EFFECTIVE H* INTERPOLATION

RACHID ZAROUF

ABSTRACT. Given a finite subset o of the unit disc D and a holomorphic
function f in D belonging to a class X, we are looking for a function g
in another class Y which satisfies g, = f|, and is of minimal norm in Y.
Then, we wish to compare ||g|ly, with ||f]|y . More precisely, we consider
the interpolation constant c (o, X, Y) = supsex, ||f||x§1infg\a=f\a llglly -
When Y = H®°, our interpolation problem includes those of Nevanlinna-Pick
and Caratheodory-Schur. Moreover, Carleson’s free interpolation problem
can be interpreted in terms of the constant c¢ (o, X, H*). For Y = H®>,
X = HP (the Hardy space) or X = L2 (the Bergman space), we obtain
an upper bound for the constant ¢ (o, X, H>) in terms of n = card o and
r = maxyco |A|. Our upper estimates are shown to be sharp with respect to
n and r.

1. INTRODUCTION

1.1. Statement and historical context of the problem. Let D = {z € C :
|z| < 1} be the unit disc of the complex plane and let Hol (D) be the space of
holomorphic functions on D. The problem considered is the following: given two
Banach spaces X and Y of holomorphic functions on D, X, Y C Hol (D), and a
finite subset ¢ C D, find the least norm interpolation by functions of the space
Y for the traces f|, of functions of the space X, in the worst case of f. The case
X C Y is of no interest, and so one can suppose that either Y C X or X, Y are
incomparable.
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More precisely, our problem is to compute or estimate the following interpola-
tion constant

clo, X, )= sup inf{llglly : g9j0 = flo}-
FeX, I fllx <t

If r €0, 1) and n > 1, we also define
Chn, (X, Y)=sup{c(o, X,Y) : cardo <n, |A\ <7 VAeo}.

Here and later on, H* stands for the space (algebra) of bounded holomorphic
functions on D endowed with the norm || f||,, = sup,cp|f(2)|. The classical in-
terpolation problems -those of Nevanlinna-Pick (1916) and Carathodory-Schur
(1908) (see [15] p.231 for these two problems) on the one hand, and Carleson’s
free interpolation (1958) (see [16] p.158) on the other hand- are of this nature and
correspond to the case Y = H. Two first are “individual”, in the sense that
one looks simply to compute the norms HfHH‘o; or ||l gr on groo for a given f. In
the case of the third one, we consider infinite sets o. Let [°°(c) be the space of

bounded functions (ax),c, on o endowed with the norm [[a[|;~ ) = maxieo [ax]-

A€o
Carleson’s free interpolation problem is to compare the norms |[alf;

inf{llgll : g(A) =ax, A€ o}.
In other words, we want to estimate the interpolation constant defined as

c(o, 1%°(0), H®) = sup inf {|lg|l, : 9(N) =ax, A € o}.
a€l> (o), [[al ;00 <1

o) and

Let us now explain why our problem includes those of Nevanlinna-Pick and
Carathodory-Schur.
(i) Nevannlinna-Pick interpolation problem.
Given o0 = {A1, ..., A\n} a finite subset of D and W = {wy, ..., w,} a finite
subset of C, find

NPy w =inf {||fll.o : f(Ni) =ws, i =1, ..., n}.

The classical answer of Pick is the following:

2 _ 2o
NPGVWinf{c>O: <w> > 0},
1 *)‘i)‘j 1<i, j<n

where for any n x n matrix M, M > 0 means that M is positive definite.
(ii) Carathodory-Schur interpolation problem.
Given W = {wop, w1, ..., wy} a finite subset of C, find

CSw=mf{[|f|l: f(z) =wo+wiz+..+wpz"+..}.
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The classical answer of Schur is the following:

CSw = (T

where T, is the Toeplitz operator associated with a symbol ¢, (T,),, is the com-
pression of T, on P, the space of analytic polynomials of degree less or equal than
n, and ¢ is the polynomial ZZ:O wyz*. From a modern point of view, these two
interpolation problems (i) and (ii) are included in the following mixed problem:
given 0 = {\1, ..., Ap} C D and f € Hol(D), compute or estimate

1l 200y, 110 = WE{llgll o = f — g € BoHol(D)}.

From now on, if o = {1, ..., A\,} C D is a finite subset of the unit disc, then
B, =[] b,
j=1
is the corresponding finite Blaschke product where by = 2=, X\ € D. The

1-Xz’
classical Nevanlinna-Pick problem corresponds to the case X = Hol(D), Y = H°,

and the one of Carathodory-Schur to the case Ay = Ao = ... = A, = 0 and
X =Hol(D), Y = H™.

Looking at this problem in the form of computing or estimating the inter-
polation constant ¢ (o, X, Y) which is nothing but the norm of the embedding
operator (X‘a, H~||X‘g) — (Y|U, ||~HY‘0), one can think, of course, on passing (af-
ter) to the limit -in the case of an infinite sequence {A;} and its finite sections
{)‘j}?:f in order to obtain a Carleson type interpolation theorem X, = Y,,
but not necessarily. In particular, even the classical Nevanlinna-Pick theorem
(giving a necessary and sufficient condition on a function a for the existence of
f € H* such that || f|| ., < 1and f(\) = ax, A € o), does not lead immediately

to Carleson’s criterion for H>°

lo
theorem from Pick’s result was done by P. Koosis [12] in 1999 only). Similarly,
the problem stated for ¢ (o, X, Y) is of interest in its own. It is a kind of “effec-
tive interpolation” because we are looking for sharp estimates or a computation

of ¢(o, X, Y) for a variety of norms |||y, |||y -

= [*°(0). (Finally, a direct deduction of Carleson’s

1.2. Motivations.

a. As it is mentioned in Subsection 1.1, one of the most interesting cases is Y =
H®°. In this case, the quantity ¢ (o, X, H*°) has a meaning of an intermediate
interpolation between the Carleson one (when ||f||X‘U = 1215” |f (A:)]) and the

individual Nevanlinna-Pick interpolation (no conditions on _f)
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b. The following partial case was especially stimulating (which is a part of
a more complicated question arising in an applied situation in [4, 5]): given a
set ¢ C D, how can one estimate c(o, H?, H°°) in terms of n = cardo and

max |A| = 7 only? (Here, H? is the standard Hardy space of the disc D and is
€o

defined below in Subsection 1.3).

