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S-STORAGE OPERATORS

Karim NOUR []
LAMA - Equipe de Logique, Université de Savoie - 73376 Le Bourget du Lac cedex

Abstract In 1990, J.L. Krivine introduced the notion of storage operator to simulate,
for Church integers, the “call by value” in a context of a “call by name” strategy. In
this present paper, we define, for every A-term S which realizes the successor function on
Church integers, the notion of S-storage operator. We prove that every storage operator
is a S-storage operator. But the converse is not always true.

Mathematics Subject Classification : 03B40, 68Q60
Keywords : Church integer ; Storage operator ; Call by value ; Call by name ; Head
reduction ; Solvable ; Successor ; S-storage operator.

1

Definitions and notations

We denote by A the set of A-terms modulo a-equivalence, and by V the set of
A-variables.

Let t,u,uy,...,u, be A-terms, the application of ¢ to u is denoted by (¢)u. In the
same way we write (t)u...u, instead of (...((¢)uy)...)up.

The sequence of A-terms uq, ..., u, is denoted .
If @ =wuy,...,u,, we denote by (t)u the A-term (t)uy...u,.
The S-equivalence relation is denoted by u ~g3 v.

The notation o(t) represents the result of the simultaneous substitution o to the free
variables and the constants of ¢ after a suitable renaming of the bounded variables
of t.

Let us recall that a A-term ¢ either has a head redex [i.e. ¢ = Ax;...\x, (Azu)vw, the
head redex being (Axu)v], or is in head normal form [i.e. t = Azy... Az, (2)w].

The notation u > v means that v is obtained from u by some head reductions.
If u > v, we denote by h(u,v) the length of the head reduction between u and v.

A A-term ¢t is said solvable iff the head reduction of ¢ terminates.

The following results are well known (see [3]):

'We wish to thank René David for helpful discussions.
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—If u is B-equivalent to a solvable \-term, then t is solvable.

~If u = v, then, for any substitution o, o(u) > o(v), and h(o(u),o(v))=h(u,v).
In particular, if for some substitution o, o(t) is solvable, then t is solvable.

e We define (u)™v by induction : (u)% = v and (u)""v = (u)(u)™.
e For each integer n, we define the Church integer n = AfA\z(f

).
o A closed M-term S is called successor iff, for every k > 0, (S)k ~p k + 1.

Examples Let S; = AnAfAx(f)((n)f)z and Sy = AnAfiz((n)f)(f)z.

It is easy to check that S; and S; are successors. O

2 Introduction

In A-calculus the left reduction strategy (iteration of the head reduction) has much ad-
vantages : it always terminates when applied to a normalizable A-term and it seems more
economic since we compute a A-term only when we need it. But the major drawback of
this strategy is that a function must compute its argument every time it uses it. In 1990
J-L. Krivine introduced the notion of storage operators in order to avoid this problem
and to simulate call-by-value when necessary.

Let F' be a A\-term (a function), and n a Church integer. During the computation, by left
reduction, of (F)6, (where 6,, ~3 n), 6, may be computed several times (as many times
as F uses it). We would like to transform (F')6,, to (F)7, where 7, is a fixed closed A-
term [-equivalent to n. We also want this transformation depends only on 6,, (and not F').

Therefore the definition : A closed A-term T is called storage operator if and only if for
every n > 0, there is a closed A-term 7,, ~3 n such that for every 6,, ~g n, (T)0,f > ()7
(where f is a new variable).

Let’s analyse the head reduction (7)), f > (f)7,, by replacing each A-term which comes
from 6,, by a new variable.

If 6, ~p n, then 6, > AgA\x(g)tn—1, tnek > (@)tn—k—1 1 < k < n—1,1¢ > z, and
tr ~5 (¢)'z 0<k<n-—1.

Let x, be a new variable (z, represents 0,). (T)x,f is solvable, and its head normal
form does not begin by A, therefore it is a variable applied to some arguments. The free
variables of (T')x, f are z,, and f, we then have two possibilities for its head normal form
: (f)d, (in this case we stop) or (x,,)a;...am.



