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Abstract

Given a finite set o of the unit disc D = {z € C: |z| < 1} and a holomorphic function f in D which belongs
to a class X, we are looking for a function ¢ in another class Y (smaller than X or incomparable with X)
which minimizes the norm [|g||y- among all functions g such that g, = f|,. For Y = H*, X = H? (the Hardy
space) or X = L2 (the Bergman space), and for the corresponding interpolation constant ¢ (o, X, H*®), we
show that ¢ (o, X, H®) < apx (1 - 1%) where n = #o0, r = max)co |A| and where px(t) stands for the
norm of the evaluation functional f — f(t) on the space X. The upper bound is sharp over sets o with given
n and r.

Résumé
Etant donné un ensemble fini o du disque unité D = {z € C: |z| < 1} et une fonction f holomorphe
dans D appartenant & une certaine classe X, on cherche g dans une autre classe Y (plus petite que X ou
incomparable avec X') qui minimise la norme de g dans Y parmi toutes les fonctions ¢ satisfaisant la condition
9o = flo- On montre que dans le cas Y = H>, la constante d’interpolation correspondante c(o, X, H®)
1—r

admet une majoration ¢ (o, X, H*®) < apx (1 — =) ol n = #0, r = maze, |A| et px(t) est la norme de

la fonctionnelle d’évaluation f — f(t), 0 <t < 1, sur 'espace X. La majoration est exacte sur ’ensemble des
o avec n et r donné.

Introduction

(1) General framework. Let Hol (D) be the space of holomorphic functions on the unit disc D.
The problem considered is the following : given two Banach spaces X and Y of holomorphic functions
on the unit disc D, X, Y C Hol (D), and a finite set ¢ C D, to find the least norm interpolation by
functions of the space Y for the traces fj, of functions of the space X, in the worst case of f. The
case X C Y is of no interests, and so one can suppose that either Y C X or X, Y are incomparable.

The classical interpolation problems- those of Nevanlinna-Pick (1916) and Carathéodory-Schur
(1908) (see [N2] p.231 for these two problems), on the one hand and Carleson’s free interpolation
(1958) (see [N1] p.158) on the other hand- are of this nature. Two first are “individual”, in the sens
that one looks simply to compute the norms || f|| e OF [/ | 7o jon e for @ given f, whereas the third

one is to compare the norms ||al|,-(,) = Mmaries |ax| and

inf (gl 9(A) = ar, A€ o).
Let us first explain that our problem assemblies the ones of Nevanlinna-Pick and Carathéodory-Schur.
(i) Nevannlinna-Pick interpolation problem
Given A = (Aq, ..., Ay) in D™ and W = (wy, ..., w,)€ C, to find
CA W) =mnf{lflle: f(X)=mwsi=1.n}.
The classical answer of Pick is the following :
2

C(A,W):z'nf{c>0:(c_7W) >>O},
1 _)‘i)‘j 1<i,j<n



where for any n x n matrix M, M >> 0 means that M is positive definite.
(ii) Carathéodory-Schur interpolation problem
Given A = (ay, ..., a,) € C"", to find
CA) =inf{l|fllo: f(z)=ao+arz+ ...+ a,2"+..}.

The classical answer of Schur is the following :

C(A) = |[(T,),

Y

where T, is the Toeplitz operator associated with a symbol ¢, (T,,), is the compression of T, on P, ,
the space of analytic polynomials of degree less or equal than n , and ¢ is the polynomial Y ;_, a2t

Notice that the Carathéodory-Schur interpolation theorem can be seen as a particular case of the
famous commutant lifting theorem of Sarason and Sz-Nagy-Foias (1968) see [N2] p.230, Theorem
3.1.11.

From a modern point of view, those two interpolation problems (i)&(ii) are unified through the

following mixed problem : given

e 0= {1, ..., Ay} C D, the finite Blaschke product B, = II;by;, where by = f_‘fz ,AeD,
o f ¢ Hol(D),

to compute or estimate

1 ez e = i f {9l = f =9 € BoHol(D)} .

The classical Nevanlinna-Pick problem corresponds to the case X = Hol(D), Y = H*, and the one
of Carathéodory-Schur to the case where Ay = Ay = ... =\, =0and X = Hol(D), Y = H™.

