =
< <X>1/T InT ?f 2max{1,1 : + 7 1=0, d=2, (3.7)
1 if dmax{l,1-,+L}+1-d)l <0, d=2.

Let imin € N, imin ~ 1 be such that Lemma 2.9 holds for R > 2min, To prove (3.7) we use
a dyadic decomposition of Z¢ in annuli of radii R; = 2°:

| W9Grz0m” s
7.4

- /| o, OITGT (O d ¢ Z / XIV-Gr(z, 01" da(3.8)
<2'min =i

Ri<|z|[<Ri+1

Using Corollary 2.3, we bound the first term of the r. h. s. by
[ VG om i S 00
‘Z‘<21min

For the second term of the r. h. s., we appeal to Hélder’s inequality with (r, -5):

Z / (VG2 0" d
i1 <|z|<Rit1

0o 1/r
s Sy WV-Gr(=,0)%) dz )
1=%min R;< ‘Z‘ SR'H'l

so that (3.8) turns into

[ WGz 0 dz
VA

[’ 1/7"
= 0 Y R / V.Gr(=,0)0dz )
Ri<|z|§Ri+1

?=%min

Using then (3.5) & (3.6), we get

Zmax{l,p} g B
<X/ |V.Gr(z,0)|? dz> < ) Rdmax{l }R “min{1, \/—R Y, d=2,
R;<|z|<Rit1 <X> Rz (Rzl d) , 4> 2.

Hence,

| WVGrz0m'" s
Z

1/7,, ZRQmaX{l 1 r rp} T min{l, ﬁRl—l}q/T" d — 2’

N

max 1 g
UTZRd {1,1— T+Tp}+(1 d)d 4> 9.

)

19
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We distinguish two cases. If dmax{1,1— 1+ L+ (1 —d)l <0, then

r . o dmax{l,l—%—f—%}-f-(l_d)% .
/Zd (XIV:Gr(z,0))"" dz £ (0" Y R; v S oM
=0

If 2max{1,1 — 1 + =1 =0 (for d =2), then

T

[ W90l de S (0 Y min{1 VTR o
7,2

=0

< OV T+ Y R
=0

< OMT @+ InT).
This proves (3.7).

Step 4. Proof of (3.2).
Let n > 1 and n > m > 1. We first treat the first term of the 1. h. s. of (3.2). In that case
Holder’s inequality in probability for (n + 1, "TH) and the stationarity of Vo show

[ (60" (962(2) + 029Gl ) ds

L 2(m—1)(n+1) 2(n+1) \ i1
s [ ((9or@Pe) ™ 1) (or @ 9.6 0 Y a
7.4
L 1

n 2(m—1)(n+1) 2(n+1) \ 71
= ((9er@Pe ) 1) [ (or@ S 9 G0 ) a
Z

(3.9)
We apply Lemma 2.7 to bound the first ensemble average in (3.9):
d
<\V¢T(0)!2("+1)> S <Z IVor(0)]*(¢r(0)*" + ¢T(ei)2")>
i=1
tationarit d
stationarity 2 <Z ‘V¢T(O)’2¢T(O)2n>
i=1
(2.17) )
< (or(0)°"). (3.10)
We now want to apply Step 3 to the r. h. s. integral of (3.9), i.e. setting ¢ = w,
r="2H and xy = ](]ﬁT(O)\Q(m_lvi(nJrl). Estimate (3.7) involves the number
dmax{1 1—1+i}+(1—d)g—dmax{lL—Fg}—i—Q(l—d) (3.11)
I r Tp r - ) 7 + 1 p . .

We distinguish the cases d > 2 and d = 2. For d > 2, we have that the number (3.11) is

equal to d+2(1 — d) = 2 — d and thus negative for n sufficiently large since p > 2. Hence,
20
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(3.7) yields

2(m=1)(n+1) >#1

2(m=1)(n+1) 2(nt+1) \ nf1
L Qler@F 220605 ) @ 5 (lero)*

m—1

< (0™ ™,

where in the last inequality we appealed to Jensen in probability using 2m=ln+l)

72("_1%("+1) < 2n. The combination of this with (3.9) and (3.10) yields as desired

[ (6@ (V6r(2) + D9.Gr (= 00 ds

m—

< (9P 41 = (g(0)) R TR 41,

We turn to the case d = 2. We note that the number (3.11) is zero for n large enough
since p > 2. Thus from (3.7) we infer as we did above that

/Zd <¢T(O)2(m71)(‘V¢T(Z)’+1)2’VzGT(Z,O)’2>dz < (In7) <<¢(o)2n>%—m+1>_

Let us now treat the second term of the 1. h. s. of (3.2), which differs from the first
term only when m > 2. As for the first term, Hdélder’s inequality in probability with
(ntl _ntl ) the stationarity of V¢r and Lemma 2.7 imply

m ’ n—m+1

/Zd <(|V¢T(Z)| + 1)2m|vz¢GT(2,0)|2m> d

n—m-+1

nl 2(n+1)m n+1
S / <<|V¢T(z)|2<"+1>> Tt 1> <|szT(z,0)| W > dz
7.4
n—m-41
_m_ 2(n+1)m n+1
S ((or(0)™ +1) / <\VZGT(z,O)] nEm > dz. (3.12)
7d
We use (3.7) with x =1, ¢ = % and r = nf;il, in which case we have
1 q q m 2m

d 1,1— -4 — 1—-d)==d 1, ——+ — 1 —d)2m. 3.13
max(L1— =+ Ly (1= )f = dmax{1, S+ S —agm (313)

We claim that this number is negative for n sufficiently large. Indeed, if max{1, T T
277”} =1, then

2
dmax{l,%+—m}—|—(1—d)2m:d+2m(1—d):(Qm—l)(l—d)—i-l<0
n p
since d > 2 and m > 2. Otherwise, max{l,%—l—%}—%—i—%,and
m 2m 1 1 d
1, —+— 1—d)2m =2 — - 1-— 2 1—--)<
dmax{,n+1+p}+( d)2m m<d<2(n+1)+p + d>< m( 2)_0

for d > 2 and n large enough since % < % This shows that (3.13) is negative so that we
obtain by (3.7)

n—m-+1

2(n+1)m n+1
V. Gp(z, 0)| 7omtt d: < 1.
7.4
21
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Combining this with (3.12) yields
/2 ((IVor(2)] + D |V.Gr(z,0)) dz < (¢r(0)*")™ +1
Z

= {pr(0)2n)» THEED 41
< {gr(0)2")F TR 41,

This concludes the proof of the proposition.

3.2. Proof of Theorem 1. Let us define the spatial average of a function h : Z¢ — R
with the mask 7y, by

()= [ hwm (e
where 7, satisfies
ny : 2% —[0,1], supp(nz) C (=L, L)%, /d np(x)de =1, |V <L74L (3.14)
zZ

The claim of the theorem is that there exists ¢ depending only on «, 3, and d such that
var [(T7167 + (Vor +€) - A(Vor + ), ] £ L™ pna(T)%,

where pg(7T) =1 for d > 2 and pyg(7T) = InT for d = 2. Since we are not interested in the
precise value of ¢, we adopt the convention that ¢ is a non-negative exponent which only
depends on «, 3, and d but which may vary from line to line in the proof.

2> . (3.15)

Step 1. In this step, using the notation e = [z, z + e;], we establish the formula

Starting point is the estimate provided by Lemmas 2.3 and 2.6
var [((T™'¢7 + (Vor +£) - A(Vor +€))), ]

< (Somlsh

(T3 + (Vor +€) - A(Vor +6))),

da(e)

Pa(0) (T7'6% + (Vor +€) - A(Vor +€)),

d

j
+n1(2)(Vigr + &)*(2). (3.16)
Indeed, by definition of ((-)); we have

- Q/Zd(vi¢T(Z) + &)V, Gr(z, @) ( a(z — ej,2)VinL(z)(Vier(z) +§j)) o

1

Fate) (17107 + (Vor +8)- AVer +€))),

= [ ) g (T84 (Vor +.€)- A(Vor + €)) (o)
22
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‘We note

0@8(6) (T™'¢% + (Vor +€) - A(Vor +¢)) ()

= (2 or s 4 2 AVor 4 €) 4 (Vor +©)- s (Vor +6)) (2)
= o (or i‘ig )@ +2(v a% A(Vor +8)) (@) + (Vior +6)2(2)5(x - 2),
so that
(9%(6) (T7'o7 + (Vor +€) - A(Vor +€)),

= 2 [ (m(r tor g + Vs AVor +6)) ) (e

+n1(2)(Vigr + &)*(2). (3.17)

Using the discrete integration by parts formula of Definition 2.3, the first term of the
r. h. s. of (3.17) turns into

_1 8¢T 3¢T
[, (e or g2 9 20 41 +9) ) (e

_ 3¢T * 3¢T
o /Zd da(e) (@)V*- (L A(Vor +€)) () dz + / (nLT 1¢T > (x) dz.

We now use the following discrete Leibniz rule:

V* - (L A(Vr + ) (2)
= np(x) (V- A(Ver +9)) () + Zv (1) [A(Vor + €);(a — e),

where [A(Vér +&)]; denotes the j-th coordinate of the vector A(V¢r+£). For notational
convenience, we take advantage of the diagonal structure of A (although this is not crucial)
to rewrite the latter equality in the form

V* - (L A(Vor +€)) (z)
d
= np(z) (V- A(Vor +9) (x) + > alz — ej,2)VinL(@)(Vigr(z) + &). (3.19)
7j=1

The combination of (3.19) with (3.18) and the use of the equation satisfied by ¢r,
T gr —V* - A(Vor +£) =0,
yield

/Z< LT r s+ Vet A<V¢T+s>>) (¢)da

B ‘/Zdai¢T (

M&

a(z — e;,x)VinL(z )(V§¢T($)+§j)) dz

23
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Using now Lemma 2.4, this turns into

., Odér Odr
[ (o0 22 v 2L a(For +6))) )i
(2é2) /(VZ-(;ST(Z)‘F&)VQGT(Z’:U)

7.4

d
(Za —e;,2)Vin(z )(v;qu(x)Jrgj)) dz. (3.20)

Jj=1
Inserting (3.20) into (3.17) proves (3.16).

Step 2. In this step, we provide the estimate

sup

a(e)

S /Zd IV.Gr(z,2) ||V (2)[(IV* or(2)]* + [Vor()[* + 1) dz
+nr(2)([Vor(2)* +1). (3.21)

%(e) (T % + (Vér + &) - A(Vor + N

Indeed, from Step 1, the boundedness of a, and |[£| = 1, we infer that

sup

a(e)

aa(? 7 (T 67+ (Vor +6)- A(Vér +9),

< / (sup [Vigr(z)| +1)SI(II;!VziGT(Z,w)HV*nL(x)\(Sl(lI;!V*qﬁT(w)!+1)dw
Z a(e a(e

¢ afe)

+77L(Z)(Sl(ll)> IVior(2)]” +1). (3.22)

Hence, in the remainder of this step, we have to deal with the suprema over a(e). Recalling
that e = [z, z + €;], the two following inequalities are consequences of Lemmas 2.5 and 2.4:

(2.16)

sup |V, Gr(z,z)| < |V.Gr(z, ), for all z € Z¢
a(e)

(2.14)

Sl(lI;!VmT(Z)\ S IVier(2)| + 1.