Assume we obtain (z,)ay...a,,. The variable z,, represents 6,, and 6, > AgAz(g)t, 1,
therefore (6,,)ay...a,, and ((a1)t,_1[a1/z,as/gl)as...a,, have the same head normal form.
The A-term t,,_1[a1/g,az/x] comes from 6,. Let ,_1 4,4, be a new variable (,_1 4, a,
represents t,_i[a1/g,az/z]). The A-term ((a1)Tn—1,4; a5)03...am is solvable, and its head
normal form does not begin by A, therefore it is a variable applied to some arguments.
The free variables of ((@1)%n—1.4;.45)03.--Qm AT€ AMONE Ty 4y 4y, Tn, and f, we then have
three possibilities for its head normal form : (f)d, (in this case we stop) or (z,)b;...b, or

(xn—l,ahaQ)bl br

Assume we obtain (Z,_1 .4y ay)01...0,. The variable (2,,_1.4, 4, represents t,_i[a1/g, as/z],
and t,,_1 > (g)t,_2, therefore (t,_1[a1/g, as/z])by...b, and ((a1)t,_2]la1/g, as/x])b;...b, have
the same head normal form. The A-term t,,_s[a;/g, as/z| comes from 6,,. Let x,,_3 4, 4, be
a new variable (z,_2 4, 4, represents t,,_s[a1/g,az/x]). The A\-term ((a1)Tn—2.4,.a,)b1-..br is
solvable, and its head normal form does not begin by A, therefore it is a variable applied
to arguments. The free variables of ((a1)%n—2,4;.45)01...b; are aMONg 12 41 a5, Tn—1,a1.a9+
v, and f, therefore we have four possibilities for its head normal form : (f)d, (in this
case we stop) or (z,,)cy...Cs O (Tp—1.ay.a5)C1---Cs OF (Tp—2.4;.a5)C1---Cs ... and so om...

Assume we obtain (2 4, 4,)€1...€; during the construction. The variable z 4, 4, represents
told1/g,da/x], and ty = z, therefore (to[d1/g,da/x])e;...e; and (dg)e;...ex have the same
head normal form ; we then follow the construction with the A-term (ds)e;...ex. The A-
term (7")6,f is solvable, and has (f)7, as head normal form, so this construction always
stops on (f)d,. We can prove by a simple argument that 9,, ~3 n.

According to the previous construction, the reduction (7")0,,f > (f)7, can be divided into
two parts :

- A reduction that does not depend on n :

(Mznf > (xn)ay...am
((al)xn,mh@)ag...am - (xnfl,al,ag)bl---br
.

((al)xn_gmm)bl...br (:L‘n—Q,al,ag)bl---br

- A transformation that depends on n (and not on 6,,) :

(Tn)ar...am ~ ((@1)Tn-1.01.05)03--Am,

(xnfl,al,ag)bl br ~ ((al)xn72,a1,a2>cl---cs



(x07d1,d2)61-'-6k > (d1)61..6k

We add new constants z; and x; 4z in A-calculus, and we consider the following set of
head reduction rules :

(Azu)vw > (ulv/x])w
(xip1)abe = ((a)z;apz)C
(xg)abec = (b)c
(Tit1,a02)0 = ((@)Ti0pw)0
(xoapz)@ > (b)w

We write t =, ¢’ if t’ is obtained from ¢ by applying these rules finitely many times.

With this formalisme we have the following result (see [1] and [4]):
A closed \-term T is a storage operator iff for every n > 0, (T)x,f >+ (f)7n and where
T, 18 a closed A-term [(-equivalent to n.

The constants x; and ;457 represent intuitively the A-terms which come from a non
calculated Church integer. The uniform shape of Church integers allows to describe the
behaviour of these constants when they are in the head position. However, another method
to describe a Church integer is simply to say that it is zero or a successor.

Formally, we add new constants X; et X, ,;z in A-calculus, and we consider, for every
successor S, the following set of head reduction rules :

(Azu)vw = (u[v/z])w
(Xiy1)abe = ((8)Xiapz)abc
(Xo)abe > (0)abc
(Xit1apz)uvw > ((S)Xiypm)uvw
(Xoapz)uvw > (0)uvw

We write ¢t = t’ if t' is obtained from ¢ by applying these rules finitely many times.

A S-storage operator is defined as follows :
A closed A-term T is a S-storage operator iff for every n > 0, (T)X,,f =x (f)7, where 7,
is a closed A-term (-equivalent to n.