Here and everywhere below, H* stands for the space (algebra) of bounded holomorphic functions
in the unit disc D endowed with the norm || f||_ = sup.ep | f(2)|. Looking at this comparison problem,
say, in the form of computing/estimating the interpolation constant

c(o, X, Y) = supsex, jpix<rinf {Ilglly : 90 = fio}

which is nothing but the norm of the embedding operator <X|0, H‘”X\a) — (Y‘o, ||‘||Y\o>’ one can

think, of course, on passing (after) to the limit- in the case of an infinite sequence {\;} and its
finite sections {)\j}yzl— in order to obtain a Carleson type interpolation theorem X|, = Y|,. But not
necessarily. In particular, even the classical Nevanlinna-Pick theorem (giving a necessary and sufficient
condition on a function a for the existence of f € H* such that ||f||,, < 1 and f(\) = ax, A € 0),
does not lead immediately to Carleson’s criterion for Hj' = [*°(0). (Finally, a direct deduction of
Carleson’s theorem from Pick’s result was done by P. Koosis [K] in 1999 only). Similarly, the problem
stated for ¢ (o, X, Y) is of interest in its own. It is a kind of “effective interpolation” because we are
looking for sharp estimations or a computation of ¢ (o, X, Y') for a variety of norms |||, ||.|ly . For
this paper, the following partial case was especially stimulating (which is a part of a more complicated
question arising in an applied situation in [BL1] and [BL2]) : given a set ¢ C I, how to estimate
c(o, H?, H*) in terms of n = card(c) and mazye, |\| = 7 only? (H? being the standard Hardy space
of the disc).

Here, we consider the case of H> interpolation (Y = H*) and the following scales of Banach spaces
X
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(a) X = H? = H?(D), 1 < p < o0, the standard Hardy spaces on the disc D (see [N2] p.31-p.57) of
all f € Hol(D) satisfying

1/p
SUpperer ( [y dm<z>) < o0,

m being the Lebesgue normalized measure on T. )
(b) X =12 (1/Vk +1), the Bergman space of all f(z) = > ko f(F)2* satisfying

S i)

— < o0.
k>0

E+1

An equivalent description of this space is : X = L2, the space of holomorphic functions such that

/ F(2)? dady < oo.
D

For spaces of type (a)&(b), we show

1-— 1-—
Cl1ox (1— —T) < sup{c(o, X, H®): #0 <n, |\ <r, A€o} < cpx (1— T),
n n

where ¢ x(t), 0 <t < 1 stands for the norm of the evaluation functional f — f(t) on the space X.
In order to prove the right-hand side inequality, we first use a linear interpolation:

fe Y (e e,
k=1

where (.,.) means the Cauchy sesquilinear form (h, g) = >, -, h(k)g(k), and (e;);_, is the Malmquist
basis (effectively constructible) of the space Kp = H?*©OBH?, B = II™_ b, being the corresponding
finite Blaschke product, by = 1)‘__;2 (see N. Nikolski, [N1] p. 117)). Next, we use the complex interpola-
tion between Banach spaces, (see H. Triebel [Tr] Theorem 1.9.3-(a) p.59). Among the technical tools
used in order to find an upper bound for |37, (f, ex) exl| . (in terms of || f||y), the most important

is a Bernstein-type inequality || f" Hp <¢|B }Oo | f]l, for a (rational) function f in the star-invariant

subspace K% := HPNBzHP ;1 < p < oo (for p = 2, K% = K3), generated by a (finite) Blaschke prod-
uct B, (K. Dyakonov [Dyal]&[Dya2]). For p = 2, we give an alternative proof of the Bernstein-type
estimate we need and the constant co we obtain is slightly better, see Section 4.

The lower bound problem is treated by using the “worst” interpolation n—tuple o = o, \ =
{A, ..., A}, a one-point set of multiplicity n (the Carathéodory-Schur type interpolation). The “worst”
interpolation data comes from the Dirichlet kernels Z;é 2* transplanted from the origin to \. We
notice that spaces X of (a)&(b) satisfy the condition X o by C X which makes the problem of

upper/lower bound easier.

(2) Principal results. Theorems A,C&D below in this paragraph, were already announced in the
note [Z1].

