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Abstract

In 1990 J-L. Krivine introduced the notion of storage operators. They are A-terms which simulate
call-by-value in the call-by-name strategy and they can be used in order to modelize assignment
instructions. J-L. Krivine has shown that there is a very simple second order type in AF2 type
system for storage operators using G6del translation of classical to intuitionistic logic.
In order to modelize the control operators, J-L. Krivine has extended the system AF2 to the classical
logic. In his system the property of the unicity of integers representation is lost, but he has shown
that storage operators typable in the system AF'2 can be used to find the values of classical integers.
In this paper, we present a new classical type system based on a logical system called mixed logic.
We prove that in this system we can characterize, by types, the storage operators and the control

operators. We present also a similar result in the M. Parigot’s Apu-calculus.

1 Introduction

In 1990, J.L. Krivine introduced the notion of storage operators (see [4]). They are closed A-terms which
allow, for a given data type (the type of integers, for example), to simulate in A-calculus the ”call by
value” in a context of a ”call by name” (the head reduction) and they can be used in order to modelize
assignment instructions. J.L. Krivine has shown that the formula Va{N*[x] — -—N|z]} is a specification
for storage operators for Church integers : where N[z] is the type of integers in AF2 type system, and
the operation * is the simple Godel translation from classical to intuitionistic logic which associates to

every formula F the formula F™* obtained by replacing in F' every atomic formula by its negation (see [3]).

The latter result suggests many questions :

e Why do we need a Gé&del translation 7
e Why do we need the type N*[z] which characterize a class larger than integers ?

In order to modelize the control operators, J-L. Krivine has extended the system AF?2 to the classical
logic (see [6]). His method is very simple : it consists of adding a new constant, denoted by C', with
the declaration C' : VX{-—=X — X} which axiomatizes classical logic over intuitionistic logic. For the
constant C, he adds a new reduction rule : (Ctty...t,) — (¢t Az(x t;...t,)) which is a particular case of
a rule given by Felleisen for control operator (see [1]). In this system the property of the unicity of inte-
gers representation is lost, but J-L. Krivine has shown that store operators typable in the intuitionistic
1
(

system AF2 can be used to find the values of classical integers i(see [6]).

IThe idea of using storage operators in classical logic is due to M. Parigot (see [19])



The latter result suggests also many questions :
e What is the relation between classical integers and the type N*[x] ?

e Why do we need intuitionistic logic to modelize the assignment instruction and classical logic to

modelize the control operators 7

In this paper, we present a new classical type system based on a logical system called mixed logic. This
system allows essentially to distinguish between classical proofs and intuitionistic proofs. We prove that,
in this system, we can characterize, by types, the storage operators and the control operators. This

results give some answers to the previous questions.
We present at the end (without proof) a similar result in the M. Parigot’s Au-calculus.

Acknowledgement. We wish to thank J.L. Krivine, and C. Paulin for helpful discussions. We don’t
forget the numerous corrections and suggestions from R. David and N. Bernard.

2 Pure and typed A-calculus

e Let t,u,uq, ..., un be A-terms, the application of ¢ to u is denoted by (¢)u. In the same way we write
(t)uq...u, instead of (...((t)u1)...)un,.

e Fv(t) is the set of free variables of a A-term t.
e The f-reduction (resp. f-equivalence) relation is denoted by u —g v (resp. u ~g v).

e The notation o(t) represents the result of the simultaneous substitution o to the free variables of ¢

after a suitable renaming of the bounded variables of ¢.

e We denote by (u)"v the A-term (u)...(u)v where u occurs n times, and @ the sequence of A-terms

Upy oy Up. T =uy,...,un n >0, we denote by (t)u the A-term (¢)uq...un.

e Let us recall that a A-term ¢ either has a head redex [i.e. t = Azy...\x, (Azu)vvy...vp, the head
redex being (Azu)v], or is in head normal form [i.e. ¢ = Az1.. Az, (2)v1...0,,]. The notation u > v
means that v is obtained from u by some head reductions. If u > v, we denote by h(u,v) the length

of the head reduction between u and v.

Lemma 2.1 (see/3])
1) If u > v, then, for any substitution o, o(u) = o(v), and h(o(u),o(v))=h(u,v).
2) If u = v, then, for every sequence of A-terms w, there is a w, such that (v)w > w, (V)W = w, and

h((w)w,w) = h((v)w,w) + h(u,v).

Remark. Lemma 2.1 shows that to make the head reduction of o(u) (resp. of (v)w) it is equivalent -
same result, and same number of steps - to make some steps in the head reduction of u, and after make

the head reduction of o(v) (resp. of (v)w). O

e The types will be formulas of second order predicate logic over a given language. The logical
connectives are | (for absurd), —, and V. There are individual (or first order) variables denoted
by z,y, z, ..., and predicate (or second order) variables denoted by X,Y, Z, ....



e We do not suppose that the language has a special constant for equality. Instead, we define the
formula u = v (where u, v are terms) to be VY (Y (u) — Y (v)) where Y is a unary predicate variable.
Such a formula will be called an equation. We denote by a = b, if a = b is a consequence of a set
of equations.

e The formula F; — (Fy — (... — (F, — G)...)) is also denoted by Fi, F»,...,F,, — G. For every
formula A, we denote by —A the formula A — 1. If ¥ = vq,...,v, is a sequence of variables, we
denote by VA the formula Vv,...Vv, A.

e Let t be a A\-term, A atype, ' =1 : A1, ...,z, : A, a context, and F a set of equations. We define
by means of the following rules the notion ”¢ is of type A in I' with respect to E” ; this notion is
denoted by 'Fapo t: A :

(DT Fape x;: A; 1 <i<n.

(2)UT,z: Abgpat: B, then I'Fypo A2t : A — B.
B)UTFappu:A— B and'Fapov: A, then T'Fape (u)v: B.
() UT Fapat: A and x is not free in ', then T'F4po ¢ : V2 A.
(5) If T Fapa ¢ : VoA, then, for every term u, I' Fapa t 1 Alu/z].

(6) f T Fapat: A, and X is not free in ', then T' k4o ¢ : VX A.
(T)UT Fapst: VXA, then, for every formulas G, I' Faps t : A[G/X].
(8) If T Fapa t: Alu/z], and u = v, then T' F4po t : Av/x].

This typed A-calculus system is called AF2 (for Arithmétique Fonctionnelle du second ordre).

Theorem 2.1 (see [2]) The AF2 type system has the following properties :
1) Type is preserved during reduction.

2) Typable \-terms are strongly normalizable.
We present now a syntaxical property of system AF2 that we will use afterwards.

Theorem 2.2 (see [8]) If in the typing we go from T Fapat: A to T Fapat: B, then we may assume
that we begin by the V-elimination rules, then by the equationnal rule, and finally by the V-introduction

rules.

e We define on the set of types the two binary relations <1 and ~ as the least reflexive and transitive
binary relations such that :
- VoA < Alu/z], if u is a term of language ;
-VXA< A[F/X], if F is a formula of language ;
- A= Bif and only if A = Clu/z], B = Clv/z], and u ~ v.



