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Abstract

In 1990 Krivine (1990b) introduced the notion of storage operators.
They are A-terms which simulate call-by-value in the call-by-name strat-
egy. Krivine (1990b) has shown that there is a very simple type in the AF2
type system for storage operators using Godel translation from classical to
intuitionistic logic. Parigot (1993a) and Krivine (1994) have shown that
storage operators play an important tool in classical logic. In this paper,
we present a synthesis of various results on this subject.

1 Introduction

Lambda-calculus as such is not a computational model. A reduction strategy is
needed. In this paper, we consider A-calculus with the left reduction. This strat-
egy has much advantages : it always terminates when applied to a normalizable
A-term and it seems more economic since we compute a A-term only when we
need it. But the major drawback of this strategy is that a function must com-
pute its argument every time it uses it. This is the reason why this strategy is
not really used. In 1990 Krivine (1990b) introduced the notion of storage opera-
tors in order to avoid this problem and to simulate call-by-value when necessary.

The AF2 type system is a way of interpreting the proof rules for the sec-
ond order intuitionistic logic plus equational reasoning as construction rules for
terms. Krivine (1990b) has shown that, by using Gdédel translation from clas-
sical to intuitionitic logic (denoted by 9), we can find in system AF2 a very
simple type for storage operators. Historically the type was discovered before
the notion of storage operator itself. Krivine (1990a) proved that as far as to-
tality of functions is concerned second order classical logic is conservative over
second order intuitionistic logic. To prove this, Krivine introduced the following
notions : Afz] is an input (resp. output) data type if one can prove intuitionisti-
cally Alz] — A9[x] (reps. A9[z] — ——A[z]). Then if A[z] is an input data type
and B[] is an output data type, then if one prove A[z] — B[z] classically one
can prove it intuitionistically. The notion of storage operator was discovered by
investigating the property of all A-terms of type N9[x] — —~—N[z] where N|[z]



is the type of integers.

Parigot (1992) and Krivine (1994) have extended the system AF2 to the
classical logic. The method of Krivine is very simple : it consists of adding a
new constant, denoted by C, with the declaration C' : VX{-—-X — X} which
axiomatizes classical logic over intuitionistic logic. For the constant C', he adds
a new reduction rule which is a particular case of a rule given by Felleisen (1987)
for control operator. Parigot considerd a (second order) naturel deduction sys-
tem with several conclusions which is more convenient that the usual naturel
deduction system with the classical absurdity rule. Its computational interpre-
tation is a natural extation of A-calculus, called Apu-calculus, which preserves
the main properties of A-calculus and alows to model controle structures too.
In these systems the property of the unicity of representation of data is lost, but
Parigot (1993a) and Krivine (1994) have shown that storage operators typable
in AF2 can be used to find the values of classical integers.

This paper studies some properties of storage operators in pure and typed
A-calculus. We present, in particular, the results of Krivine, Parigot and the
author.

2 Pure and typed A-calculus

Let t,u1,...,u, be A-terms, the application of ¢ to wuq,...,u, is denoted by
(t)uy...un. Fo(t) is the set of free variables of a A-term ¢. The S-reduction
(resp. [-equivalence) relation is denoted by u —g v (resp. u ~g v). If ¢t is a
normalizable A-term, we denote by N (t), the number of steps used to go from ¢
to its normal form. The notation o(t) represents the result of the simultaneous
substitution ¢ to the free variables of ¢t after a suitable renaming of the bounded
variables of t. We denote by (u)"v the A-term (u)...(u)v where u occurs n times,
and u the sequence of A-terms w1, ...,u, (n > 0). If & = uq, ..., u,, we denote by
(t)u the A-term (t)uy...us,.

Let us recall that a Ad-term ¢ either has a head redex [i.e. t = Az1...\x, (Azu)vD,
the head redex being (Axu)v], or is in head normal form [i.e. ¢ = Azy...Azp, (2)T].
The notation u > v means that v is obtained from u by some head reductions.
A M-term t is said to be solvable if and only if the head reduction of ¢ terminates.
If u > v, we denote by n(u,v) the length of the head reduction between u and
v. And if ¢t is solvable, we denote by n(t) the number of steps used to go from ¢
to its head normal form. Krivine (1990b) has shown that :

Lemma 2.1 1) If u > v, then, for any substitution o, o(u) = o(v), and
n(o(u),o(v))=n(u,v).

2) If u > v, then, for every sequence of A-terms W, there is a w, such that
(W = w, (V)W = w, and n((v)w,w) = n((v)W,w) + n(u,v).



Lemma 2.1 shows that to make the head reduction of o(u) (resp. of (u)w)
it is equivalent to make some steps in the head reduction of u, and after make
the head reduction of o(v) (resp. of (v)w).

The types will be formulas of second order predicate logic over a given lan-
guage. The logical connectives are L (a predicate symbol 0O-air for absurde),
—, and V. There are individual (or first order) variables denoted by x,y, z, ...,
and predicate (or second order) variables denoted by X,Y,Z,.... We do not
suppose that the language has a special constant for equality. Instead, we
define the formula v = v (where u,v are terms) to be VY (Y (u) — Y (v))
where Y is a unary predicate variable. Such a formula will be called an equa-
tion. We denote by a = b the equivalence binary relation such that : if
a = b is an equation, then a[ty/x1,...,tn/2s] = b[t1/x1,...,tn/2s]. The for-
mula 7y} — (F — (... = (F,, — G)...)) is also denoted by Fy, Fy, ..., F, — G.
For every formula A, we denote by —A the formula A —_1.

Let ¢t be a Ad-term, A a type, I' = z1 : Ay, ...,z : A, a context, and E a set of
equations. We define by means of the following rules the notion “¢ is of type A
in I with respect to E” ; this notion is denoted by I' Fapo t : A.

