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Abstract

In this Note, the L\- error of Geffroy’s estimate of a Poisson point process boundary

is shown to be asymptoticallv normal. We give conditions such that the asymptotic

mean and variance do not dépend on the unknown boundary. This resuit is illustrated

by a simulation.
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1 Introduction.

In the literature, many papers address the problem of estimating a set D given a finite

random set of points En drawn from the interior. The first proposai is given by GefFroy [5]

in the case when the set can be written

D = {(x, y) 6 ®2 | 0 < x < 1 ; 0 < y < f{x)},

and where / is an unknown function. Thus, estimating D reduces to estimating /, and

the proposed estimate fn is a kind of histogram based on a set of extreme values of En

(see Section 2 for more details). GefFroy gives convergence conditions and Gumbel limit
distributions for the maximal error between fn and / even for non uniform samples. It has

been shown in [9], Theorem 4.1.1, that fn can be tuned in order to be minimaxfor estimating
a continuons function / with bounded dérivative in the case where En is a random sampie

uniform on D. Here. we establish in Section 2 the asymptotic normality of the L\- error

between Geffroy’s estimate fn and the true function / in the case where En is a Poisson

point process.

Similar resuîts hâve been proved in the context of density estimation: The asymptotic

distribution of the L\- distance between fn and E(fn) is established in [1] for univariate

densities. This resuit is précisée! in [3] by considering the L\- distance between fn and the

unknown density /. The multivariate case is presented in [2]. Àll the results are established

for samples via a Poissonisation technique. Thus, the results presented beîow should be

considered as the first step towards the study of the sample case.

The proof is based on the indépendance properties of the Poisson process and on précisé

expansions of the extreme values moments, see Section 3. It will be the starting point for

similar works on other estimâtes obtained by smoothing fn [4, 7, 8, 6].
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2 Main resuit.

For ail n > 0, let Nn be a stationary Poisson point process on M2 with intensity rate ncn,

where (cn ) is a positive sequence tending to some Cqq > 0 as n goes to infmity. Actually,

suppose that we merely observe the truncated point process Nn(. f) D) with

I) = {(x, y) G M2 | 0 < x < 1 ; 0 < y < /(x)}, (2.1)

and where / is a a-Lipschitzian (0 < a < 1) positive function. The set of points associated

to Nn is dénotée! by Sn. Let (kn) be an increasing sequence of integers. Introduce (In,r),

r — 1,...,kn the associated équidistant partition of the unit interval, (£>n,r), r = 1,kn

the corresponding partition of D into kn cells:

Dn,r — { («Ej y) £ D | X G fn,r } j

and Sntr = Dn r HS,,. Let Unj- dénoté the supremum of the second coordinate of the points

associated to the truncated process jVn(. H D,^r):

Un,r — sup{Yi I {Xi,Yi) G En,r} T Sn,r ^ 0, Un>r = 0 otherwise.

GefFroy’s estimate [5] is defined by the pieeewise constant function:

fn(x) = Un,r for ail X G In,r■

We dénoté by

An = f \fn(x) - f{x)\dx,
J 0 1 1

the L\- error between fn and /. The assumptions required for studying the asymptotic

behavior of An are summarized below. Assumptions on the unknown function are collected

in (Al), assumptions on the size of the partition are listed in (A2) and conditions on the

intensity rate of the Poisson point process in (A3).

(Al) f is a-Lipschitzian, a G (0,1] and strictly positive on [0,1].

(A2) kn —¥ oo as n oo, kn — o (n/ ln n) and n — O (&r1î+a).

(A3) cn > 0 and cn —ï Coo as n —> oo, with 0 < Coo < oo.
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In most situations, the sequence (c„) is constant. Nevertheîess, (A3) allows more general

intensity rates, which can prove to be useful for tackling the sample problem. In the sequel,

we note un x vn if (un) and (vn) are two positive sequences such that

0 < liminf un/vn < limsup un/vn < oo.