3 Pure and typed A(C-calculus

3.1 The C2 type system

We present in this section the J-L. Krivine’s classical type system.

e We add a constant C' to the pure A-calculus and we denote by AC' the set of new terms also called

AC-terms. We consider the following rules of reduction, called rules of head C-reduction.

1) (Azw)tty..tn, — (ult/x])ty...ty for every u,t,tq,....,t, € AC.

2) (O)tty...t,, — (O)Ax(x)t1...ty, for every t,tq,...,t, € AC, x being a A-variable not appearing

in tl, ...,tn.

e For any AC-terms t,t', we shall write ¢ =¢ t’ if t’ is obtained from ¢ by applying these rules finitely
many times. We say that ¢’ is obtained from ¢ by head C-reduction.

e A M\C-term t is said S-normal if and only if ¢ does not contain a G-redex.

e A AC-term t is said C-solvable if and only if ¢ ¢ (f)t1, ..., t, where f is a variable.
It is easy to prove that : if ¢t = ¢/, then, for any substitution o, o(t) =¢ o(t').
e We add to the AF2 type system the new following rule :
0)T+C:vX{—-X — X}

This rule axiomatizes the classical logic over the intuitionistic logic. We call C2 the new type

system, and we write I' oo t 1 A if ¢ is of type A in the context T
It is clear that T oo t: A if and only if I',C : VX{—-X — X} Fapa t: A.

Theorem 3.1 (see [6])

1) IfT koot A andt —gt', thenT Fea t' @ A.
2)IfTkeat:L, andt ¢ t', then T koo t/ i L.

3) If A is an atomic type, and T' boo t: A, then t is C-solvable.

3.2 The M2 type system
In this section, we present the system M2. This system allows essentialy to distinguish between classical

proofs and intuitionistic proofs

We assume that for every integer n, there is a countable set of special n-ary second order variables de-

noted by X¢,Ye, Zc...., and called classical variables.

Let X be an n-ary predicate variable or predicate symbol. A type A is said to be ending with X if and
only if A is obtained by the following rules :

- X(t1,...,t,) ends with X;



- If B ends with X, then A — B ends with X for every type A ;

- If A ends with X, then Vv A ends with X for every variable v.

A type A is said to be a classical type if and only if A ends with L or a classical variable.

We add to the AF2 type system the new following rules :
(0T FC:VXc{~—Xc — Xc}
(6/) If T+t : A, and X¢ has no free occurence in T, then T' ¢ : VX A.
(YU TFt:VXcA, and G is a classical type, then I' ¢ : A[G/X¢].

We call M2 the new type system, and we write I" k0 ¢ @ A if ¢ is of type A in the context I'.

We extend the definition of < by : VXcA < A[G/X ] if G is a classical type.
Lemma 3.1 If A is a classical type and A <1 B (or A = B), then B is a classical type.

Proof Easy. O

3.3 The logical properties of M2

We denote by LAF2, LC2, and LM?2 the underlying logic systems of respectively AF2, C2, and M2
type systems.

With each classical variable X ¢, we associate a special variable X* of AF'2 having the same arity as X¢.
For each formula A of LM2, we define the formula A* of LAF2 in the following way :

-If A= D(ty,...,t,) where D is a predicate symbol or a predicate variable, then A*=A ;
-If A= Xe(tr, .o, tn), then A= =X*(t1,...,t,) ;
-If A= B — C, then A*= B*— C* ;
- If A =VxB, then A*=VxzB*.
- If A = VX B, then A*=YX B*.
SIf A =VYXoB, then A¥=YX*B*.
A* is called the Gédel translation of A.

Lemma 3.2 If G is a classical type of LM2, then t-paps ——G*—— G*.

Proof It is easy to prove that Fpspe G*¥*— ——=G*.
We prove Fp4ps =—G*— G* by induction on G.

-If G =1, then G*=1, and Fpape ((L—L) —>1) —L.



-IfG = Xc(tl, ...,tn), then G*:_‘X*(tl, ...,tn), and FLAFQ _‘ﬁ_‘X*(tl, ,tn) — _|X*(t1, ,tn)

-If G = A — B, then B is a classical type and G* = A* — B*. By the induction hypothesis,
we have Fpape -—B*— B*. Since Fpapes -—(A*— B*) — (-—A*— ——B*), we check easily that
Fraps ——(A* — B*) — (A* — B¥*).

- If G = VoG’ where v = z or v = X, then G’ is a classical type and G*=VvG'*. By the induction
hypothesis, we have b1, Apo =——G'*— G'*. Since Fraps ~—VvG'* — Yvo—=—G'*, we check easily that
FLAFQ —|—‘V’UG/* — V’UG/*.

-If G = VXc@', then G’ is a classical type and G*=VX*G'*. By the induction hypothesis, we
have Fpaps =—G'*— G'*. Since bFpapy —VX*G'™* — VX*——=G'*, we check easily that Fp4po
- VX*G'* - VX*G'*. O

Lemma 3.3 Let A,G be formulas of LM2, t a term, x a first order variable, and X a second order

variable. We have :
1) (Alt/2]) *= At /x).
2) (Al[G/X]) "= AYG*/X].

Proof By induction on A. O

Lemma 3.4 Let A be a formula of LM2, G a classical type, and X¢ a classical variable.
Frars (A[G/Xc]) *e— AY-G*/Xc].

Proof By induction on A.

-If A = D(ty,...,t,) where D is a predicate variable or a predicate symbol, then A*=A, and
FLAFQ A— A.

-If A= Xe(ty, ..., tn), then A*¥=—=X*(t1,...,t,), and, by Lemma 3.2, b1 gpo -—G*—— G*.

-If A= B — (|, then A* = B* — C*. By the induction hypothesis, we have b a2 (B[G/X¢])*—
B*[-G*/X¢]and Fpaps (C|G/X¢])¥— C*[~G*/X|. Therefore bpaps {(B|G/Xc])*— (B[G/Xc])*} «+—
{B*[~G*/Xc] — C*[~G*/ X}

-If A =VvA’, where v = z or v = X, then A*=VvA’*. By the induction hypothesis, we have
Frare (A'|G/Xc))*¥—— A*[-G*/X ). Therefore Fpaps (VoA [G/ X)) — Yo A*[-G*/ X .

-If A = VYA, then A*=VY*A’*. By the induction hypothesis, we have Fraps (A'[G/Xc])*
— Al*[ﬁG*/Xc]. Therefore I_LAFQ (VYCA/[G/Xc])*<—> (VYCAI)*[ﬁG*/Xc] O

Theorem 3.2 If Al, ceey An I_LMQ A, then A1 *, ceey An * l_LAFQ A*
Proof By induction on the proof of A and using Lemmas 3.2, 3.3, and 3.4. O

Corollary 3.1 Let A, Ay, ..., A, be formulas of LAF2.
Ay, .., Ap Frae A if and only if Ay, ..., Ay Fraps A.

Proof We use Theorem 3.2. O

With each predicate variable X of C2, we associate a classical variable X having the same arity as X.
For each formula A of LC2, we define the formula A of M2 in the following way :



-If A= D(ty,...,t,) where D is a constant symbol, then A° = A4 ;
-If A= X(t1,...,t,) where X is a predicate symbol, then AY = X¢(t1,...,t,) ;
-If A= B — C, then A® = B¢ — C¢ ;
-If A =VxB, then A® =VaB° ;
-If A=VXB, then A® =VX-B°.
AC is called the classical translation of A.

