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FRACTIONAL POISSON FIELDS

HERMINE BIERME, YANN DEMICHEL AND ANNE ESTRADE

ABSTRACT. This paper considers random balls in a D-dimensional Euclidean space whose
centers are prescribed by a homogeneous Poisson point process and whose radii are prescribed
by a specific power law. A random field is constructed by counting the number of covering
balls at each point. Even though it is not Gaussian, this field shares the same covariance
function as the fractional Brownian field (fBf). By analogy it is called fractional Poisson
field (fPf). In this paper, we are mainly interested in the simulation of fPfs with index H
in (0,1/2) and in the estimation of the H index. Our method is based on the analysis of
structure functions. The fPf exhibits a multifractal behavior, contrary to that of the fBf
which is monofractal.

INTRODUCTION

The random fields under consideration in this paper have been introduced in [15] and [2] as
a limit of a rescaled shot-noise. More precisely, random balls in a D-dimensional Euclidean
space are considered: the centers are prescribed by a homogeneous Poisson point process in
RP and the radii are prescribed by a power law. A shot-noise field is constructed by counting
the number of covering balls (see [7, 12] for details on shot-noise processes) at each point.
When there are enough balls with arbitrary small volumes, the associated field exhibits fractal
properties at small scale and some global self-similar properties. In particular, its covariance
function is a homogeneous function whose degree depends on the power exponent. Hence it
shares the same covariance as a fractional Brownian field and it is called fractional Poisson
field (fPf). For the fPf, the described procedure yields indices that range in (0,1/2).

A pioneer work in this area is due to Cioczek-Georges and Mandelbrot [5] where a sum of
random micropulses in dimension one, or generalizations in higher dimensions, are properly
rescaled and normalized in order to get a fractional Brownian field of index H < 1/2 (an-
tipersistent fBf). In that paper, it is emphasized that the power law distribution prescribed
for the length of the micropulses makes it impossible to get H > 1/2. Using similar models
in dimension one, recent works ([6, 10, 16]) have examined the internet traffic modeling. The
resulting signal is proved to exhibit a long range dependence (H > 1/2), in accordance with
observations. Such a range for index H is made possible either by prescribing the connection
lengths with heavy tails, or by forcing the number of long connections.

In the present paper, we are mainly interested in the simulation of an fPf and the estimation
of its index. Let us note that simulating an fPf appears as very tractable since the basic
objects are balls and the basic operation consists in counting. Moreover, the possibility of
changing balls into other templates or changing the homogeneous Poisson process of centers
into another point process yields a very large choice of patterns (see [4] for instance). In
order to get simulations which are rapidly accurate at all scales, we force random balls with
prescribed radii in each given slice (a/T1, /] (a € (0,1) is fixed and j ranges in Z). We first
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simulate each slice and then proceed to the “piling” of the slices. This procedure is similar
to the construction of the “general multitype Boolean model” in [11].

Concerning the index estimation, we use the structure functions as introduced in [14] or
[19]. Roughly speaking, the g-structure function Sy(f,e) of a given function f is equal to
the L?-norm of the e-increments of f (see [9] for this approach). When ¢ = 2 and f = Fp,
the fPf of index H, the expectation of So(F,€)? is proportional to €2 for any positive €.
We use this relation to provide two different estimators of H: The first takes into account
the small scales and the second the intermediate ones. We also prove that the expectation
of Sa4(Fp,€)?? behaves like €2 for small e and any nonnegative integer ¢. This should be
interpreted as a non-monofractal behavior, in opposition with the fractional Brownian motion
for which the expectation of So,(Bp,€)?? behaves like £24H.

OUTLINE OF THE PAPER

The random fields we deal with are introduced in Section 2. First the piling field is obtained
by summing the elementary slices between a lower and an upper scale. Then, letting the small
scales go to 0 and the large scales go to infinity, we get the fPf. Due to the Central Limit
Theorem, it is easy to obtain a fractional Brownian field from a family of independent fPfs.
In Section 3, we introduce a notion of D-dimensional g¢-structure functions and compute
them for an fPf. This reveals a multifractal behavior. Section 4 is devoted to the simulation
procedure of an fPf on a cube as well as the numerical computation of the structure functions.
In order to keep the irregularity property and to make sense from a numerical point of view,
the smallest scale involved in both simulation and computation is taken to be equal to the
grid resolution. In the last section, we estimate the H index of the previously simulated fPf.
Two cases are presented: working at small scales (i.e. working with small balls) in dimension
D =1 and working at intermediate scales for any D.

1. NOTATIONS AND PRELIMINARIES

In this section some notations and formulas used throughout the paper are given.

Let {e1,...,ep} be the canonical basis of R” (D > 1) and ||-|| be the Euclidean norm. We

write B(x,¢) for the closed ball of center z and radius € > 0 with respect to ||-|| and denote
Vp the Lebesgue measure of B(0,1). We recall that Vp = 1,(%]/32/2) where I' is the usual

Euler’s function.

If A and B are two subsets of RP, we write AL B for AUB with AN B = () and AAB
for (A\ B)U (B \ A). If A is a measurable subset of RP, we denote |A| the D-dimensional
Lebesgue measure of A.

Finally, for y, 2 € RP and r € [0, 00), we write

¢(y, ac,?“) - ]IB(:cm) (y) - ]IB(x,r) (O) - ]IB(y,r) (.’B) - ]IB(O,T) (%’) : (1)

Let us state some basic facts. First we clearly have

VA>0 ¢y, Az, Ar) = d(y,z,r) and VpeN\{0} [4(y, 2,7 = ¢(y,z,7)°.