The last inequality we need is

(2.14)
sup [V7or(z)| < IV*¢T(SU)|+81(1I)>IV¢¢T(Z)I+1 S IVir(a) + [Vier(z) + 1.

a(e)
24
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It is then proved combining the boundedness of a and the following bound on the derivative
of V*¢r(x) with respect to a(e):

0
da(e)

0

0 Vor(a) Vi gy or(a)

O\ (Vigr(2) + &) V..Gr(z, 1))

[(Vior(2) + &)V ViGr(z, )
2(|Vigr(2)| + 1&l) sup [VGrl
74 %74
[Vigr(2)| +1,
where we have used the uniform bound on VGr provided by Corollary 2.3.

IN

N

Combining these three inequalities with (3.22) yields

o© 8a8( ) (77167 + (Vor +€)- A(Ver +9)),,

~ /Zd(|V¢T(Z)| + DIV.Gr(z,2)[[VinL(2)[(IVi¢r(2)] + [Vor(2) + 1) de

+nr(2)([Vor(2)* +1),
from which we deduce (3.21).
Step 3. In this step, we argue that

var [((T7'¢7 + (Vor + &) - A(Vor +€))), |
2
S < L ([ 9ol vl v ) dz> (323

< L ([ 9-crolvm >||v¢T<z>|2dw)2dz> (3.21)
+< 5 / V. Gz, 2)| |V (@ )|dm>2dz> (3.25)
(Lo

2(|Vor(2)2 + 1)2dz> . (3.26)

Indeed, inserting (3.21) in (3.15) yields
var [<<T71¢T + (V(ﬁT + §) (V(ﬁT + §)>>L]

2
: <Z (/Z V-G (z,2) [V @)|(IV* o (@) + [Vér () +1) dﬂ”) >

<Zm )(|Vér(z) +1>2>-

We then use Young’s inequality in the first term of the r. h. s. of this inequality and we
replace the sum >, over edges [z, z + e;] by d times the sum over z € Z¢ to establish this
step.

_l’_

25



26 A. GLORIA & F. OTTO

It now remains to estimate the terms (3.23), (3.24), (3.25) and (3.26) to conclude the proof
of the theorem.

Step 4. Estimate of (3.26):

([ mrvonIP + 1Pz} < patryn (3.27)
Indeed, by stationarity we have
d
(IVor(2)[*) S Y (lor(z+ el + lor(2)|*) = 2d (¢ (0)*)
i=1

so that

</Zd77L(Z)2(|V¢T(Z)|2+1)2dz> < </Zd77L(z)2(|V¢T(z)|4—{—1)dz>
= /Zd nL(2)2((|Vér(2)[*) + 1) dz
< (101 +1) /Z () e,

On the one hand, it follows from Proposition 1 that
(¢r(0)*) < pa(D)™.
On the other hand, it follows from (3.14) that
[ a1
7.4
This establishes Step 4.
Step 5. Estimate of (3.25):

< /Zd ( /Zd ‘VZGT(Zax)HV*??L(ﬂU)]dm>2dz> < pa(T)1L™. (3.28)

We expand the square

</Zd </Zd [V2Gr(z,2)[[VinL(z)] dx>2 dz>

- </ / / ’V*nL(x)HV*WL(wI)"VZGT(Z,x)HVZGT(z,x')]dmdm'dz>
zd Jzd Jzd

= /Zd /Zd \V*nr(2)| |V nL (")) /Zd (IV.Gr(z,2)||V.Gr(z,2")|) dz dz dz’.

We then use Cauchy-Schwarz’ inequality in probability and the stationarity of Gr:
(IV.G1(2,2)||V.Gr(2,2)])

< (IV.Gr(z,2)) " (IV.Gr(z,a') )

= (IV:Gr(z = 2,01)* (IV.Gr(z — /. 0))

Hence, with the notation

1/2

1/2

h(y) = (|V,Gr(y,0))"?,
26
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we have by definition of nz:

2
</ (/ \VZGT(Z,HU)HV*UL(HU)!W) d2>
zd \Jzd
< / / |V*77L(x)||v*77L(x/)|/ h(z — z)h(z — 2') dz dx dx’
zd J7d 74
< L2(d+1)/ / / h(z — x)h(z — 2') dz dz dx’
z|<L J]a'|<L J 24
[-20d+) / / / Wh(Z + o — ') de de da’
|x|<L J|2'|<L Jz4

< Ld2/ / h(z"h(z' —y)dZ' dy.
ly|<2L J7Zd

We note that

/ W2 (y) dy = </ IV, Gr(y,0)* dy> -
R<|y|<2R R<|y|<2R

On the one hand, for R > 1 we have according to Lemma 2.9 (for ¢ = 2)
ford=2: / h2(y)dy < R*“2min{l, VTR '}? = min{1, VTR™'}?,
R<|y|<2R
for d > 2: / R (y)dy < RYRY™Y? = R* 4.
R<|y|<2R
On the other hand, for R ~ 1, Corollary 2.3 implies
ford > 2: / h%(y)dy < 1.
lyI<R
Hence we are in position to apply Lemma 2.10, which yields as desired
[ wem — gy S L)
<2 Jzd

Note that for d = 2, we have used the elementary fact that max{1,InvTL™ '} <InT.

Step 6. Estimate of (3.24):

2
< /Z . ( /Z d|VZGT(Za5U)||V*77L(55)||V¢T(Z)|2dw) dz> < pa(T)IL™ (3.29)

As in Step 5,

</Zd </Zd ’szT('Z’x)HV*nL(ﬂf)HV(bT(z)]Q dx>2dz>

= [, [V m@Ivt )] | (9-Gren)|[V-Gr ) [Vor (') dsdo s’
74 J7d 7.4 27
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This time, we use Holder’s inequality with (p, p, 17%2) in probability (where p > 2 is the
exponent in Lemma 2.9):

(IV.Gr(z,2)||V.Gr(z,2")||Vor(2)[*)

< (IV.Gr(z0)P)» (V:Grlz,a)P)r (|Vor(2)72) 7 .
By stationarity of G and ¢ we obtain with Proposition 1
(IV.Gr(z,2)||V.Gr(z,2")||[Vor(2)|!)
S a1 {[V.Gr(z — 2,0)P)7 (|V.Gr(z — 2/, 0)P)7 .
Hence, with the notation

h(y) = (|V,Gr(y, 0)P)'"7,
by definition of ny:

</Zd </Zd IV.Gr(z, )|V (@)||[Vér(2)|? dx>2dz>

S @ [ V@IV [ b - ol - o) dzdeds
74 J74d 7.
S nmL [ [ hEn - g)a .
ly|<2L JZd

As in Step 5, we shall establish that for R > 1

for d =2 / h2(y)dy < min{l, VTR '}?,
R<|y|<2R (3.30)
for d > 2: R (y)dy < R*9
R<Jy|<2R
and for R ~ 1
for d > 2 : / R (y)dy < 1, (3.31)
ly|<R

Once this is done, Lemma 2.10 implies as desired
[ wem =gy S L),
ly|<2L J 74

using in addition that max{1,InvTL™'} < InT for d = 2. As above, (3.31) is a direct
consequence of Corollary 2.3. We now deal with (3.30). Note that according to Lemma 2.9,
we have for R > 1

for d =2 : / WP (y)dy < R*Pmin{l, VTR }?,

R<|y|<2R (3.32)
for d > 2: RP(y)dy < RARIDP.

R<|y|<2R

28
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We now argue that this yields (3.30). Indeed, by Jensen’s inequality

1/2 1/p
Rd/ h?(x)dx < Rd/ hP (z)dx
R<|z|<2R R<|z|<2R

(3§2) < R72R*7Pmin{1,VTR" 1}p> d=2
(R—RA(RI~yp) /7 d>?2

_ R~ 'min{1,vVTR™'}, d=2,

B R4, d>2,

which implies (3.30).
Step 7. Estimate of (3.23):

2
</Zd (/Zd ’szT(Z7x)HV*WL(w)HV*(bT(DU)\Q dm) dz> < Md(T)qL_d, (3.33)

As in Steps 5 and 6,

</Zd </Zd IV.Gr(z, )|V ()| V* o () dx>2 dz>
/Zd /Zd [V ()] [V (2)]

/ (V.G 2)|[V.Gr(z, )|V (@) 2V () ) d= de d'.

Holder’s inequality with (p,p, —p2 2—”2) in probability (where p > 2 is the exponent in

Lemma 2.9) then yields
(IV:Gr(2,2)|IV-Gr(z,2) ||V ¢r(@)*|V*ér(a)*)

b\ P22 =
< (IV.Gr(za))r ([9:Gr(e,a)P)r (IVor(@)e2 ) 7 (IV7or@)r) ™ .
The stationarity of G and ¢7, and Proposition 1 show
(IV.Gr(z,2)||V.Gr(z,2")|[V*r(2)]*[V*or ("))

1 1
S () (IV-Gr(z — 2,0)F)? (|V:Gr(z — 2, 0)[)» .
We may now conclude as in Step 6.

The theorem follows from the combination of Step 3 with (3.27), (3.28), (3.29) & (3.33).

Step 8. Extension to the energy density of the corrector field for d > 2.
Let Ar o be defined by

€ Auoti= [ (Vola) +9)- A@)(Tola) + (o) do
for all L > 1. The claim is
var [€ - Apoo] S L7,
for d > 2. Tt is proved using (2.5) provided we show
var [€ - Ar oo€] < lijgn infvar [ - Ap 7€] . (3.34)
29
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As we shall prove, the following two convergences hold:

([ (64 Tor@)- a@e + Vora)us(o)is)

= ([ (€4 Vo) AN+ Touladn ) = € At (335

which in fact amounts to (({ + Vor) - A(§ + Vor)) — (£ + Vo) - A€ + Vo)) by station-
arity, and

| (€4 Torta)) - Aw) + Vor(e)us(a)da

— (E+Vo(x))  A(x)(E+ Vo(x))ur(z)dr, weakly in probability. (3.36)
7.4

We may now conclude the proof of (3.34). Expanding the variance, one has

2
varfe- Arre = <( / d<s+v¢T<m>>-A<m><s+v¢T<m>>uL<x>dx)>

2
([ €+ or@) - A@e + Vortohp(alis)

By (3.35), the second term of the r. h. s. converges to (& - Apomé)? as T — oo, whereas by
lower-semicontinuity of quadratic functionials, (3.36) implies that

< </Zd(£ +Vo(z)) - Alz)(€ + Vﬁb(x))ML(ﬂ:)dw) 2>

T—o00

2
< nmmf<( / €+ Vor() A<x><s+v¢T<x>m<x>dx) >

which shows (3.34).

It remains to prove (3.35) & (3.36). Note that by stationarity, (3.35) is a consequence of
lim ‘AT — Ahom’ - 07 (337)
T—o0

for all d > 2, where £ - Ap€ := (€ + Vor) - A(§ + Vor)). Starting point for (3.37) is the
definition of A7 and Apom from which we deduce
§- (A7 — Ahom)§ = (4 Vor)- A€+ Vor) — (4 Vo) - AE+V9))
= (£ A(Vor — Vo)) + (Vor - A(§ + Vor)) — (Vo - AE+ V).
(3.38)

Let us treat each term separately. For the second term, we shall argue that (2.3) yields:
For every stationary field ¢ : Z¢ — R such that <C 2> < 00, one has

T~ (pr¢) + (V¢ A(E+ Vor)) = 0, (3.39)

so that one may replace the second term of the r. h. s. of (3.38) by =T (¢%.). For the
first term, we shall use the following weak convergence of Vor(z) to V¢(z) in probability:
For every random variable x taking values in R? with <] X’2> < 00, one has for all z € Z,

Jim (x- (Vor(z) - Ve(@))) = 0, (3.40)
30
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so that taking 2 = 0 and xy = A(0)¢ shows that the first term in the r. h. s. of (3.38)
vanishes as T' T co. For the last term, combining (3.40) and (3.39), we will prove
(Vo-A(E+Vo)) = 0. (3.41)

We directly draw the conclusion: The combination of (3.38), (3.40), (3.39), and (3.41)
shows that

limsup € - (A7 — Apom)¢| = limsup 77" <¢%> )

T—o00 T—o00

which implies (3.37) by Proposition 1.