c. There is a direct link between the constant ¢ (o, X, V') and numerical anal-
ysis. For example, in matrix analysis, it is of interest to bound the norm of an
H>-calculus || f(A)|| < ¢||fllo, f € H™, for a contraction A on an n-dimensional
arbitrary Banach space, with a given spectrum o(A) C 0. The best possible con-
stant is ¢ = ¢ (o, H*, W), so that

c(o, H®, W) =

= Hfsnup<1sup{||f(A)|\ PAC ) = (€], 1A <1 0(A) o}

where W = {f =3 >0 Fk)zF - D k>0 ‘f(k)‘ < oo} stands for the Wiener alge-
bra, and the interior sup is taken over all contractions on n—dimensional Banach
spaces. An estimate for ¢ (o, H>, W) is given in [16]. An interesting case occurs
for f such that f|, = §|G (estimates on condition numbers and the norm of in-
verses of n X n matrices) or f|, = 1 o (for estimates on the norm of the resolvent

of an n x n matrix). Notice that in the same spirit, the case ¥ = Bgo,l where
Bgo,l is a Besov algebra presents an interesting case for the functional calculus of
finite rank operators, in particular, those satisfying the so-called Ritt condition.

1.3. The spaces X and Y considered here. We systematically use the fol-

lowing conditions for the spaces X and Y,

(Pr) Hol((1 + €)D) is continuously embedded into Y for every e > 0,

(Py) Poly € X and Pol, isdensein X,

where Poly stands for the set of all complex polynomials p, p = Z;V:O apz®,

(Ps) [feX];»[z"fex,vnz()andmnznﬂﬁ§1},

/
zZ— A

(Py) [feX,)\eDandf()\):O]:[ GX]
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Assuming X satisfies property (Py) and Y C X, then the quantity ¢ (o, X, Y)
can be written as follows

clo, X,Y)= sup inf{|glly:9€Y,9—f€B,X}.
Ifllx<1

General spaces X and Y satisfying (P;)1<i<4 are studied in Section 3. Then,
we study special cases of such spaces: from Section 4 to the end of this paper,
Y = H®°, but X may change from one section to another. In particular, in
Sections 4 and 5, X = H? = HP(D), 1 < p < oo which are the standard Hardy
spaces on the disc D (see [15] Chapter 2) of all f € Hol(D) satisfying

1/p
sup </ |f(rz)? dm(z)) < 00,
0<r<1 \JT

m being the Lebesgue normalized measure on T. From now on, if f € Hol(D) and
keN,

f(k) stands for the k' Taylor coefficient of f.
For p = 2, an equivalent description of H? is
. .2
HE = {F =37 fi)zh s 30| f)

k>0 k>0

< 0

We also study (see Section 6) the case X =12 (1/v/k + 1), which is the Bergman
space of all f = Zkzo f(k:)zk satisfying

kzzo\mf%ﬂm.

This space is also given by: X = L2, the space of holomorphic functions f on D
such that

/ F(2)FdA < oo,
D

where dA stands for the area measure.

2. RESULTS

We start studying general Banach spaces X and Y and give some sufficient
conditions under which C,, (X, Y) < co. In particular, we prove the following
fact.
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Theorem 2.1. Let X, Y be Banach spaces satisfying properties (P;), i =1, ..., 4.
Then

Chn.r(X,Y) < o0,
for everyn > 1 and r €0, 1).

Next, we add the condition that X is a Hilbert space, and give in this case a
general upper bound for the quantity C,,, (X, Y).

Theorem 2.2. Let Y be a Banach space satisfying property (Py) and X =
(H, (-, -)y) a Hilbert space satisfying properties (P;) fori =2, 3, 4. We moreover
suppose that for every 0 < r < 1 there exists € > 0 such that kx € Hol ((1 + ¢)D)
for all |\| < r, where ky stands for the reproducing kernel of X at point X,
and X — ky is holomorphic on |\ < r as a Hol((1 + ¢)D)-valued function. Let
0= {1, AL, A2, ey Agy oy Aty o At} be a sequence in D), where Ay are repeated
according to their multiplicity m, Zizl ms = n. Then we have,

i)
n 3
2
c(o, H,Y) < <Z |5k|Y> )
k=1
where (E), <<, stands for the Gram-Schmidt orthogonalization (in the space H)
of the sequence

kar,05 Kag,1s oo Bagma—15 Kag,00 Bas 1y s Bagma—1s o0 K05 Kxe,1s ooor Bapme—1,
I\
mdbjz(ﬁ)kszN

ii) For the case Y = H>, we have

c(o, H, H®) < sup||PH k||, »
¢ceb

where Péi = > 1 &)y Ek stands for the orthogonal projection of H onto
Kp,(H),

Kp, (H) :span(kzki’i: 1<i<my,j=1,.., t).

o

After that, we deal with H* interpolation (Y = H®). For general Banach
spaces (of analytic functions in D) of moderate growth X, we formulate the fol-
lowing conjecture:

c1px (1 —

where ¢ x (t), 0 < ¢t < 1 stands for the norm of the evaluation functional f — f(t)
on the space X. We prove this conjecture for X = HP?, L2 p € [1, o) (defined

a

1—1r

1 —
) SC’H,T(Xa HOO)SCQQDX (1_ T)a

n
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in Subsection 1.3). More precisely, we prove the following Theorems 2.3 and 2.4.
Here and later on,
o-'n7 A= {)\a Av ey )\}a
————

n
is the one-point set of multiplicity n corresponding to A € D.

Theorem 2.3. Let 1<p<oo,n>1,rel0,1), and |\ <r. We have,

1 n » n »
— 1 \3 < n aHpaHOO SC’ILT Hp; H*> SA )
32% (1|AI) < elom ) ! ) p<17")

where A, is a constant depending only on p and the left-hand side inequality is
proved only for p € 2Z. For p =2, we have Ay = /2.

Theorem 2.4. Let 1 <p<oo,n>1,re€l0,1), and |\ <r. We have,

1 n » n \r
— 1 \3 < n aHpaHOO SC’HT Hp; H*> SA )
32% (1|AI) < elom ) o ) p<17")
where A, is a constant depending only on p and the left-hand side inequality is
proved only for p € 2Z. For p =2, we have Ay = /2.

The above Theorems 2.1 , 2.3 and 2.4 were already announced in the note [19].