Moreover, for any y € R” and r» € RT, one can find a constant C(y) € (0, 4+00) such that

/RD U(y, z,7)? de = |B(y,r)AB(0,7)| < C(y) min (T‘D,T‘D_l) ) (2)
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Hence, for any H € (0,1/2) and y € R, the integral / U(y, z, )2 r P7I2H o dr s
finite. Using the rotation invariance of the Lebesgue mezilii;é[{fwe obtain
[, e P drdr = eu(D) o] 3)
RD xR+
with
cu(D) = /R+ |B(e1,7)AB(0,r)| v~ P712H gy (4)

In dimension D = 1 one can check that

_ _ o <
1ol +rA[ons = CoIUl—nldr] ifr<1/2,
[-r,1—r)U (r,1+7r] ifr>1/2,

21—2H

so that the constant cg(1) is explicitly computed as ¢y (1) = VTR

In dimension D = 2 or 3, explicit formulas for |B(e1,7)AB(0,7)| can be found for instance
in [18]. For higher dimensions, explicit formulas are not tractable.

2. SOME RANDOM MODELS

The purpose of this section is to give an iterative construction of fractional Poisson fields.

2.1. Elementary slices.
Let H € R. For o € (0,1) and j € Z we consider ®; = {(Xj”, R;‘)n} a Poisson point process
in RP x R* of intensity

vi(de,dr) = dz ® 7’7D7172H]I(aj+17aj} (r)dr. (5)
Note that ®; is well-defined since v; is a nonnegative finite measure on RP xR*. We consider

the associated so called “random balls field” T} as defined in [3] that provides, at each point
y € RP, the number of balls B(X7', R}) that contain the point y, namely

Tj(y) = Z Tp(xn,rm () - (6)

(X7.R?) € ®;

Equivalently, we can represent the field T} through a stochastic integral
1) = [ Tt )Ny (da, ), ™)
RD xR+

where N; is a Poisson random measure on RP x R of intensity v;. We recall the basic
facts (see [?] chapter 10 for instance) that for measurable sets A C R” x Rt the random
variable N;(A) is Poisson distributed with mean v;(A) and if Ay,..., A, are disjoint then
Nj(A1),...,N;j(A,) are independent. We also recall that for measurable functions & : RP x
Rt — R, the stochastic integral [ k(x,r) N;(dz,dr) of k with respect to Nj exists a.s. if and
only if

/ min (|k(z,7)],1)v;(dz,dr) < co. (8)
RP xR+
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Furthermore the characteristic function of [ k(z,r)N;(dz,dr) is given by (see [?] Lemma
10.2)

E(eitfk(x,r)Nj(d:c,dr)) = exp </
R

In our setting, in order to ensure that the right hand side of (7) is well defined, it is sufficient
to remark that, by Fubini’s theorem,

(eitk(x,r) _ 1) I/j(dl', dr)) ,teR. (9)

D xR+

ol .
/ (e (y) vi(dz,dr) = Vp / T2 g — e g(D) o < 400,
RD xR+ od+1
where
1— a2
o, (D) = —_— 1
ca,m(D) = Vb —5 5 (10)

Let us remark that due to the translation invariance of the Lebesgue measure, the random
field T} is stationary. Moreover T; admits moments of any order and according to [1], for
n > 1, the n-th moment of 7}(y) is given by

n

Tk
E(Ti(y)") = S Kalrm) ][] (/D ]IB(m,r)(y)ij(dﬂ?vdT))
(F1yeeyrn)€l(n) k=1 \/RPxR*
Y
- Y Ku(riee...m) (can(D)a?H)iE" (11)
(1”1,...,7“71)6.[(71)

7

n -1
where I(n) = {(rl,...,rn) eN"; > kry = n} and Kyp(ry,...,m) =n! ( Hrﬂ(k!)”ﬂ) .

k=1 k=1
Finally let us mention that the covariance of 7T} is simply given by
ol
Cov(T;(y), Tj(y') = / | Bly,r) N B(y',r)|r~ P2 ar.
aj+1
In particular, when we zoom in (out) on the random field 7; with a scale factor given by o

for some [ > 0 (I < 0) the covariance function of the zoom-in (out) field (Tj(aly))yeRD is

obtained by considering the field (T;_i(y)),cgp according to

Cov(T;(a'y), Tj(a'y)) = o Cov(Tj-i(y), Tj1(y))-

This identity can be stated in distribution. It yields a kind of aggregate similarity property
as defined in [2].

Proposition 2.1. Let a € (0,1) and j € Z. Then, for any | € Z such that m = a?Hl e N,

dd “
{Tm(aly) Sy € RD} = {Z TV (y);y e RD} :
k=1

where (T(k)

; )k>1 are 1id copies of Tj.

Remark: In the case H < 0 the exponent [ must be nonnegative (zoom-in) while in the case
H > 0 it has to be strictly negative [ < 0 (zoom-out).
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Proof. Let us assume that there exists [ € Z such that m = o?#! € N. Let n > 1 and
Yty yn € RP ug, . uy € R

. - 1 Zi ]IB(z,r)(O‘lyP)
logEexp| i Z wpTjp(dyy) | = /]RD o e r=1 — 1 )vjy(de, dr)
X

p=1
1i Up I (a,r)(Yp)
= a2Hl/ (e = T 1> vj(dx,dr)
RD xR+
m n
= ZlogEexp iZuij(yp) ,
k=1 p=1
where the second line is obtained by a change of variables. Hence the result follows. ([

Now, let us consider the associated piling random field. Let (®;),ecz be independent Poisson
point processes in RP x RT, with each ®; of intensity vj(dz,dr) given by (5). For jmin, jmax €