Onr resuit is the foilowing:

Tlieorem 1 Under (Al)-(A3),

-^_(A„-E(An))-AA(0,l),
Sn kn

where s„ x 1 if n x and sn = 1 if n = o (k^+a).

Corollary 1 Under the conditions of the above theorem,

E(An) O Ll+2a /
An /

Th us, if moreover n = o ^fcf/4+aJ . then

^1(A„ - A-)-X «(0,1),kr/J ncn

(2.2)

(2.3)

luhen n —> oo.

In view of (2.2) and under (A2), the optimal speed for E(An) is obtained for sequences

(kn) such that k^+a x n. For such a choice, the resuit of Theorem 1 is difficult to use

in practice since the centering sequence E(An) is not explicit. On the contrary, the choice

n — o (^kfj'l+a^ is suboptimal but it leads to an explicit limitingdistribution (2.3). Moreover,
tins distribution is independent of the unknown function /. Then, it can be used to test

if the boundary function / lias a specified forai /q. To this end, consider the hypothèses

'Hq : {/ = /0} and 'H\ : {/ ^ fa}- Under the hypothèses of Corollary 1, the test which

rejects the nuil hypothesis when

/ /»(*) - fo(x)\dx > — + -A_$-l(l _ 7)./0 i I ncn rien
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h as asymptotic significance level 7 £ (0,1), where $ dénotés the standard normal distribu-

tion function.

Finally, we simulated 500 réplications of a Poisson process witli intensity rate ncn = 200 on

the set D defined as in (2.1) with

/(*)=3 +
sm(2ïrx)

1.1 + cos(2ttx)

On each of the 500 simulations, Geffroy’s estimate is computed (with kn — 35), see Figure 1

for an example of resuît. The normalized L\- error is then estimated on each simulation

and its empirical distribution is compared with the iV(0,1) density on Figure 2. The two

distributions looks similar.

3 Proofs.

For the sake of simplicity, let us introduce some supplementary notation:

mn,r = inf{/(ar) | x G

Mn>r - sup{f(x) i X G r},

^n,r — I f(x)dx.
Jln,r

Let us dénoté by Gn,r the cumulative distribution function of Un,r, for each r = 1,... ,kn.

If 0 < y < mnr, it can be written:

(71C \~~ knXn,r)j . (3.1)
We also introduce gniT the function defined by

, \ ncn , . nc.n (ncn \9n,r{y) — > Gn,r{y) — , î > [V knAn,r) J .\ Kn J

The distribution of Unr involves a Dirac distribution at the origin:

(3.2)

GnA 0) = P(Un,r = 0) = exp(-ncn Xn>r), (3.3)



and a density distribution on the interval (0,mns):

G'nAy) - 9n,r{y)-

The distribution of Un>r on the interval (mn>r,Mn,r] is not precisely known but it can be

controlled with the Lipschitz condition (Al) which yields:

max (Mnr - mn r) = O (l/K).
1<r<kn

(3.4)

To prove Theorem 1, we need three lemmas. First, we quote in Lemma3.1 sonie results on

the largest values of the Poisson process.

Lemma 3.1 Under (Al) -( A3 ), we hâve

(i)
j max (1 - Gn,r(mn>r)) = O

E(Un,r ) ~ knXn,r + ~~~ | = O

K

(ii) max
1 < r < fc „

(iii) max
l<r<kn E([Un,r-kn\n,r]l-2- *> *)

r *
O

n

(1V) l<r<i E{[Un'T ~ knXn’r^ = _6^3 + 0 \K+*aJ’

1,1+3a
hn

n

(v) max
l<r<kn

Vqv(Un,r | h«,r T mn,r
1.2

,2,.2

Proof : (i) is a conséquence of (3.1) and (3.4).