We give the arguments for (3.39), (3.40) and (3.41) for the reader’s convenience (we could
also directly appeal to [13]). Multiplying the defining equation for ¢r by ¢ yields

T (¢1r¢)(2) = (V*- A€ + V1)) (2)¢(2) = 0. (3.42)

We then use the discrete Leibniz rule in the form
d
V- (CA(E+V ) (2) = (VEAE+Y))(2)C(2)+ > ViC(2)[A(E+Vor)(2—e;))];. (3.43)
j=1

Since Vor, ¢ and A are jointly stationary random fields, the expectation of the 1. h. s. of
(3.43) vanishes, and

d
(V* - A(€ + Vor))(2)¢(2)) — <Z ViC(2)[A(E + Vor(z — ej))]j>
j=1

= —(VC-A(E+Vor)), (3.44)
noting that V3((2) = V;((z —e;). We then take the expectation of (3.42) and use (3.44)
to obtain (3.39).

We recall the standard a priori estimate which one derives from (3.39):
(T7'¢r(2)* + |Vor()]*) < 1.

Since the 1. h. s. does not depend on x by stationarity, there exists g : Z¢ — R? such
that up to extraction, VG (x) converges to g(x) weakly in probability for all € Z¢. By
construction, ¢ is a gradient field, and is jointly stationary with A. By the boundedness

of <T_1¢%>1/ 2, one may pass to the limit in (3.39), and obtain for every stationary field ¢
(VC- A+ Vo)) = 0. (3.45)
As noticed by Kiinnemann in [13], this characterizes the gradient of the corrector, so that

g = V¢. This proves (3.40) by definition of weak convergence in probability.

We then use (3.45) for ¢ = ¢p and pass to the limit 7' T oo in (3.45) by the weak
convergence (3.40). This proves (3.41).

We finally turn to the proof of (3.36). By definition, (3.36) is proved if for all bounded
random variables Yy,

i (x [ (€4 Vor) - A@(E + Vorla)u(o)ir )

T—o00 7.d

_ <x [ e+ vow) -A<x><s+v¢<w>m<x>dx>. (3.46)
z 31
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W. L. 0. g. we may assume that x takes values in [0,1]. By lower-semicontinuity of
quadratic functionals in probability, and since x > 0, the weak convergence (3.40) of
Vor(x) to Vé(x) in L? in probability for all x € Z? yields

it (x [ (€ + For(e) - AGa) € + Vorte)es (o) )

T—o0

= [ i) (tgmint (€ + Tor(a) - A@)(E + Vor() )do
Zd — 00
> [ @) (0(€ + Tor(a) - Ala)(¢ + Vor(e)) do

= (x [ 6+ Vo) A@(e + Voa)us(e)is ).

Likewise,

lim in <<1 ) [ €+ Vor) A+ v¢T<m>>uL<w>dw>

T—oo
> (1= [ €+ Vola) - Ala)(e + Vole)r (o) )

since 1 — x > 0. Combined with the convergence of the expectation (3.35) and the trivial
identity 1 = x + (1 — x), these two inequalities imply (3.46) for y taking values in [0, 1],
and therefore (3.36) as desired.

4. PROOFS OF THE ESTIMATES ON THE (GREEN FUNCTIONS

Before addressing the proofs proper, let us make a general comment. In what follows,
we shall replace the classical Leibniz rule by its discrete counterpart. Although they are
essentially the same, the expressions that appear are more intricate in the discrete case.
In order to keep the proofs clear, we first present the arguments using the classical Leibniz
rule (though it does not hold at the discrete level) and we later give a separate argument
to show that the various results still hold with the true discrete version.

4.1. Proof of Lemma 2.8. Without loss of generality, we may assume y = 0 and suppress
the y-dependance of G in our notation. We will first give the proof in the continuum case
(that is using the classical Leibniz rule) and then sketch the modifications arising from
the discreteness.

We first argue that for any d,
T—l/ G2y da +/ \VGru*de < M, (4.1)
zd zd

where for 0 < M < oo, G,) denotes the following truncated version of G
Gry = min{Gr,M} > 0.

Indeed, we consider T~'Gp — V* - AVGy = § in its weak form, that is

Tl/ (Gde+/ V(- AVGrdr = ¢(0), (4.2)
74 Zd32



VARIANCE ESTIMATE FOR EFFECTIVE DIFFUSION 33

and select ¢ = G7. Since Gy Gr > G2T7  and provided that VGr - AVGr >
VGr - AVGrar, we obtain (4.1) by uniform ellipticity. Indeed, since A is diagonal,

d
VGTJ\/[ -AVGr(z) = Za(ﬂc + ei,x)(GT,M(ﬂc +e;)— GT7M(1‘))(GT(1‘ +e;)— GT(m))
i=1
d
> Y a(z+e;,2)(Gry(z +e) — Gru(x))’
1=1

> OC‘VGT7M(1')’2.
Step 1. Proof of (i) for d > 2.

Following [7, Theorem 1.1], we argue that (4.1) implies a weak-L72 estimate, 1. e.

Lo({Gr > M}) < M T3, (4.3)

For this purpose, we appeal to Sobolev’s inequality in Z, i. e.

d—2 1/2
_2d_ 2d
( / G;-A;dm> < ( / ]VGTvMde> :
zd 74

which is a consequence of [22, Lemma 2.1] (when “n — o0”), or [3, Théoréme 4.4] (when
“r — 00”). Via Chebychefl’s inequality and (4.1), this yields

M Ly({Gr > MV < MY2,
which is (4.3).

d
We now argue that the weak-L7-2 estimate (4.3) in Z¢ yields a strong L9-estimate on
balls {|z| < R} for 1 < ¢ < d%‘l? More precisely, we have

/| . GLdr < RY(R* )1 (4.4)

Indeed, we have on the one hand

() (4.3)
/ Ghdr = q/ Ca({Gr > MY) M dM’ + MIL,({|Gr| > M}) < MT 73,
Gp>M M
(4.5)
where we have used ¢ < d%JQ' On the other hand, we have trivially
/ GLdr < R'M1. (4.6)
{Gr<M}n{|z|<R}

With the choice of M = R?>~¢, the combination of (4.5) and (4.6) yields (4.4).

In order to increase the exponent ¢ in (4.4), one combines a Cacciopoli estimate! for
monotone functions of G with a Poincaré-Sobolev estimate to obtain a “reverse Holder”
inequality (as in the proof of Harnack’s inequality, see [8, Chapter 4, Method I1]). We start
with the Cacciopoli estimate, i. e.

/ VG de < R / G2 da (@7)
2R<|z|<4R R<|z|<8R

Lthis is the only place where we use the Leibniz rule
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for all 1 < ¢ < co. For that purpose, we test (4.2) with { = nQG%_l, where the spatial
cut-off function 7 has the properties

n =1 in{2R < |z| <4R}, n = 0 outside {R < |z| <8R}, (48)
IVl S R7Y 0<n <1
This yields
T‘l/Zd 2 G%dﬂH—/ZdV(nQ GIY) . AVGrdz = 0. (4.9)
Since by the uniform ellipticity of A, there exists a generic constant C' < oo (which only
depends on ¢, «, () such that
V(2 GLY - AVGy
= (-1 GL2VGr - AVGr +27nGL V- AVGr

Young
> CTUPGL VG - O GL V)
> TP VG - C GL VP,

~

we obtain
[ #Ivetas s [ 64 ivaPa.
zd zd
In view of the properties (4.8) of 7, this yields (4.7) for d > 2.

We now derive the “reverse Holder” inequality
d—2

qd ll_d %
R GI7% du < (R Gl dx| . (4.10)
T ~ T
2R<|z|<4R R<|z|<8R

For that purpose, we appeal to the Poincaré-Sobolev estimate (see [22, Lemma 2.1] or [3,
Théoreme 4.4]) on the annulus {2R < |z| < 4R}:

d—2

o T
Rd/ |u| =2 dx
2R<|z|<4R
1/2 1/2
S RQd/ |Vul|? de + Rd/ lu|? da .
2R<|z|<4R 2R<|z|<4R

We apply the latter to u = G%/zz

d—2

_qd_ Tad
R / G2 d
2R<|z|<4R

1/q 1/q
< <R2_d / yveﬁ}”ﬁm) + <R‘d / G, dac) :
2R<|z|<4R 2R<|z|<4R

The combination of this with (4.7) yields (4.10).
We now may conclude in the case of d > 2: Indeed, (4.10) allows us to iteratively increase
the integrability ¢ in multiplicative increments of d;i2 in the estimate (4.4). Since any

p < oo can be reached in finite multiplicative increments starting from a 1 < ¢ < d;iQ’ the
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side effect that the annuli get dyadically larger at every step does not matter qualitatively
(in this sense, the above argument is much less subtle than the proof of the Harnack
inequality). This proves (2.21).

Step 2. Proof of (i) for d = 2.
We now tackle the case of d = 2, which in fact amounts to the L'-BMO estimate

1/q
(RQ/ \u — a{|m|§R}’q dm) S / ‘f‘ dx (4.11)
lz|<R 72

T 'u—V* AVu = f, (4.12)

for

where uy|;|<p) denotes the average of u on the ball of radius R. We fix an exponent ¢ < oo
and a radius 1 < R < oo and assume w. 1. 0. g.

Ufjzj<ry = 0. (4.13)

As in (4.1), we have
/ \Vuy|?dz < M/ |f| dx, (4.14)
|z|<R 72

As opposed to the case of d > 2, this is the only time we use the equation (4.12).

Estimate (4.14) is used in connection with the Poincaré-Sobolev inequality with mean
value zero, i. e.

1/s 1/2
<Rz/ lunr — (W){|m|§R}’sdx> S </ |Vaup | dx) ,
lz|[<R |z|<R

for any s < oo, which we use once for s = g, i. e.