Jmax
Z with jmin < jmax the piling random field > Tj can be considered as the random balls
j:jmin

field associated with a Poisson random measure N; of intensity

min,Jmax

ijin,jmax (d.%', d’r) = d.’L' ® T_D_1+2H]I(Cljmax+1,ajmin](/r)d/r *
In order to let jmin — —00 and jmax — +00 we introduce the centered random field

Jmax

Flimime @) = > (Ti(y) = T5(0)) , y € R”. (12)
J=Jmin
2.2. Fractional Poisson fields.
Theorem 2.2. Let H € (0,1/2). Then, for alln>1, y1,...,yn € RP, the sequence

(F}minyjmax (yl)’ tet 7}?jmin7]’max (yn))

has a limit in L?(,R™) as jmin — —00 and jmax — +00. Moreover, the limit defines a
random field Fyr that may be expressed as

— j — 41y fid T, T N xX,dr
Fy) = 3 (10 =0 Lo bt Nido,dr) (13)

with ¢ given by (1) and N a compensated Poisson random measure on RP x RT of intensity
v given by

v(de,dr) = de @ r~P712H gy (14)

Proof. Let y € RP. Remark that according to (1),

F.‘jmin:jmax(y) :/

RD xR+

w(y’ x? T)ijin 7jmax (dl‘, d’r) = / T/J(y, x? T)ijin 7jmax (dx’ dr)?
RDP xR+

where IV is the compensated Poisson random measure N dx, dr)—Vj, .. jma (AT, dr).
sJmax

min,Jmax minsJmax (
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Let jénin < Jmin a0d Jipa > Jmax, then
2
HFj:ninvjrlnax (y) o Fjjmiﬂ’jmax (y) H2 = Va'r (Fjj,,mnyj{nax (y) - ijinvjmax (y))

U(y, x, T)2T7D71+2Hdl‘d7“ + / ,

RD x (ajmin 7oéjrnin]

Y(y, x, r)2r7D71+2dedr .

/]RD X (aj{nax+1 ,ajmax+1}

Using (2), one can find a constant C'(y) > 0 such that
2 : ,
HF]—/ e ) = Fli i (y)H < Cly) <042H]ma" + Oé(_HQH)””““) :

m

2
which proves that (Fj,, jmax (), ... i @ Cauchy sequence in L?(Q) since H € (0,1/2).
This concludes the proof for the convergence in L?(Q, R"™). We call Fiy the limit field.

Now let us consider N a compensated Poisson random measure of intensity v given by (14).
Let us remark that for H € (0,1/2) and any y € R, 4(y, -,-) € L*(RP x RT, v(dz,dr)) such
that one can define the random field X = {leij+ Wy, @, )N (dz, dr); y € RD}. Consider-
ing the limit of the characteristic function of (F}_; inox (Y1)s -+ Fiin jmax (Yn)) 88 Jmin — —00

and jpmax — +00 leads to Fiy fdd X. O

Proposition 2.3. Let H € (0,1/2). The random field Fy given by (13) admits moments of
all orders. It is centered, with stationary increments and its covariance function is given by

Ty B Con(Eulw),Fnly) = 7 (0P + [ o). )

where the constant cy (D) is defined in (4).

Since Fy shares the same covariance function as the fractional Brownian field with the Hurst
parameter H (see the seminal paper [17]), we give the following definition:

Definition 2.1. Fy is called fractional Poisson field of index H with H € (0,1/2).

Proof of Proposition 2.3. Let us observe that Fp is clearly centered by (13). Moreover, since
V(- + 5o, ) — Yo, ) = U(-, - — yo, ) for any yp € R, the random field Fiy has stationary
increments by the translation invariance of the Lebesgue measure. Note also that (3) implies
that Fp(y) admits moments of all orders in view of [1]. Moreover, using the increments
stationarity, for all y,y’ € RP,

Cov(Eny), Fu() = 5 (Var(Fig(y) + Var(Fir ) ~ Var(Fia(y ~ )))

since Fr(0) = 0 almost surely. Using (3) again yields
Var(Fn(u) = [ b Puldedr) = en(D) [y
RP xR+

Henceforth the constant cg (D) introduced in (4) is convenient. O

Finally, let us recall that Fp is not Gaussian. Let us compute its marginal distributions.
Using (13), we observe that for ¢ € R,

log E (exp (it Fir (4))) = /

- (eiw’(y’x’r) —1—ity(y, x, r)) v(dz,dr). (16)
X
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Hence, using the fact that [pp gt ¥(y,z,7)v(dz,dr) = 0 and [¢(y,z,7)| = ¢¥(y,z,7)* we
may recast (16) into

1.
log E (exp (itFp(y))) = = (" — 1 —it) / U(y, z,7)’v(d, dr)
2 RD xR+
1
+ - (e —1+1it) / U(y, z,7)*v(dz, dr)
2 RD xR+
D . ,
= CH;) lylP7 ((e™ =1 —it) + (e — 1+ it)) .
This is the logarithmic characteristic functional of the difference of two independent random

variables that both have a Poisson distribution with intensity 2 (D) lly]I*.

2.3. Aggregate similarity.

Note that F does not share the same sample paths regularity as the fractional Brownian
field, nor it self-similarity. However it exhibits what is called an aggregate similarity property
(see Definition 3.5 of [2]).