In order to prove (Theorem 2.1 , Theorem 2.2 and) the right-hand side inequal-
ity of Theorem 2.3 and Theorem 2.4, given f € X and ¢ a finite subset of I, we
first use a linear interpolation:

f'_> Z<fa €k>€k,
k=1

where (-, -) means the Cauchy sesquilinear form (h, g) = > .5, h(k)g(k), and
(er),<p<n is the Malmquist basis (effectively constructible) of the space Kp =
H? & BH?, whith B = B, (see N. Nikolski, [16] p. 117)). Next, we use the
complex interpolation between Banach spaces, (see H. Triebel [17] Theorem 1.9.3-
(a) p.59). Among the technical tools used in order to find an upper bound for
1> k1 (fs ex) exll, (in terms of ||f]| ), the most important one is a Bernstein-
type inequality |f'll, < ¢p||B'[|l, [If]l, for a (rational) function f in the star-
invariant subspace K%, := HP N BzH? ;1 < p < oo (for p =2, K} = Kp),
generated by a (finite) Blaschke product B, (K. Dyakonov [9, 10]). For p = 2, we
give an alternative proof of the Bernstein-type estimate we need and the constant
co we obtain is slightly better, see Section 6.

The lower bound problem of Theorems 2.3 and 2.4 is treated in Section 7 by
using the “worst” interpolation n-tuple o = o, x, (the Carathodory-Schur type
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interpolation). The “worst” interpolation data comes from the Dirichlet kernels
22;01 z* transplanted from the origin to A. We notice that spaces X = HP, L2,
p € [1, oo) satisfy the condition X o by C X which makes the problem of upper
and lower bound easier.

The paper is organized as follows. In Section 3 we prove Theorems 2.1 and
2.2. Sections 4 and 5 (resp. Section 6) are (resp. is) devoted to the proof of the
upper estimate of Theorem 2.3 (resp. Theorem 2.4). In Section 7, we prove the
lower bounds stated in Theorems 2.3 and 2.4. At the end of the paper, we shortly
compare the method used in Sections 3, 4, 5 and 6 with those resulting from the
Carleson free interpolation, see Section 8.

3. UPPER BOUNDS FOR ¢(o, X, Y)

3.1. Banach spaces X, Y satisfying properties (F;),,.,- In this subsection,
X and Y are Banach spaces which satisfy properties (P;), <_ l<_ 4 - We prove Theorem
2.1 which shows that in this case our interpolation constant ¢(c, X, Y) is bounded
by a quantity which depends only on n = card o and r = max; |A;| (and of course
on X and Y). In this generality, we cannot discuss the question of the sharpness
of the bounds obtained. First, we prove the following lemma.

Lemma 3.1. Under (P2), (Ps) and (Py), BoX is a closed subspace of X and
moreover if o is a finite subset of D,

B,X={feX: f(\) =0,V € o (including multiplicities)}.
PROOF. Since X C Hol(D) continuously, and evaluation functionals f — f(})
and f — f(®)(\), k € N*, are continuous on Hol(ID), the subspace
M={feX: f()\ =0,V € o (including multiplicities)},

is closed in X.

On the other hand, B,X C X, and hence B,X C M. Indeed, properties
(P;) and (P3) imply that h.X C X, for all h € Hol((1 + ¢)D) with € > 0.
We can write h = Zkzoﬁ(k)zk with ‘E(k:)‘ < Cq¢", C > 0 and g < 1. Then
oy S
hf=Ysoh(k)*f € X.

In order to see that M C B, X, it suffices to justify that

[f € Xand f(N) = 0] = [£/bx = (1 = Xe)f/(A—2) € X].,

< oo for every f € X. Since X is a Banach space we get
X

but this is obvious from (Py) and the previous arguments. (]
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In Definition 1 below, 0 = {1, ..., A, } is a sequence in the unit disc D and B, is
the corresponding Blaschke product.

Definition 1. The model space Kp, . We define Kp_ to be the n-dimensional
space:

(3.1.1) Kp, = (B,H?)" = H?© B,H”.
Malmquist basis. For k € [1, n], we set fi(z) = #, and define the family
s

(k)1 <p<ns (which is known as Malmquist basis, see [16] p.117), by

f E= fr
(3.1.2) e1=—1 and e, = by, | ——,
T, 1 ) 77

for k € [2, n], where || fll, = (1— |)\k|2)71/2. The Malmquist family (ex); <<,
corresponding to o is an orthonormal basis of K.

The orthogonal projection Pp, on Kp, . We define Pp_ to be the orthogonal
projection of H? on its n-dimensional subspace K, . In particular,

n

(3.1.3) Pp, = Z (-, k) g2 €k,

k=1

where (-, -) 2 means the scalar product on H?.

Lemma 3.2. Let o = {\1, ..., Ay} be a sequence in the unit disc D , (ex); )<, be
the Malmquist family corresponding to o and (-, ) be the Cauchy sesquilinear form
(hy 9) = X550 h()g(j) for h, g € Hol(D). For all f € Hol(D) and 1 < k < n,
the series (f, ex) are absolutely converging. Moreover, if Y is a Banach space
satisfying (P1), the map ® : Hol(D) — Y C Hol(D) given by

n

O fe > (fen)er,

k=1

is well defined and has the following properties:

(a) (I)|H2 = PBG;

(b) ® is continuous on Hol(D) with the topology of the uniform convergence on
compact sets of D,

(c) if X satisfies (P2), (Ps), (Py) andY C X, and if ¥ = Id|x — ®|x, then
Im (¥) € B, X,
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(d) if f € Hol(D), then

(/)] = (f; Ps, k‘ql—’<f,Zek >

for all ¢ € D, where Pp, is defined in (3.1.2) and ks = (1 —22)7

PROOF. First of all we set r = max ¢, |A|. If f € Hol(D) and p €]0, 1], then
fiy=en™ [ fwui .
pT

for all j > 0. For a subset A of C and for a bounded function h on A, we define
[|h]| 4 :=sup,e [P(2)]. As a result,

(3.14) Fren)l < 32 [TOED)| < Cro) 11,2 D la)] 7.

Jj=0 Jj=0

Now if p is close enough to 1, it satisfies the inequality 1 < p~! < r~!, which

entails 37,5 |€x(5) p~ J < +oo for each k = 1, ..., n, and the series (f, e;) are
absolutely converging.

Now, the the point (a) is a direct consequence of (3.1.3). In order to check point
(b), let (fi),cy be a sequence of Hol(ID) converging to 0 uniformly on compact
sets of . We need to see that (® (f1)),cy converges to 0, for which it is sufficient
to show that lim; |(f;, ex)| = 0, for every k = 1, 2, ..., n, which is clear applying
(3.1.4) to f = fi.