Proof of (ii). The mathematical expectation can be expanded in four terms:

+-„An,
E(Untr kn Xnj

dej

Partial intégration yields:

/’«nAn,r

knXnrGn,r(0) T / (y knXn r)§n,r (y)dy
J 0

pkn An,r

I (y knXnj-)yn,r(y)dy T / (y knxn r)Gn r(dy)
Jmn>r Jtnn>r

En,r, 1 T Fn,r,2 T f?n,r,3 T Entr,4-

kn
En,r,2 = En r i +- exp(—ncnA„

nc„

kn
nc-n

We thus obtain

I.L- ( (j n ; ) fcn A rï, ? j» + exp( ncn Anr) -F Fn,r,3 4 £«^,4

(3.5)
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The first, term is controlled by the condition kn = o(n/inn):

max —— exp(—ncn\n r) = o(n s) ,

l<r<kn 1lCn

for ail s > 0. Besides, in view of (3.2), gn,r{y) < ncn/kn for y < kn\nx. It follows that

(3.7)i?n,r,3 < 1-TIL I (knXn,r ~ y)dy < “•(Mn,r - m„,r)2 = O (•"[”2a')Jmn,r *n \Rn J

uniformly in r with (3.4). The third term is bounded above by

|Trlr4| 4 (Mnr — îTïfj.r) J Gn,r{dy) — (Mrlir ÏTln,r)(l (Jn,r(mn,r)) — 19 ^ ^ 1 + 2a ^ >
(3.8)

uniformly in r with (i) and (3.4). Collecting (3.6)-(3.8) concludes the proof.

Proof of (in). Similarly, we hâve

kn\n,r

o

pknXnfr pMnsr
/ {y ~ kn\nir)‘2gntr(y)dy + {y - kn\n!r)2Gn,r(dy)

Jmnjr Jmntr

Eh,r,l + ^n,r,2 + + ^»,r,4-

fkn\n,r
E{[Un,r ~ kn\n,r]~) = fc^Aj rC?n,r(0) + / (ÿ ~ knXn>r)2gn<r{y)dyJ 0

de/

A new partial intégration yields:

K,r,2 = -E'n,r,l-l-7-En>r>2.UC n

We thus obtain

E([f7n r) — A’rjAn^]") = -2—E-Enr2 + E'n 3 + E'n . 4-
nc„

The first term is evaluated with (3.5) and (3.3):

—2——Enr 2 = 2~tt~2 + 2— (En r,i - — exp(—ncnAn>f
nc„ n- C“ ncn \ ncn

= 2-^V - 2 — exp(—ncnA„,r) (Xn r + —
ncn V

= + «(»-).

for ail s > 0. The second term is bounded as in (3.7):

ncn ,,

En,r,z < -j—(Mn,rfin

(3.9)

)J~°U+3“T

(3.10)

(3.11)
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uniformly in r with (3.4). The third term is bounded as in (3.8):

&n,r,4 — (T/n,r (1 Gn (îflntr)) — O ( ji+3» y

uniformly in r with (i) and (3.4). Collecting (3.10)—(3.12) concludes the proof.

Proof of (iv). The proof follows the saine lines as the previous ones. We hâve

rkn A„,r

ïï{[Un,r ~ kn^n,rY ) — knXnrCrnfr{0) T / (y ~ kn\n>r) 9n,r{y)dy
J 0

rkn\n, r fMn,r/ (l) kn^n,r) 9n,r{y)dy T / (y knXnr) (
J mnyr J mn>r

/y// 1 n>// 1 pi// i pi//
— ^n.r.l + ^n,r,2 + -^«+,3 + ^n,r,4'

A new partial intégration yields:

pi// pi// o p/rjn,r,2 ~ "n.r.l £jn,r.2•
ncn

We thus obtain

E([V„,,) - l-„A„,r]3) = -Z—^-E'nr2 + r,3 + K,r,4-ncn

The first term is evaluated with (3.9), (3.10) and (3.3) leading to:

-3—Bl.r,2 = 6-^r+0(n-!),ncn rrc“

for ail s > 0. The second term is bounded as in (3.11):

K.,,3 < - m„ir)4 = O
" n kh+4a)

uniformly in r with (3.4). The third term is bounded as in (3.12):

Tn r>4 (Mnr mn,r) (1 Gn,r{mn,r)) — O ^ £l+4« ^ >

uniformly in r with (i) and (3.4). Collecting (3.13)—(3.15) concludes the proof.