Proposition 2.4. Let H € (0,1/2). Then, the random field Fr given by (13) is aggregate

similar: for all m € N with m > 1 and a, = ml/2H
fdd |~ ok
{Fr(amy); y e RV} = {ZF}(LI)(:U)S y € RD} :
k=1

where (Fl(f)) are tid copies of F.

k>1

Proof. Let m € N with m > 1 and set ap, = mY22. Let y1,...,yn € RP, uq,...,u, € R.

n T’i U w(amy 7:E»T)
log E exp (iZUpFH(amyp)> = / <€ = R zZup¢ amYp, T, r)> v(dx,dr)
RD xR+

p=1 p—1

03 upth(yp,.r) n
= a%LH/ (e =t —1—1 g upw(yp,x,r)> v(dx,dr)
RDXR+ p:1

m
= Z ogEexp(zZupFH Yp >
k=1

Hence the result. O

Let us remark that a fractional Brownian field By of the Hurst parameter H is also aggregate
similar. Actually, for m > 1 and a,, = mt/2H e have

Bir(am) 2 all gy () 128 Z B

with (B( ))k>1 iid copies of Bp. Here, the first equality is obtained with the so-called self-
similarity property of By and the second one by using the Gaussian law.
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2.4. Central Limit Theorem for the fractional Poisson field.

Let (F ](:l)n jmax) p>1 e iid copies of Fj . j..- According to the Central Limit Theorem :
N fdd
k D D
—— > ;yEeR — Wi ;ye RV 17
{ VK ; JminsJmax (y) Yy } K—to0 JminsJmax (y) Yy } ( )

where W; . . is a centered Gaussian process with stationary increments and covariance
function given by :

Cov (W, max W) Wi jmax (U)) =

with

(’Ujminvjmax (y) + ,Ujminyjmax (y/) - Ujrnin:jmax (y - y/))

N | =

Vjnin jmax (¥) Z/ _ _ |B(y7r)AB(07T)|TfD71+2H dr
(a]max+1 R aijn]

K
Note that for any K > 1, the random field Z F®  can also be considered as a centered

Jmin,Jmax
k=1
random balls field

JminsJmax

k=1

K —_—
S ES ) = [ 0l NR (o,

with NX a compensated Poisson random measure of intensity K v; . i . Hence the as-
ymptotic result (17) can also be understood as the classical normal convergence obtained for
shot noise fields when the number of shots tends to +00. Rates of convergence can also be
derived in this context (see [12] for instance).

In the particular case H € (0,1/2), letting (jmin, jmax) g0ing to (—oo, +00) we get v;, .+ (y) —
e (D) ||ly|I** with the constant ¢z (D) prescribed by (4). Then

1 fdd
e

JminsJmax . H
CH(_D) e (]minv]max)"(foof‘roo)

where By is the fractional Brownian field. Similar ideas have been early developed in [5].

3. STRUCTURE FUNCTIONS

Let f : RP — R be an integrable function. If ¢ > 0, we define the ¢-structure function of
f by

D 1/q
Ve>=0 Sq(f,e) = (;)Z/[(]”D ]f(t—i—eei)—f(t—aei)]th) . (18)
i=1 710,

These quantities have been used in one dimension to study the fractal behavior of f (see
[14, 19, 9]). When f is regular enough one may expect that lim. .o S,(f,e) = 0 for all ¢ > 0.
More precisely we are interested in a power-law behavior through a relation of the type
Sy(f,€) ~o ef!@ for a certain constant H(g) > 0, where u(e) ~ v(¢) means that u(e)/v(e)
is bounded from above and from below for small . We say that f is multifractal when H(q)
is not constant (see [14]).
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Note that if one is interested in the isotropic properties of f then one may use anisotropic
versions of S,(f,e) with ¢ € RP. Here we do not use it since our model is clearly isotropic.

Assume that f is a random function satisfying

sup  E|f(#)]? < oo for some a > 0.
te [—a,1+alP

Then, by Fubini’s theorem one can consider
E (S3(f. =D Z </[0 ”DE |f(t+ee;) — f(t— 6ei)]th> : (19)

3.1. The 2-structure function of a fractional Poisson field.
The value g = 2 allows us to give exact formulas.

Proposition 3.1. Let Fiy be the fractional Poisson field of index H € (0,1/2). Then :

(i) For alle > 0, one has :
E (SQ(FH,E)) =cy(D) (2e)*  where cy (D) is defined by (4). (20)

(ii) For all e > a9min | one has :

nD/2 2Hj 2H (jmax+1)
S , — ( Jmin __ Jmax ) . 21
( 2( Jmin>Jmax 6)) F(l i D/Q) H « « ( )
(i4i) When D =1 one has : E (S3(F}j . jmax:€)) =
4 < : ,
1 _42H (a(2H71)(]max+1) _ a(2H1)J;ﬂn) c Zf €€ [07 a]max"rl) ,
T o c <€2H71 _ a(ZHfl)jmin> + ﬁ (€2H _ a2H(jmax+1)> Zf € E [ajmax+17 ajmi“] , (22)
% (a2Hjmin — a2H(]max+1)) Zf s> ajmin .

Proof. First we observe that for all e > 0,t € R” and i € {1,..., D} :

Fr(t+ce;) — Fu(t —ce;) = / (Y(t +cei,x,r) —P(t —ce;, x,r))N(dz, dr)
RP xR+

= / Y(2eei, x —t + ce;, )N (dx,dr). (23)
RP xR+

(i) We compute E (F(t + ee;) — Fi(t — ee;))? using (23)

E (Fy(t+ce;) — Fy(t —ce;))* = / Y(2ees,x —t+cej, ) r PTI2H da dy
RP xR+

:/ Y(2ees,u, )2 r PTITH qy dr
RP xR+

Therefore, using (3) :
E (Fg(t + ee;) — Fr(t —ee;))* = cg(D) ||2¢e]|* = ey (D) (2¢)?H .
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Hence the result since the above quantity does not depend on index ¢ nor on variable t.