Theorem 3.3 Let Ay, ..., A,, A be formulas of LC2.
Ay, Ay Froe A if and only if AT, ..., AS Frae AC.

Proof By induction on the proof of A. O

4 Properties of M2 type system

By corollary 3.1, we have that a formula is provable in system LAF2 if and only if it is provable in system
LC?2. This resultat is not longer valid if we decorate the demonstrations by terms. We will give some

conditions on the formulas in order to obtain such a result.

We define two sets of types of AF2 type system : Q7 (set of V-positive types), and Q~ (set of V-negative
types) in the following way :

- If A is an atomic type, then A € QT, and A € Q™ ;
-ETeQt,and T/ €Q , then, T =T cQt,and T - T' € Q™ ;
-If T e QF, then VaT € Q7 ;

-IfT € Q7, then VaT € Q™ ;

I T e QF, then VXT € QF ;

-If T € Q7 , and X has no free occurence in T, then VXT € Q.

Lemma 4.1 1) If A€ QT (resp. A€ Q™) and A~ B, then B € Q" (resp. B € Q™).
2)IfA€Q and AB— C, then BE QT and C € Q™.

Proof Easy. O

Theorem 4.1 Let A, ..., A, be V-negative types, A a V-positive type of AF2 which does not end with 1,
By, ..., By, classical types, and t a B-normal A\C-term.

IfT=x1:A1,...xn: An,y1 i B1, oo, Ym - B Fua t 2 A, then t is a normal A-term, and x1 : Ay, ..., %y :
A, Fapat: A

Proof We argue by induction on ¢.

- If t is a variable, we have two cases :



-Ift =x; 1 <i <n, this is clear.

-Ift =y; 1 <j <m, then A =VvB where B; < B and B} ~ B. Therefore, by Lemma 3.1,
A is a classical type. A contradiction.

-Ift=MXzu, thenTyx: Ebpou: F,and A =Vu(E' — F’) where E ~ E’, F = F' and T does not
appear in I'. First, by Lemma 4.1, £ € Q~ and F € Q7, and then, by the induction hypothesis, u
is a normal A-term, and xy : A1,...,xpn : Ap,x: E - apo u: F. Therefore t is a normal A-term, and
r1: A, A Far t: Al

-If t = (z)uy...u, ¥ > 1, we have two cases :

-Ift=2;1<i<n,then 4;,<B; - C1,Ci<B;y1 = Cit11<i<r—-1,C. <D, A=%D,
where Cl = C; 1 <i<r,D' = D,and ' ko u; : B; 1 <i <r. Since 4; is a V-negative types,
we prove (by induction and using Lemma 4.1) that for all 1 <14 < r B; is a V-positive types. By
the induction hypothesis we have u; is a normal A-term, and 1 : A1, ..., : Ap Fars u; @ B;.
Therefore t is a normal A-term, and x1 : Ay, ...,x, : A Fapa t: A.

-Ift=y;1<j<m,then B;j<B; — C1,C;<Bit1 — Ciy1 1 <i<r—1,C. <D, A=VYvD',
where Cl ~ C; 1 <i<r, D'~ D,and I' ka0 u; : B; 1 <4 < r. Therefore, by Lemma 3.1, A

is a classical type. A contradiction.

-If t = (C)uuy...u, 7 > 0, then there is a classical type E such that I' e u: -—E, E<1 By — Cf,
Cl<4Bit1 2 Cit11<i<r—1,C. <D, A=YvD' where C/ ~ C;1<i<r D = D, and
I'Fae ;o B 1 <i <r. Therefore, by Lemma 3.1, A is a classical type. A contradiction. O

Corollary 4.1 Let A be a V-positive type of AF2 and t a B-normal \C-term.
IftFpa t A, then t is a normal A-term, and Fapo t: A.

Proof We use Theorem 4.1. O

As for relation betwen the systems C'2 and M2, we have the following result.

Theorem 4.2 Let Ay, ..., A,, A be types of C2, and t a \C-term.
Al, 7An |_CQ t: A Zf and O’Illy Zf Alc, ,Ag l_]\/IQ t: AC.

Proof By induction on the typing of t. O

5 The integers

e Fach data type can be defined by a second order formula. For example, the type of integers is the
formula : N[z] = VX{X(0),Vy(X(y) — X(sy)) — X(x)} where X is a unary predicate variable,
0 is a constant symbol for zero, and s is a unary function symbol for successor. The formula N|z]
means semantically that z is an integer if and only if z belongs to each set X containing 0 and
closed under the successor function s.
The A-term 0 = AxAfz is of type N[0] and represents zero.
The A-term s = AnAzAf(f)((n)z)f is of type Vy(N[y] — NJs(y)]) and represents the successor

function.



e A set of equations E is said to be adequate with the type of integers if and only if :

-s(a) #0;
- If s(a) = s(b) , then so is a = b.

In the rest of the paper, we assume that all sets of equations are adequate with the type of integers.

e For each integer n, we define the Church integer n by n = AzAf(f)"x.

5.1 The integers in AF2

The system AF2 has the property of the unicity of integers representation.

Theorem 5.1 (see [2]) Let n be an integer. If Fapa t: N[s™(0)], then t ~3 n.

The propositional trace N = VX{X, (X — X) — X} of N[z] also defines the integers.
Theorem 5.2 (see [2]) IfFapat: N, then, for a certain n, t ~g n.

Remark A very important property of data type is the following (we express it for the type of integers)
: in order to get a program for a function f: N — N it is sufficient to prove - Va(N[z] — N[f(x)]). For
example a proof of - Vz(N[z] — Np(x)]) from the equations p(0) = 0, p(s(x)) = z gives a A-term for

the predecessor in Church intergers (see [2]). O

5.2 The integers in C2

The situation in system C2 is more complex. In fact, in this system the property of unicity of integers

representation is lost and we have only one operational characterization of these integers.

Let n be an integer. A classical integer of value n is a closed AC-term 6,, such that Fcg 6, : N[s™(0)].

Theorem 5.3 (see [6] and [12]) Let n be an integer, and 0,, a classical integer of value n.
- if n =0, then, for every distinct variables z, g,y : (0n)xgy =c ()Y ;

-if n # 0, then there is m > 1 and a mapping I : {0,....,m} — N, such that for every distinct

variables x, g, To, X1, ..., Tm *
(0n)zgmo =C (9)t1Try ;
(ti)zi =c (@tiv1r, 1 <i<m
(tm)zm =c (¥)Tr,, ;

where I(0) =mn, I(ry) =0, and I(i+1)=1(r;) —10<i<m—1.

We will generalize this result.

Let O be a particular unary predicate symbol. The typed system C2¢ is the typed system C2 where we
replace the rules (2) and (7) by :



(20) If T,z : AFco, t: B, A and B are not ending with O, then I' kg, Axt : A — B.
(70) If T' koo, t: VX A, and G is not ending with O, then T Feo,, t: A[G/X].