1/q 1/2
<R_2/<R‘UM_ (W){lgClSR}’qu) . </I|<RNUM’2dx>

(4.14) 1/2
< (M / \f\dx> L)
ZQ

and once for arbitrary s (which we think of being larger than ¢) in the form

1/s
<R2/ \uM\sdx>
lz|<R
1/2
< (/ ]VuMIQdm> + | (@) {21 < Ry
|z|<R

(4.14) 1/2 1/a
< (M / |f] dw) + (R / |ul? dz . (4.16)
72 |z|<R
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We use (4.16) to estimate the peaks of u. More precisely, we claim that for s > 2¢,

1/q
<R_2/ |ul? dw)
{lz[<R}In{ju|>M}

o/(20) o/ @
< M/ </ |f|dm> + Mo/ (R‘Q/ IUquw> - (417)
7.2 |z|<R

The argument for (4.17) is similar to the case of d > 2: Estimate (4.16) yields the weak
estimate

M (R Ls ({J| < R} N {Ju| > M}))"/*

1/2 1/q
< <M/ |f|dx> + (R_Z/ |u|qdac> ,
Z2 |z|<R

which we rewrite as

R™2 Lo({lz] < R} N {lul > M})
s/2 s/q
—s/2 -5 -2
< M </Z2 |f|dx> +M <R /x§R|u|q dx) . (4.18)

On the other hand, we have

/ lu|?dx = q/ Lo({|z| < Ry N {|u| > M'}) M am!
{lz|<RYN{|ul>M} M

FMILy({|z] < 1) N {[u] > M)). (4.19)

Since s > 2¢, the combination of (4.18) and (4.19) yields

RQ/ |ul? dz
{lz|<RIN{|ul>M}

8/2 s/q
< Mol (/ |f|d:c> + M <R—2 / |u|qdm> ,
72 |z|<R

which is (4.17).
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We now combine (4.15) and (4.17) as follows

1/q
R_Q/ |ul? dz
|z|<R
(4.13) 72 14
< R /| o ezl
1/q
<R2 /I |<R s = () el <l dm)

1/q
+ <R_2/ ]u\qdm>
{lz|<R}O{|ul>M}

(4.15)&(4.17) 1/2
< ( / \f\dx>
ZQ
2

s/(2q) s/a
+ M8/ (29) (/ ]f]dm) + Mis/a R_Q/ u|? dx: :
72 |z|<R

We claim that this estimate contains the desired estimate. Indeed, using the abbreviations

1/q
U = (RQ/ |u|qu> and F := / |f|dx,
lo|<R z2

we rewrite the above as

U < MY2FEY2 4 ppi=s/Ca) ps/QCa) o ppi=slagys/a, (4.20)

IN

Since s > ¢, choosing M ~ U sufficiently large, we may absorb the last term of (4.20) into
the l. h. s. yielding
U < yl/2pl/z  gl-s/9) ps/(29)

Using Young’s inequality twice in the r. h. s. since s > 2¢, we obtain as desired U < F,

which shows
1/q
R_Q/ |Gr — Grjg)<p| d S L
je|<R -
Step 3. Proof of (ii).

We first derive a weak L*-estimate on {|z| < R}:
R72Ly({Gr > MYyn{|z| <R}) < M~*. (4.21)
For that purpose, we combine (4.1), which for R ~ VT turns into
R™? / GF o do + / \VGry>de < M, (4.22)
72 72

with the Poincaré-Sobolev estimate

1/8 1/2
<R—2 |G —GT,M{ng}Ide> < ( / <R|VGT,M|2dw>
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in form of

1/8 1/2 1/2
(R—2 / \<RG%M dac) < ( / <R]VGT7M]2dm> + (R—2 / KRG%M dx) .

This yields (4.21):

1/8
(R2MBLy({Gr > M} N {|z] < R})Y® < (R_Q/ GS dac) < MY2
|

z|<R
We now argue that (4.21) yields (2.22). Indeed, combining
R / Gdz = gR / Lo({Gr > M} (1 {|z| < RY)MdM’
{Gr>MIn{jz|<R} M

+R2M?*Ly({Gr > M} N {|z| < R})

(4.21)
< M2

~

with the trivial inequality
R_Q/ GZ, dr < M?

lz|<rR
for M =1 yields property (ii) of the Lemma.
Step 4. Proof of (iii).
We establish for all ¢ > 1 and R > 1

T
(2R) ¢ / Gldr < — R / GLdx. (4.23)
le|>2R R R<[a|<2R

Indeed, we test (4.2) with nQG%_l where the cut-off function 7 is chosen as follows
n = 1 in{|z| > 2R}, n = 0 in {|z| < R},
Vil S BT 0 < <,
yielding
7! /Zd n*Gldx + /Zd V(G4 - AVGrda = 0.

Arguing as for (4.9), this yields
T_l/ G dx +/ ]VGqT/QIde < R? G dz,
z[>2R z[>2R R<|z|<2R
so in particular (4.23).

We now turn to (2.23). We introduce the abbreviations
R, = 2FVT,

Ak = R];d G(j]“dxa

Ry <|z|<Rp41
so that (4.23) turns into
T _
Ap1 < Cﬁ/\k = C47"Ay,
k
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where C denotes a constant depending only on «, G, and d. This yields by iteration
; (k—1)
A < AgCHITE 4t = AgCFa="2 " = pgCho~ (k= Dk,

Thus, for all r» > 0,
ln << k > 1&k.>
V T 1&0

for k large enough. Hence,

IN

krin2+4 (k+1)InC — k*In2
1

N

R\ "
Gldr < AgRY <—> .
/RkS|$|§Rk+1 g g VT

To conclude the proof of (iii), it remains to argue that

Ao < d=2: 1, (4.24)
"~ ds2: (VT M. '

For d > 2, this a consequence of (2.21), whereas for d = 2 we combine (2.20) with (2.22)
as follows:

Ap < T / Gr(x)idx
|z|<2v'T

T1<</ Gr(a) ~ G oyl
|z|<2vT -

/

/q

IN

(2.20)
< VT

~

_ 1/q\ ¢q
+71 / G 4y
( \stzﬁ(_T'”ﬁ'f_/Qﬁ) ) )

(2.22)
<

2

\/TQ

~

< 1

Step 5. Modifications due to the discreteness.

The only place where we have used the Leibniz rule is the proof of the Cacciopoli inequal-
ity (4.7). At the discrete level, we have for i € {1,...,d}

Vi(n? G5 (@)
= 7’(v+e)GT (w+e) — ()G (@)
2(x +e; 2(x _ _

— PRI T (g1t e o) - 05 (@)

2 X e;) — 2 X

(et e) -,

Gi Nz + ) + GL (). (4.25)
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Taking advantage of the diagonal structure of A (although this is not essential), we obtain

V(i G§ ) - AVGr(z)

d
= Y Vil GE N (@)a(x, x + ) ViGr(x)
1

7

n?(x + €;) + n*(x)
2

(4.25)

(G4 (z +e;) — G (2))ViGr(2)
>0

M=~

a(x,r +e€;)

1

-
Il

d 2 x €e;) — 2 T _ _
—i—Za(x,x—i—ei)n( i 2) n( )(Gqu(m—i—ei)—iquT Y(2))ViGr(x).
=1

Since the underbraced term is non-negative, the lower and upper bounds on a yield
V(n’ Gi) - AVGr(x)
d
7 (z +ei) + n*(z)

> 5 (G (@ + e) = GF ' (2))ViGr(x)
i=1
- (z +ei) +n(x)
=B Van(a)| PR (G a4 ) + GF (@) ViGr (@)
i=1
d
G TR (1o o) - 0 ) VG 1)
i=1
d
—BC Y (Gr(x+ )" + Gr(x))|Vin(z)|”
i=1
d 2
ooty (I ) (0, G + ) + G )
i=1
< n*(z + ei) +1°(x)
- 2
Using the inequality (proved at the end of the step)
2097 — (b —¢) > (b— )2 (BT %+ ¢172) for b,c > 0,9 > 2, (4.26)

we may absorb the last term of the r. h. s. of the latter inequality into the first term for
C large enough, so that it turns into

V@’ Gf ) - AVGr(x)

d 2 X e; 2 X
> (a—2p0) 3 TEHITE) (o104 o) — 65 (0) V.G (o)
=1

d
—BC Y (Gr(z +e)? + Gr(z)!)|Vin(x)|*. (4.27)
i=1
Using now the following inequality
-t Hb—¢) > (bq/2 — cq/Q)2 for b,c > 0,q > 1, (4.28)
40
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(4.27) finally turns into
V(i GEYY - AVGr(x)

d
2 Y PO Gy e )
1=1

2

d
—C) _(Gr(w+e)" + Gr(x)")| Vin() .
i=1
Combining this with (4.9) yields
[ @IV @R 5 [ (Grlas o)+ Gr@n V)P ds, (@429
zd A
which implies as desired
/ V@R SB[ G,
2R<|z|<4R R<|z|<8R
provided that n satisfies in addition
n@)=0 forax¢{y:R+1<|y <8R-1},
which is no restriction since R > 1.
We quickly sketch the proofs of (4.26) and (4.28) to conclude. Inequality (4.26) follows by
symmetry from
Bt =t Y b—c) = (b—c)%c2 = (b—c)(b? ! —bct7?)
b(b—c)(b?? —¢17?)
blb— ¢f|b?72 — 172 > 0.
To prove (4.28) we first note that by homogeneity and non-negativity of b and ¢, it is
enough to consider ¢ = 1 and b > 0. We introduce the function h = Rt — R™ defined by

(/2 ~ 1)
h(b) = (bq_; - 1)(b-1)
q
4q—1)
Since h > 0, the claim is proved if h is bounded on R*. As h(0) = 1 and lim;, . h(b) = 1,
it is enough to prove that h is continuous on RT. A Taylor expansion around b = 1 yields

b#£1,

b=1.

(b2 —1)2 = %(b — 1) +o((b—1)%),
B =D -1) = (¢—1b-1*+o((b-1)).

Hence, lim;,_,1 h(b) = h(1), h is continuous and therefore bounded on R*, as desired.
4.2. Proof of Lemma 2.9. The proof relies on three ingredients: a Meyers’ estimate

based on the L? theory for the constant-coefficients Helmholtz projection, a Cacciopoli
estimate and the estimates of Lemma 2.8.

We begin with Meyers’ estimates. Let u : Z% — R, f: Z% — R, and ¢ : Z¢ — R? have
support in {|z| < R}, and let u satisfy the equation

—V* - Alz)Vu(z) = VL’ g(x) + f(x)  inZ% (4.30)
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We claim that there exists p > 2 depending only on «, 3, and d such that for all R > 1,
the following LP-estimate holds

([ wuera)” < ([ owpa)”
4+ RI40/2-1/p) ( /Z )P dm) KPP

As in the original paper [16] by Meyers, the proof of (4.31) relies on a perturbation
argument and on the LY regularity theory for the Helmholtz projection.

Step 1. L1 regularity for the Helmholtz projection.

Let H : L?(Z4 R?) — L?(Z% R?) denote the Helmholtz projection, that is the orthogonal
projection onto gradient fields for the inner product of L?(Z%,RY). By definition, H is
continuous on L?(Z? R?) and satifies

HHQHL2(Zd,Rd) < HQHL2(Zd,Rd)- (4.32)

Let us show that  can be extended to a continuous operator from L(Z%,R%) to L9(Z%,R%)
for all 1 < ¢ < oco. The proof is standard, appealing to Calderéon-Zygmund singular
integral theory and to Marcinkiewicz interpolation theorem (such theorems apply to the
discrete case under investigation since the associated measure has the so-called “doubling”
property). Since H commutes with translations, it is a convolution operator: There exists
a matrix-valued kernel K such that

Hy(x) = K (= —y)g(y)dy. (4.33)
From an elementary Fourier series analysis (see [15] for related arguments), we infer that
the symbol of K coincides with the symbol of the second derivative of the Green’s function
of the Laplace equation studied in [15]. In particular, from the analysis of [15], we learn

that
1

VK S —.
VK@) £ 1

(4.34)
We are therefore in position to apply Calderén-Zygmund’s theory (see [20, Theorem 2,
p. 17]), which shows that H is of weak type (1,1) (see the proof of [20, Theorem 3, p. 19]).
Appealing to Marcinkiewicz’ interpolation theorem (see [1, Theorem 1.3.1, p. 9]) then
shows that H can be extended to a continuous operator from L%(Z4 R?) to L4(Z% R%)
for all 1 < ¢ < 2. A standard duality argument (see [19, 2.5 (c), p. 33] e.g.) implies
that H can also be extended to a continuous operator from L4(Z¢ R?) to L9(Z% RY) for
all 2 < ¢ < oo. Let r > 2 be fixed, and for all ¢ > 1 let denote by C, the norm of
H in £(L9(Z, R?), L9(Z,R?)). Then Riesz-Thorin interpolation theorem (see [1, Theo-
rem 1.1.1, p. 2]) shows that for all & € (0,1), Cogyp1—g) < CYC=9, so that

limsupC, < 1 (4.35)
q—2

since Cy < 1 by (4.32).
We now turn to the proof of (4.31) proper and proceed with the perturbation argument.