(ii) Since (23) holds replacing Fg by F} and N by N, we obtain in the same way, for

e>0andteRD:

]E (ijinyjmax (t + 867;) - ijimjmax (t - €€i))2 = / 1/}(2561'7 u, T)Z T7D71+2H du d?“ .
RDX(ajmax+1,ajmin]

min,Jmax

Notice that if € > r then :

V(2ees, u, ) 2du = / T B (2ze, muB(o,r) (w)du = 2Vp rP.
RD RD

Thus for all £ > qJmin
ajmin

E(Fjjmin’jmax (t + 662‘) - ijinyjmax (t - 867;))2 = 2VD / T71+2Hd7’

odmax+1

Vi : .
— ﬁD <a2H]min _ QQH(JmaxJFl)) .

Hence the result, since the latter quantity does not depend on ¢ nor on 1.
(iii) When D = 1 we have :

]E (ijinajmax (t + 8) - Fj]‘mir”jmax (t B E))2 - / i . H[257T725+7‘]A[7T77‘] (u) TQH?Z du dr
Rx (oéjma»x-‘-l7 a]min]

ajmin
= 4/ min{r, e} r27=2 dr
«

Jmax+1

the latter equality following from

2e — 1,2 U[— if r <e,
22 — 1,26 + r]A [ r] = 4 12 T2 TIU ] s

[—r, 2 —r]U[r,2e+7] ifr>e¢.
To conclude we just have to consider the position of ¢ and the fact that again the latter
quantity does not depend on t. O

Let us have a look at the case D = 1. According to (22), E (S3(Fj, . jmax-€)) has the
same order as € for € small enough. This shows that Fj . has regular increments on
average. So, in order to keep the irregularity of the original Poisson field F (see (20)), we
cannot consider ¢ in (0, a/maxF1) The smallest value for € ensuring the correct approximation
E (S3(Fjpimima:€)) = E (S3(F,¢)) ~ 2" is a/m=t1_ Moreover, in practice, ¢ is chosen as
small as possible, that is as J, the resolution of the grid. This remark justifies again the
assumption aJmaxtl = ¢

3.2. The ¢-structure functions of a fractional Poisson field.
For some well-known functions f, one can give the exact behavior of Sy(f,e). For example if
f is a random Weierstrass function Wy with the Hurst parameter H, then (see [9]) :

Vg>0 S,(Wig,e)~pecas. and E(SI(Wg,¢€)) ~o S
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For a fractional Brownian field By, we have, for all t e RP, i =1,...,D and € > 0,
Bu(t+ee;) — Bu(t — ce;) £ B (2) £ (2¢)" By (1),
and so

Vq>0 E(SI(Bu,e)) ~o gt (24)

Since the fPf shares some properties with By, a natural question is to wonder whether Fp
satisfies (24). One can observe that the assertion (i) of Proposition 3.1 implies that it does
for ¢ = 2. However the answer is negative, so Fiy is multifractal in the sense of [14]. To state
this result, we will study E(S7(Fp,¢)) for even integer values of q.

Theorem 3.2. Let Fy be the fractional Poisson field of index H € (O, %) Then, for all
p € N\ {0},
E (Sgg(FH,5)> ~g et

Proof. According to (19) we have to compute E (Fy(t+ ce;) — Fy(t —ee;))? for € > 0,
t €[0,1]P and p > 1. Let us recall that ¢ € L% (RP x R*,v(dz,dr)) with for any k > 1 :

/D N V(2ee;, x —t +eej, ) L u(de,dr) =0
RP xR

/ Y(2ees,x —t + cei, ) v(dx, dr) = cg(D)(2¢)?H .
RP xR+

Then, according to [1] (with the convention that 0° = 1), using (23), we have
E ((FH(t +ee;) — F(t — aei))2p)

2p Tk
= Z sz(T‘l,...,Tgp) H (/ ¢(2€€i,x—t+66i,r)k y(dl‘,d’l”))
_ RP xRt
(r1,..-,r2p)€I1(2p) k=1
P T2k
= Z Kgp(O,TQ,O,...,T‘Qp)H </ 1/)(2861‘,1‘*t+86i,'r)2k V(dx,dr))
(0,72,0,....72p) €1 (2p) k=1 \/RPXR*

= Z I?p(n, ceyTp) (CH(D)€2H)k=1 ,
(r1,...,rp)EL(p)

- p -1
where for p > 1, Kp(r1,...,7) = (2p)! ( I rk!((Qk)!)rk) . Integrating with respect to
k=1

t € [0,1]” and averaging according to the directions i € {1,..., D} we get
P
2p K 21 2,
E(Szp(FH,E)) = Z Kp(ri,...,mp) (CH(D)g )k:l .

(7“1,...77‘:,;)61(]9)

P
Note that e, = (0,...,0,1) € I(p) and for any (r1,...,rp) € I(p) \ {ep} we have Y 7, > 2
k=1

such that
E (S3(Fu,e)) = cn(D)(22) + 4 u(e),

where u(e) is bounded for small €. This concludes the proof. ]



12 H. BIERME, Y. DEMICHEL & A. ESTRADE

4. SIMULATIONS

All the Matlab codes are available at http://www.math-info.univ-paris5.fr/~demichel

4.1. Simulation of a fractional Poisson field on a cube.

We focus here on the simulation of the fractional Poisson field Fy for H € (0,1/2). Accord-
ing to Theorem 2.2 we consider F} . ;  as an approximation for Fy. We generate exact
simulations of the fields T and F) (see (6) and (12)) on the cube [c, ¢ + d]P with ¢ € R

Jmin>Jmax

and d > 1, containing 0. Let us recall that T; may be written as the sum
L= > Tsagmy-
(XIR1) €Dy

If X7 is at a distance of the cube larger than R’ then no point of the cube is covered by
B (X]”,R;?). Since R} < o, when simulating the slice number j, it is enough to pick up
centers of balls randomly in the enlarged cube [c — af, ¢+ d + o/]P.