Ix:Abapat: B Trparpou:A— B Thapv: A
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( ) FI—AFQ)\xtA—>B (3) Fl_AFQ (’u)’UZB
T'hapat: A I'bFapat:VzA

4) —— = - (* *ok

( ) Fl_AFQ t: VoA ( ) (5) I '_AFQ t: A[u/x] )
T'hapat: A % Thapat: VXA sk

Phapat: Alu/z] u=wv

®) =Tt A/

With the following conditions : (*) z,X have no free occurence in I" and (*¥*)
u (resp. G) is a term (resp. formula).
This typed A-calculus system is called AF2 (for Arithmétique Fonctionnelle du
second ordre). It has the following properties (Krivine 1990a).

Theorem 2.1 1) Types are preserved during reduction.
2) Typable \-terms are strongly normalizable.
3 Storage operators

For every n € N, we define the Church integer n = AaxAf(f)"z. Let s =
AndzAf((n)(f)x)f ; it is easy to check that s is a A-term for the successor.



Let F be a A-term (a function). During the computation, by left reduction,
of (F)0, (where 6,, ~3 n), 0, may be computed as many times as F uses it.
We would like to transform (F)6,, to (F)n. We also want this transformation
depends only on 6,, (and not F'). In other words we look for some closed A-terms
T with the following properties :

- For every A-term F, n € N, and 6,, ~3 n, we have (T)0,F - (F)n;
- The computation time of (T)0, F > (F)n depends only on 6,,.

Definition (temporary) : A closed A-term T is called storage operator
for Church integers iff for every n € N, and for every 0,, ~g n, (T)0,.f >~ (f)n
(where f is a new variable).

It is clear that a storage operator satisfies the required properties. Indeed,
since we have (T)0,f = (f)n, then the variable f never comes in head position
during the reduction, and we may then replace f by any A-term. We will show
(see Theorem 3.1) that it is not possible to get the normal form of 6,,. We then
change the definition.

Definition (temporary) : A closed A-term T is called storage operator for
Church integers iff for every n € N, there is a closed A-term 7, ~g n, such that
for every 0, ~g n, (T)0nf > ()7 (where f is a new variable).

Krivine (1990b) has shown that, by using G&del translation from classical
to intuitionitic logic, we can find a very simple type for storage operators. But
the A-term 7,, obtained may contain variables substituted by A-terms w1y, ..., Uy,
depending on #,,. Since the A-term 7, is f-equivalent to n, therefore, the left
reduction of the 7,[u1/x1, ..., Um/Tm] is equivalent to the left reduction of 7,
and the A-terms u1, ..., U, will therefore never be evaluated during the reduction.

Definition (final) : A closed A-term 7' is called a storage operator for
Church integers iff for every n € N, there is a A-term 7, ~g n, such that for
every 0, ~g n, there is a substitution o, such that (T)0,f = (f)o(r,) (where f
is a new variable).

Let F be any A-term (for a function), and 6,, a A-term S-equivalent to n.
During the computation of (F)6,, 6, may be computed each time it comes
in head position. Instead of computing (F)0,, let us look at the head reduc-
tion of (T)6,F. Since it is {(T")0, f}[F/ f], by Lemma 2.1, we shall first reduce
(T)0,, f to its head normal form, which is (f)o(7,,), and then compute (F)o’(7,,)
(¢! = vyoo where ¥(f) = F an dy(z) = x if  # f). The computation has been
decomposed into two parts, the first being independent of F'. This first part is
essentially a computation of 6,, the result being 7,,, which is a kind of normal
form of 8,,. The substitutions made in 7,, have no computational significance,
since n is closed. So, in the computation of ()0, F, 6, is computed first, and



the result is given to F' as an argument, T" has stored the result, before giving
it, as many times as needed, to any function.

If we take : T = An((n)d)G where § = Af(f)0 and G = AxAy(x)Az(y)(s)z ;
Ty = AnAf(((n)f)F)0 where FF = AxAy(x)(s)y, then we can check that for ev-
ery 0, ~g n, (T;)0nf = (f)(s)"0 (i =1 or 2) (Krivine 1990a and Nour 1993a).
Therefore T7 and T» are storage operators for Church integers.

The most effective storage operators for Church integers - found by Krivine -
give as result (s)"0. A question arises: Can we find storage operators for Church
integers which give normal forms as result ¢ This kind of storage operators are
called strong storage operators. We have shown (Nour 1995a) that :

Theorem 3.1 Church integers do not have strong storage operators.

The nonexistence of strong storage operators for Church integers results from
the following facts:
- The infinity of integers : We can prove that every finite subset of Church
integers has strong storage operators (Nour 1995a).
- The representation of integers : We can prove that we cannot create a Church
integer n (n > 1) during head reduction in the application. If we change the
representation of integers, we can find strong storage operators. For every n €
N, we define the recursive integer m by induction : 0 = AfAzz and n +1 =
AfAx(f)n. Let 3 = AnAfAz(f)n ; it is easy to check that 5 is a A-term for
successor. If we take T" = Av(v)prp where 7 = Af(f)0, p = \yAz(G)(y)z7z,
and G = AzAy(x)Az(y)AfAzx(f)z, then, for every 0, ~g @, (T7)0,f > (f)7.
Therefore T” is a strong storage operators for recursive integers (Nour 1995a).

4 Directed A-calculus and storage operators

A closed A-term T is a storage operator for Church integers iff for every n € N,
there is a A-term 7, ~g n, such that for every 60, ~g n, there is a sub-
stitution o, such that(T)6,f > (f)o(m,). Let’s analyse the head reduction
(T)0nf > (f)o(7s), by replacing each A-term which comes from 6,, by a new
variable. This will help us to better understand the Krivine proof of his prin-
cipal storage Theorem (Theorem 5.2) and also to justify the introduction of
directed A-calculus which allows to find similar results in the general case.