Let 0 = {1, ..., A1, Ag, ooy Ao, ooy Ay, oo, A} be a finite sequence in the unit disc, where every Ag is
repeated according its multiplicity m, | 22:1 ms = n and r = mazx;=1 |\;|. Let X, Y be Banach
spaces of holomorphic functions continuously embedded into the space Hol(D). In what follows, we
systematically use the following conditions for the spaces X and Y,

(P) Hol((1 + ¢)D) is continuously embedded into Y for every e > 0,



(Py) Pol,. C X and Pol, is densein X,

where Pol, stands for the set of all complex polynomials p, p(z) = Z]kV:O ap2”,
— 1
(F3) feX]= z"feX,VnanndlimHz"fH”Sl},

f
z— A

(Py) [fEX,AE]D,andf(A)zO]#{ GX].

We are interested in estimating the quantity

C(Uv Xv Y) = SUprHXSIZHf{HgHy g€ }/7 g(]) ()‘Z) = f(j) (AZ) VZ7 Js 1<i<t,0 <J< ml} .

In order to simplify the notation, the condition
9PN = PN VLG 1<i <0< <my

will also be written as

9o = flo-
Supposing X verifies property (P;) and Y C X, the quantity ¢ (o, X, Y') can be written as follows,

C(O’, X, Y) = sup”fnxglinf{HgHY cgeY, g—fe€ BUX},

where B, is the Blaschke product

n
B, =1I"_,by,,
A—z

corresponding to o, by(2) = 7 being an elementary Blaschke factor for A € D.

The interesting case occurs when X is larger than Y, and the sens of the issue lies in comparing
| . |lx and || . ||y when Y interpolates X on the set o. For example, we can wonder what happens
when X = H? | the classical Hardy spaces of the disc or X = L?, the Bergman spaces, etc..., and when
Y = H*, but also Y = W the Wiener algebra (of absolutely converging Fourier series) or Y = Bgo,l,
a Besov algebra (an interesting case for the functional calculus of finite rank operators, in particular,
those satisfying the so-called Ritt condition).

It is also important to understand what kind of interpolation we are going to study when bounding
the constant ¢(o, X, Y'). Namely, comparing with the Carleson free interpolation, we can say that
the latter one deals with the interpolation constant defined as

¢(0, (o), H®) = sup {inf (| g |l 9 € H*, go = a) : a € (o), [laflw < 1}.

We also can add some more motivations to our problem :
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(a) One of the most interesting cases is Y = H>. In this case, the quantity ¢ (o, X, H*) has a
meaning of an intermediate interpolation between the Carleson one ( when || f|| x,, = SUP1<i<n lf (M)

and the individual Nevanlinna-Pick interpolation (no conditions on f).

(b) There is a straight link between the constant ¢ (o, X, V) and numerical analysis. For example,
in matrix analysis, it is of interest to bound the norm of an H>-calculus || f(A)]| < c||f|l.., f € H*,
for an arbitrary Banach space n-dimensional contraction A with a given spectrum o(A) C o. The
best possible constant is ¢ = ¢ (o, H*, W), so that

c(o, H, W) = supypjo<aisup {| F(A) - A= (C" L)) = (C []), [[Al €1, 0(A) C o},

where W = {f = k>0 fk)z > k>0 ‘f(k)‘ < oo} stands for the Wiener algebra, and the interior

sup is taken over all contractions on n—dimensional Banach spaces. An interesting case occurs for
f € H* such that f|, = %‘U (estimation of condition numbers and the norm of inverses of n x n

matrices) or fj, = ﬁ‘a (for estimation of the norm of the resolvent of an n x n matrix).

We start studying general Banach spaces X and Y and give some sufficient condition under which
Ch,»(X,Y) < 00, where
Cnr(X,)Y) =sup{c(o,X)Y) : #0 <n,Vj=1.n, |\| <r}.
In particular, we prove the following fact.
Theorem A. Let X,Y be Banach spaces verifying properties (P;), i = 1...4. Then

Chr(X,Y) < o0,
for everyn >1andr, 0 <r < 1.

Next, we add the condition that X is a Hilbert space, and give in this case a general upper bound
for the quantity C, (X, Y).