Let us denote cq i = (a~P*2H —1)/(D — 2H) and consider the measure on R x R*

i(da, dr) = cop(d+ 207 )P P=2H) (dx) © pj(dr) (25)
where
1
pj(de) = m ]I[cfaj,c+d+aj}D(x) dz
(26)
pi(dr) = c;’lH O{j(D_QH)T_D_1+2H]I(aj+17 o] (r)dr
are respectively two probability measures for centers and radii of random balls.
We simulate T} considering
Z][BX"R” , yeElee+dP, (27)

where

— (X7)n is a family of iid random variables with law p;(dx)
— (R})y is a family of iid random variables with law p;(dr)

— A; is a Poisson random variable with parameter ¢, g (d + 20)P o3 (D=2H),

Let us recall that a simple way to generate the sequence (R;”)n is to use the pseudo-inverse
method : if V;" is with uniform law on [0, 1] then R} = of (a=P+2H — (o~ P+2H — 1)1@”)_1/(17_2[{).

Consequently, considering independent realizations of (7’
using (12) and

one may simulate F} .

).]mm <J<Jmax

Jmax Jmax

Z j} Z <Z]IBX”R" )7 ye[cvc—i_d}D? (28)
J=Jmin J=Jmin " 1=

since 0 € [c, ¢ + d]P
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In practice Fj,_, j... is only obtained on a discrete subset of [c,c + d|P, say a grid with a
step of size § € (0,1). Thus it no longer makes sense to consider balls with radii smaller
than 6. Since the smallest radius is greater than a/max*1 one will assume that a/maxt1 > §.
On the other hand, to get the most precise details, it seems natural to assume exactly that
admaxtl — 5 Consequently, jmax may be chosen freely. Given the resolution ¢ the slice factor
a will be fixed by afmaxtl = §.

Concerning the choice of jyin, let us explain its effect. We can distinguish two different kinds
of balls B(X7', R?) according to their size :

— the large balls for R} > o/t > d : they give the general geometry of the graph of
min,jmax Since they are visible,
— the small balls for R} < o/ < d: they give the local irregularity of the graph.

When more interested in the irregularity of the field than in its look-like geometry, one may
choose jmin = logd/ |log a|.

4.2. Simulation of the g-structure functions.
We explain now how to use structure functions in a practical way. To simplify we only deal
with the case D = 1 and [c,c +d]” = [0,1]. Let us consider a function f : R — R. We
suppose that we can simulate f on a regular subdivision 7 = {7; = iN~1} of [-1,2] with
step = N1 (where N > 2). We consider S,(f,e) given by (18) for e € [N~1,1] N 7. More
precisely, we choose a finite sequence of M > 2 integers n,, (with n; =1 and njy; = N) and
put

Em = Ty = nm-Nv_1 . (29)

Let us note that the smallest ¢ considered corresponds to the resolution of the grid N—!.
Then, for 1 < m < M, we approximate the integral defining Sg(f,e,,) by its Riemann sum:

1 1 N
Sg(faem)Z/O If(t+8m)—f(t—€m)lth%NZIf(mnm)—f(n—nm)!q- (30)
i=1

Let us emphasize that Proposition 3.1 still holds when replacing S3(f,e,,) by the discrete
sum (30).

Now we focus on the behavior of S¢(f,e,,) with respect to &5, Formula (20) invites us to
use log-log plots. For 1 < m < M, let us write 7, = log n,, = log(Ne,,) and

1
Lq(fsnm) = (1]10g5§(f, Em) = 510g53 (f,N~110mm) (31)

and consider the log-log plot {(nm, Lq(f,mm)) ; 1 < m < M}.

In order to obtain the 7, approximately equally spaced, one usually assumes that the &,,s
have an arithmetic progression (but n,, should be an integer). However since n; = 1 and
ng = 2, we always have 172 —n; > log 2. In order to get the minimal lag 72 — 11 we set no = 2.

5. ESTIMATION OF INDEX H

In this section we are interested in the estimation of index H from realizations of F
an approximation of Fl.

mins;Jmax ?
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F1GURE 2. Normal convergence when K — +o00.

There are two ways to estimate H: looking at the small scales through the behavior of
Sé(e, Frr) when e goes to 0, and looking at the intermediate scales when € ~ 1. Each way
carries a practical difficulty. The first one supposes that the field can be seen at scales
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arbitrarily smaller than the resolution of the grid whereas the second requires that all the
contributing balls be visible.

We show that it is possible to overcome these difficulties. The main tools are the 2-structure
functions given by (18). We build two estimators using Proposition 3.1. Such methods have
been used for the “fractal sums of pulses” (see [8] chapter 7). The first method can be seen
as a generalization of the quadratic variation method used for the estimation of the Hurst
index of a Brownian motion (see [13]).

In the following juin and jmax will be assumed to be known. Moreover we fix an integer
N > 1 such that a/maxt! = N~1 In practice it will be linked to the resolution by 6§ = N~

5.1. The D =1 case.

Here we assume that D = 1 and jpi, = 0. Since it is not always possible to see balls with
radius larger than a/min, we focus on the small balls or equivalently on the small scales. We
use the 2-structure functions for small ¢.