We now prove point (c). Using point (a), since Pol, C H?, we get that
Im (¥ po, ) C BoH?. Now, since Pol; C 'Y and Im(®) C Y, we deduce that

Im (¥|p,, ) C BLH*NY C B,H*N X,

since Y C X. Now W(p) € X and satisfies (¥ (p)), = 0 (that is to say

(¥ (p)) (A\) =0, VA € o (including multiplicities) for all p € Poly. Using Lemma

3.1, we get that Im (\II‘POl+) C B,X.Now, Pol being dense in X (property (FP2)),

and ¥ being continuous on X (point (b)), we can conclude that Im (¥) C B, X.
In order to prove (d), we simply need to write that

=Y (f, ex)en(¢) = <f, Zm€k>,
k=1 k=1

Vf € Hol(D), V¢ € D and to notice that >, ex(Q)er = Y p_; (ke, €x) o € =
Ps, ke. O
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PROOF OF THEOREM 2.1 . Let 0 = {1, ..., A\, } be a sequence in the unit disc
D and (ex);<j<, the Malmquist family (3.1.2) associated to o. Taking f € X
, we set g = B(f) = 7, (f, ex) ex, where ® is defined in Lemma 3.2. In the
same spirit of that of (3.1.4), we notice that

al) =2 [ ewu o,
RT
forallj >0and forall R, 1 < R < % As a result,

—~ . i -1
6] < (2mR7Y) T llexl| gy and

S |FOED)| < @rR) ™ el | FG)| 7 < oo,

Jj=0 320

since R > 1 and f is holomorphic in I, (where |- , is defined above in the proof
of Lemma 3.2).

We now suppose that ||f||y < 1. Since Hol (r~'D) C Y, we have g € Y and
using Lemma 3.2 point (c) we get

where V¥ is defined in Lemma 3.2, as . Moreover,

n
lglly <> 1(Frexd] llexlly -
k=1

In order to bound the right-hand side, recall that for all j > 0 and for R =
2/(r+1) €J1,1/r],

> FOEG] < @M llerllagan e 3 [T0)] @71+ 1)

§>0 §>0

Since the norm f+— 3 ., ‘f(j)‘ (274 r + 1))j is continuous on Hol(D), and the
inclusion X C Hol(ID) is also continuous, there exists C, > 0 such that

S |[Fo| @ e+ 1) <6l £ x,

7>0

for every f € X. On the other hand, Hol (2(r + 1)7*D) C Y (continuous inclusion
again), and hence there exists K, > 0 such that

lexlly < K sup lex(2)] = K; ||€k||2(r+1)*111"
|z|<2(r4+1)—1
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It is more or less clear that the right-hand side of the last inequality can be
bounded in terms of » and n only. Let us give a proof to this fact. It is clear that
it suffices to estimate

sup ler(2)] .
1<|z|<2(r+1)—1

In order to bound this quantity, notice that

2
Az (P DA =P

1— Xz |1 — Az[? ’

for all A € D and all z € |\|7'D. Using the identity (3.1.5) for A = \;, 1 < j <mn,
and z = pe', p=2(1 +7)71, we get

(3.15) ba(2)P < \

1
1— )\_kpeit

(T =250 ) (i)

j=1

k—1
’ek(peit)fg H’b)\j(peit)yz ’
j=1

for all k = 2, ..., n. Expressing p in terms of r, we obtain

n—1 1
1 2(% — 1)
lenllagsny-1r < T, |2 11 <1+ e ) =: Cy(r, n),

r—+1 j=1 (r+1)2
and
> f(j)ék(j)‘ < 2m) ' Crllexll argry—rr | f IIx< 2m)HCoCr(ry ) || S lx -
j=>0

On the other hand, since
lerlly < K llerllaqiry-1r < KrCilr, n),

we get

lglly <D @m) ' CoCar, ) | fllx K Culryn) = (2m) ' nCr Ky (C1(r, m))” IIf | »
k=1

which proves that

clo, X, Y) < 2m) " 'nC K, (Cy(r, n))?,
and completes the proof of Theorem 2.1. O
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3.2. The case where X is a Hilbert space. We suppose in this subsection
that X is a Hilbert space and that X, Y satisfy properties (P;),.;~,. We prove
Theorem 2.2 and obtain a better estimate for ¢ (o, X, Y) than in Theorem 2.1
(see point (i) of Theorem 2.2 ). For the case Y = H*, (point (ii) of Theorem
2.2 ), we can considerably improve this estimate. We omit an easy proof of the
following lemma.

Lemma 3.3. Let 0 = {1, ..., A1, A2, ooy A2y ooy Ar, oo, At} be a finite sequence of
D where every \s is repeated according to its multiplicity ms, 22:1 ms = n. Let
(H, (-, -)g) be a Hilbert space continuously embedded into Hol(D) and satisfying
properties (P;) fori=2,3, 4. Then

Kp (H)::H@BUH:span(kAj,i: 1§j§f,0§i§mj—1),

o

where ky, ; = (%)Z kx and ky is the reproducing kernel of H at point \ for every
AXeD,ie kxe H and f(N) = (f, k\)y, Vf € H.

PRrROOF OF THEOREM 2.2 . i). Let f € X, [|f||yx <1 . Lemma 3.3 shows that

Zf,gk

is the orthogonal projection of f onto subspace Kp_ . Function g belongs to Y
because all &y ; are in Hol((1 + ¢)D) for a convenient € > 0, and Y satisfies (Py).

On the other hand, g — f € B,H (again by Lemma 3.3). Moreover, using
Cauchy-Schwarz inequality,

n n 172 , 5 1/2
lglly < D10 E) gl 1Elly < <Z| £ &)yl ) (Z ||5k||§> <
k=1 k=1 k=1

n 1/2
< 1 flle <Z ||5k||2y> :

k=1

which proves i).
ii). If Y = H*, then

191 = (P, £ ke) | = (s P ke) | < 1l || P e

for all ¢ € D, which proves ii). O
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4. UPPER BOUNDS FOR C,, , (H?, H*)

Here, we specialize the upper estimate obtained in point (i) of Theorem 2.2
for the case X = H?, the Hardy space of the disc. Later on, we will see that this
estimate is sharp at least for some special sequences o (see Section 7). We also
develop a slightly different approach to the interpolation constant ¢ (O’, H? H °°)
giving more estimates for individual sequences o = {A1, ..., A, } of D. We finally
prove the right-hand side inequality of Theorem 2.3 for the particular case p = 2.