Step 2. Proof of (4.31) for f = 0.
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We first assume that f = 0, and rewrite the 1. h. s. of (4.30) as a perturbation of the

operator —#A:
a+p . a+f
S Au:V-<g+( 5 )Vu),
or equivalently in the form
2 a+f
—Au=V"|——=(g+ ——Id 4.36
(2500 ). (1.3
In order to apply the L? theory for the Helmholtz projection, we need to show that
2 a+f
Vu =H|—— +A——Id 4.37
w= (o ). (437)

Since Vu is obviously a gradient, it remains to show that for all ¢ : Z¢ — R such that
V¢ € L*(Z4,R%) one has

Vu(z) - Ve(@)de = /Z d (ai_{_ﬁ(g

To this aim, we multiply (4.36) by ¢ and integrate by parts using that u, Vu and g have
compact supports. This yields (4.38) and proves therefore (4.37). The continuity of H
from L9(Z RY) to L9(Z%,R?) proved in Step 1 then implies that

1/q
</ |Vu(z)|? dx)
|z|<R
2
an + B </|a:|§R

Using the triangle inequality (4.39) turns into

1/q
(/ |Vu(x)[? dw)
lz|<R
1/q
2 )9 da
< @a+ﬁ<ﬂégm>|d>

+an—iﬁ ( /MSR ( () = 2 ‘g B 1d> Vu()| dx) Uq. (4.40)

Since a € Aqpg, ‘(A(x) - #Id) Vu(x)‘ < BfTa]Vu(x)\ and we may absorb the term

aniw </ng (A(x) _ O“Fﬁld) Vu(z) ' dm) "

1/q
06—«
an e </|x|§R|VU(:C)|q dw)
43

(A Lﬂm)v )) (2)- V((z)de.  (4.38)

7.4

a+

g 1/q
dm) . (4.39)

g(@) + (A(m) - Id) Vau(z)

NN
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into the 1. h. s. of (4.40) provided that

B-a

a+ [
——
<1

Cy <L (4.41)

The interpolation property (4.35) ensures there exists p > 2 such that (4.41) holds for all
p > q > 2. For such a ¢, we then have

1/q 1/q
( / |Vu<x>|qdw> < ( / |g<x>|qdm> | (4.42)
|z|<R lz|<R

Step 3. Proof of (4.31) for general f.

Note that since u and g have compact supports, equation (4.30) implies that fzd flx)dx =
0. We first show that there exists Vw € L?(Z% R?) such that for all ¢ : Z? — R with
V¢ € L*(Z4,R%), one has

as desired.

Vw(z) - V{(x)dr = f(z){(z)dz, (4.43)
7.4 7.4
so that (4.37) turns into
2
Vu =H <a+5(g+(A_ a;—ﬁld)Vu) —|—Vw> )
Provided
1/q 1/2
( / \m(@\%) < RL-d1/2-1/0) ( f(x)de> , (4.44)
74 7,d

for all 2 < ¢ < ¢ for some ¢ > 2, we then conclude as in the case f = 0 (with potentially a
smaller p). To prove the existence of such a Vw, we proceed by minimization and consider
the problem

. 2 . . 7d N 2 rrd d
1nf{/Zd\VC(x)\ dx—/de(m)C(x)dx7 70— R,VC € [AZ4R )}. (4.45)

The same argument as in the proof of Riesz’ theorem yields the existence of a minimizer
once one shows that the functional is coercive. Let R be large enough so that f has
support in {|z| < R}, and denote by (f;j<p} the average of ¢ on {|z| < R}. Since f
has zero average, one may substract the average of ¢ and obtain by Cauchy-Schwarz and
Poincaré’s inequalities

f(@)¢(z)dz
74

/ F@) (@) = oy
|z|<R

R( g f(x)de> 1/2 </I$|<R!VC(m)!2dﬂc> 1/2

iy /Zd i(l:c)Qdm+ % /Zd V(@) da.

N

N
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This shows that for all test functions ¢
1
/ \V¢(x)2da —/ fx)¢(x)dz > —2R* | f(x)%dx + 5/ \V¢(x) 2, (4.46)
z7d zd

as desired. This proves the existence of a minimizer w : Z% — R such that Vw €
L*(R%,Z%). In addition, it satisfies the estimate

/ \Vw(z)]*de < 4R? / f(z)?dz. (4.47)
74 74

Since w is a minimizer of (4.45), the first variation of the energy at w vanishes, and w
satisfies (4.43).

It remains to estimate the L? norm of Vw for some ¢ > 2. To this aim we argue that
\VVuw(z)|?de = / (Aw(z))?dx = f(z)dz. (4.48)
74 74 74
As in the continuum case, the first identity in (4.48) follows directly from two integrations
by parts for w with compact support. For general w, the boundary term involves products
of first and second derivatives of w on spheres of large radius R. In our discrete setting,
these boundary terms can be estimated by the integral of |[Vw|? outside the ball of radius
R, which is finite since |Vwl|? is integrable by construction. Hence the boundary terms
can be made to vanish in the limit R — oo. The second indentity in (4.48) follows from
the fact that w solves the equation

—Aw(x) = f(x) in 24,

which is a consequence of (4.43). We are in position to conclude. For d > 2, we appeal to
Poincaré-Sobolev inequality on Vw to turn (4.48) into

]Vw(x)]d%dx < / f(z)?dz. (4.49)
zd zd
Combined with (4.47), (4.49) implies (4.44) for all 2 < ¢ < dZTdQ by Hélder’s inequality.

For d = 2 we appeal to Poincaré-Sobolev inequality on (V,w)? for i € {1,...,d} to turn
(4.47) and (4.48) into

/ZQ(Viw(x))‘ldx < (/ Vi (Viw(z |dac>

S /!VVw(w)]de/ \Vw(x)|*dz
72 72

R? ( g f(m)%lx) 2 . (4.50)

Combined with (4.47), (4.50) implies (4.44) for all 2 < ¢ < 4 by Holder’s inequality.

1A\

Step 4. Cacciopoli estimate.
We need the following finer version of (4.7): For all x € R,

/ \VGr(z)|*de < R™2 (Gr(z) — k)% dz
R<|z|<16R R<|z|<32R

+T7 k| |Gr(x) — K| dz. (4.51)
R<|z|<32R
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This variant of Cacciopoli’s estimate can be proved along the lines of (4.7), multiplying
the equation by n*(Gr(x) — k) instead of n?Gr(z). The zero order term then brings the
new term in the r. h. s. of (4.51). Using Young, Cauchy-Schwarz and Holder’s inequalities
with exponents (p/2,p/(p — 2)) for p > 2, (4.51) turns into

1/2
(/ IVGr(z)? dx)
2R<|z|<16R

1/p
< ROIRY2-dly / Gr(z) — wPdz | +T—'RY2|k),  (452)
R<|x|<32R

that we will use with kK = ET{R§|$|§32R}.

Step 5. In this step we use Steps 1 & 4 to argue that

1/p
( / \VGT(x)\pdx>
AR<|z|<8R

1/p
S (RTV+RTY) </ |Gr(2) = Grirejz<sm |’ dx)
2R<|z|<16R
+T*1Rd/p“@T{R§|m|§32R}. (4.53)

We apply Meyers’ estimate (4.31) to the function u = n(Gp — ET{RS‘:B‘S?)QR}), where the
cut-off function 7 : Z¢ — [0, 1] is such that

|z] <2R+1

< p—1
o> 16R—1 ° IVISE. (454)

n(x) =1for 4R < |z| <8R, n(x) =0 for {

For all i € {1,...,d}, the discrete Leibniz rule yields
Viu(z) = n(x)VGr(x) + (Gr(z + €;) — Grr<|z|<32r}) Vin().
Based on this, a direct calculation shows

—V* . AVu(x)

d
= — nxVv". AVGT(x)J — Z Vin(x)a(z —e;, z)V;Gp(zx)
e i=1

4.54)&(2.11
HIEE @) G (a)

d

> Vi(Gr(z + €i) = Gr{r<jsi<sory)alz, © + €;)Vin())
=1

d
= V" ( - Z(GT(CU +e;) — aT{Rg\x\gsm})a(l“, T+ ez)Vm(ﬁﬂ)ez)
i=1

d
=Y Vin(z)a(z - e;,2)V;Gr(z) — n(z)T~"' Gr(z).
i=1
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This identity has the form of (4.30) provided we define the functions f and g by

d
f@) = =3 Vin@a(z - e;,x)ViGr(x) — ()T Gr(a),
i=1
d
g(z) = - Z(GT@ +e;) — aT{R§|ac|§32R})CL(CU, T +e;)Vin(r)e;.
i=1

Since u, f and g have support in {|z| < 16R}, we may apply estimate (4.31) which yields

1/p
< / |Vu<x>|pdm>
|z|<16R

d 1/p
S (Z /Zd Vin(2)|P|Gr(z + €) — Grip<isi<s2ry |’ dx)
i=1

1/2
+R1_d(1/2_1/p) (/ (|v*’l’}($)|2|v*GT($)|2 +T_277(£C)2GT($)2) dI) )
7.4

Using the property (4.54) of 7, and the triangle inequality, we are left with

1/p 1/p
</ [Vu(z)[? dw) < R (/ |Gr(2) — GT{r<|z|<s2r} [ dw)
2| <16R 2R<|2|<16R

1/2
—|—Rd/p_d/2 (/ |VGT(,I)|2 d.l?)
2R<|z|<16R

1/2
+RY/p=d/2+1 / T2Gr(x)?de | . (4.55)
2R<|z|<16R

Let us rearrange the terms. For the third term, the triangle inequality and Holder’s
inequality with exponents (p/2,p/(p — 2)) show that

1/2
( / Gr(z)® dw) < RYPCripejp<nny
2R<|z|<16R

1/p
+RA/2—dlp < / |G (@) = Gr{refoi<sory dfﬂ) )
2R<|z|<16R

whereas for the second term we appeal to the Cacciopoli estimate (4.52) with k =
GT{R<|z|<32r}- Hence, (4.55) finally turns into

1/p
(/ |Vu(z)P dm)
|z|<16R

1/p
S (R +RTY) / |G1(7) = Gr{r<p|<semy | do
2R<|z|<16R

+T_1Rd/p+1aT{R§|$|§32R}47 (456)
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We are in position to conclude the proof of this step. For all i € {1,...,d}, the discrete
Leibniz rule yields V,u(z) = n(z)V;Gr(x) + Gr(x +€;)Vin(z). Hence (4.54) implies that
Vu(z) = VGr(z) for 4R < |z| < 8R, so that (4.56) yields (4.53).

Step 6. Proof of (2.24).
We claim that (2.24) follows from (4.53) and the estimates of Lemma 2.8.