If 0,, ~g n, then 0, = Az g(9)tn-1, tn—t > (9tn-k-1 (1 <k < n-—1),
to = =, and t, ~5 (g9)*x (0 < k <n —1). Let 2, be a new variable (x,, rep-
resents 6,,). (T)xz,f is solvable, and its head normal form does not begin by
A, therefore it is a variable applied to some arguments. The free variables of
(T)x,f are x,, and f, we then have two possibilities for its head normal form
: (f)d (in this case we stop) or (z,)ai...anm,. Assume we obtain (z,)ai...an.



The variable z,, represents 6,, and 6, > AxAg(g)t,—1, therefore (0,)as...am
and ((az2)tn—1la1/x,az/g])as...an, have the same head normal form. The A-term
tn—1la1/x, az/g] comes from 0,,. Let &1 4,4, b€ & new variable (€,_1,4; 4, L€P-
resents tn_1[a1/x,az/g]). The Aterm ((a2)Tn—_1,a1.a5)03..-Gm is solvable, and
its head normal form does not begin by A, therefore it is a variable applied
to some arguments. The free variables of ((a2)®n—1,a1,05)03-..Gm are among
Trn—1,a1,a2+ Tn, and f, we then have three possibilities for its head normal form
: (f)d (in this case we stop) or (z,,)b1...by or (Tn—_1,4;,a5)01...br. Assume we ob-
tain (Tn—1.4,,a5)01...br. The variable(x,_1 4,4, represents t,_1[a1/z,az/g], and
tn—1 > (9)tn—2, therefore (t,—1[a1/x,az/g])b1...b, and ((a2)tn—2[a1/x,az/g])by...b,
have the same head normal form. The A-term ¢,,—s[a1/2,a2/g] comes from 6,,.
Let ©p—2,4,.4, be a new variable (5,2 q,,4, represents t,_sla1/z,az/g]). The
Aterm ((a2)Zn—2.a1,45)b1..-br is solvable, and its head normal form does not
begin by A, therefore it is a variable applied to arguments. The free variables of
((a2)Tn—2,a1,a5)b1-.-by Are aMONE Tp_2.4; 42> Tn—1,a1,a25 Tn, and f, therefore we
have four possibilities for its head normal form : (f)d (in this case we stop) or
(n)e1...Cs OF (Tn—1,a1,a5)C1---Cs OF (Tn—2 a1 4 )C1.--Cs ... and so on... Assume we
obtain (zo,4,,4,)€1...€x during the construction. The variable xg 4, 4, represents
to[d1/xz,dz2/g], and to > x, therefore (to[d1/xz,d2/g))ei...ex, and (dj)es...e; have
the same head normal form ; we then follow the construction with the A-term
(d1)es...ex. The Aterm (T)0,f is solvable, and has (f)o(7) as head normal
form, so this construction always stops on (f)d. We can prove by a simple ar-
gument that § ~g n.

According to the previous construction, the reduction (T)6,f = (f)o(7,)
can be divided into two parts : a reduction that does not depend on n and a
reduction that depends on n (and not on 6,,). If we allow some new reduction
rules to get the later reductions, (something as : (z,)a1az > (a2)Tn-1,01,a ;
Tit1,a1,a2 = (02)Uiay,as (8 > 0) ; %0,a1,00 = 1) We obtain an equivalent def-
inition for the storage operators for Church integers : a closed A-term T is a
storage operator for Church integers iff for every n € N, (T)x,, f = (f)d, where
On, ~p n. To prove his storage Theorem (Theorem 5.2), Krivine used the suffi-
cient condition of the laste equivalence.

The notion of storage operators can be generalized for each set of closed
normal A-terms.

Let t be a closed normal A-term and 7T a closed A-term. We sad that 7" is a
storage operator for ¢ iff there is a A-term 7. ~g ¢, such that for every A-term
0, ~g t, there is a substitution o, such that ()0, f > (f)o(r) (where f is a new
variable). Let D be set of closed normal A-terms and T a closed A-term. We
sad that T is a storage operator for D iff it is a storage operator for every ¢ in D.

The directed A-calculus is an extension of the ordinary A-calculus built for



tracing a normal A-term t during some head reduction. Assume wu is some nor-
mal A-term having ¢ as a subterm. We wish to trace the places where we really
have to know what t is during the reduction of u. We will present how the di-
rected A-calculus allows to find an equivalent -and easily expressed - definition
for the storage operators.

Let V be a set of variables of pure A-calculus. The set of terms of directed
A-calculus, denoted by A[], is defined in the following way :
-Ifz eV, then z € A] ;
-Ifz €V, and u € A[], then \xu € Af] ;
- If w,v € AJ], then (u)v € A]] ;
-If t € A is a normal A-term, such that Fo(t) C {z1,...,z,}, and aq, ..., an € A[],
then [t] < ai/x1, ..., an/xn >€ A]].
A A[]-term of the form [t] < a1/x1,...,an/x, > is said to be a box directed by
t. This notation represents, intuitively, the A-term ¢ where all free variables
Z1, ..., &, will be replaced by as, .., a,. The substitution < a1/x1, ..., an/x, > is
denoted by < a/x >.
A A[]-term of the form (Azu)v is called S-redex ; ulv/z] is called its contractum.
A A[]-term of the form [t] < a/x > is called []-redex ; its contractum R is defined
by induction on ¢ :
-Ift=12; (1 <i<mn), then R=aq;;
-Ift=x#x; (1<i<n), then R=ux;
- If t = Azu, then R = \y[u] < a/x,y/z > where y & Fuv(a) ;
-If t = (u)v, then R = ([u] < a/x >)[v] < a/x >.