Proposition 4.1. For every sequence o = {\1, ..., \n} of D we have
1— B, (OP\"*
(4.1.1) c(o, H?, H®) < sup <|7(g)|) ,
cep \ 1—[(

and therefore

1/2

zn: 1- |)‘i|2 BU(C)

2 o} / %—
(4.1.2) c(o‘, H°, H ) < V2 sup 1B (Q? = V2 sup - (1 B XiC)Q by, ()

I<I=1 I¢]=1

PROOF. We prove (4.1.1). In order to simplify the notation, we set B = B,.
Applying point (ii) of Theorem 2.2 for X = H? and Y = H*, and using

ke(z) = 1_1& and (Pp, k) (2) = %ﬁ%fo(@’

(see [16] p.199), we obtain

1—|B,(0)]? 1/2
IPs.kel = ()

which gives the result.
We now prove (4.1.2) using (4.1.1). The map

¢ [Pp (k)| = sup {|f(O)] : f € Kp, [[fl <1},

and hence the map
o (1— |B<<>|2)”2
1—¢? ’

is a subharmonic function so

1 . B 2 1/2 1 _ B 2 1/2
sup ( | (C2)| > < sup lim< | (Tw2)| ) '
icl<1 A 1= 1 — [rw]

|w|=
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Now applying Taylor’s Formula of order 1 at points w € Tand u = rw, 0 <r <1

(it is applicable because B is holomorphic at every point of T), we get

(B(u) = B(w)) (u—w)~" = B'(w) +o(1),
and since |u — w| =1 — |ul,
|(B(w) = B(w)) (u—w)~"| = B(u) = Blw)| (1 - |u) ™" = |B'(w) + o(1)].

Then we have

|B(u) — ( )| = [B(w)| = [B(u)| =1 —[B(u)],
(1= 1B (1= [u)™" < (1= |u) 7" |B(u) = B(w)| = |B'(w) + o(1)],
and )
lim (1~ |B(r))) (1~ [rw)) ™) < v/[Bw)]
Moreover,
Bw) =5 (1= nP) (1 =Xw) 2 [[ ba (w).
i=1 J=1,j#i
for all w € T . This completes the proof since
L= [Brw)* _ (1= [Brw))(1 +|B(rw)]) _ 1= |B(rw)|
1 —|rw|? (1 —Jrw])(1 + |rw|) - 1—|rw| -~
(|
Corollary 4.2. Letn > 1 and r € [0,1]. Then,
1
Ch,(H>,H®) <2 (n(l—7)7")2
PROOF. Indeed, applying Proposition 4.1 we obtain
1= )P 1+7 _ 2n
B'(w)| < < .
Bl <Y T R ST S T
O

Now, we develop a slightly different approach to the interpolation constant
c (o, H?, H®).

Corollary 4.3. For every sequence o = {1, ..., \n} of D,

/2
n 1—|)\k| )
C(O’, [—[2 < sup (Z |27>\k|2 ) .

#€T \k=1
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PRrOOF. In order to simplify the notation, we set B = B,. We consider Kp
(see Definition 1) and the Malmquist family (ex),.; ., corresponding to o (see
Definition 1). Now, let f € H? and

n
Z faek 2 €k

(see (3.1.3)). The function g belongs to H* (it is a finite sum of H> functions)
and satisfies g — f € BH?. Applying Cauchy-Schwarz inequality we get

n n ) /2 o, (1- |)\k|2) 1/2
z:: (fsex) 2| len(C )|§<;|(fa€k)m|> (;m> ;
for all ¢ € D. As a result, since f is an arbitrary H? function, we obtain
s (- )
(o, H*, H )Sileu?; <; (KMQ)) ;
which completes the proof. (I

Corollary 4.4. For any sequence o = {1, ..., \p} in D |

1/2

N
H? H>®) < § J
C(U) 9 ) — — 1 _ |AJ|

PRrOOF. Indeed,
> o) <Z I_Mkl))
2 = _
= ¢ — Akl = (1—|\)?

and the result follows using Theorem 4.3.
O

Now we prove the right-hand side inequality of Theorem 2.3 for the special case
p=2.
PROOF OF THEOREM 2.3 (p = 2, THE RIGHT-HAND SIDE INEQUALITY ONLY ).
Since 1+ |Aj| <2and 1 — |A\;| > 1—r for all j € [1, n], applying Corollary 4.4
we get

Crr(H? H®) < V2021 — r)~1/2,
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Remark. As a result, we get once more the same estimate for C,, .(H?, H*) as
in Corollary 4.2 , with the constant v/2 instead of 2.

It is natural to wonder if it is possible to improve the bound v/2n'/?(1 —7)~1/2,
We return to this question in Section 7 below.

5. UPPER BOUNDS FOR C,, , (H?, H®) , p>1

In this section we extend Corollary 4.2 to all Hardy spaces HP: we prove the
right-hand side inequality of Theorem 2.3 | p # 2. We first prove the following
lemma.

Lemma 5.1. Letn>1 and 0 <r < 1. Then,
Cn,T(Hl,HOO) <2n(l1- 7“)71.

PrROOF. Let o be a finite subset of D, (ek)1§k§n be the Malmquist basis corre-
sponding to o (see Definition 1), and f € H' such that ||f]|;;: < 1. Let also
g = ®(f) where @ is defined in Lemma 3.2. Applying point (d) of Lemma 3.2,

we get
n

Zekek(o < Zekek(C)
k=1 Hoo k=1
Since Blaschke factors have modulus 1 on the unit circle,

lerll e < (14 RN (1= )72

n

19O < I fll g

Ho

As a consequence,

n

9O Y llewllgee [ex(@)] < 3 llewlfoe < D01+ M) @ =A™ < 20(1 = 1),
k=1 k=1 k

=1

for all ¢ € D, which completes the proof. O

Before proving the upper bound in Theorem 2.3 , we give the following general
observation which is a direct consequence of the classical complex interpolation
between Banach spaces, see [6, 17]. In particular, we use the notation of [6],
Chapter 4.

Lemma 5.2. Let X7 and X2 be two Banach spaces of holomorphic functions in
the unit disc D. Let also 6 € [0, 1] and (X1, X2) (g be the corresponding inter-
mediate Banach space resulting from the classical complex interpolation method
applied between X1 and Xo. Then,

Cn,r ((Xla XQ)[G] ) HOO) S Cn,r (Xla Hoo)1—9 Cn,r (X25 Hoo)9’

foralln>1,7 €0, 1).
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PRrOOF. Let X be a Banach space of holomorphic functions in the unit disc D
and let 0 = {A\1, A2, ..., A} C D be a finite subset of the disc. Let T : X —
H*>/B,H® be the restriction map defined by

Tf={9eH>: f-geB,X},
for every f € X. Then,
HT”X—}HOC/BGHOO = C(O', X, HOO> .
Now, since (X1, X2) is an exact interpolation space of exponent 6 (see [6] or

[17] Theorem 1.9.3-(a), p.59), we can complete the proof. O

Now we prove the right-hand side inequality of Theorem 2.3 for the remaining
case p # 2.