This paper studies the link betwen the storage operators and the S-storage operators. We
prove that every storage operator is a S-storage operator. But the converse is not always
true.



3 Storage operators and S-storage operators

Definition Let T" be a closed A-term. We say that 7" is a storage operator iff for every
n > 0, there is a closed @ A-term 7, ~g n, such that for every 0,, ~g n, ()0, f > (f)7..

Remark Let F' be any A-term (for a function), and #,, a A-term (-equivalent to n. Dur-
ing the computation of (F')f,, 6, may be computed each time it comes in head position.
Instead of computing (F)6,, let us look at the head reduction of (7')6,F. Since it is
{(T)0,.f}F/f], we shall first reduce (T')6,f to its head normal form, which is (f)7,, and
then compute (F')7,. The computation has been decomposed into two parts, the first
being independent of F'. This first part is essentially a computation of 6,,, the result
being 7,,, which is a kind of normal form of 6,. So, in the computation of (7))0,F, 6,
is computed first, and the result is given to F' as an argument, 7" has stored the result,
before giving it, as many times as needed, to any function. O

Examples Let S be a successor. If we take :

Ty = An((n)G)d where G = AxAy(z)Az(y)(S)z and § = Af(f)0
Ty = AnAf(((n)F)f)0 where F' = AzAy(x)(S)y,

then it is easy to check that (see [1] and [3]):

for every 0,, ~3 n, (T;)0,f = (f)(S)"0 (: =1 or 2).

Therefore T} and T, are storage operators. O

Let {z;};>0 be a set of different constants. We define a set of terms (denoted by A,) in
the following way :

-Ifx e VU{SL’Z'}ZZ(), then x € A:z: ;
-Ifx €V, and u € A, then Axu € A, ;
-IfueA,, and v € A, then (u)v € A, ;

-If n € N, and a,b,¢ € A,, then z,, 45z € A,.

Tn.abe is considered as a constant which does not appear in a, b, €.
The terms of the set A, are called Az-terms.

We have the following result (see [1] and [4]) :
A closed A\-term T is a storage operator iff for every n > 0, there is a finite sequence of
head reduction {U; > V;}1<i<, such that :

1) U; and V; are Az-terms ;

3In his definition of storage operator, J.L. Krivine autorizes the 7,, to contain free variables which are
replaced by terms depend of 6,,. The results of this paper remain valid with this definition but the proofs
will be too technical.



2) Uy = (T)xnf and V, = (f)1, where 1, is closed \-term (-equivalent to n ;
3) Vi = (x,)abe or V; = (:plva,b,g)ﬁ 0<i<n—1;
4) If Vi = (z,,)abe, then Uiy = (b)T if n =0 and Uiy1 = ((a)Tp—1,0p2)C if n # 0 ;

5)If Vi = (214p2)d 0 <1 <n—1, then U,y = (b)d if L =0 and Uy = ((a)xl_17a7b73)3
if 1 #0.

Definitions
1) Let {X;}i>0 be a set of different constants. We define a set of terms (denoted by Ax)
in the following way :

-Ifz e VU{X1}1207 then x € AX ;
-Ifx €V, and u € Ax, then \zu € Ax ;
-Ifu € Ay, and v € Ay, then (u)v € Ax ;

-Ifn €N, and a,b,¢ € Ax, then X,, .5z € Ax.

Xn,apz 18 considered as a constant which does not appear in a, b, c.
The terms of the set Ax are called A X-terms.

2) Let S be a successor. A closed A-term T is called a S-storage operator iff for every
n > 0, there is a finite sequence of head reduction {U; > V;}1<i<, such that :

1) U; and V; are AX-terms ;

2 = (T) X, f and V, = (f)7, where 7, is closed A-term [-equivalent to n ;

)

) U
3) Vi=(Xy,)abc or V; = (X apz)uvw 0 <1 < n—1;
4) If V; = (X,)abe, then Uiy = (0)abe if n = 0 and Uy = ((S)Xy—1,0pz)abe if
n#0;

5) IV, = (Xiapz)uvw 0 < 1 < n—1, then Upyy = (Quow if | = 0 and Uy =
() Xi—1upm)uvw if [ # 0.