By interpreting the box [t] < ai/x1, ..., an/xn > by t[la1/1, ..., an/s]] (the
A-term ¢ with an explicit substitution), the new reduction rules are those that
allow to really do the substitution. This kind of A-calculus has been studied by
Curien (1988) ; his Ao-calculus contain terms and substitutions and is intended
to better control the substitution process created by S-reduction, and then the
implementation of the A-calculus. The main difference between the Ao-calculus
and the directed A-calculus is : The first one produces an explicit substitution
after each fB-reduction. The second only “executes” the substitutions given in
advance. We can therefore consider the directed A-calculus as a restriction (the
interdiction of producing explicit substitutions) of Ao-calculus ; a well adapted
way to the study of the head reduction.

Every A[]-term ¢ can be - uniquely - written as Az1... Az, (R)t1...tm n,m > 0,
R being a variable or a redex. If R is a variable, we say that ¢ is a ([]-head
normal form. If R is a redex, we say that R is the head redex of t. The notation
u >pg[ v means that v is obtained from u by some head reductions.

Now, we can state the Theorem which gives an equivalent definition for
storage operators (Nour and David 1995).



Theorem 4.1 Lett be a closed normal A-term, and T a closed A-term. T is a
storage operator for t iff there is a A-term 1, ~g t, such that

(DS =pp (H)mllt] <ar/x1 > [y1, ., [tm] < @m/Xm > /ym].

To prove the necessary condition we associate to every 6; ~g t a special
substitution Sy over the boxes directed by subterms of ¢ such that Sy ([t]) = 6:
and satisfying the following property : if u gy v then Sp(u) > Sp(v). Then
(T)0:f = (f)o(mt). For the sufficient condition we use the idea given at the
begining of this paragraph. The only difficulty is to prove that 7, ~g t. For
that we use the fact that 74 dos not depend on 6;.

The laste result allows to find some important properties for storage opera-
tors (Nour and David 1995).

Theorem 4.2 1) Let D be a set of closed normal A-terms, T and T' two closed
A-terms. If T is a storage operator for D, and T' ~g T, then T" also is a storage
operator for D.

2) The set of storage operators for a set of closed normal \-terms is not recur-
sive. But the set of storage operators for a finite set of closed normal A-terms
18 recursively enumerable.

3) Each finite set of normal A-terms having all distinct fn-normal forms has a
storage operator.

4) Let t be a closed normal A-term, and T a closed A-term. If T is a storage
operator for t, then there are two constants Ar, and By, such that for every

0 ~gt, n((T)0:f) < AryN(6;) + Bry.

5 Storage operators in typed A-calculus

Each data type generated by free algebras can be defined by a second order
formula. The type of integers is the formula : Nz] = VX{X(0),Vy(X(y) —
X (sy)) — X (z)} where X is a unary predicate variable, 0 is a constant symbol
for zero, and s is a unary function symbol for successor. The formula N|[x] means
semantically that x is an integer iff x belongs to each set X containing 0 and
closed under the successor function s. It is easy to check that, for every n € N,
the Church integer n is of type N[s"(0)] and s is of type Vy(N[y] — N[sy]).

A set of equations E is said to be adequate with the type of integers iff : s(a) % 0
and if s(a) ~ s(b), then a ~ b. In the rest of the paper, we assume that all sets
of equations are adequate with the type of integers.

The system AF2 has the property of the unicity of integers representation
(Krivine 1990a).

Theorem 5.1 Letn € N, if Fapa t: N[s™(0)], then t ~3 n.



A very important property of data type is the following (we express it for
the type of integers) : in order to get a program for a function f: N — N it is
sufficient to prove - Va(N|[x] — N[f(z)]). For example a proof of - Va(N[z] —
N[p(z)]) from the equations p(0) = 0, p(s(x)) = x gives a A-term for the prede-
cessor in Church intergers (Krivine 1990a).

If we try to type a storage operator T' for Church integers in AF2 type
system, we naturally find the type Va{N[z] — —-—NJ[z]}. But this type does
not characterize the storage operators (take for example T = AvAf(f)v). This
comes from the fact that the type Va{N[z] — == N[z]} does not take into ac-
count the independency of 7,, from 6,,. To solve this problem, we must prevent
the use of the first N[z] in Va{N[z] — -~ N[x]} as well as his subtypes to prove
the second Nx].

For each formula F' of AF2, we indicate by F'9 the formula obtained by
putting — in front of each atomic formulas of F' (F'Y is called the Gédel trans-
lation of F). For example : N9[z] = VX{-X(0),Vy(—-X(y) — —~X(sy)) —
-X(z)}. It is well known that, if F is provable in classical logic, then F9 is
provable in intuitionistic logic (Krivine 1990a).

We can check that Fape T, To : Ve{N9[z] — == N[z]}. And, in general, we
have the following Theorem (Krivine 1990a, Nour 1994) :

Theorem 5.2 Ifbspo T : Vae{N9[z] — ——N|z]|}, then T is a storage operator
for Church integers.

We will give some ideas for the proofs of this Theorem. Krivine (1990a)
introduced a semantic for his system and he proved that : if ¢ is of type A
then ¢ belongs A. Since T is of type Va{N9[z] — ——N|z]} then T belongs
N9[s"(0)] — ——N[s"(0)]. With the proper semantic interpretation of L we
check that z, belongs N9[s"(0)] and f belongs —N[s™(0)]. This implies that
(T)x,f belongs to L which gives the theorem directly from the choice of the
interpretation of 1. We presented (Nour 1994) a syntactical proof of this result.
We prove by using only the syntactical properties of the system AF2 that the
A-term T satisfies the properties which we need.