We distinguish two regimes: R < VT and R > VT. We begin with R < VT. For the
first term of the r. h. s. of (4.53), we appeal to the BMO estimate (2.20) of Lemma 2.8
for d = 2 and to the decay estimate (2.21) with “g = p” for d > 2, so that

1/p
(R°'+ RT™Y) </2R<:v<16R |G1(2) = Gr{refri<som dw)

< RYRIRC-DP)/p — Rd/p—d+l (4.57)
For the second term, we estimate the average using (2.22) for d = 2

N - o (222)
GriRr<fal<s2ry S R VT GT{\x\SSQ\/T} S R7T

and using (2.21) with “¢ = 1" for d > 2

N e2) ]
Grir<je<z2ry < R7T° S R,

since R < v/T. Hence, in both cases,

T RYPGr pefoj<nory S RYPTIL (4.58)
From (4.57) and (4.58) we then conclude that (2.24) holds for R < /T.
We now deal with the case R > v/T. For the first term of the r. h. s. of (4.53) , we use
the decay estimate (2.23) with exponents“q = p,r = k + 2p”, which yields

/ Gr(z) — Grip<pp<perm P dz < / Gr(z)P dx
2R<|z|<16R R<|z|<32R

(2.23)
S RdR(Z—d)p(ﬁR—l)k—l—Qp’

and therefore

1/p
(R 4+ RT™ (/ o |Gr(z) _ET{RS\x\S?)ZR} P d$> < Rd/p_d+1(\/TR_1)k/p-
2R<|z|<16R
(4.59)

For the second term, we proceed the same way, and appeal to (2.23) with exponents“q =
1,7 = k/p+ 27, which yields

Gr{R<|s|<32R) S R*™U(VTR)HPH2 = TR-(VTR)MP,
and therefore
T RYPICr i pejpjcsory S RYPTHH VTR, (4.60)
From (4.59) and (4.60) we then deduce that (2.24) holds for R > /T as well.

4.3. Proof of Corollaries 2.2 and 2.3. These results are easy consequences of Lem-

mas 2.8 and 2.9. We include their proofs for convenience.
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4.3.1. Proof of Corollary 2.2. W. 1. 0. g. we assume y = 0 and skip the dependence on y
in the notation. We distinguish two regimes: |z| < /T and |z| > VT.

In the first case, we use (2.22) and the intermediate results (4.4) in the proof of Lemma 2.8,
which yield

ford=2: / Ga(x)dx < T,
el<VT

ford > 2: / Gil(z)dx < \/Td(\/TQ_d)q’
|| <VT

and imply for ¢ = % € (1, d;iQ) by the L? — L™ estimate

Gr(z) < VT for |z| < VT. (4.61)
For |z| > /T, we use the decay estimate (2.23) of Lemma 2.8 with “q = d,r = d(d+1)+1”

| Gl § RGTR YO - VTTR
R<|z[<2R

so that we may deduce
Gr(z) < WTR™HY™avT  for R<|z| < 2R. (4.62)
We then define hy € L'(R?) by

hp(e) ~ 1 VIR, VT2 < Jaf < VT2, kEN,
T VT lz| < VT,

so that Gr(z) < hy(x) for all z € Z9. This concludes the proof since the factors in (4.61)
and (4.62) only depend on a, 3, and d.

4.3.2. Proof of Corollary 2.3. We divide the proof in three steps. We first prove that the
Green function Gr(x,y) is symmetric so that V,Gr(z,y) = V,Gr(y,z). In the second
step, we show the uniform bound for |z — y| > R sufficiently large, and in the third step
for |x —y| < R.

Step 1. Symmetry of Gr.
Let y, 7 € Z%. Testing the defining equation (2.11) with z +— Gr(z,§) yields

[ 171G G )de + [ VGr(w.0) - A@)VGi (o) = Gr(y. D).

z Z

Since A is symmetric, the 1. h. s. of this identity is symmetric in y and §. Hence the
r. h. s. is also symmetric, that is Gr(y,9) = Gr(9,y).

Let R ~ 1 be sufficiently large so that Lemma 2.9 applies.

Step 2. Estimate for |z —y| > R.
For ¢ = 2, formula (2.24) yields for all k € N

d>2
/ VaGr(e.y)Pde < @R(@R) )2 = @RS L
2k R<|z—y|<2k+1R
Hence, by the discrete L? — L™ estimate, this shows

|VoGr(z,y)] <1 for |z —y| > R. (4.63)
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Step 3. Estimate for [z —y| < R.
We now use an a priori estimate. Let i € {1,...,d} be fixed. We set u(z) := Gp(z,y +
e;) — Gr(z,y) = V,,Gr(x,y). This function solves the equation

T 'u—V*AVu = f  inZ% (4.64)

where f(z) = 6(y+e;—x)—0(y—x). Since f satisfies [, f(x) = 0, one has by integration
by parts, ellipticity of A and Poincaré’s inequality

[, uardeva [ Vu@Par < [ et

_ / F@)(u(@) — Ggje—yj<py)de
|[z—y|<R

1/2
R </ \Vu(x)]%im) .
{lz—yl<R}

/ |Vu(z)]?de < R* ~ 1.
7.4

1A\

Hence,

This shows that sup |Vu| < 1. Therefore, for all = such that |z — y| < R, we have using
Step 2 and the fact that R is of order 1

lu(z)] < Rsup|Vu|+ sup |u(z)] < 1.
[z—y|>R

Recalling that u(z) = V,,Gr(z,y), we conclude by Step 1 that this implies |V,,Gr(y, )| <
1, as desired.

5. PROOFS OF THE OTHER AUXILIARY LEMMAS

5.1. Proof of Lemma 2.3. W. 1. 0. g. we may assume

i<sup OX 2> < 0. (5.1)
i=1 '

Let X,, denote the expected value of X conditioned on a1, -- ,a,, that is
Xn((ll,“‘ aan) — <X|(Z1,“‘ aan>-
We will establish the following two inequalities for n < n € N:

n 2
(X3 — (X)) < Z <sup gii >Var [a1], (5.2)

(- X3 < 30 <sup ox

) a;
i=ntl \ ’

>Var [aq] . (5.3)

Before proving (5.2) & (5.3), we draw the conclusion. There is a slight technical difficulty
due to the fact that there are infinitely many random variables.

From (5.3) and (5.1) we learn that {X,, },100 is a Cauchy sequence in L? w. 1. t. probability.
Hence there exists a square integrable function X of a such that

@«X—xf>:a (5.4)
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By construction of X, (5.4) implies
(X |ay, - ,an) = (X|ay, -+ ,a,) fora.e (ar,---,a,)and alln € N,

This means that the random variables X and X agree on all measurable finite rectangular
cylindrical sets, i. e. measurable sets of the form Ay X --- x A, X R x ---, where n is
finite. Since these sets are stable under intersection and generate the entire o-algebra of
measurable sets, the random variables X and X are uniquely determined by their value
on these sets [10, Satz 14.12]. Hence the two random variables coincide, yielding

X = X almost surely. (5.5)

From (5.2), (5.4) & (5.5) we obtain in the limit n T co as desired

> var [ay] .

We now turn to (5.2) & (5.3). Notice that we have the decomposition

0X
({90,2‘

var [X] = (X?) —(X)? < Z<sup
=1 \ %

n

(X3) = (Xn)? = D ((XD) — (X)),

i=1

where we have set Xg := (X) so that (X,,)? = (X3). Hence (5.2) reduces to

(X - (X2 ) < <sup

ag

2
(92(; > var [aq] . (5.6)

Likewise,

so that also (5.3) reduces to (5.6).

We finally turn to (5.6). We note that by our assumption that {a;};cy are i. i. d., we have

(a0 = ([ X o) slad)).

Xi,l(al,--- ,ai,l) = /X@'(aly"' aaiflaa;/) B(daé’),
o1
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where 3 denotes the distribution of a;. Hence we obtain

(X7) = (X0)

2
= </X2 al,"' a;—1,a z da </X A1y 01,0 Z)B(da")) >

= ([ 00 )~ X ) ) )

(J
(

2

IN

n
aal a17”' y Ai—1, Ay )

> ( [ oty - ([ a <da;/>>2>
<Sl/l/P 2> var [ag] .

We conclude by noting that by the definition of X; and Jensen’s inequality

3 (a; — af)? B(daj) 6(da§')>

8X "

Q1,0 501,05 )

sup

Oa; B

0X;
n
aal (a17”' , i—1, Gy )

8XZ~( )2 0X 2 _ /]ox 2 ‘
a Qa; — a Qa; a a;
8ai 1 y Ug 8ai 1, y Ug >~ 8ai 1 s Wy [y
so that
0 5 ')2
su at, - ,G;—1,Q;
a;p aai 1 s bi—1, Uy

(ala o 7ai—17a;7ai+17' . )

IN
—
—
=

o)
Q

¥ )

5.2. Proof of Lemma 2.5. Let us divide the proof in four steps.

Step 1. Proof of (2.15).
We recall the definition of the operator

Cw@) = Y alea) (ul) - ul)).

z! | |a'—x|=1

Q;

0X
8ai

(a1, -+ ,ai—1,a}, ait1, )

For convenience, we set e = [z,2], 2/ = z + e;. We recall that Gr(-,y), y € Z%, is defined
via

(T7 + L)Gr(y)(x) =d(x —y),  weZ (5.7)
Hence we obtain by differentiating (5.7)

<(T_1 + L) 8@8(6)GT('7y)> (z) + (Gr(z,y) = Gr(Z,y))d(x — 2)

+(Gr(2,y) = Gr(z,y))d(x — 2') =0,
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which, in view of (5.7), can be rewritten as

(17 + 1) (5= Grl,y) + (Gr(z,y) = Gr(Z,y)Gr (-, 2)

9
Oa(e)
H(Gr(#,y) - Gr(zp)Gr () = 0. (5.8)

From this, we would like to conclude

aai(e)GT(-,y)+(GT(Z,y)—GT(zl’y))GT(-,z)_}_(GT(Z/’y)_GT(Z’y))GT("Z/) =0, (5.9)

which is nothing but (2.15).

In order to draw this conclusion, we will appeal to the following uniqueness result in
L?*(Z%): Any u € L*(Z%) which satisfies (T~! + L)u)(z) = 0 for all z € Z? vanishes
identically. However, we cannot apply this directly to u given by the 1. h. s. of (5.9), since
we do not know a priori that aa(e) Gr(-,y) is in L2(Z%).

For that purpose, we replace the derivative 5~ ( ) by the difference quotient. We thus fix a
step size h # 0 and introduce the abbreviations
Gr(z,y) == Gr(z,y;a) and Gp(z,y) = Gr(z,y,d),
where the coefficients a’ are defined by modifying a only at edge e by the increment h,
i.e.
a(e) = ale)+h and d'(e') = a(¢) foralle #e.
We further denote by Ly := T + L, and L/, := T + L, the operators with coefficients a

and d/, respectively. We mimic the derivation of (5.8) on the discrete level: From (5.7) we
obtain

0 = % (LTGT(' y) — LpGr(-,y))
- = (Grly) = Grlow) + 3 Lr = LG ()
— LTE (Gr(y) v)
+ (G7p(z,y) — GT(z y))5( 2) + (G2 y) — Gor(z,)) 6(- — 2')

= Ir(5 (GrCo) - Grlw)
+ (G/T(Zay) - G[Z"(z,7y)) GT('v Z) + (G/T(Zlay) - G/T(Z7y)) GT('v Z/)) :
Since for fixed h # 0,
un = 3 (Gr(op) - Grlw)

+ (Gr(zy) = Gp(2,y) Gr(,2) + (Gp(2,y) — G (2,9) Gr (-, 7))
does inherit the integrability properties of Gr(-,y) and G/ (-,y) from Corollary 2.2, we
now may conclude that u;, € L?(Z%), and therefore uj, = 0, i. e.