We define on the types of C2p a binary relation <ip as the least reflexive and transitive binary relation
such that :

VrA <o Alu/z] if u is a term of language ;
VXA <o A[G/X] if G is a type which is not ending with O.

Lemma 5.1 a) If T'bea, t:L, andt =c t/, then T kg, ¢/ i L.
b) If T'keay t: A, and A is an atomic type, then t is C-solvable.

Proof a) It is enough to do the proof for one step of reduction. We have two cases :

- If t = (Azu)vvy...oy, then ' = (uv/z])vr...o;m, Tz © F koo, w @ G, F and G are not ending
with O, G’ <o F1 — G, G}QonJrl -G 1<j<m—-1,G, =1L, Gj Q:G;- 1<j<m-—1,
I'Feop v: Fyand T g, v 0 Fj 1 < j < m. It is easy to check that I' koo, u[v/z] : G, then
koo, L.

-Ift = (C)vvy...vm, then t’ = (v)Ax(z)v1...0m, and there is a type A which is not ending with O such
that : A/QOF:[*)G:[,G-I]‘QOF]'JF:[ -G 1<j<m-1G,~l, Ar A, szG; 1<j<m,
I'bFegp v:——A, and T koo, vy 0 Fj 1 < j < m. It is easy to check that I', z : A Fea, (2)v1..0m 1L,
but A is not ending with O, then T' Foa, Az(x)vy...0m : A, and T Feg, 0 L.

b) Indeed, a typing of C2¢p may be seen as a typing of C2. O

Lemma 5.2 a) If T'Fea, t: O(a), and t =c t/, thent =1t'.
b)) IfT = y1 : A1, eoiyyn 2 Anyz1 2 O(a1), ooy : O(am) Foaop, t: O(a), and all A; 1 < i < n are not
ending with O, then t is one of x;, and a; ~a 1 <i < n.

Proof a) It is enough to do the proof for one step of reduction. We have two cases :

- If t = (Azu)vvy...vy, then ' = (u[v/z])vy..0m, Tz : F o2, u: G, F and G are not ending with
0, G'<p Fy — Gy, G;- <o Fjz1 — Gjp1 1 <j<m-—-1, Gn = O(a), Gj mG;- 1<j7<m-—1,
I'teop v F,and I' kg, vy 0 F; 1 < j < m. Therefore G; 1 < j < m is not ending with O, which
is impossible since G,,, = O(a).

-If t = (C)vvy...vy, then t' = (v)Az(x)v1...vy, and there is a type A which is not ending with O
such that : A’ <o I — Gl, G; <o Fj+1 — GjJrl 1< 7<m-— 1, G =~ O(a), A= A/, Gj ~ G_/]
1<j<m, I'keo, v:i—A and I' oo, v 0 F; 1 < j <m. A is not ending with O, therefore G;
1 < j < m is not ending with O, which is impossible since G,, ~ O(a).

b) By Lemma 5.1, we have t =¢ (f)t1...t,, and, by a), t = (f)¢1...t,. Therefore T' koo, (f)t1...5 : O(a).
-If f=2x;1<i<m,thenr=0,t=uz;,and O(a;) = O(a), then a; = a.

_Iff:yj 1 <5<k, thenquoFl — G, G;CQOFIH—I = Gr1 1 <k <r—1, GT%O(G)v
Gy =G, 1<k<r,and T Fgo, tr : Fr, 1 < k < r. Since A; is not ending with O, then G
1 <k < r is not ending with O, which is impossible since Cr =~ O(a). O
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Let V be the set of variables of AC-calculus.
Let P be an infinite set of constants called stack constants .
We define a set of A\C-terms AC'P by :

-Ifx € V, then x € ACP ;
-Ift € ACP, and x € V, then Azt € ACP ;
-Ift e ACP, and u € ACP|J P, then (t)u € ACP.

In other words, t € ACP if and only if the stack constants are in argument positions in ¢.

Let o be a function defined on V' [J P such that :

-If x € V, then o(x) € ACP ;

-Ifpe P, then o(p) =t =t1,....,tn,n >0,t; e ACPJP 1 <i<n.
We define o(t) for all t € ACP by :

- o((w)v) = (o(w)o(v) v & P

- o(Azu) = Axo(u) ;

-o((t)p) = W)t if o(p) = 1.

o is said to be a P-substitution.

We consider, on the set AC'P, the following rules of reduction :
1) (Azu)tty...t, — (ult/x])ty...t, for all u,t € ACP and t4,...,t, € ACP|JP;

2) (O)tty..t, — (t)Ax(x)ty...ty, for all t € ACP and ty,...,t, € ACP|JP, and = being A-variable

not appearing in t1, ..., ty.

For any t,t' € ACP, we shall write ¢t > t/, if ¢’ is obtained from ¢ by applying these rules finitely many

times.
Lemma 5.3 Ift>c t/, then o(t) >¢ o(t') for all P-substitution o.
Proof Easy. O

Lemma 5.4 Lett € ACP such that the stack constants of t are among p1, ..., Pm -
Ift=ct, and T =T",p1: O(a1), ..., pm : Olam) Fea, t:L, thent’ € ACP and t > t'.

Proof It is enough to do the proof for one step of reduction. We have two cases :

- If t = (Azu)vvy...vm, then, t' = (u[v/x])v1..0m, T2 1 F Fo2, u: G, F and G is not ending with
O, and ' Fgg, v : F. Therefore u,v € ACP, and so t' € ACP and t >¢ t'.

2The notion of stack constants taken from a manuscript of J-L. Krivine
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- If t = (C)vvy...um, then, t' = (v)A\x(z)vy...um, and there is a type A which is not ending with O
such that I' Foo, v : == A. Therefore v € ACP, and so t' € ACP and t >¢ t'. O

Theorem 5.4 Let n be an integer, 0, a classical integer of value n, and x, g two distinct variables.
- If n =0, then for every stack constant p, we have : (0,)xgp =c (z)p.

- If n # 0, then there is m > 1, and a mapping I : {0,...,m} — N, such that for all distinct stack
constants po, P1, ---, Pm, we have :

(On)xgpo =c (9)t1pr, ;
(ti)pi =c (@tivapr, 1 <i<m—1;
(tﬂ%)pm ~C (z)prm

where I(0) =mn, I(ry) =0, and I(i+1)=1I(r;) —10<i<m—1.

Proof We denote, in this proof, the term s°(0) by i.
If koo 0, ¢ Nn], then Feo, 0, 1 [0(0) — 1], Vy{[O(y) —1] — [O(sy) —L]},O(n) —L, thenT'y =z :
0(0) —L,g : Vy{[O(y) —1L] — [O(sy) —L]},po : O(n) Fea2, (0n)xgpo :L, therefore, by Lemma 5.1,
(0,)xgpo is C-solvable, and three cases may be seen :

- If (0n)xgpo =c (po)t1...tr, then 7 = 0, and there is a term a, such that O(a) ~L. This is
impossible.

- If (6,)xgpo =c (z)ty...L., then r = 1, and Ty Feo, t1 @ O(0). Therefore, by Lemma 5.2, t1 = po,
and so n = 0.