The storage operators given in this paper up to now give as results closed
A-terms. This kind of storage operators is called proper storage operators. A
question arises : Can we find a typed non proper storage operator for Church
integers ¢ We have shown that (Nour 1993b) :

Theorem 5.3 There is a non proper storage operator for Church integers T
such that Fape T : VYa{N9[z] — == N|x]}.



An example of a such operator is the following : T' = Av(v)yD where
D = dudv(w)  w((0) Ay (((y)w)u)v) Aez) AgAEAL (1) Andm(n) ((g)n)m,
v = M ((MAz(H(((2)n) ))O)Azz) Az Ay Azz.

6 Generalization

Some authors have been interested in the research of a most general type for
storage operators. For example, Danos and Regnier (1992) have given as type
for storage operators the formula Vo{N¢[z] — =—N]z]} where the operation e is
an elaborate Godel translation which associates to every formula F' the formula
F*¢ obtained by replacing in F' each atomic formula X (¥) by X1 (%), ..., X,-(f) — L.
Krivine (1993) and the author (Nour 1996a) have given a more general type for
storage operators the formula Vo{N%[z] — =~ N[z]} where the operation G is
the general Gdédel translation which associates to every formula F' the formula
F& obtained by replacing in F' each atomic formula X () by a formula Gx [t/7]
ending with 1. With the types cited before, we cannot type the simple stor-
age operator : T = AWAf((v)\ax)(T;)vf (i = 1 or 2). This is due to the fact
that the normal form of T contains a variable v applied to two arguments and
another v applied to three arguments. Therefore, we cannot type T because
the variable v is assigned by N9[x] (for example) and thus the number of the
v-arguments is fixed once for all. To solve the problem, we replace N9[z] in
the type of storage operators by another type N-[z] which does not limit the
number of v-arguments and only enables to generate formulas ending with L in
order to find a general specification for storage operators.

We assume that for every integer n, there is a countable set of special n-
ary second order variables denoted by X, ,Y |, Z, ...., and called L-variables. A
type A is called an 1 -type iff A is obtained by the following rules :

- L isan L-type;

- X1 (t1,...,t,) is an L-type ;

- If B is an L-type, then A — B is an L-type for every type A ;
- If Ais an L-type, then YvA is an L-type for every variable v.
We add to the AF2 type system the new following rules :

o ThHt:A o THEVXA

(6') FFt:VXJ_A() (7) FFt:A[G/XJ_]( )

With the following conditions : (*) X has no free occurence in T and (*¥*)
G is an 1-type.
We call AF2, the new type system, and we write I' - ¢ : A if ¢ is typable in
AF2, of type A in the context I'.
We define two sets of types of AF2 type system: Q% (set of V-positive types),
and Q~ (set of V-negative types) in the following way :
- If A is an atomic type, then A € QT, and A € Q™ ;
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-ETeQf, and T/ € Q, then, 7" - T € Qt,and T - T' € Q™ ;

-IET e QF (resp. T € Q7), then VaT € Q7 (resp. VaT € Q7);

SIf T € QF, then VXT € QF ;

-If T € Q7, and X has no free occurence in 7', then VXT € Q.

Therefore, T is a V-positive types iff the universal second order quantifier ap-
pears positively in T'.

For each predicate variable X, we associate an |- variable X . For each for-
mula A of AF?2 type system, we define the formula A+ as follows :

-If A= R(ty,...,tn), where R is an n-ary predicate symbol, then A+ = A ;
-If A = X(t1,...,t,), where X is an n-ary predicate variable, then A+ =
XJ_(tl, ...,tn);

-If A=B — C, then A+ =B+ - C*;

-If A =VaB, then At =VaBt ;

-If A = VXB, then AL = VX, B*.

Let T be a closed A-term, and D, E two closed types of AF2 type system. We
say that T is a storage operator for the pair of types (D, E) iff for every A-term
Fape t : D, there are A\-terms 7, and 7/, such that 7/ ~g 7, Faps 7/ : E, and
for every 6, ~g t, there is a substitution o, such that (T)0;f > (f)o(7) (where
f is a new variable).

We have the following generalization (Nour 1995d).

Theorem 6.1 Let D, E be two V-positive closed types of AF2 type system, such
that E does not contain L. If -, T : D+ — ——E, then T is a storage operator
for the pair (D, E).

The condition “D, E are V-positive types” is necessary in order to obtain
Theorem 6.1. Indeed, let D = VX{VY (Y — X) — X}, t = Az(x)A\yy, and
T = (W) Az f(f) y(y)z. Tt is easy to check that D is not a V-positive type,
Fapat: D, T: D+ — ==D, and T is not a storage operator for D (Nour
1993a). This counter example also works with the original Gédel translation
and with any general Gdédel translation.

Theorem 6.1 allows also to generalize the result of Krivine (Theorem 5.2) to
every data type (booleans, lists, trees, product and sum of data types, ...).

7 Pure and typed A(-calculus

We add a constant C' to the pure A-calculus and we denote by AC' the set of
new terms also called A\C-terms. We consider the following rules of reduction,
called rules of head C-reduction.

(1) (Azw)tty...tn, — (ult/z])t1...t, for every u,t, t1,...,t, € AC.

(2) (O)tty...t, — (t)Ax(x)t1...t, for every t,tq,...,t, € AC, z being a A-variable
not appearing in ¢y, ..., t,.
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The rule (2) is a particular case of a general law of reduction for control operators
given in (Felleisein 1987) which is E[Ct/x] — (t)\xE.

For any AC-terms ¢,t’, we shall write ¢ =¢ ¢’ if ¢’ is obtained from ¢ by applying
these rules finitely many times.

A AC-term t is said to be G-normal iff ¢ does not contain a (-redex.