Examples It is easy to check that, for 1 <4, j < 2, the above operator T; is an S;-storage
operator. We check here (for example) that T5 is an Sp-storage operator:

Let n be an integer.
If n =0, then we check that (T3) X, f = (X,)F f Qand (0) F f Q> (f)0.



If n # 0, then we check that:

(M)Xnf = (Xu) FfQ
((S2)Xn-1r0) F fO = (Xu—rrpo) F(F)fQ

((S2) Xo,pmyn-170) F (F)"'f 0 = (Xomey-ir0) F (F)"f O
Q) F(F)"f0 = (F)"f0O
We prove (by induction on k) that, for every A-term u, and for every 0 < k < n, we have
(F)f = (f)(S2)*u.
- For k =0, it is true.
- Assume that is true for k, and prove it for k + 1.
(FYLf u = (F)F)*f u > (F)*f (Sy)u. By induction hypothesis we have that

for every A-term v, (F)*f v = (f)(S9)*v, then (F)*1f u = (f)(S2)(S2)*u =
(f)(Sa) .

In particular, for u = 0 and k& = n, we have (F)"f 0 > (f)(S2)"0.
Therefore T5 is a Sy-storage operator. O

A question arizes : Is there a link between the storage operators and the S-
storage operators ?

4 Link between the storage operators and the S-storage
operators

Theorem 1 If T is a storage operator, then, for every successor S, T is a S-storage
operator.

Proof Let S be a successor and T a storage operator.
Then for every n > 0, there is a closed M\-term 7, ~3 n such that for every 6, ~3 n,
(T)0,..f » (f)7. In particular ((T)(S)"0)f = (f)Tn.
Let 0 : Ax — A the simultaneous substitution defined by :
o(Xy) = (5)"0
for every 0 < k <n—1, 0(Xgapz) = (S)*0
o(x) =xif v # X, Xy apz

For every n > 0, we construct a set of head equation {U; > V;}1<i<, such that :

1) U; and V; are AX-terms ;



3) forevery 1 <i<r—1,V, = (X,)abc or V; = (Xj qpz)uW ;
4) o(V;) is solvable.

Let Uy = (T)X,f. We have o(U;) = ((T)(S)™0)f is solvable, then U; is solvable and
Uy = Vi where Vi = (f)d,, or Vi = (X,,)abe. 1t is clear that o(V7) is solvable.
Assume that we have the head reduction Uy > Vi and Vi # (f)d,.

- If Vi = (X,,)abe, then, by induction hypothesis, o(V;) = ((S)")0)o(a)o(b)o(c) is
solvable.
-Ifn=0,let Uy

-Ifn 75 0, let Uk+1
(S)(S)"10)o(a)a(b)o(c) = a(V}) is solvable.

0)abe. Then o(Uyy1) = (0)a(b)a(b)a(c) is solvable.
(i)anl,a,b,E)abE- Then O'(Uk+1) =

=
=

-1f Vi, = (X apz)uvw, then, by induction hypothesis, (V) = ((8)")0)o(u)o(v)o(w)
is solvable.

-If 1 =0, let Ugyq = (Q)uwvw. Then o(Uyy1) = (0)o(u)o(v)o(w) is solvable.
I 140, let Uprr = ((8)Xi-1u0m)wvw. Then o(Uyyq) =

(S)(S)NHY0)o(u)o(v)o(w) = o(V}) is solvable.

Therefore Uy is solvable and Uy 41 = Viy1 where Viyy = (f)0, or Vi = (X,,)ad't'c or
Vi1 = (X, gy z)a"t"c". Since 0(Uyy1) is solvable, then ¢(Vj41) is also solvable.

This constraction always terminates (i.e there is a r > 0 such that V, = (f)d,). Indeed,
if not, we check easily that the A-term ((7")(S)"0)f is not solvable.

Let y be a variable, S = (AzxS)y, and 0= (Az0)y.
Let 6 : Ax — A the simultaneous substitution defined by :

5(X,) = (8)0 .
for every 0 < k < n— 1, 5(Xpapz) = (S0
o(r) =z if x # X,, Xiapbz

~

> 0, we check easily that ((T)(S)"0)f > (f)&(d,). But
0)f > (f)7n. Therefore 6(6,) = 7,. Since 7, is closed, then ¢,
Therefore T' is a S-storage operator. O

Definition We say that a AX-term U satisfies the property (P) iff for each constant
Xiapz of U we have :



- a,b,¢ satisfy (P)
- Xiape is applied to a and b ;
- a,b do not contain free variables which are bounded in U.