Proposition 5.1. Assume that D = 1. Let 0 < jmin < Jmax and let (1*"j(£l)mjmx)k>1 be iid
copies of Fj . i of index H. Finally, let us define for all K >
-1
1 ZSQ( jmm:]max 2N )
Yo (K) = . 32
) = 31003 87— - (32)
Z S ( ]mln7]lxlax7 N )
Then, when K goes to +o00, y2(K) converges almost surely to hy(H) where
1 — (2o Fmin N—H1=2H (1 —2/)(1 — 272H) /(2H)
hi(H)=H 1 . . 33
1(H) + 210g2 8 < 1 — (a—dmn N-1)1-2H (33)

Proof. Since a/maxt1 = N~=1 Proposition 3.1 implies that for all ¢ € [N~1, qJmin]

4 oH 4

o2 )
(52( ]mlm]max?e)) = 1— 2H5 11— 2H5a(1 2H) jmin + E (SQH _ N 2H) ]

Therefore we obtain :

E (S5 (Fjninmass 2N 1)) _ o (1= (207 min N"H2 4 (1 — 2H)(1 — 2721) /(2H)
(Sz ( - 1 — (a_jminN_l)l_2H :

]mm 7dex ’

Thus :
1 1 (SQ ( ,]mmvjmax’ 2N71))
2 IOg 2 (52 ( Jmins>Jmax N_l))
1 — (20 min N1)1=2 4 (1~ 2H)(1 = 2-21)/(2H)
1 — (o Jmin N—1)1-2H '

(34)

— H+

1
2log?2 ©8
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But one has, by the law of large numbers :

(S2 ( Jmin,Jmax s ) KETOO Z 52 jmm,jmax )

So 2(K) Py hi(H) almost surely and the result follows from (34). O

——+400

From this result, we deduce a first estimator H; (K) for index H setting H, (K) = hi! (}a(K)).

In practice the F ](Hjn im

results of Section 4.1. We compute S5 (Fj(jl)n’]mx,N_ ) and S3( ](ml)m]max 2N~1) for each
-

Jmin,Jmax

the equation hj(h) = 42(K) with a numerical approximation procedure (e.g. the standard
Newton method).

are simulated on a regular grid with step § = N~! using the

using the discrete sums (30). This gives 93(K) and we find H;(K) by solving

Let us give an example. We consider Fj . ; . for different values of H. The processes are
simulated on a regular grid of [—1,2] with step § = 5.10™% (so N = 2000). We chose jmin = 0
and jmax = 15. Table 1 shows the results for K = 500.

hi(H) ¥ H H;
0.47399 0.47425 | 0.45 0.45159
0.46519 0.46553 | 0.40 0.40182
0.45531 0.45589 | 0.35 0.35282
0.44473 0.44452 | 0.30 0.29906
0.43375 0.43492 | 0.25 0.25528
0.42265 0.42196 | 0.20 0.19688
0.41161 0.41051 | 0.15 0.14496
0.40075 0.40111 | 0.10 0.10169
0.39013 0.39028 | 0.05 0.05074

TABLE 1. Estimation of H with (jmin, Jmax) = (0,15) and K = 500.

We see that H is well approximated by H;(K) whatever H is.

Let us remark that we cannot provide such an estimator in higher dimensions looking at
S2(Fj i jmaxs €) only for small e. When D = 1, assertion (iii) of Proposition 3.1 gives us an
exact expression for S3(Fj,_ . jnae,€) but we have none for D > 1. Thus, whatever D is, we
have to use assertion (ii) of Proposition 3.1 to build an estimator .

5.2. The D > 1 and jui, > 0 case.
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Since jmin > 0 it is possible to see all balls whatever their radii. This allows us to propose
an estimator for H in the general multidimensional case D > 1. We may focus on the large
scales and use the 2-structure functions for € near 1.

Under the assumption jmin > 0 the interval (admin 1] is not empty. Let M* be the smallest
integer such that ey« = ny+ N~1 > a/min. Then for all m € {M*,..., M}, e, € (a/min 1]
(note that the larger ju,n is the more points we have).

Ja

Proposition 5.2. Let 0 < jpin < Jmax cmd let ( i jmax)k>1

index H. Finally, let us deﬁne for all K >

KZ (M M*+1 Z SQ( Jmin jmax? € >> : (35)

Then, when K goes to +oo, Ta(K) converges almost surely to ho(H) where

be iid copies of Fj . i . of

ho(H) = L (a2Hjmin _ N*QH) ) (36)
T(1+ D/2)H
Proof. Proposition 3.1 (ii) implies :
V ]\44< M S — Lﬂ 2Hjmin _ N—2H
me{ A } ( 2( ]mm’JmaX’gm))_F(l—'—D/Q)H (O[ ) .

Thus:
1 M
a1 2 B B ) = 5y (

Now, by the law of large numbers, one has:

K
. 1 (k)
(SZ ( Jmin,Jmax 3 )) - Kl_l)r_r"_loo % Z 52 (E]mm;_]max’ > ' (38)
So m3(K) —— ho(H) almost surely and the result follows from (37). O

K—+oo

As previously, we deduce a second estimator Hy(K) for index H considering Hy(K) =
hy ' (73(K)). In practice we proceed in the same way as for Hj(K).

Let us give another example. We look again at an fPf of index H, F} . ; . for different
values of H. We assume D = 1. The processes are again simulated on a regular grid of [—1, 2]
with step § = 5.1074 (so N = 2000). We chose jmin = 5 and jmax = 15. We use the two

estimators Hy(K) and H(K) with K = 500. Table 2 reports the different results.