- (Gr(a,y) ~ Gi(e,)

+ (G’,T(Zay) - G[Z"(z,7y)) GT('%'7Z);E))(G/T(Z,7y) - G’,T(Z7y)) GT('%'7Z,) =0
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for every x € Z?. Since by Lemma 6, Gr(z,y;-) is continuous in a(e), we learn that
Gr(z,y;-) is continuously differentiable w. r. t. a(e) and that (2.15) holds.

We set for abbreviation

Gr(z,e) == Gr(x,2) — Gp(x,2),
GT(@, y) = GT(Za y) - GT(Z/’ y),
Gr(e,e) == Gr(z,2) + Gr(,2) — Gr(z,2) — Gr(%, 2). (5.10)
Step 2. Proof of
LGT(JU,G) = —Gr(e,e)Gr(z,e),
da(e) (5.11)
5 .
8a—(e)GT(e’y) = —Gr(e,e)Gr(e,y).
This is a consequence of (2.15) for y = z, 2"
9 /
M(GT(L z) — Gp(xz, 7))
(2:15) Ba(e) Gr(x,z) — aa—(e)GT(x, 2')
= —( (z,2) GT(x,ZI)) Gr(z,z) — GT(ZI’Z))
+( Gr(z, z')) Gr(z,2) — Gr(Z, z/))
= —(GT z,2) + GT(z', 2') = Gr(z,7) — Gr(z, 7)) (Gr(z,z) — Gr(z, 7)),

and for z = z, 2/, respectively.

Step 3. Conclusion.
Note that Corollary 2.3 implies

|Gr(e,e)] S 1. (5.12)
The combination of (5.11) with (5.12) yields
0 0
- < S <
Gz Crtee)| S 6160, |gsGrlen)| £ Grlel

Since a(e) is bounded, this also yields
sup |Gr(z,e)| ~ |Gr(x,¢€)l, sup|Gr(e,y)| ~ |Gr(e y)l,

a(e) a(e)

which is nothing but (2.16).
5.3. Proof of Lemma 2.4. We recall that e = [z,7/], 2/ = z + ;.

Step 1. Proof of (2.12).
We first give a heuristic argument for (2.12) based on the defining equation

T gr(x) — (V- A(Vor(z) +))(x) = 0. (5.13)
Differentiating (5.13) w. r. t. a(e) yields as in Step 1 of the proof of Lemma 2.5

_1 0¢ » D /
18@(2) (@) = <V 'Avaa(:))(x) —(Vior(2) +&)(6(x —2) —=d(x — 2)) = 0. (5.14)
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Provided we have aajz:g) € L?(Z%), this yields by definition of G

dbr
da(e) (z) =

—(Vigr(2) + &) (Gr(z,2') — Gr(z, 2)),

which is (2.12).

In order to turn the above into a rigorous argument, we need to argue that ¢p(x) is
differentiable w. r. t. a(e) and that aqu) € L%(Z%). Starting point is the representation

formula from Step 2 of the proof of Lemma 2.6, i. e.

¢r(z) = g Gr(z,y)V* - (A(y)§) dy. (5.15)

Combined with Corollary 2.2, (5.15) and (2.15) in Lemma 2.5 show that ¢r(x) is differ-
entiable w. r. t. a(e). We may now switch the order of the differentiation and the sum as
follows:

;CL‘Z) (x) = —V.Gr(z,z2) / V..Gr(x, 2)V.,Gr(z,y)V* - (A(y)€) dy
= - VziGT(x> Z) 52 + / vziGT('Z’y) v (A(y)g)J dy)a (516)
——— 7d

2 (7d 1/7d 00 (r7d
e L2(z) e LY(zY) e L~z
since G7(-, z) € L?(Z%) by definition of the Green’s function, Gr(z,-) € L'(Z%) by Corol-

lary 2.2 and A is bounded. This proves that gjg) € L?(Z29).

Step 2. Proof of

S lgr(@)] S 67|+ (Vior(:) + 1)Vt (5.17)
001(@)| - < (1V,60(2)] +1) VoG (2 2)]. (5.18)
a(e) aa(e)

We argue that it is enough to prove (2.14). Indeed, the combination of (2.12), (2.16), and
(2.14) with the boundedness of a implies (5.17) and (5.18). In order to prove (2.14), we
proceed as follows.
dor _ O9¢r dor
(v iDa(e )>(Z) = 9@ da@®)
(Vigr(2) + &) (Gr (2, 2) = Gr(2,7))
—(Vior(2) + &)(Gr (7, 2) - Gr(#, 2))
( (
(

(2.12)

= (Vidr(2) + &) (Gr(z,2) — Gr(z,2") — Gr(Z',2) + Gr(Z', 7))
= (Vior(z) + &)Grle,e), (5.19)
where we used the abbreviation
Gr(e,e) = Gr(z,2) — Gr(z,2") — Gp(?,2) + Gr(?', ).
Recalling that Corollary 2.3 implies
Gr(e,e) S 1,

~

inequality (2.14) follows now from (5.19) and the boundedness of a.
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Step 3. Proof of (2.13).
For n > 0, the chain rule yields

o)™ _ L 06r()
da(e) (n+1)¢r(x) da(e)
Using (5.17) and (5.18), this implies
A|pr(x)™H]

sup

a(e)

pa | = (Br@I+ (Visr() + 1) 1V:.6r (=0 )

((IVior(2)] +1) 1V.,Gr(z,2)] ).
which turns into (2.13) using Young’s inequality.

5.4. Proof of Lemma 2.6. We first prove the claim for Gp and deduce the result for ¢r
appealing to an integral representation using the Green’s function.

Step 1. Properties of Gr.
The product topology is the topology of componentwise convergence. Hence we consider
an arbitrary sequence {a, },100 C Aqg of coefficients such that

liTm a,(e) = a(e) for all edges e. (5.20)

Fix y € Z% by the uniform bounds on G7(-,y;a,) from Corollary 2.2, we can select a
subsequence v/ such that

up(x) = 1/1/1%10 Gr(z,y;a,) exists for all z € Z%. (5.21)

It remains to argue that ur(z) = Gr(z,y;a). Because of (5.20) and (5.21), we can pass
to the limit in (T'Gr(,y;an) + Lo, Gr (-, y;a))(x) = d(z — y) to obtain

(T Yup + Lour)(x) = 6(x —y) forall z € Z%. (5.22)
Moreover, the uniform decay of Gr(-,y;a,) from Corollary 2.2 is preserved in the limit,
so that ur € LY (Z%) < L*(Z%). Note that Riesz’s representation theorem on L2(Z%)
yields uniqueness for the solution of (5.22) in L?(Z¢). Hence we conclude as desired that

ur(-) = Gr(-,y;a). Borel measurability of Gr(x,y;-) in the sense of Lemma 2.3 follows
from continuity w. r. t. the product topology, cf. [10, Satz 14.8].

Step 2. Properties of ¢r.
Corollary 2.2 ensures that Gr(z,-) € LY (7% for all x € Z* and one may then define a
function ¢r by

br(@) = | Grlaa)V - (A& do (523)

Since Gr(- + z,- + z) has the same law as Gr(-,-) by uniqueness of the Green’s function
and joint stationarity of the coefficient A, gz;T( + z) has the same law as ér. This shows
that ¢ is stationary. In addition, QBT is a solution of (2.3) by construction. Hence, by
the uniqueness of stationary solutions of (2.3), QBT = ¢r almost surely, so that by the
measurability properties we may assume q;T = ¢rp.

Introducing for R > 1

brn(z) = /| _ Gren (A0 dy
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one may rewrite (5.23) as
¢r(z) = him ¢r,p(2). (5.24)

From Step 1, ¢7 r(x) is a continuous function of a since Gr(z,y) is and the formula for
¢7.r(x) involves only a finite number of operations. Note that Corollary 2.2 implies that

lim sup / Gr(z,y;a)dy = 0.
Rlooaedqg JIy|>R

Hence the convergence in (5.24) is uniform in a and the continuity of ¢ g in a is preserved
at the limit. Therefore, ¢7 (and continuous functions thereof) are continuous with respect
to the product topology, and hence Borel measurable.

5.5. Proof of Lemma 2.7. We first sketch the proof in the continuous case, that is, with
7% replaced by RY,

Step 1. Continuous version.
Starting point is the defining equation (2.3) of the corrector ¢ in its continuous version,
i. e.

T pr—V-AVér+¢) = 0 inRL (5.25)
We multiply (5.25) with gbi’}ﬂ and obtain by Leibniz’ rule:
0 = T7'¢p*? 4+ (=V- A(Vor +¢)) ¢
= Tl =V (¢FT A(Ver +€)) + Vet - A(Ver +¢)
= T7'¢p? =V (¢ A(Ver +€) + (n+1)6F Vér - A(Vér +&).
(5.26)

We then take the expected value. Since the random fields A and ¢ are jointly stationary,
and thus also qﬁ%ﬂ A(Vor + &), we obtain

(T71Q52) + (n+ 1) (¢} Voér - A(Vor +)) = 0,
and therefore
(97 Vor-A(Vor +§)) <0

since n + 2 is even. By the uniform ellipticity of A and since ¢} > 0 (n is even) and
|¢| = 1, this yields the estimate

(@rVorl) < (¢rVerl).

Applying Cauchy-Schwarz’ inequality in probability on the r. h. s. of this inequality yields
the continuum version of (2.17), that is,

(7 Vor) < (o).
‘We now turn to our discrete case.

Step 2. Discrete version.
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We need a discrete version of the Leibniz rule V- (fg) = fV-g+ Vf:g used in (5.26).
Let fe L2 (Z%) and g € L2 _(Z,R?), then this formula is replaced by

loc loc
d
Ve (fo)lz) = (F(2)g(2)]; — f(z — e))lg(z — e;)];)
j=1
d
= [V 9(2)+ D> Vif(2)la(z —e))l;. (5.27)
j=1

We also need a substitute for the identity V(;ngl = (n+ 1)¢} Vér used in (5.26). This
substitute is provided by the two calculus estimates

(@"T =" (d—9) = (" +¢")(d— )% (5.28)
"t — " < (8" + ") [d — @) (5.29)

]Ejor the convenience of the reader, we sketch their proof: By the well-known formula for
¢t — ¢t they are equivalent to

n
m=0
By homogeneity, we may assume ¢ = 1, so that the above turns into
n
D 9"~ 1t
m=0

The upper estimate is obvious by Hélder’s inequality since n is even. Also for the lower
bound, we use the evenness of n to rearrange the sum as follows:

Yo" = F1 4+ 31420407 + 71420407 + -
m=0

+30" (1426 +0%) + 30"
> S (1+¢").
After these motivations and preparations, we turn to the proof of Lemma 2.7 proper. With
f(2) = ¢ (2) and g(z) == A(Vor + €)(2), (5.27) turns into
V(@5 () A(Ver +€)(2)

d
TV AVEr +€)(2) + ) Vight(2) [A(Ver +€)(z — ey
j=1

= a(z —ej,2)(Vior(z —e;) + &)
= a(z —e;,2)(Vior(z) +§;).