- If (0,)xgpo =c (9)t1...tr, then r =2, Ty Feo, t1: O(a) —L, Ty Foa, t2 0 O(s(a’)), and a = a'.
By Lemma 5.2, we have to = pg, and s(a’) &~ n, then a & n — 1. Therefore (,,)xgpo >c (9)t1po,
and 'y Feg, t1: O(n— 1) — L. Let I(0) = n.

We prove that : if I'; = g : Vy{[O(y) —1] — [O(sy) —L]},z : O0) —L,py : OI(0)),.....p; :
O(I(%)) Fea, (ti)p: L, then :

(ti)pi =c (9)tiv1pr,, and L' Fogg tipr 1 O(I(r;) — 1) —L

or

(ti)pi =c (x)pr;, and I(r;) = 0.

T; koo, (ti)pi :L, therefore, by Lemma 5.1, (¢;)p; est C-solvable, and three cases may be seen :

-If (ti)pi =c (pj)ur...ur 0 < j <4, then r = 0, and there is a term a, such that O(a) ~L. This is
impossible.

- If (4)pi ¢ (@)uy...up, then r =1, and T'; Feoo, ug : O(0). Therefore, by Lemma 5.2, u1 = p,,,
and I(r;) = 0.

-If (t)pi =c (9)ur..up, then r =2, T Feoo, up : O(a) =L, T Feg, uz : O(s(a)), and a =~ a’. By
Lemma 5.2, we have us = p,,, and s(a’) ~ I(r;), then a = I(r;) — 1. Therefore (t;)p; =c (9)tis1Dr,,
and I' Feag tipr : O (ri) = 1) —L. Let I(i+1) = I(r;) — L.

This construction always terminates. Indeed, if not, the AC-term (((6,) \zx)Axx)py is not C-solvable.
This is impossible, since pg : LFo2 (((0n)Azz)A\zx)po : L. O
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Corollary 5.1 Let n be an integer, 0, a classical integer of value n, and x, g two distinct variables.
- If n =0, then, for every stack constant p, we have : (0,)xgp >c (2)p.

- If n # 0, then there is m > 1, and a mapping I : {0,...,m} — N, such that for all distinct stack

constants po, p1, ..., Pm, we have :

(0n)zgpo >c (9)t1pry ;
(ti)pi>c (9)tiyipr, 1<i<m—1;
(tm)Pm >c (T)pr,
where I(0) =mn, I(ry) =0, and I(i+1)=1(r;) —10<i<m—1.
Proof We use Lemma 5.4. O
Corollary 5.2 Let n be an integer, and 0, a classical integer of value n.
- If n =0, then, for every A\C — terms a, F,u, we have : (6,)aFu >¢ (a)u.

- If n # 0, then there is m > 1, and a mapping I : {0,....,m} — N, such that for all A\C' — terms

a, F,ug,uy, ..., U, we have :

(0,)aFTg =c (9)t1Trg ;
(ti)u; =c (@tig1Tr, 1 <i<m-—1;
(tm)Tm >=c (@)W,

where I(0) =mn, I(ry) =0, and I(i+1)=1(r;) —10<i<m—1.

Proof We use Lemma 5.3. O

5.3 The integers in M2

According to the results of section 4, we can obtain some results concerning the integers in the system
M2.

Theorem 5.5 Let n be an integer. If Fao t: Ns™(0)], then, t ~g n.

Proof We use Theorem 4.1. O

Let n be an integer. By Theorem 4.2, a classical integer of value n is a closed A\C-term 6,, such that
l_]\/IQ 971 . NC[SH(O)]

Theorem 5.6 Let n be an integer, 0, a classical integer of value n, and x, g two distinct variables.
- If n =0, then, for every stack constant p, we have : (0,)xgp >c (z)p.

- If n # 0, then there is m > 1, and a mapping I : {0,...,m} — N, such that for all distinct stack

constants po, 1, --., Pm, we have :

(0n)zgpo >c (9)t1pr, ;
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(t)pi >c (@tivipr, 1 <i<m-—1;
(tm)pm >c (2)pr,

where I(0) =n, I[(rm) =0, and I(i4+1)=1I(r;))—10<i<m—1.

Proof We use Theorem 4.2. O

6 Storage operators

6.1 Storage operators for Church integers

Let T be a closed A-term. We say that T is a storage operator for Church integers if and only if for every
n > 0, there is a A\-term 7,, ~g n, such that for every A-term 6,, ~g n, there is a substitution o, such that

(T)0nf = (flo(Tn).

Examples If we take :

Ty = An((n)d)G where G = AzAy(x)Az(y)(s)z and 6 = Af(f)0

Ty = AnAf(((n)f)F)0 where F = AxAy(z)(s)y,

then it is easy to check that : for every 0, ~g n, (T;)0nf = (f)(s)"0 (i = 1 or 2) (see [3] and [8]).
Therefore T7 and T, are storage operators for Church integers. O

It is a remarkable fact that we can give simple types to storage operators for Church integers. We first
define the simple Gé&del translation F* of a formula F : it is obtained by replacing in the formula F,
each atomic formula A by =A. For example :

N*[z] = VX{=X(0),Vy(=X(y) = =X (sy)) — =X ()}

It is well known that, if F' is provable in classical logic, then F'* is provable in intuitionistic logic.

We can check that Fapo T1,To : Va{N*[z] — == NJ[z|}. And, in general, we have the following Theorem

Theorem 6.1 (see [3] and [10]) If bapa T : Ya{N *z] — —-—NJz]}, then T is a storage operator for
Church integers.

6.2 Storage operators for classical integers

The storage operators play an important role in classical type systems. Indeed, they can be used to find
the value of a classical integer.

Theorem 6.2 (see [6] and [7]) If Faps T : Ve{N *x] — -~ NJz|}, then for every n > 0, there is a
A-term T, ~g n, such that for every classical integer 0, of value n, there is a substitution o, such that

(T)0nf =c (f)o(Ta).

Corollary 6.1 IfFaps T : Va{N Hz] — ——N][x]}, then for every n > 0 and for every classical integer

Oy, of value n, there is a A-term T, such that (T)0, \xx =c T —p n.
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Proof We use Theorem 6.2. O

Remark. Theorem 6.2 cannot be generalized for the system C2. Indeed, let T = AvAf(f)(C)(T;)v
(i=1or2).

v:N*z|, f: =Nz] Fe2 (T;)v : == N[z] =
v:N*z|, f: =Nz] Fe2 (C)(T;)v : Njz] =
v:N*¥z], f: =Nz] Feo () (CHT)v : L=
|—02 T: V.T{N*[.T] — ﬁﬁN[l‘]}

x

Since for every AC-term 6, (T)0f >c (f)(C)(T;)0, then it is easy to check that there is not a AC-
term 7, ~g n such that for every classical integer 6,, of value n, there is a substitution o, such that

(T)an ~C (f)U(Tn) o
We will see that in system M2 we have a similar result to Theorem 6.2.

Let T be a closed AC-term. We say that T is a storage operator for classical integers if and only if for
every n > 0, there is a AC-term 7,, ~g n, such that for every classical integers 6,, of value n, there is a
substitution o, such that (T)0,f =c¢ (f)o (7).

Theorem 6.3 If -y T : Va{NC[z] — == N[z]}, then T is a storage operator for classical integers.