PROOF OF THEOREM 2.3 (p # 2, THE RIGHT-HAND SIDE INEQUALITY ONLY ).
In the case X = HP, there exists 0 < # < 1 such that 1/p = 1 — 6, and
[Hl, HOO} g = HP (a topological identity: the spaces are the same and the norms
are equivalent (up to constants depending on p only), see [11]). As a consequence,
applying Lemma 5.2 with X; = H! and Xy = H™®, we get

1-6

Cor (H?, H®) < 7, (Cp o (HY, H®)) ™" (C, (H®, H®))? <

_1\1-6 .0
<% (2n(1-n)7h) )7,
where § =1 —1/p, and ~, is a constant depending only on p. Using Lemma 5.1
and the fact that C,, , (H*, H>®) < 1, we get

Cn,r (Hpa HOO) S ’717 (271(1 - T)il)l/p’

which completes the proof. O

6. UPPER BOUNDS FOR C,, , (L2, H)

Our aim here is to generalize Corollary 4.2 to the case X = 2 ((k +1)%),
a € [—1, 0], the Hardy weighted spaces of all f =3, f(k)z* satisfying

L2
11 =D | )] k4 1) < .
k>0
Note that H? = [2(1) and L2 = [? ((kz + 1)_%) . We prove the upper bound of

Theorem 2.4. The main technical tool used here is a Bernstein-type inequality
for rational functions.
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6.1. Bernstein-type inequalities for rational functions. Bernstein-type in-
equalities for rational functions were the subject of a number of papers and
monographs (see, for instance, [2-3, 7-8, 13]). Perhaps, the stronger and closer
to ours (Proposition 6.1 ) of all known results are due to K.Dyakonov [9, 10].
First, we prove Proposition 6.1 below, which tells that if o = {\1, ..., A} C D,
r= m]f_:mx|)\j| , B= B, and f € Kp, then

(%) 1 gz < n,r 1 £l

where a,,, is a constant (explicitly given in Proposition 6.1 ) depending on n
and 7 only such that 0 < ay, » < 37%. Proposition 6.1 is in fact a special case
(p = 2) of a K. Dyakonov’s result [9] for p = 2. It is important to recall that this
result is in its turn, a generalization of M. Levin’s inequality [13] corresponding
to the case p = co. More precisely, it is proved in [9] that the norm HD||K%_>HP of
the differentiation operator D f = f’ on the star-invariant subspace of the Hardy
space HP, K% := HP N BzHP, (where the bar denotes complex conjugation)
satisfies the following inequalities

< |Blo

& |1B'loe < 1Dl g v

for every p, 1 < p < oo where ¢, and c; are positives constants depending on p
only, B is a finite Blaschke product and |-|| . means the norm in L>(T). For the
partial case considered in Proposition 6.1 below, our proof is different from [9, 10].
It is based on an elementary Hilbert space construction for an orthonormal basis
in Kp and the constant ¢y obtained is slightly better. More precisely, it is proved
in [9] that ¢j = 5=, c2 = 252¢ and ¢ = 2v/37 (as one can check easily (c is not
evaluated in [9])). It implies an inequality of type (x) (with a constant about 6.5
instead of 3).

In [18], we discuss the “asymptotic sharpness” of our constant a,, . We find
an inequality for

Cn,r = sup HDHKB—)HQ )

(sup is over all B with given n = deg B and r = maxy¢, |A|), which is asymptot-

147
1—r

ically sharp as n — oo. Our result in [18] is that lim, % = for every

r, 0 <r <l

Proposition 6.1. Let B = H?Zl bx,, be a finite Blaschke product (of order n),
r=max|)\;|, and f € Kg = H*> & BH?. Then for everyn>2 and r € [0, 1),
J

1 gz < cn, e 1 £l g s
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where o » = [14+ (L+7)(n — 1) ++vn—2] (1 —r)~%, and in particular
n
172 < 3 1
foralln>1 andr €0, 1).

Proor. Using (3.1.3), f = Pef = > p_; (f, €x) g2 €k, for all f € Kp. Noticing
that, ej,

k—1 4/
b — 1
/ g
e, = Ler + Ak ——¢€,
i=1 b/\l (1 - )\kz)
for k € [2, n], we get
n k—1 4/
1
=Y ey 7~ €k) 2 Ak T——=="v€k,

k=2 i=1 (1- )‘kz)

_Z Z faekH2ek+Z faekHZ)\k( )\kz)k

=1 Ai k=i+1
Now using Cauchy-Schwarz inequality and the fact that ey is a vector of norm 1
in H? for k =1, ..., n, we get

1

L 1
];Ak (fs er) e mek

)\ki_

<
(1 . )\kZ) Hean2 —

o0

n
Z f7 €k H2|

N

SO enel < (D . en)m ) Vi< |l V.
k=1 k=1

—-r
Further,
n—1 b/ n n—1 n
Z Z €k f7 ek SZ Z (f7 ek)HQek =
i=1 "M k=it1 H? i=1 ¢ 1100 || p=4+1 H2
b/ n—1 n %
_ Ai 2
a (1;%&5(—1 b oo) ; (k;1 (o et)ir ) - miax Ai lloo ; Tl
Now, using
b, il =1 P L
Oailloe || (1=Aiz) i = 2) || ST ST
we get
n—1 bl)\ n
™~ D (fser)y= en (1+T) HfHHz-
=1 M g=it1 2




EFFECTIVE H° INTERPOLATION 21

Finally,
£ gz < L4+ Q47— 1)+ V=2l A=) 7" [ fll e -
In particular,
£ 2 < (20 =2+ Vi) (=) 7 I fll g2 < 301 = )7 1 fllge
for all n > 1 and for every f € Kp. O
6.2. An upper bound for ¢ (a, L2, H"O). Here, we apply Proposition 6.1 to

prove the right-hand side inequality of Theorem 2.4. We first prove the following
corollary.