Lemma 1 Let U,V be AX-terms which do not begin by A. If U satisfies (P) and U =V,
then V' satisfies (P).

Proof It is enough to do the proof for one step of head reduction. We have U = (Azu)vw
and V' = (ufv/z])w. Since U satisfies (P), then u, v, w satisfy (P) and z is not free in a,b
if the constant X , , 5 appears in u. Therefore ulv/z], uy, ..., un, satisfy (P) and V' satisfies
(P). O

Let A : A, — Ax the simultaneous substitution defined by :

N(zx,) = X,
for every 0 <k <n —1, A@rapz) = (Xp aw), a0 a@) 2 (@) A(0)

o(r) =z if v # 1, Tk.abc

Lemma 2 If U is a AX -term satisfies (P), then there is a \x-term U’ such that A(U’) =
U.

Proof By induction on U.
- For U = z, it is true.

-If U = A2V, then V satisfies (P), and, by induction hypothesis, there is a A\z-term
V such that A(V') = V. We put U’ = AzV'. We have A(U’) = U.

-If U = (Uy)Uy (where U; does not begin by a constant), then Uy, U, satisty (P),
and, by induction hypothesis, there are Az-terms U7, Uj such that A(U]) = U; and
A(U7) = Uy. We put U' = (U])U;. We have A(U") =U.

-IfU = (Xk,a7b75)abv,ihen a,b, e,V satisfy (P), and, by induction hypothesis, there
are Az-terms o', b, ¢/, V' such that A(a') = a, A(Y) =b, A(d) =¢,and A(V') = V.

We put U’ = (z;, )V’ We have A(U') =U. O

Theorem 2 7' is a S;-storage operator iff T' is a storage operator.

Proof Let n > 0. If T"is a S)-storage operator, then there is a finite sequence of head
reduction {U; > V;}1<i<, such that :

1) U; and V; are AX-terms ;

2) U, = (1 X, f and V, = (f)7, where 7, is closed A-term (-equivalent to n ;



3) V; = (X,)abe or V; = (Xjapa)uvw 0 <1 <n—1;

4) If V; = (X, )abe, then Uy = (0)abe if n = 0 and Uiy = ((S1)Xn—1,0pz)abe if
n+#0;

5) IV, = (Xiapz)uwvw 0 < 1 < n—1, then Upyy = (Quow if | = 0 and Uy =
((i)Xl—Lu,U,E)UUE if [ # 0.

We prove (by induction on ¢) that, for every 1 <i < r, V; satisfies (P).
- For v =1, it is true.
- Assume that is true for 4, and prove it for i + 1.

If V; = (X,,)abe, we have two cases :
- if n = 0, then U;;; = (0)abe. By induction hypothesis V; satisfies (P),
then a, b, ¢ satisfy (P), therefore U;;; and V;,; satisfy (P).
-if n # 0, then Uiy = ((8)Xn-1.4pz)abe. By induction hypothesis V;
satisfies (P), then a,b,¢ satisfy (P). Since Uir1 > ((a)(Xn—1.4pz)ab)e,
then V;, satisfies (P).
If Vi = (Xiapz)wvw 0 <1 < n—1, then u = a, v = b, and W = ¢ since, by
induction hypothesis, V; satisfies (P). We have two cases :
- if n = 0, then U;;; = (0)abe. By induction hypothesis V; satisfies (P),
then a, b, ¢ satisfy (P), therefore U;;1 and V;;, satisty (P).
-if n # 0, then Uiy = ((8)Xi—14pz)abe. By induction hypothesis V;
satisfies (P), then a, b, ¢ satisfy (P). Since U1 > ((a)(Xi-1,4z)ab), then
Viy1 satisfies (P).