Theorem B. Let Y be a Banach space verifying property (Py) and X = (H, (.)y) a Hilbert space
satisfying properties (P;) fori =2, 3, 4. We moreover suppose that for every 0 < r < 1 there exists
€ > 0 such that ky € Hol (1 + €)D) for all |\| < r, where ky stands for the reproducing kernel of X
at point A, and X+ ky is holomorphic on |\| < r as a Hol((1 + €)D)-valued function. Let

o ={A, .y AL Ao, e Aay o Ay, o, At e a sequence in D, where Ag are repeated according their
multiplicity ms, 22:1 ms =n. Then we have,

0

1
n 2
2
o)< (Shalk)
k=1
where (ey,),_, stands for the Gram-Schmidt orthogonalization (in the space H ) of the sequence

Exios Eaity Bas2e Kximi—1s K300 Bxats Exg 2o Eagma—1s s K05 Eacts Eag2or Bxgme—1,

and k. ; = (%) ky, i €N,



ii) For the case Y = H>, we have
C(Ua Ha HOO) S SUPzeD HpéiszH’

where PfL =%"7_, (., ex) g ex stands for the orthogonal projection of H onto Kp,(H),

Kp,(H)=span (ky,;: 1<i<m;, j=1,..1).

After that, we specialize the upper bound obtained in Theorem B (ii) to the case X = H?, the
standard Hardy space of the disc, which can be equivalently defined as

. .2
H*(D) = {f:Zf(k;)zk: Z)f(k;) < oo} .
k>0 k>0
Among other results, we get the following (see Proposition 2.0) : for every sequence o = {1, ..., A}

of D,
1 - [B,(2)]?\? NN T
c (0, H2’ HOO) < SUPLep ( - TZ|2 ) < \/58'&]9‘(‘:1 |B'(C)|§ <2 T

Next, we present a slightly different approach to the interpolation constant ¢ (o, H?, H*) proving an
estimate in the following form:

1

2 1
"L (1= M) S ENIVAN 2n
B2, H) < supoer | S0 o i) < |

k=1 j=1

It is shown (in Section 6) that this estimate is sharp (over n and r). This sharpness result is treated
by using the “worst” interpolation n—tuple 0 = 0, x = {\, ..., A}, a one-point set of multiplicity n
(the Carathéodory-Schur type interpolation). More precisely, we prove the following Theorem C,
which contains the result from Corollary 2.1 and extends it to the H? spaces, as follows.

Theorem C. Let 1 <p<oo,n>1,r€[0,1), and \, |]\| <r. We have,
n n

1 1
1 » »
() < (o, HY,H®) < C,, (HP, H®) < A ,
320 <1—W) < cloms ) < Cur ) p(l—r)

where A, is a constant depending only on p and the left hand side inequality is proved only for
p €27, . Forp =2, we have Ay = /2.

In particular, this gives yet another proof of the fact that C,, ,.(H?, H*®) < ay/n/y/1—r.

For the Bergman space X = L2 we have the following Theorem D.

Theorem D. Letn>1,r € [0, 1), and \, |\| < r. We have,

2 (o'} 2 (o'} n
321_‘)\| SC(Un,)\a LavH )SCn,r (La,H )§6\/§1—7’

The paper is organized as follows. In Subsection 1.1 we prove Theorem A. Theorem B is proved
in Subsection 1.2. Sections 2&3 are devoted to the proof of the upper estimate of Theorem C, and
Section 6 to the proofs of the lower bounds from Theorem C&D. In Section 5 we compare the method
used in Sections 1, 2, 3 and 4 with those resulting from the Carleson free interpolation. Especially,
we are interested in the cases of circular and radial sequences o (see below).



1. Upper bounds for ¢(o, X, Y), as a kind of the
Nevanlinna-Pick problem

1.1. General Banach spaces X and Y satisfying properties (P;) ,i=1...4

In this Subsection, X and Y are Banach spaces which satisfy properties (P;) for i = 1...4. We
prove Theorem A which shows that in this case our interpolation constant ¢(o, X,Y) is bounded by
a quantity which depends only on n = #o and r = max1<;<,|\;| (and of course on X and Y'). In this
generality, we cannot discuss the question of sharpness of the bounds obtained. First, we prove the
following lemma.

Lemma. 1.1.0. Under (P,), (P3) and (Py), B,X is a closed subspace of X and moreover,
B, X ={feX: f(\) =0,V € o (including multiplicities)} .