Corollary 6.2. Let o be a sequence in D. Then,
c(o, 2 ((k+1)7"), H*®) <210 (n(1 —r)7")

PRrROOF. Indeed, let X = [2(—1), o a finite subset of D and B = B,. If f € X,
then using part (c) of Lemma 3.2, f|,we get that ®(f)|, = f|,. Now, denoting X*
the dual of X with respect to the Cauchy pairing (-, -) (defined in Lemma 3.2)
and applying point (d) of the same lemma, we obtain X* =2 (1) and

3/2

1
2 112 2
@] < 1 lLx I1Pskell - < £y K <|PBk<||H2 +|[@ake) | )
where
K = max {1, sup(k + 1)k1} =2.
E>1
Since Ppk¢ € Kp, Proposition 6.1 implies

@O < Ifllx K (I1Pakcllie +9 (00 =)™ |1 Pakelfa )" <

_1,3/2
SAMA-r)")" Il
where A = K (2/2 + 9)% = 2/10, since || Pgkell, < V2 (n(1 — r)_1)1/2 , and since
we can suppose n > 2, (the case n = 1 being obvious). (I

Now let us give the proof of the right-hand side inequality of Theorem 2.4.

PROOF OF THEOREM 2.4 (THE RIGHT-HAND SIDE INEQUALITY ONLY). The
case o = 0 corresponds to X = H? and has already been studied in Section 3
(we can choose A(0) = v/2). We now suppose a € [—1, 0) and we set § = —a,
0<6<1,s0that a=(1-6)(1—-N)+6.(—N). Since

(lg (0) ) lg (71))[9] 1121 (0‘) s
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(see [6, 17]), this gives, using Lemma 5.2 with X; = [2 (0) = H? and X5 = {2 (—1),
Corollary 6.2 , that

Ch,r (l?z (o), HOO) < (\/5 (n(l — 7,),1)%)179 (2\/E (n(l _ 7»)*1)%)9 _

“lm

= A0) A (n(1— 7)) F
It remains to use § = —a, set A(a) = A(0)'7?A(1)? and apply (5.1.2) with
X =12 ((k+1)®). In particular, for « = —1/2 we get (1 —0)/2 + 30/2 =1 and

A(-1/2)= A(0>(171/2)A(1>1/2 = \/_ (2\/_)1/2 Ve 510+

7. LOWER BOUNDS FOR C), (X, H™®)

7.1. The cases X = H? and X = L2. Here, we consider the standard Hardy

and Begman spaces, X = H? = [2(1) and X = L2 = 12((k + 1)~1/?), where the

spaces 2 ((k 4+ 1)®) are defined in Section 6, and the problem of lower estimates

for the one-point special case o, x = {\, A, ...; A}, A € D. Recall the definition of
—_——

n
our constrained interpolation constant for this case

C(O-n,k; Ha HOO) :Sup{HfHHoc/anoc : f € Ha HfHH < 1}3

where || f| go jpn e = inf {||f + bRglloc : g € H}. Our goal in this subsection is
to prove the sharpness of the upper estimate stated in Theorem 2.3 (p = 2) and
in Theorem 2.4 for the quantities C,,_ , (HQ, H°°) and C,, (LZ, HOO) , that is to
say, to get the lower bounds of Theorem 2.3 (p = 2) and Theorem 2.4.

In the proof, we use properties of reproducing kernel Hilbert space on the disc
D, see for example [15]. Let us recall some of them adapting the general setting
to special cases X = [2((k+1)®). The reproducing kernel of 2 ((k + 1)%), by
definition, is a [2 ((k + 1)®)-valued function A — k¢, A € D, such that (f, k¥) =
f for every f € 12((k+1)"), where (-, -) means the scalar product (h, g) =
S im0 M(k)G(k) (k +1) 722, Since one has f(X) = 3,50 f(k)A*(k+1)2(k +1)~2
(A €D), it follows that -

k() =Y (k+ 122k, 2 e D.

k>0
In particular, for the Hardy space H? = [2(1) (a = 0), we get the Szeg kernel
kx(z) = (1—X2)~! and for the Bergman space L2 = [2 ((k: +1)” 1/2) (a=—1/2),

the Bergman kernel k:;l/z(z) = (1 —Xz)72
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We will use the previous observations for the following composed reproducing
kernels (Aronszajn-deBranges, see [1, 15]): given the reproducing kernel k of H?
and ¢ € {zV : N = 1, 2}, the function ¢ o k is also positive definite and the
corresponding Hilbert space is

H, = o(H?) = I2 ((k:+ 1)13”) .

It satisfies the following property: for every f € H? ¢ o f € ¢(H?) and ||¢ o

FU% 2y < (I £1132) (see [15], page 320).
We notice in particular that

(7.1.1) H, =H? and H,» = L2

The above relation between the spaces H?, L2 and the spaces p(H?) = H, leads
to establish the proof of the left-hand side inequalities stated in Theorem 2.3 (for
p =2 only) and in Theorem 2.4 .

PROOF OF THEOREM 2.3 (p =2) AND THEOREM 2.4. (left-hand side inequali-
ties only)
0) For N =1, 2 we set pn(z) = 2.

1) We set

n—1

Q@u= (1?25 (1-X2) ", How = on0Qu and ¥ =bH, n, b>0.
k=0

Then ||Q,||3 = n, and hence by the above Aronszajn-deBranges inequality,
1117, < b*en (1Qn]3) = b*en(n).
Let b > 0 such that b>pn(n) = 1.
2) Since the spaces H,, and H> are rotation invariant, we have
clona,Hoy, H®) = c(0pym, Hpp, H)

for every A, p with |A] = |u| = r. Let A = —r. To get a lower estimate for
H‘II||H¢N /veH,  consider G such that ¥ — G € bYHol(DD), i.e. such that bH,, n o
by —Goby € Z"HOl(D).

3) First, we show that

Y =: Woby = bH, noby
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is a polynomial (of degree n if o = z and 2n if ¢ = 2?) with positive coefficients.
Note that

n—1
1

PR } S
Qnoby= Z P T =1-PA) T (1+a-NY R =
k=1

n—1
=(1- T2)_1/2 (1 +(1+7) Z 2F + TZ") =(1- r2)_1/21/11.

k=1
_1
Hence, v = Woby =bH, nyoby =bpyo ((1 - rz) 2 1/11) and

¥YN owl = w{v('z)a N = 1) 2.
4) Next, we show that

i(w ) z{ 2v2)"tyn(I—7)Tif N=1
i=0

16" n(l—r)"L if N=2
where m =n/2 if n is even and m = (n 4+ 1)/2 if n is odd.