Proof of (v). The variance can be expanded as

E(t/„2,rl {Un,r < mn,r}) /E(tV,I {Cn,r < m„,r})Var(f/nir | Un,r P ,r) , .
G n,r yftn,r j

where I {.} is the indicator function. Now,

\ Gn,r{l7ln,r)

E(C/n,rï {Cn,r < Wn.f}) == y9n,r{y)dy — (oïn>r ~ —• + O

(3.12)

sn,r(dy)

(3.13)

(3.14)

(3.15)

, (3.16)

Gn,r{ 17ïn,r ) >
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where the sequence o(k';Jn2) is independent of r and, similarly,

E(^irD {Un,r < mn,r}) = ( m2n r - 2*-^— + 2^- + o f ) ) Gn,r(mn,r

Replacing in (3.16) gives the resuit.

Introducing for r = 1,..., kn,

An,r = jf |f(x) - fn(x)\dx = ^ \f(x) - Un> dx,

the L\- error can be rewritten
k n

An — ^ ^ An>r •

r—l

The (.4ri,r) are non négative and independent since they are built. on extreme values of

non-overlapping Poisson processes. The moments of the random variables (An,r) are then
controlled thanks to the Lipschitz condition of (Al) in Lemma 3.2. These results are

complemented by Lemma 3.3 which provides a lower bound for the variance.

Lemma 3.2 Under (A1)-(A3),

1
( i ) rnax

l<r<kn

(il) max
l<r<k„

E{Antr)

E(Alr}

O

°(^+3“ '■

- n3c3 +°(^+4a)‘
P roof : Recall that, for any fonction g, we can always vvrite \g\ =. g 2g~, where g~ =

— min(g, 0). Thus, Ans can be expanded as An>r — Bn>r + Cn,r, for r = 1,..., kn with

Bn,r = f (f{x) ~ fn(x))dx = An,r - (3.17)
Jln,r Kn

Cntr = 2^ (/(*) - fn(x))~dx = 2 jf (tw - /(z))H {t/n>r > f(x)}dx. (3.18)
Proof of (i). We hâve the évident inequaîity

max
1<r<kn

1 ,T s 1
E (An>r) < max «W - —

ncn 1<r<kn riCn
+ max E(Cn,r),

Kr<kn
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where the first terni is controlled with Lemma 3.1(ii):

Wn,r)
raax

1<r<k„
E (Bn,r) < max

~

l<r<kn kr An,r d-
1

O
\ i.2+2a
\ n

Remark that in (3.18), Un>r < Mn,r and f(x) > mn>r. Thus,

Mn.i'
0 < C' <

and therefore

in,r) J I {Un,r > mn r} <ir < 2: [n,r "*ntrÇïï > mn>r} ,

e(c„,,) < -G„.r(m„,r» = o (~^)
uniformly in r with Lemma 3.1 (i), and the resuit follows.

Proof of (n). We hâve the inequality

2
L(.4n,r) 2 „2

< E(fl
2

n«r/ «2-2
+ 2E(|£„,P|C„,r) + E(C*>P).

Let us consider the three terms separately. In view of Lemma 3.1 (iii), we hâve

E (Blr) PA
E An,r

k’n,r 2
.. oGü+3»)

uniformly in r. Now. (3.19) implies for ali r = 1,..., &

(Mn,r - mn>r)o < C4>r < 4- ii {Vn,r ^n,r) t

and thus

E(QV) < m"'-)2(l - G„,(m»,)) = 01-^
\ Kn

uniformly in r with Lemma 3.1 (i). Finaîly, in view of (3.19),

E(|Bn,r|C„,r) < 2- An,r ~ “T^ I {Un,r > mn,r}
k*n

. «(A/,! >r Olnr ) ,. , , . ..

^ 2 2 (1 Efn,r(wîn,r))

o (. n
\tâ+3a) ’

uniformly in r with Lemma 3.1 (i). Collecting (3.20) (3.22) gives the resuit.