A AC-term t is said to be C-solvable iff t ¢ (f)t1, ..., t, where f is a variable.
We add to the AF?2 type system the new following rule :

(0) T+ C:VX{~~X — X}

This rule axiomatizes the classical over the intuitionistic logic. We call C2 the
new type system, and we write I' o ¢t : A if ¢ is of type A in the context I'. In
this system we have only the following weak properties (Krivine 1994).

Theorem 7.1 1) IfT'Feat: A, andt —gt/, then T koot A.
2)IfTkeat:Ll, andt =ct/, then T koot L.
3) If A is an atomic type, and T' bFoo t : A, then t is C-solvable.

In this system, the problem is : given a typed term in classical logic, what
kind of program is it 7 We shall take the example of integers. Let us call a
AC-term 6 a classical integer if koo 0 @ N[s"0]. If Fape 6 : N[s™0], then we
know that 0 ~g n, and thus we know the operational behaviour of 6. But
when 0 is a classical integers, it is no longer true that § ~g n. For example
Foa 01 = X f(C)Ay(y)(f)(C)Az(y)(f)x : N[s0]. In order to recognize the
integer n hidden inside # (the value of ), we have make use of storage operators.
Krivine (1994) has shown that :

Theorem 7.2 Ifbaps T : Va{N9[z] — -~ N[xz]}, then for every n € N, there
is a A-term T, ~g n such that for every classical integer 8, of value n, there is a
substitution o such that (T)0nf =c (f)o(m) (then (T)0p xx =c o' (1) —p n).

The difficulties to prove this theorem (by comparasion to the Theorem 5.1)
are : the operational characterization of classical integers and the fact that this
characterization corresponds to the behavior of typed storage operators.

Theorem 7.2 cannot be generalized for the system C2. Indeed, let T =
MWAF(IC)T)v (i = 1 or 2). We have oo T : Ve{N?[z] — -~ N[z]} and
there is not a AC-term 7, ~g n such that for every classical integer 8,, of value
n, there is a substitution o, such that (7)0,f =¢ (f)o(m,) (Nour 1997a).

The Theorem 7.2 suggests many questions :
- What is the relation between classical integers and the type N9[xz] ?
- Why do we need intuitionistic logic to modelize the storage operators and
classical logic to modelize the control operators ?
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8 The M2 type system

In this section, we present a new classical type system based on a logical system
called mixed logic. This system allows essentially to distinguish between classi-
cal proofs and intuitionistic proofs. We assume that for every integer n, there is
a countable set of special n-ary second order variables denoted by X¢, Y¢, Z¢....,
and called classical variables.

Let X be an n-ary predicate variable or predicate symbol. A type A is said
to be ending with X iff A is obtained by the following rules :
- X(t1,...,t,) ends with X;
- If B ends with X, then A — B ends with X for every type A ;
- If A ends with X, then VvA ends with X for every variable v.
A type A is said to be a classical type iff A ends with L or a classical variable.
We add to the AF2 type system the new following rules :

(0) TFC:VXc{~~Xo— Xc}

Tt A F'Ft:VXcA
©") v (7)) e (%)
I'Ht:VXcA F'+t: Al[G/Xc)
With the following conditions : (*) X¢ has no free occurence in ' and (*¥*)
G is a classical type.

We call M2 the new type system, and we write I' ko ¢ : A if ¢ is of type A in
the context T

8.1 Properties of M2

With each classical variable X, we associate a special variable X*® of AF'2 hav-
ing the same arity as X¢. For each formula A of M2, we define the formula A*
of AF?2 in the following way :

-If A= D(t4,...,t,) where D is a predicate symbol or a predicate variable, then
A*=A

-IfA=Xe(ty, ... tn), then A¥==X®(t1,...,tn) ;

-If A= B — C, then A*= B*— C* ;

-If A=VaB (resp. A=VXB), then A*=VzB* (resp. A*=VXB*);

-If A=VX¢B, then A*=VX*B*.

We have the following result (Nour 1997a).

Theorem 8.1 Let A be a V-positive type of AF2 and t a 3-normal A\C-term.
If ot A, then t is a normal M-term, and Fapo t @ A.

With each predicate variable X of C2, we associate a classical variable X¢
having the same arity as X. For each formula A of C2, we define the formula
A% of M2 in the following way :
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-If A= D(ty,...,t,) where D is a constant symbol, then A = A ;

-If A= X(ty,...,t,) where X is a predicate symbol, then A = X (t1,...,t5) ;
-If A= B — C, then A® = B¢ — C¢ ;

- If A =VzB, then A = VzB° ;

-If A =VXB, then A® =VX-BC°.

As for relation betwen the systems C2 and M2, we have (Nour 1997a) :

Theorem 8.2 Let A be a type of C2, andt a \C-term. Fog t @ Aiffbpa t: AC.

8.2 The integers in M2

According to the results of the subsection 8.1, we obtain some results concerning
integers in system M2 (Nour 1997a).

Theorem 8.3 Let n € N, if Fare t: N[s™(0)], then, t >~ n.

Let n € N. By Theorem 8.1, a classical integer of value n is a closed A\C-
term 6,, such that Fase 6, : N[s(0)]. For the classical integers we have only
one operational characterization. In order to give this characterization, we shall
need some definitions.

Let V' be the set of variables of AC-calculus. Let P be an infinite set of
constants called stack constants[]. We define a set of A\C-terms ACP by :
-Ifx € V, then x € ACP ;

-Ifte ACP,and x € V, then \zt € ACP ;

-Ift e ACP, and u € ACP|J P, then (t)u € ACP.

In other words, t € AC'P iff the stack constants are in argument positions in ¢.
We consider, on the set ACP, the following rules of reduction :

(1) (Azw)tty...t, — (ult/z])ty1...t, for all u,t € ACP and ty,...,t, € \CPUP ;
(2) (O)tty...tn, — (t)Ax(z)ty...t, for all ¢ € ACP and ty,...,t, € A\CP|J P, and
x being A-variable not appearing in 1, ..., t,.