Indeed, setting S, = -7 2/, we have both for N =1 and N = 2

i(wf) :i <1+(1+T)§zt+m">N zi(sN_

S -3 ((F))-
- i (1=2)7") = (N i 1)! i <Ci]\zfv_—11 1 iz) = icgwjl'

Now if N =1, then

Next, we obtain

n
ZCN+J 1=m—|—12§,

whereas if N = 2 then
U (m+1D(m+2) _ (n+2)(n+4) 2
E CgVJrj 1= = :

Finally, since 32" (1)) = b3 " (pn o th1) = b (1 —r2) ~N/23" (¢l we get
- (2(1—7r)"Y2nb/2 if N =1
> (W)= { (2(1 7))~ In2b/8 if N=2
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S22 N=1
with b = ¢n(n) = { " 1 fl N —o - This gives the result claimed. 5)
n 1 =

Let F,, = ®,,, + 2™®,,, where ®; stands for the k-th Fejer kernel. We have
lglloollEnllLr > |lg * Frlloo for every g € L (T), and taking the infimum over all
g € H*> satisfying §(k) = ¢ (k), Vk € [0, n — 1], we obtain

1
[l oo jam pree 2 Sl * Falloo,

where * stands for the usual convolution product. Now using part 4),

1
1O oo oy e = ||| oo jan e > §H1/)*Fn||oo >
1 T -
> 3 (v * Fp) (1) > 52 ()=
2{ (4v2)~'\/n(1—r)~1if N=1

327n(1—r)7t if N=2
6) In order to conclude, it remains to use (7.1.1). O

7.2. The case X = H?, 1 < p < +00. Here we prove the sharpness (for even p)
of the upper estimate found in Theorem 2.3. We first prove the following lemma.

Lemma 7.1. Let p, q such that % € Zy, then ¢ (o, HP, H®) > ¢(o, Hq,HOO)%
for every sequence o of D.

PRrROOF. Step 1. Recalling that

(o, H?, H®) = S inf {llgllc: 9€Y, 90 = fio } »
,<1

we first prove that

c(o, H?, H®) = sup inf{HgHoo cgcey, g|U:f|U}'
If11»<1, f outer

Indeed, we clearly have the inequality

sup inf {|lgll: 9 €Y. g0 = fio} < (o, HY, H™),
Ifllp<1, f outer

and if the inequality were strict, that is to say
sup lnf{HgHoo : gEYa g|a:f|a} < sup lnf{”gHoo : gEKg|a:f\a'}a
Ifllp<1, f outer £, <1

then we could write that there exists € > 0 such that for every f = f;.f, € H?
(where f; stands for the inner function corresponding to f and f, to the outer
one) with |[f[[, < 1 (which also implies that [|f,[, < 1, since [|foll, = [[f][,);
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and g, = fo|o- This entails that f, = (fig)‘a and since || figll., = 9l <
(1—¢€)c(o, HP, H*™) , we get that ¢ (o, HP, H®) < (1 — ¢)c (0, HP, H*), which
is a contradiction and proves the equality of Step 1.

Step 2. Using the result of Step 1, we get that Ve > 0 there exists an outer
function f, € H? with [|f,, <1 and such that

lnf{”g”oo tg€y, 9o = f0|a} > C(Ja anHOO) — €

there exists a function g € H> verifying both |g| ., < (1 — €)c(o, HP, H*)

aq
Now let F' = f& € HP, then ||F|? = ||fo||2 < 1. We suppose that there exists
p
g € H* such that g, = Fj, with

a

lglloe < (c(oy HY, H®) =€) .

Qs

Then, since g (A;)) = F(\;) = fo (Ai)% for all i = 1, ..., n, we have g(\;)7 =
fo (\) and g% € H™ since % € Z,. We also have

which is a contradiction. As a result, we have

P
q

SIS

97| = lglls < (clo, HT, HZ) —€)7,

1)

gl = (e (o, HY, H®) = o),
for all g € H* such that g, = F|,, which gives

c(o, H?, H®) > (c (o, HY, H®) — €)7
and since that inequality is true for every € > 0, we get the result. (I

PROOF OF THEOREM 2.3 (THE LEFT-HAND SIDE INEQUALITY FOR p € 2N, p > 2 ONLY).
We first prove the lower estimate for ¢ (o, 5, HP, H*) . Writing p = 2(p/2), we
apply Lemma 7.1 with ¢ = 2 and this gives

2
P

¢ (0n,n, H?, H®) > ¢ (05, H H®)? > 3275 (n(1— ]A)7)

for all integer n > 1. The last inequality is a consequence of Theorem 2.3 (left-
hand side inequality) for the particular case p = 2 which has been proved in
Subsection 7.1. O

8. COMPARING OUR RESULTS WITH CARLESON INTERPOLATION

Recall that given a (finite) set o = {Aq, ..., Ay} C D, the Carleson interpolation
constant Cr(o) is defined by

Cr(o) = sup inf (|| gllec: g€ H®, g1 = a) .

[lalliee <1
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We introduce the evaluation functionals ) for A € D, as well as the evaluation
of the derivatives ¢y s (s =0,1,...)

pa(f) = fN), feX, and prs(f) = fPN), feX.
Theorem 8.1. Let X be a Banach space, X C Hol(D), and 0 = {\1, ..., An} be

a sequence of distinct points in the unit disc D. We have,

< ) < )
giagxnllml\ < c(o, X, H*®) < C(0) max lox

where Cr(o) stands for the Carleson interpolation constant.

Theorem 8.1 (see [20] for its proof) tells us that, for ¢ with a “reasonable”
interpolation constant C(o), the quantity c(o, X, H*) behaves as max; ||¢x,
However, for “tight” sequences o, the constant C; (o) is so large that the estimate
in question contains almost no information. On the other hand, an advantage
of the estimate of Theorem 8.1 is that it does not contain cardo = n explic-
itly. Therefore, for well-separated sequences o, Theorem 8.1 should give a better
estimate than those of Theorem 2.3 and Theorem 2.4 .

Now, how does the interpolation constant Cr(o) behave in terms of the char-

acteristics r and n of 0?7 We answer this question in [20] for some particular
sequences o. More precisely, we compare these quantities for the cases X = H?,
X = L2 and for three geometrically simple configurations: two-points sets o,
circular and radial sequences o.

Let us recall that our specific upper bounds in Theorems C and D are sharp
over all n elements sequences 0. However, we give in [20] some very special radial
and circular sequences o such that the estimate of c(o, H?, H*®) via the Car-
leson constant Cy(o) (using Theorem 8.1 ) is comparable with or better than the
estimates of Theorem 2.3 (for X = H?) and Theorem 2.4 (for X = L2) . We
also give some examples of radial and circular sequences but also of two-points
sets, such that it is worse (i.e. for which our estimate is better). More specific
radial sequences are studied in [20]: sparse sequences, condensed sequences and
long sequences.
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