Proof of (iii). Using the expansion An>r = Bn,r + Cn,r, we hâve

E«r) < |E(5*r)| + 3E(B*>rcn,r) + 3E(|B„)riC2r) + E (C* r).

(3.20)

(3.21)

(3.22)
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First, Lernma3.1(iv) yields

l^(B',r)| = ^ |E({Ur.,r - *„V-]3)| < ^3 + O ,

uniforraly in r. Second, in view of (3.19),

miM < 2Ma-r~ mn-r e 1 r' UnA„,r-^| l{Un,r>mn,r}Kfl

.. n{Mn,r ni.n>r)'î ,, r, , , ,^ 0 (1 Gn,r(^n,r))
k'n

= o(-Z-Un+4ft

uniformly in r with Lemma 3.1 (i). Similary,

E(li?„,,lO < E
Un,r I {Un,r > fUn,r }

< 2('^n,r . (1 - G„>r(m„,r))*2

O
/ n

\ i,4+4a / »V /

(3.23)

(3.24)

(3.25)

uniformly in r. Finally, (3.19) yields

E«r) < 8(M--"^m"d3(l - G„,(m„,,)) = O . (3.26)
uniformly in r. Collecting (3.23) - (3.26) concîudes the proof.

Lemma 3.3 Under (Al)-(A3), there exists K > 0 such that

min Var(An,r) > -tt(1 + o(l)).
l<r<A-n — n-c‘

Proof : As a conséquence of the variance décomposition formula:

Var (-An,r) ^ P{U-n,r ^ ?/ln^ ) V (-An,r j ,r ^ ^nfr)

— (jn ,r (Wn ,r) y^T \ ar (L’n,r j Un,r ^ mn,r)i

since .4„,r — B„,r = A„>r - Un,r/kn when Ü7„,r < mn,r (see (3.17)). Remarking that

Gn,r(mn r) is uniformly bounded from below and taking into account of Lemma 3..1(v)
conclude the proof. ■
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Proof of Theorem 1. The quantity of interest can be expanded as the sum of a triangular

array of indépendant and centered random variables (Yn,r)-
kn

S„ = ^ (A„ - E(&„)) = Erè (A»s - Et'4».'-)) = E y»."
r~ 1

where Yn r is defined by, for r = 1,..., kn:

Yn,r = ^ (An,r ~ E(An,r)) .kn

Let. s~t — Var Sn. À sufficient condition for Sn/sn —i N(0,1) is provided by the Lyapounov

condition
, kn

lim -3 y>(|y„,ri3) = 0.n-+oo $” *■—4 \ /
(3.27)

Lemma 3.2(i)~(ii) yields

^4 x;[E(^=>r) - E2(A„.r>]

vr + O i,3+3c
Ail

+ 0
an

2+2 a

1 + 0 2+2a (3.28)

Two situations appear. If n = o (£4+°) then sn — 1 + o (1). If n x k1rl+0‘, Lemma 3.3 eutails

sn > L"(l + o(l)) which, together with (3.28), yield sn x 1. In both cases, condition (3.27)

reduces to

J™. ÊE(iy».»i3) 0.
r=l

We hâve

ÉE0y»+) = 757fÉE(l-4»,'--E('4».»)i')
r=l kn r-\

< fE(K„f)«n r=l

48

À*1An
1/2

1+0
/ n4

\W^
with Lemma 3.2(iii) and thus (3.27) is verified. As a conclusion, Sn/sn —4+ N(0,1) as

n -4 oo.
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Proof of Corollary 1. As a conséquence of Lemrna 3.2(i):

E(A„)
kn

ncn
< kn max
~

Kr<kn
E(An>r)

1
O 1,1+2a / ’

h* ri /

and (2.2) is proved. Then,

kl„ME(An) ncj-°\k3/2+2«
which converges to 0 under n — o (^kf/4+a^j .
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Figure 1: Example of .resuit obtained on a simulation with Geffroy’s estimate.

Figure 2: Comparison between the empirical distribution of the normalized L\- error and

the standard normal density.