The type system M is the subsystem of M2 where we only have propositional variables and constants
(predicate variables or predicate symbols of arity 0). So, first order variable, function symbols, and finite
sets of equations are useless. The rules for typed are 0) 1), 2), 3), 6), 6’), 7) and 7’) restricted to propo-
sitional variables. With each predicate variable (resp. predicate symbol) X, we associate a predicate
variable (resp. a predicate symbol) X° of M type system. For each formula A of M2, we define the
formula A° of F¢ obtained by forgetting in A the first order part. If I' =z : Ay,...,xz, : 4, is a context
of M2, then we denote by I'* the context 1 : AY,...,z, : AS of M. We write I' py ¢ : A if ¢ is typable
in M of type A in the context T'.

We have obviously the following property : if I'Fpo ¢t : A, then T'® by, 2 A°.

Theorem 6.3 is a consequence of the following Theorem.

Theorem 6.4 Ify, T : N¢ — ——N, then for every n > 0, there is an m > 0 and a \C-term T, ~3m,
such that for every classical integer 6, of value n, there is a substitution o, such that (T)0nf =c (f)o(Tm)-

Indeed, if o T : V2 {NC[z] — ~=N[z]}, then I3y T : N® — ==N. Therefore for every n > 0, there is
an m > 0 and 7, ~g m, such that for every classical integer 6,, of value n, there is a substitution o, such
that (T)0,f =c (f)o(Tm). We have Fye n 2 NY[s™(0)], then f : ~N[s"(0)] a2 (T)nf : L, therefore

faN[s"(0)] Farz (f)m :L and Fae m : N[s™(0)]. Therefore n = m. and T is a storage operator for
classical integers. O

In order to prove Theorem 6.4, we shall need some Lemmas.
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Lemma 6.1 IfT,v: N¢ by (v)d:L, then d = a,b,dy, ...,d, and there is a classical type F, such that :
Iv:N°bya:F ;T,w:NbFyb:F—F;FQE - F,Fi<dFE 1 —F 1 1<i<r—1;F<l;
andF,u:Ncl—Mci:Eilgigr.

Proof We use Theorem 2.2. O

Lemma 6.2 If F is a classical type and T',x : F Fp (2)d :L, then d = dy,....d, ; F<1E; — Fy ;
F,<Ei 1 —-F1<i<r—1;F<l;andl,x:Frpye:EB1<i<r.

Proof We use Theorem 2.2. O

Lemma 6.3 Let t be a B-normal \C-term, and A, ..., A, a sequence of classical types.
If v : Ay, ozt Ay Bt 2 N, then there is an m > 0 such that t = m.

Proof We use Theorems 4.1 and 5.2. O

Let v and f be two fixed variables.
We denote by %,.qpz (where n is an integer, a,b two A-terms, and ¢ a finite sequence of A-terms) a

variable which does not appear in a, b, c.

Theorem 6.5 Let n be an integer. There is an integer m and a finite sequence of head reductions
{Ui =c Viti<i<r such that :

1)U = (T)wf and V. = (f)7m where 7, ~g m ;

2) V; = (v)abe or V; = (acl,aﬁbyg)a 0<i<n-1;

3) If V; = (v)abe, then Uiyr = (a)e if n =0 and Uiy1 = (b)Tn—1,ap2)C if n #0 ;

4) If Vi = (21a02)d 0 <1 <n—1, then Uiyr = (a)d if L = 0 and Uipr = ((b)x,_, ., 5)d if L #0.

Proof A good context I' is a context of the form v : N¢, f : -N, Ty a1, ¢ F1y e T ap bp,ay ¢ Fp

= (
= (

where F; is a classical type, 0 <n; <n—1,and 1 <i<p.
We will prove that there is an integer m and a finite sequence of head reductions {U; >¢ V;}1<i<r such
that we have 1), 2), 3), 4), and there is a good context I" such that I'Fpr Vi : L 1 <4 <.

We have Fypy T : N® — —==N, then v : N° f : =N Fp (T)vf :L, and by Lemmas 6.1 and 6.2,
(TYvf »=c V1 where Vi = (f)1 or V1 = (v)abe.
Assume that we have the head reduction Uy >¢ Vi and Vi, # (f)7.

- If V;; = (v)abe, then, by the induction hypothesis, there is a good context I' such that T Fp;
(v)abe : L. By Lemma 6.1, there is a classical type F, such that Ty a: F; Ty b F — F
ct=cp,..,cs; F<E - F ; Fi;<E4 1 - Fi11<i<s—1;F,<l;andl'Fpyc:E;1<i<s.

-Ifn=0,let Upt1 = (a)e. We have T' Fpy Upyq L.

-Iftn # 0, let Ugy1 = ((b)Tn-1,a.p2)¢ The variable x,_1 442 is not used before. Indeed, if
it is, we check easily that the AC-term (T)nf is not solvable; but that is impossible because
fiaNFy (T)nf : L. Therefore IV =T, 2,1 4 bz : F is a good context and I Far Up41 :L.

-V, = (xlyaybﬁg)a, then, by the induction hypothesis, there is a good context I' such that I"
(.’L‘l7a7b15)8 :L. Then there is a classical type F such that x; 4z : F is in the context I'. By Lemma
6.2, c=dy,..,ds ; F1Ey — Fy ; FiQEi—i-l _’Fi—i-l 1<i<s—1;F,<al;andI'Fy ¢ : E;
1 <4 <s.
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-If1 =0, let Ugy1 = (a)e. We have T' Fpy Ugyq i L.

-If 1 # 0, Let Upy1 = ((b)z,_, abE)E. The variable x; ; .5 is not used before. Indeed,
if it is, we check that the AC-term (T)nf is not solvable; but this is impossible because
f:-NbEy (T)nf:L. Then IV =Tz, |, Fis agood context and I'' =y Upq1 : L.

Therefore there is a good context I' such that TV bFjpr Ugyy :L. Then, by Lemmas 6.1 and 6.2,
Uit1 =c Vg1 where Vi1 = (f)7 or Vg1 = (v)abe or Vg = (xl7a7b,5)a 0<i<n-—1.

This construction always terminates. Indeed, if not, we check that the AC-term (T)nf is not solvable;
but this is impossible because f : =N Fa (T)nf :L.

Therefore there is 7 > 0 and a good context I' such that T' by Vi = (f)7 :L, and T bps 7 : N. Therefore,
by Lemma 6.3, there is an m > 0 such that 7 ~g m. O

Let T be a AC-term such that 3, T : N© — ——=N. By Theorem 6.5, there is an integer s and a finite
sequence of head reductions {U; >=¢ V;}1<i<, such that :
1) Uy = (T)vf and V, = (f)7s where 75 ~3 s;
2) Vi = (v)abe or V; = (21,452)d 0 <1 <n —1;
3) If Vi = (v)abe, then U1 = (@) if n =0 and Ujp1 = ((b)2n—1,ape)Cif n #0;
D) I V; = (Tpa0,5)d 0 <1 <n—1, then U1 = (a)d if I = 0 and U1 = ((b)z,_ 1a )dlfl;éO

Let 6,, be a classical integer of value n, and x, g two distinct variables. By Theorem 5.6 we have :

If n = 0, then for every stack constant p, we have : (6,)xgp >¢ (z)p.