For any t¢,t € ACP, we shall write t >¢ t', if ¢’ is obtained from ¢ by applying
these rules finitely many times.

Let 61 = AxAf(C)\y(v)(f)(C) z(y)(f)x. We have e 01 : N€[s0]

(01)zgpo ¢ (9)t1po ; (t1)p1 > (g)tapo and (t2)p2 >¢ (z)p2. In general we have
the following result (Nour 1997a).

Theorem 8.4 Letn € N, 0, a classical integer of value n, and x, g two distinct
variables.

- If n =0, then, for every stack constant p, we have : (0,)xgp >¢ (z)p.

- If n # 0, then there is an m € N*, and a mapping I : {0,...,m} — N, such

1The notion of stack constants is taken from a manuscript of Krivine.
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that for all distinct stack constants pg,p1, .-, Pm, we have :

(6n)xgpo >0 (9)t1pry 5 (t)pi > (9tigapr, (1 < i <m —=1) ; (tm)pm >0 (2)Pr,,
where I(0) =mn, I(ry) =0, and I(i+1)=I(r;) -1 (0<i<m-—1).

Theorem 8.4 allows to find the value of a classical integer. Let 0,, be a
classical integer of value n. Let p be a stack constant and g,z two distinct
variables. If (0,,)xgpt>c (z)p, then n = 0. If not there is an m € N*, a sequence
(ri)1<i<m where (0 < r; < m) and a mapping J : {0,...,m} — N such that
J(0)=0,and J(i+1)=J(r;) +1 (0 <i<m—1). Therefore J(r) = n.

8.3 Storage operators for classical integers

In system M2 we have a similar result to Theorem 5.2 (Nour 1997a).

Let T be a closed A\C-term. We say that T is a storage operator for classical
integers iff for every n € N, there is a AC-term 7, ~g n, such that for every
classical integers 6,, of value n, there is a substitution o, such that (T)0,f >¢
(f)o(r,) (where f is a new variable).

Theorem 8.5 If o T : Vo{NC[z] — =~ N[z]}, then T is a storage operator
for classical integers.

Theorem 8.5 means that if Fae T : Vo{N[2] — —~N[z]}, then T takes a
classical integer as an argument and return the Church integer corresponding
to its value. It is enough to do the proof of this Theorem in the propositionnal
case.The type system M is the subsystem of M2 where we only have propo-
sitional variables and constants. We write I Fps ¢t : A if ¢ is typable in M of
type A in the context I'. Let N = VX{X,(X — X) — X}. Theorem 8.5 is a
consequence of the following Theorem (Nour 1997a).

Theorem 8.6 Ift-y; T : N¢ — =N, then for everyn € N, there is anm € N
and a AC-term T, ~g m, such that for every classical integer 0, of value n,
there is a substitution o, such that (T)0,f =c (f)o(tm).

Indeed, if o T : Vo{N¢[z] — =~ N[z]}, then Fp; T : N¢ — —==N. There-
fore for every n € N, there is an m € N and 7, ~g m, such that for every
classical integer 6,, of value n, there is a substitution o, such that (T)0,f >¢
(f)o(tm). We have Farp n : NY[s™(0)], then f : = N[s"(0)] Fare (T)nf :L,
therefore f : = N[s"(0)] Fare (f)m :L and Fpre m @ N[s™(0)]. Therefore n = m,
and T is a storage operator for classical integers.

The proof of Theorem 8.6 uses two independent Theorems : the first one

(Theorem 8.4) expresses a property of classical integers and the second one
(Theorem 8.7) expresses a property of a AC-terms of type N¢ — ——N.
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Let v and f be two fixed variables. We denote by , 4z (Where n is an
integer, a,b two A-terms, and ¢ a finite sequence of A-terms) a variable which
does not appear in a,b,¢. We have (Nour 1997a) :

Theorem 8.7 Let Fy T : N¢ — —==N and n € N. There is m € N and a
finite sequence of head reductions {U; ¢ Vi}1<i<r such that :

1)U, = (T)vf and V, = (f)Tm where T, ~g m ;

2) Vi = (v)abe or V; = (z14p2)d (0<1<n—1);

3) If V; = (v)abe, then Uip1 = (@) if n =0 and Uiy1 = (0)Tn-1.4apz)C if n # 0

(
4) If‘/l = (-TLa,b,E)d (0 S l S n — 1), then Ui+1 = (a)d Zfl =0 and Ui+1 =
((0)7,_y oy 7)d if 1 #0.

Let T be a closed A\C-term, and D, E two closed types of AF2 type system.
We say that T is a storage operator for the pair of types (D, E) iff for every
Aterm Fapo t @ D, there is Ad-term 7, and AC-term 7, such that 77 ~g 7,
Fara 7/ : E, and for every oo 0; : D, there is a substitution o, such that
(T)0:f »=c (f)o(r) (where f is a new variable).

We can generalize Theorem 8.5 (Nour 1997a).

Theorem 8.8 Let D, E two Y-positive closed types of AF2 type system, such
that E does not contain L. Iftpp T : D¢ — ——F, then T is a storage operator
for the pair (D, E).

9 The Au-calculus

9.1 Pure and typed Au-calculus

Ap-calculus has two distinct alphabets of variables : the set of A-variables
x,Y,7,..., and the set of p-variables «, 3,7,.... Terms (also called Au-terms)
are defined by the following grammar : ¢ := x | Azt | (¢)t | pa|F]t.