Therefore there is a finite sequence of head reduction {M; = N;}i<;<, such that :

1) M; and N; are AX-terms ;

2) My = (T X, f and N, = (f)1, where 7, is closed A-term (-equivalent to n ;

3) N; = (X,)abe or N; = (X apz)abd 0 <1 <n—1;

4) If N; = (X,)abe, then My = (b)cif n = 0 and M;; = ((a)(Xp-1.4pz)ab)C if

n#0;

5) If N; = (Xl,a,zg)aba 0<Il<n-—1,then Mj; = (b)dif I = 0 and M;, =
((a)(X,_1 4 pg)ab)d i 1 # 0.

Since, for every 1 < i <r, M; and N; satisfy (P), let M and N] the Az-terms such that
: A(M]) = M; and A(N]) = N;. We have :

1) M} and N/ are Az-terms ;

10



2) M{ = (T)x,f and N} = (f)7} where 7/ is closed A-term (-equivalent to n ;
3) Nz/ = (xn)a/b'g or NZ/ == (xl,a’,b’,g)j 0 S ) S n — ]_,

4) It N = (2,)a’t'd, then Mj,, = (V') if n = 0 and M}, = ((a')z,_, 4y 7) if
n#0;

5) If N} = (:Em,’b,’g)w 0<1l<n-—1,then M/, = (V)d if |l =0 and M],, =
((a"),_y gy ) if 1 # 0.

Therefore T' is a storage operator. O

Theorem 3 There is a Sy-storage operator which is a no storage operator.

Proof Let T'= Az(x) a b 0 S where
a = Az yAz((x)(2)(z) [ TAx0)Az(S)(2)x,
b= AzdyAz(z)z,

and S a successor.

Let n be an integer.
If n = 0, then we check that :

T)X, f = (X,)ab0Sf
0 ab0Sf = (f)0
If n # 0, then we check that :
)X, f = (Xp)ab0Sf
((S2) Xn-1ap08s) ab0S f = (Xn-raposy) a(a)p0S f

((S2)Xo,0,@n-1005.f) @ (@008 f = (Xoa@n-1noss) a ()08 f
0)a(@™®0Sf » (a)"b0Sf

We define two sequences of A-terms (P;)o<i<n, and (Q;)o<i<n by :

Qo = 9, and, for every 0 < k <n — 1, we put Qr1 = A\x(S)(Qk)x
Py =0, and, for every 0 < k <n — 1, we put Pyy1 = (Qr)((a)" *1b) [T \x0

It is easy to check that, for every 1 < k <n, Qp ~3 \z(S)"x.
We prove (by induction on k) that, for every 0 < k < n, we have (a)"b 0 S f >
()" Py, Qx f.

- For k =0, it is true.

11



- Assume that is true for k, and prove it for k + 1.
()" Py Qi f = (a) ()" "0 P Qy f >
((@)" 1) (Qu) (@)™ 1) ITA20 Ax(S)(Qr)z f = (a)"*'b Pipr Qs [-

In particular, for & = n, we have (a)"b 0 .S f > (b) P, Qn f = (f)P,.
P, = (Qn-1)(b)IIXx0 ~5 (Ax(S)"x)(b) [T z0 ~5 (S)"(Az0)I ~5 (S)"0 ~4 n.

Therefore T' is a S;-storage operator.
We define a sequence of A-terms (P/)o<i<n by :

Py =0, and for every 0 < k <n —1, we put Py = (Qx)(Tn—r-1ab.P_, Qu i) 1]
We check (as before) that :

(T) z f = (xn) abPyQof
(@)Zn-1,a0.PQ0r Fo Qo [ = (Tn-1.a,.Q0r) PL Q1 f

(a)%,a,b,P,g,l,Qn_l,f) P/Lq Qn [ > (xo,a,b,P;L,l,Qn_l,f) Pé @n [
(0) B, Qu f = (f)P,

But P, = (Qn-1)(T0,ap,p!_,Qu_,;)IIA20 is not closed.

Note that Prll =5 (ﬁ)n(XO,a,b,P;L_l,Qn_hf)IIAxQ ;ﬁg n. Indeed, if (ﬁ)n(XO,a,b,P,/L_l,Qn_hf)IIAxQ =3
n, then ()" (Az1AzeAz3(S)0)1 I 20 ~g n, therefore n + 1 ~g n. A contradiction.

Therefore T' is a no storage operator. O
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