If n # 0, then there is m > 1, and a mapping I : {0,...,m} — N, such that for all distinct stack constants
P05 P1y -5 Pm, We have :

(0n)zgpo >c (9)t1pr, 5

(ti)pi >c (9)tixapr, 1 <i<m—1;

(tm)pm >c (2)pr.,

where I(0) =n, I(ry,) =0,and I(i+1)=I(r;) —10<i<m—1.

Lemma 6.4 Ifn =0, then (T)0,f =c (f)7[0n/V].

Proof We prove by induction that for every 1 <i <r, we have (T)0,.f =c V;[0./V].

Fori=1, (T)0,f = {(T)vf}[0./v] = U1]0n/V] =c V1[0n/V].
Assume it is true for i, and prove it for i + 1.
(T)0nf =0 Vilbn/v] = {(v)abe}[0n/v] = {(6n)abCc}[0n/v] = {(On)zgp}a/z,b/g,¢/p|[0n/v]. Since (On)rgp o

(@)p, then (T)0nf ¢ {(a)e}[0n/v] = Uis1[0n/v] =c Vigr[0n/v].
So, for i = r, we have ()0, f =c Vi [0./v] = {(f)7}0n/v] = (f)T[0n/v]. O

We assume now that n > 1.
A k — AC-term is a AC-term of the forme Vi[7i/y1]...[7p/yp][0n/V] such that :
- FU(Vk) g {l/a f) Y1, "'7yp}

- for every 1 <i <p, ¥i = ®p, a;.0;,5 and 7 = b, [ai/x,b;/g,do/Pos -y dm,—1/Dm, 1] Where I(m;) = n;
- for every 0 < k < m; — 1, there is 1 < I < 7 such that U; = (a;)dy if I(k) = 0 and U, =
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(B) (k) 1.0, 5, 7o i I(K) > 0.

To simplify, a k — AC-term is denoted by V4][].

Lemma 6.5 Let 1 <i<r—1 and V;[| an i — AC-term. If (T)0,.f =c Vi[], then there is 1 < j <r and
a j — AC-term V]| such that V;[| =c V| and either Vi[] # V;[] ori < j

Proof There are only two possibilities. 1) V; = (v)abe ; 2) V; = (Ta,a,p2)d-

We now examine each of this cases.

1) If V; = (v)abe, then V;[] = {(0n)abe}]] = {(0n)zgpo}[a/x,b/g,¢/pol]]. Since (6n)xgpo >c (9)t1pr, =
(9)t1po, then Vi[] -c {(b)t1[a/x,b/g,¢/polc} (] =

{(B)zn—1,apzcttrla/z,0/9,¢/po/Tn-1,ap3]l] = Uisall =c Viall. Let j =i+ 1. We have i < j and
I(1)=1I(rg) —1=1I(0)—1=n~—1.

2) If V; = (Ta.ap7)d, then Vi[] = {(ts[a/z,b/g,do/po, -, dg—1/pp—1])d}[] where I(3) = a.

If I(B) = a # 0, then Uiy = (b)z,_, ,,3d = (b)xl(ﬁ)_l,a,bﬁd, and if I(8) = a # 0, then U;11 = (a)d.
We consider the following two cases.

- If B < m, then (tg)ps >c (g)tﬁﬂpw, so—that ~
Vill =c {(9)ts+1prs ta/x,b/g,do/po; s ds—1/pp—1,d/pg]l] =
{®)ts41drstla/x,b/g,do/pos -, dg—1/ps-1,d/pgsl[)-

Since 3 # m, then I(rg) # 0. By the hypothesis thereis 1 < j < r such that U; = (b)
Therefore

Vill »c Usltosa /2,5/0, /o, @51 /ps1 /sl 1)1 a1l = Uill e Vi1
If Vi[] = Vj[], then the head C-reduction (t5)pg >c (9)ts+1Pr; must be an identity, in other words

x[(rg)—l,a,b,md'rﬁ'

(ts)ps = (9)tp+1pr,; and therefore 3 =rg. And so j =i+ 1> i.

- If B8 =m, then (t3)pg = (tm)Pm >c (T)pr,,, so that

Vill =c {(@)pr,. Ha/z,b/g,do/po, .., dm—1/Pm-1]l] = (a)tr,, }[]-
Since I(ry,) = 0, then by the hypothesis there is 1 < j < r such that U; = (a)t

Vill =c Ujll =c Vil
If Vi[] = V;[], then the head C-reduction (ty)pm >c¢ (x)pr,, must be an identity, in other words

Therefore

Tm *

(tm)pm >c (2)pr,, and therefore m = r,,. Andsoj=i+1>4 O
Corollary 6.2 There is a substitution o such that (T)0,f =c (f)o(T).

Proof (T)0,.f = {(T)vf}[0./v] = Ui[0n/v] =c V1[0,/v]. By Lemma 6.5 we obtaine a sequence V;, || ,
Violl 5 - s Vi, [l 5 ... such that (T)0, f =¢ Vi [] and if V;_[] # Vi, ,[] then i, < is41. This sequence is nec-

essarily finite, indeed f: —~N bpr (T)0,f : L. Vi [| = Vi [] = ... = Vi, [, then iy <igp1 < ... < lgqa
and a < r. Therefore there is s such that V;_ = (f)7, then (T)0.f =c Vi.[| = {(f)7}[] = (f)7[]. O

Then, by Lemma 6.4 and Corollary 6.2, T is a storage operator for classical integers.

6.3 General Theorem

In this subsection, we give (without proof) a generalization of Theorem 6.3.
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Let T be a closed AC-term, and D, F two closed types of AF2 type system. We say that T is a storage
operator for the pair of types (D, E) iff for every A-term Fapo t : D, there is A-term 7/ and AC-term

T¢, such that 7, ~g 7, Fap2 7/ : E, and for every koo 6, : D, there is a substitution o, such that

(T)0:f =c (f)o(r).

Theorem 6.6 Let D, E two Y-positive closed types of AF2 type system, such that E does not contain
L. If Fare T : DY — —==E, then T is a storage operator for the pair (D, E).

7 Operational characterization of AC-terms of type VX {l—
Xc} and VXc{—l—IXC — Xc}

Let A (for Abort) the AC-term Az (C)Ayz.

Behaviour of A :
(At .ty =c (C)Myt)t1. it =c Ayt)Az(2)t1 .ty =0 T
Typing of A :
x Ly Ayz : = Xo = x: Ly (C)yz : Xo =y A VXo{Ll— Xc}

Theorem 7.1 If by T : VXc{L— X}, then for every integer n, and for all \C — terms t,ty, ..., tn,
(T)ttl...tn ~c t.

Proof. Let Oq,...,0, be new predicate symbols of arity 0 different from 1. Let A = O4,...,0,, —L.
If l_]\/IQ T: VXc{l—> Xc}, then l_MQ T:1— A, and ' =z Zl,,ﬁEl : 01, ey Ly, 2 On l_]\/IQ (T).’L'ZCl,CEn 1.
Therefore (T)zxy...2y =¢ (f)ur...u, and T Fpo (f)ug...up L.