We see that in both cases jmm = 0 and jmin = 5, the estimates given by H 1 are with the same
precision. When Jmin = 9, 772 is far from ho(H) whereas 42 is close to hi(H). However the
estimator Hg is better than 1. Actually the function hs is more convenient for a numerical
inversion since its derivative is larger than the h; one (see Fig. 3).
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hi(H) 72 H H ha(H) ) H Hy

0.46579 0.46579 | 0.45 0.45001 0.51932  0.52374 | 0.45 0.44877
0.45784 0.45853 | 0.40 0.40415 0.73624  0.74679 | 0.40 0.39800
0.44910 0.44847 | 0.35 0.34656 1.05565  1.05701 | 0.35 0.34982
0.43974 0.43863 | 0.30 0.29427 1.53341 1.52188 | 0.30 0.30099
0.42993 0.42895 | 0.25 0.24513 2.26068  2.27908 | 0.25 0.24897
0.41983 0.41942 | 0.20 0.19800 3.38875  3.41444 | 0.20 0.19909
0.40959 0.41122 | 0.15 0.15795 5.17488  5.20930 | 0.15 0.14924
0.39934 0.39921 | 0.10 0.09937 8.06343  8.05267 | 0.10 0.10015
0.38917 0.38904 | 0.05 0.04938 12.83808 12.87241 | 0.05 0.04971

(a) Using H;

(b) Using Ha

TABLE 2. Estimation of H with (jmin, jmax) = (5,15) and K = 500.

25

20

(a) H— h1(H) (b) H — ho(H)

FIGURE 3. Functions hj et he with (Jmin, jmax) = (5,15) and N = 2000.

Finally Figure 4 shows the 2-structure curves for H = 0.25 (see (31)) where So(Fj,.. jmaxs Em)

K
is replace by its empirical mean % > So(F (k)

be1 jmin 7jmax

distinguish the curve from its tangent. For n > npr« = 2.2695 the curve is near a constant.

,€m) with K = 500. Near 0 one cannot
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0.2

0.1

-0.4 i I I i | |
0 05 1 1.5 2 25 3 35

FIGURE 4. The 2-structure curve of Fj . i for (jmin, jmax) = (5,15), H =
0.25 and K = 500.

REFERENCES

Bassan B. and Bona E. Moments of stochastic processes governed by Poisson random measures, Com-
mentationes Mathematicae Universitatis Carolinae, 31, nA°2, 337-343, (1990).

Biermé H., Estrade A. and Kaj 1., Self-similar random fields and rescaled random balls model, Preprint,
(2008)

Biermé H. and Estrade A., Poisson random balls: self-similarity and X-ray images, Adv. Appl. Prob.,
38, 1-20, (2006).

Chainais P., Infinitely Divisible Cascades to Model the Statistics of Natural Images IEEE Trans. Pattern
analysis and Machine intelligence, 29, nA°12, 2105-2119, (2007).

Cioczek-Georges R. and Mandelbrot B. B., A class of micropulses and antipersistent fractional Brownian
motion, Stoch. Proc. and Appl. 60, 1-18, (1995).

Cohen S. and Taqqu M., Small and large scale behavior of the Poissonized Telecom Process. Methodology
and Computing in Applied Probability 6, 363-379, (2004).

Daley D.J., The definition of a multi-dimensional generalization of shot noise. J. Appl. Prob. 8, 128-135,
(1971).

Demichel Y., Analyse fractale d’une famille de fonctions aléatoires : les fonctions de bosses. Ph.D. Thesis.
(2006).

Demichel Y., L —norms and fractal dimensions of continuous functions graphs. To appear : Proceedings
of Fractals and Related Fields (Monastir), (2009).

Fay G., Roueff F. and Soulier P., Estimation of the memory parameter of the infinite Poisson process,
Bernoulli 13(2) 473-491, (2007).

Hall P. and Polzehl J., On the dimension of the boundary of clumps in a multi-type boolean model, Ann.
Stat. 24(4) 1521-1535, (1996).

Heinrich L. and Schmidt V., Normal convergence of multidimensional shot noise and rates of this con-
vergence, Adv. Appl. Prob., 17, 709-730, (1985).



20

H. BIERME, Y. DEMICHEL & A. ESTRADE

[13] Istas J. and Lang G.. Quadratic variations and estimation of the local Holder index of a Gaussian process,

Ann. Inst. Henri Poincaré, Prob. Stat., 33(4):407-436, (1997).

[14] Jaffard S., Multifractal formalism for functions. SIAM J. Math Anal. 24, 944-970, (1997).
[15] Kaj I., Leskela L., Norros I. and Schmidt V., Scaling limits for random fields with long-range dependence,

Ann. Probab. 35(2), 528-550, (2007).

[16] Kaj I. and Taqqu M.S., Convergence to fractional Brownian motion and to the Telecom process : the

integral representation approach. To appear : Brazilian Probability School, 10th anniversary volume,
Eds. M.E. Vares, V. Sidoravicius, Birkhauser (2007).

[17] Mandelbrot B. and Van Ness J.W., Fractional Brownian motions, fractional noises and applications.

SIAM Rev.10, 422-437, (1968).

[18] Stoyan D., Kendall W. S. and Mecke J., Stochastic Geometry and its Applications, J. Wiley, (1989).
[19] Tricot C., Function norms and fractal dimension, SIAM J. Math Anal. 28, 189-212, (1997).

MAP5 - CNRS UMR 8145, UNIVERSITE PARIS DESCARTES, 45 RUE DES SAINTS PERES, 75006 PARIS,

FRANCE, PARTIALLY SUPPORTED BY FRENCH GRANT ANR-05-BLAN-0017 MIPOMODIM

E-mail address: {hermine.bierme,yann.demichel}@mi.parisdescartes.fr
E-mail address: anne.estrade@parisdescartes.fr