The reduction relation of Au-calculus is induced by fives different notions of
reduction :

The computation rules

(C1) (Azu)v — ufv/x]

(C2) (pau)v — poulv/*a] where u[v/*a] is obtained from w by replacing in-
ductively each subterm of the form [a]w by [a](w)v.

The simplification rules

(51) [eupu — ule/f]

(S2) pajaju — u, if « has no free occurence in u

(S3) pou — Arpoulz/*al, if u contains a subterm of the form [a]Ayw.

Parigot (1992) has shown that :

Theorem 9.1 In Au-calculus, reduction is confluent.

16



The notation u >, v means that v is obtained from u by some head reduc-
tions. The head equivalence relation is denoted by : u ~, v iff there is a w,
such that v >, w and v >, w.

Proofs are written in a natural deduction system with several conclusions,
presented with sequents. One deals with sequents such that :
- Formulas to the left of I are labelled with A-variables ;
- Formulas to the right of  are labelled with u-variables, except one formula
which is labelled with a Ap-term ;
- Distinct formulas never have the same label.

Let ¢t be a Au-term, A a type, I' = z1 : Ay,...,xz, : Ay, and A = oy :
Bi, ..., : By,. We define by means of the following rules the notion “t is of
type A in I" and A”. This notion is denoted by I' Fppo t : A, A.

The rules (1),...,(8) of AF2 type system and the following rule :

(9) F"FDQtZA,BZB,A
Thppe publalt: B,a: A, A

Weakenings are included in the rules (2) and (9).

As in typed A-calculus on can define —A as A — 1 and use the previous rules
with the following special interpretation of naming for 1 : for a a u-variable,
« : L is not mentioned. This typed A-calculus system is called F'D2. It has the
following properties (Parigot 1992).

Theorem 9.2 1) Type is preserved during reduction.
2) Typable \u-terms are strongly normalizable.

9.2 Classical integers

Let n be an integer. A classical integer of value n is a closed Au-term 6,, such
that Fpps 0, : N[SH(O)]

Let x and f fixed variables, and N; s be the set of Au-terms defined by the
following grammar : v := z | (f)u | pe[flz | palflu.

We define, for each u € N, ; the set rep(u), which is intuitively the set of inte-
gers potentially repesented by u :

- rep(z) = {0} ;

- rep((f)u) = {n+1if n € rep(u)} ;

- rep(palBlu) = (N rep(v) for each subterm [a]v of [G]u.

The following Theorem characterizes the classical integers (Parigot 1992).

Theorem 9.3 The normal classical integers of value n are the Au-terms of the
form Az fu with w € Ny 5 without free p-variable and such that rep(u) = {n}.
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Let 0 = Az A fu where

u = (f)pala)(f)pelad (Fpplal (F) ()bl (FudBIf) py[al (FrelBl(f)z.
We can check that rep(u) = {4}. Then @ is a classical integer of value 4.

We will present now a simple method to find the value of a classical integer.
We define, for each u € N, ¢ the set val(u), which is intuitively the set of the
possible values of u :

- val(z) = {0} ;

-val((flu) ={n+1if n € val(u)} ;

- val(palBlu) = Jval(v) for each subterm [a]v of [B]u.

Let u € N; y without free y-variable and ay, ..., o, the p-variables of u which
satisfy : oy is the p-variable such that [aq](f)"z is a subterm of u, o (2 <
j < n) is the p-variable such that [a;](f)¥ paj—1uj—1 is a subterm of u, and
u = (f)"+ payun,. Let to =z and t; = paju; (1 <j <n).

We have (Nour 1997b).

Lemma 9.1 For every (1<j<n+1) :

1) val(tj_l) = { Z Zk}
1<k<j
2) For each subterm t of u;, such that t # (f) "ty (0 <k <j—1), val(t) = 0.
In particular val(u) = { Z ik}
1<k<n-+1

Using Lemma 9.1 and the fact that for each u € N ¢, rep(u) C val(u) we
deduce the following result (Nour 1997b) :

Theorem 9.4 If 0 is a normal classical integer of value n, then 6 = AxAfu
with w € Ny ¢ without free p-variable and such that val(u) = {n}.

Then to find the value of a normal classical integer 8 = Az Afu, we try the
p-variables a; (1 < j < n+1) and the integers i; (1 < j < n+1) of the Au-term
u. The value of 6 is equal to Z k-

1<k<n+1

9.3 Storage operators in \u-calculus

Let T be a closed M\-term. We say that T is a storage operator for classi-
cal integers iff for every (n > 0), there is A-term 7, ~g n, such that for
every classical integers 6, of value m, there is a substitution o, such that
(T)0n f ~u pafa](f)o(r,) (where f is a new variable).

Parigot (1993a) has shown that :

Theorem 9.5 Ifbsps T : Va{N9[z] - ——N|z]|}, then T is a storage operator
for classical integers.
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In order to define, in this framework, the equivalent of system M2, the
demonstration of -=—A — A should not be allowed for all formulas A, and thus
we should prevent the occurrence of some formulas on the right. Thus the fol-
lowing definition.

We add to the F'D2 type system the new following rules :

, FHt: A A « , F-t:VXcAA

(6) FFt:VXcA,A() (7) FFt:A[G/XC],A( )
With the following conditions : (*) X¢ has no free occurence in T and (**) G
is a classical type.
We call M2 the new type system, and we write I' Fps0 t : A, A if ¢ is of type A
in the I' and A.
Let T be a closed Au-term. We say that T' is a storage operator for clas-
sical integers iff for every (n > 0), there is Au-term 7, ~g n, such that

for every classical integers 6,, of value n, there is a substitution o, such that
(T)0n f ~u pafa](f)o(r,) (where f is a new variable).

We have the following result :

Theorem 9.6 If Fyo T : Vo{N%[x] — ==N[z]}, then T is a storage operator
for classical integers.
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