-If f=2;1<i<n,thenr =0, and O; =L. A contradiction.

-If f =2, then r =0, and (T)zx;...x, =¢ x, therefore, for every integer n, and for all AC-terms
by, ety (Tt by = t. O

The constant C satisfies the following relations :
(O)tty...ty, ¢ (£)U and
(U)y »¢ (y)ti...tn, where y is a new variable.

Let C' = Az (C)Ad(z) Ay(z)Az(d)y.

- Xeo,y: Xoyz: Xoyd: —Xe bz (d)y (L=
= Xeo,y: Xoyd: ~Xe b (2)Az2(d)y : L=
X, d: 2 Xe b (@) Ay(x)Az(d)y L=

: = Xe Fare (C)Ad(z) \y(x) z(d)y : Xo =
Fao O VXC{ﬁﬁXC — XC}.

8 8 8 8

The AC-term C’ satisfies the following relations :
(Ctty.. by, =c (DU,
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(U)y =c (H)V, and
(V)z =¢ (y)t1...t,, where y, z are new variables.

In general, we have the following characterization.

Theorem 7.2 If by T : VXc{—-—~Xc — X}, then there is an integer m, such that, for every integer
n, and for all \C-terms t,t1,...,t, :

(T)tty..tn =c (£)V1,
Vi)yi =c t)Vigr 1 <i<m—1, and
(Vi )ym =c (yi)t1...t, where y1, ..., Ym are new variables.

Proof Let O be a new predicate symbol of arity 0 different from 1. We define as in section 3, the system
M2p. And we check easily that this system has the same results as Lemmas 5.1, 5.2, 5.3 and 5.4.
Let p be a stack constant and A = O —L. If by T : VX {——Xc — X}, then bppp, T2 7—A — A
and ' =z :—-=A,p: Ok, (T)zp : L. Therefore (T)xp =¢ (f)ur...ur, and T Fago, (f)ug...u, L.

-If f=p, then r =0, and O =1. A contradiction.
-If f =, then, (T)zp>c (2)Uy, and T Fpra, Up @ 2A.

We prove (by induction) that if T,y1 : A, ...,9:—1 : A Fuye, U; @ A, then [(U;)y; >o (2)U;41, and
Toyrt A, oyt Ay Ui A or [(Us)ys e (y)p 1 < 5 <1

The sequence (U;);>o is not infinite. Indeed, if it is, the AC-term ((T")Az(x)z)p is not C-solvable; but
this is impossible, because z : A,p : O Fao (T)Ax(2)2)p : L.

To obtain the Theorem, we replace the constant p by the sequence £ = t1, ..., £, and we put V; = U;[t/p].
a

8 The Au-calculus

In this section, we give a similar version to Theorem 6.3 in the M. Parigot’s Au-calculus.

8.1 Pure and typed M\u-calculus

Ap-calculus has two distinct alphabets of variables : the set of A-variables z,y, z, ..., and the set of

p-variables «, (3, 7,.... Terms are defined by the following grammar :
t:=ux| Xzt | (O)t | palO]t

Terms of Au-calculus are called Ap-terms.
The reduction relation of Au-calculus is induced by fives different notions of reduction :

The computation rules

(C1) (Azu)v — ulv/z)
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(Ca) (pau)o — paufv/*al

where u[v/*«] is obtained from u by replacing inductively each subterm of the form [a]w by [a](w)T.
The simplification rules

(S1) [0]uBu — ula/f]

(S2) pafaju — u, if @ has no free occurence in u

(S3) pou — Arpoulz/*al, if u contains a subterm of the form [a]Ayw.
Theorem 8.1 (see [18]) In Au-calculus, reduction is confluent.

The notation u >, v means that v is obtained from u by some head reductions.
The head equivalence relation is denoted by : u ~, v if and only if there is a w, such that v >, w and

VW

Proofs are written in a natural deduction system with several conclusions, presented with sequents. One
deals with sequents such that :

- Formulas to the left of - are labelled with A-variables ;

- Formulas to the right of I are labelled with p-variables, except one formula which is labelled with a
Ap-term ;

- Distinct formulas never have the same label.

The right and the left parts of the sequents are considered as sets and therefore contraction of formulas

is done implicitly.

Let t be a Au-term, A atype, ' =21 : A1, ...,z : Apn, and A = a3 : By, ..., : By,. We define by means
of the following rules the notion "t is of type A in I' and A”. This notion is denoted by I' Fpps t : A, A.

The rules (1),...,(8) of AF2 type system.
(O UTFppat: A B:B,A, then T Fpps pflalt : Bya: A, A.

Weakenings are included in the rules (2) and (9).

As in typed A-calculus on can define =A as — 1 and use the previous rules with the following special

interpretation of naming for L : for a a p-variable, o : L is not mentioned.

Example Let C = zpa(d](z) \yubaly.
z: =X, y: XkFppoy: X =

x: X, y: Xbppe pflay:Lia: X =
x: X Fpps Aypblaly : "X, a: X =
z: ==X Fppy pald](z)AyBlaly : X =
FFDQC :VX{—‘—'X — X}

Theorem 8.2 (see [18] and [20]) The F D2 type system has the following properties :
1) Type is preserved during reduction.

2) Typable Au-terms are strongly normalizable.
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8.2 Classical integers

Let n be an integer. A classical integer of value n is a closed Au-term 6,, such that Fppa 6, : N[s™(0)].

Let z and f fixed variables, and N, ¢ be the set of Au-terms defined by the following grammar :

wi=x | (flu| palfle | pallu

We define, for each u € N, ¢ the set rep(u), which is intuitively the set of integers potentially repesented
by u :

- rep(x) = {0}
-rep((flu) ={n+1ifn € rep(u)}
- rep(palBlu) = Nrep(v) for each subterm [a]v of [B]u

The following Theorem characterizes the normal forms of classical integers.

Theorem 8.3 (see [19]) The normal classical integers of value n are exactly the Au-terms of the form
AzAfu with ue Ny ¢ without free p-variable and such that rep(u)={n}.

8.3 General Theorem

In order to define, in this framework, the equivalent of system M2, the demonstration of -4 — A
should not be allowed for all formulas A, and thus we should prevent the occurrence of some formulas on
the right. Thus the following definition.

Let t be a Au-term, A a type, ' =1 : Ay, ...,xp : Ay, and A =aq : By, ...,y : By, where B; 1 <i<m
is a classical type. We define by means of the following rules the notion "t is of type A in I" and A", this
notion is denoted by I' Fpo t 1 A, A.

The rules of DL2 type system.
(6)IfTHt: A A, and X has no free occurence in T', then T' - ¢ : VX A, A.

(YT Ht:VXcA, A, and G is a classical type, then T' -t : A[G/X¢], A.

Let T be a closed A\u-term. We say that T is a storage operator for classical integers if and only if for
every n > 0, there is Au-term 7,, ~g n, such that for every classical integers 6,, of value n, there is a
substitution o, such that (T')0,, f ~, pala](f)o(m).

Theorem 8.4 IfFy T : Va{NC[z] — ——N[z]}, then T is a storage operator for classical integers.
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