Hence,
d
—op )V AVOr +6)(2) = D Ve (2)a(z — e, 2)(Vior(2) + &)
j=1
—V* - ($F () A(Vér +€)(2)). (5.30)
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Multiplying (2.3) with ¢ (2) and using (5.30) emulate (5.26) and yield
0= T*1¢"+2< )= V' (@7 () A(Ver +€)(2))

+ Z Vion (2)a(z — e, 2)(Vior(2) +&). (5.31)

Taking the expectation of (5.31) and noting that qﬁ%“ > 0, we obtain as for the continuous
case

d d
<Za(2—ep 2)Vior (2)V] > <Za —e;,2)|Vort (2 )\>- (5.32)

J=1

On the one hand, we have

a(z — ej, 2)Vio7™ (2)Vior(2)

Mg

J=1

(2 — e, 2) (07 (2) — 07 (2 — €))) (o7 (2) — d7(2 — €j))

(5.28)
>

~

d
2
d
Y (01(2) + 91z — €))) (dr(2) — 61(= — €))), (5.33)

]:

On the other hand, we observe

Za —e;,2)|[Vior (2)]
7j=1

a(z —e;,2)|¢r " (2) — ¢ (2 — )]

M=

<.
Il
-

(5.29)
<

~

(07(2) + ¢1(2 — €;)) lo7(2) — o7(2 — €))]. (5.34)

M&

<.
Il
—

Now (5.32), (5.33) & (5.34) combine to

d
<Z(¢:’ﬁ(2) +¢71(2 — €5)) (91(2) — or(z — ej))2>

j=1
d
< Z z) + ¢1(z —€;)) |or(2) — (2 — €5)]) -
By stochastic homogenelty, this reduces to
d d
(D_(@h(e) + 67(0)) (1(e;) = 97(0)?) S <Z B (e;) + 67(0)) ér(e;) — ¢T<o>\>.
j=1 j=1
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An application of Cauchy Schwarz’ inequality yields
d d
(o (61(ey) + 67(0)) (97(e;) — 67(0))*) S <Z<¢%<ej> + ¢%<0>>> .
j=1 J=1

A last application of stochastic homogeneity gives as desired

d
0) 3 ((6r(e5) — #7(0))? + (67(0) — r(~e;))?) ) S ($5(0)).

J=1

/\

5.6. Proof of Lemma 2.10. The proof relies on a doubly dyadic decomposition of space.
First note that by symmetry,

1
[ Gz [ a2 g [ bz

Hence, it is enough to consider

/ / (z2)hr(z — x)dzdx.
|z|<R Jz|<|z— ﬂﬁl

In the three first steps, we treat the case d > 2. We then sketch the modification for d = 2
in the last step. Let R ~ 1 be such that (2.27) holds with a constant independent of R
for all R > R/2.

Step 1. Proof of
/ / hr(2)hy(z — x)dzdr < R?, for R > 2R. (5.35)
R<|z|<2R J|z|<|z—z]

Let N € N be such that R < 2~V R < 2R. We then decompose the sum over |z| < |z — x|
into three contributions: R/2 < |z|, a dyadic decomposition for R < |z| < R/2 and a
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remainder on |z| < R. More precisely:

/ / hr(2)hr(z — x)dzdx
R<|z|<2R J|z|<|z—x

= / / hr(2)hr(z — x)dzdx
R<|z|<2R J R/2<|z|<|z—z|

N
+ Z / / hr(z)hr(z — x)dzdx
n=1 B<|z|<2R J{2=("T D R<|z| <27 R}N{|2|<[|2—x(}

+/ / hr(2)hr(z — x)dzdx
R<|z|<2R J{|2|<2~(NFUR}N{|2|<|2—=[}

< / / hr(z)hr(z — x)dz dx
|z|<2R J R/2<|2|<|z—x|
N
+ Z / / hr(2)hr(z — x)dzdx
n—1 Y R<|z|<2R J2- ("t R<|2|<2 "R )
= Ix(n)
—i—/ / hr(z)hr(z — x)dzdz .
R<|z|<2R J|z|<R .
= I3(N)

We use Young’s inequality, a dyadic decomposition of {|z| > R/2}, and the assump-
tion (2.27) to bound I;:

1
L < —(/ hT(z)2d2+/ hT(z—x)2d2>
2\ JRj2<z| R/2< |21
= Z/ h4(2)dz
= J2FR<|z|<2k+1R

(2.271) ® 1 \* o
’S Z <2d—2> R

g RZ*d.

In order to bound Is(n), we will use the following fact

1 1
<|:U| >R and |z| < §R> — <|z —z| > §R> . (5.36)
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We have by Cauchy-Schwarz’ inequality

[2(71)

1/2
< / / hr(2)?dzdx / / hr(z — z)?dzda
|z|<2R J2-(n+D) R<|2|<2 "R R<|z|<2R J|z|<2 "R

1/2
S (Rd/ hr(2)%dz / / h(z — z)2dzdx >
2-(n+1) R<|z|<2-"R R<|z|<2R J|2|<27"R
(2.27)

< —n p\2—d (5§6) 02
< (27"R) < hr(z — x)*dxdz
|2|<2-"R J R/2<|2—x|<5R/2

(2.27)
< / R*%dz = (27" R)'R*"*
|2|<2-"R

< 27"R%

We proceed the same way to bound I3(N). Recalling that R > 2R ~ 1, it holds that
|z| <R = |2| < R/2. Hence, we are in position to use (5.36) and we obtain

1/2
I3(N) < / / hT(z)Zdzdm/ / hr(z — x)dzda
|z|<2R J|z|<R R<|z|<2R J|z|<R

<
1/2

S <Rd/ hr(2)?dz / / hy(z — x)?dzdx >

lz|[<R R<|z|<2R J|z|<R

| —
(2.28) (5.36)
<1 < / / hy(z — x)*dzdz
|2|<RJR/2<|z—x|<5R/2
(2.27)
5 / R2*d dz ~ R2*d
l2|<R

S R

Since 22_"}22 ~ R% and [{|z| < 2R}|R*? ~ R?, the bounds on I, Is(n) and I3(N)
n=1

imply the claim (5.35).

Step 2. Proof of

/ ~/ hr(z)hr(z — x)dzdx < 1. (5.37)
|z|<4R J|z|<|z—x|
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This time, we decompose the sum over |z| < |z — z| in two contributions only: |z| < R
and R < |z|. We then obtain

/ / 2)hr(z — x)dzdx
2| <AR J|2|<[2~ l‘\
/ / (2)hp(z — z)dz dx
|| <4R J R<|2|<|2— m|

/ / hr(2)hr(z — x)dzdx .
|| <AR J{|z| <RIN{|2[<|z—xl}

Proceeding as for 7 in Step 1 using (2.27) yields
I < 1.

For I}, we use Cauchy-Schwarz’ inequality, (2.28), and R~ 1:

1/2 1/2
I < / / h(2)dzda / / h(2)dZ' dx < L
|z|<4R J|z|<R |z|<4R J|2/|<5R

This proves (5.37).

Step 3. Proof of (2.30).

It only remains to use a dyadic decomposition of the ball of radius R into the ball of
radius R and annuli of the form 27FR < |z| < 27*+!'R, as follows. Taking M such that
2R < 27MR < 4R, it holds that

/ / 2)hr(z — x)dzdx
|z|<R J|z|<|z— :1:\

= / / hr(2)hr(z — x)dzdx
|2|<27MR J|z|<|z—a]

(5.37)
< 1
M
—i—Z/ / hr(2)hr(z — x)dzdx
ne1 /2"~ M-1R<|z|<2n~M R J|z|<|z—x]
(5.35)

g (2n—MR)2
M
S 14+R?) 47"

which proves (2.30).

Step 4. Proof of (2.29).
For the case d = 2, we use the same strategy as for d > 2. The bounds on Iz(n) and I3(N)
are the same as for d > 2. However the estimate for I; is slightly worse. Indeed, we split

the dyadic sums 2R < |z| < 281 R into two categories in order to take advantage of the
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fast decay in (2.26): The first class is for k such that 2¥R < /T and the other class for k
such that 28R > /T. More precisely, setting Z(R,T) := {k € N: 25"1R < \/T}, we have

L = / hr(z2)hr(z — x)dz
R/2<|z|<|z—x]

Young
< / hy(2)?dz
R/2<|z|

o0

= Z / hy(z)%dz
| J2kR<|z|<2k+1R

k
- ) / Wp(z)dz+ ) / ha(2)dz
kezZ(rT) 2 RLRISZR keN\Z(R,T) ) 2 R<IZI<2R
(2.26) (2.26)
< max{0,In(vVTR™")} S Y2 g

keN

< max{1l,In(VTR™Y)},

which gives the extra factor in (2.29).
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APPENDIX A. HEURISTICS FOR (1.13) & (1.14)

Let ¢; and ¢r; denote for i € {1,...,d} the solutions of (1.11) and (1.12) respectively,
with & replaced by the i-th unit vector e; of R%. We claim that

d d
Z Zvar {Z (ej - (A—(A))e; +2e;- V) WL} = dvar|d] Zn%, (A.1)
d
Z(\V&T, ~Veil*) = var[a) T2 ZG’%, (A.2)

where G denotes the fundamental solution of the constant coefficient operator T-1—A.
We also denote by G the fundamental solution of the Laplacian. Since
- T2-4/2 for d< 4,
Z G% ~ InT for d=4,
1 for d >4,

S onp o~ L7

(1.13) & (1.14) follow from (A.1) & (A.2), that we prove now.

Step 1. Argument for (A.2).
Since

and

—A(pr — ¢) = =T "o, (A.3)
one has
(IN(or — d)*) = =T {dr(or — 8)). (A.4)
Rewritting (A.3) in the form

T ér —¢) = A(or — ) = ~T"'¢
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yields the formula

(o — =-T7! ZGT (A.5)
Using (A.5), (A.4) turns into
(IV(r = d)*) = =T Gr(x) (3r(0)4(x)) . (A.6)
Expressing now ¢7;(0) and ¢;(z) in terms themGreen’s functions® G and G,
¢1,:(0) = }:Ch~ - (A(z")e;)
= —ZV Gr(2')(ai(z') — (a))

and using the independence of a;(2') and a;(z") for o’ # 2", we get
(61,i(0)i( Zv Gr(a")ViG(x — 2') ((ai(2") = (a))?) .

Hence,

d
> (61,:(0)¢i(x)
i=1

var | Z VGr(x') - VG(z — )

= varla ]GT( );
since —AG(z) = §(x). Combined with (A.6), this proves (A.2).

Step 2. Argument for (A.1).
Using the Green’s function, one has

¢i(z) = ZGﬂ?—ﬂ? V™ (A= (A))e:) ()
- _ZVG ( )_<a>)7

and therefore

Voi(x) = =Y VViG(z —2')(ai(2') — (a)).
Hence, denoting by A;; the argument of the variance in (A.1), one has

Aij = Z(ea"ez‘(ai(m)—( )) +2e; - Voi(z))nr(x)
ZZ (ai(z i (6(z — 2')e; — 2VV,;G(z — 2'))np(z).

2 Attention should be paid here to turn this into a rigorous argument since G is not in L*(Z%).
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Using the independence of the a;, one obtains for the variance
var [A;;] = var| ZZZe] (x —2')e; —2VV,;G(z — ')

e (6(z" —2)e; — 2VV,G (2" — ")) np(z)nr(a”).

Rearranging the terms yields

var [A;;] = var| Z Z 6(j —i)(6(z — 2) — AV, VG (z — 2))nr(z)nr(2))

+var [a ZZ477L x)ng(2") Zvjvi(;(;c — 2 \V;V,G(z" — ')

= —ViV: ) _ Gz —2)V;V,;G(a" — )
Summing in j and using that —AG(x) = §(x), this turns into
ivar [Aijl = wvar| Z Z z—12') =4V, V,G(z — 2'))np(z)ne (')
j=1
+var [a ZZ4¢7L (2" \V;V;G(x — 2"
= var|a ZZ(S (x — 2" )np(x)nL(2")
= varla] Y o)

from which we deduce (A.1).
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