Proof. Since X C Hol(D) continuously, and evaluation functionals f + f(A) and f +— fB(\), k €
N*, are continous on Hol(ID), the subspace

M={feX: f(\ =0,V € o (including multiplicities)} ,

is closed in X.
On the other hand, B,X C X, and hence B, X C M. Indeed, properties (FP) and (Ps) imply that

h.X C X, for all h € Hol((1+ €)D) with € > 0; we can write h(z) = Zkzoﬁ(k‘)zk with ‘ﬁ(k‘)‘ < Cq",
C >0and ¢ <1. Then }_ -,

hf =320 (k)" f € X.
In order to see that M C B, X, it suffices to justify that

[f € X and f(\) = 0] = [f/by = (1 - X2)f/(A—2) € X] .

‘ﬁ(l{:)zkaX < oo for every f € X. Since X is a Banach space we get

But this is obvious from (P;) and the previous arguments. O
In Definitions 1.1.1, 1.1.2, 1.1.3 and in Remark 1.1.4 below, 0 = {\y, ..., A, } is a sequence in the
unit disc D, B, = II_;b,, is the finite Blaschke product corresponding to o, where by = IA__XZZ is an

elementary Blaschke factor for A € .

Definition 1.1.1. Malmquist family. For k € [1, n|, we set fi(z) = 1_%2, and define the family

(ex)p—;, (which is known as Malmquist basis, see [N1] p.117), by

(1.1.1) e = N and ey = (H?;llb,\j) e

If11l5 1wl

for k € [2, n], where || fll, = (1 — [Ax]2) 2.
Definition 1.1.2. The model space Kp,. We define Kp_ to be the n-dimensional space :

(1.1.2) Kg, = (B,H?)" = H*©B,H*.
Definition 1.1.3. The orthogonal projection Ppg, on Kp, . We define Pg_ to be the orthogonal
projection of H? on its n-dimensional subspace Kp, .

Remark 1.1.4. The Malmquist family (ej),_, corresponding to ¢ is an orthonormal basis of Kp, .
In particular,



(1.1.4) Pp, =Y (. ex) e,

k=1
where (., .)» means the scalar product on H.

Lemma 1.1.5. Let 0 = {\q, ..., \,} be a sequence in the unit disc D and (ey),_, the Malmquist
family (see 1.1.1) corresponding to o . The map ® : Hol(D) — Y C Hol(D) defined by

v 103 (T 00 o

7>0

1s well defined and has the following properties.
(a) (I)\HZ = PBU,
(b) ® is continuous on Hol(D) for the uniform convergence on compact sets of D,

(c) Let U = Idjx — ®|x, then Im (¥) C B,X.

Proof. Indeed, the point (a) is obvious since (ey),_, is an orthonormal basis of Kp, and

ST F)EG) = (fen)

7>0

where (.,.) means the Cauchy sesquilinear form (h, g) = >, h(k)§(k). In order to check point (b),
let (f1),en be a sequence of Hol(ID) converging to 0 uniformly on compact sets of ID. We need to see

> >0 fih)éG)| = o, for
every k=1, 2, ..., n. Let p €]0, 1[, then fl fi(w)w=iYdw, for all j,1 > 0 . As a result
y )2, p €]0,1], . ’ j ’

S RNED)| < S |RGOED)| < @R file 1G]

520 520 720

that (® (f;)),en converges to 0, for which it is sufficient to show that limy

Now if p is close enough to 1, it satisfies the inequality 1 < p=" < =1, which entails Y. |éx(j)| p™7 <
+o0o for each & = 1..n. The result follows.

We now prove point (c). Using point (a), since Pol, C H? (Pol, standing for the set of all complex
polynomials p, p(z) = Zk 0 akz"), we get that Im (\I]|pol+) C B,H?. Now, since Pol, C Y and
Im(®) CY , we deduce that

Im (pat,) C B,H*NY C B,H*N X,

since Y C X. Now W (p) € X and satisfies (¥ (p)),, = 0 (that is to say (¥ (p))(A) = 0,VA € o
(including multiplicities)) for all p € Pol,. Using Lemma 1.1.0, we get that Im (\If‘pol+) C B,X.
Now, Pol, being dense in X (property (P)), and ¥ being continuous on X (point (b)), we can
conclude that Im (V) C B,X. O

Proof of Theorem A. Let 0 = {1, ..., A} be a sequence in the unit disc D and (eg);_, the
Malmquist family (1.1.1) associated to o. Taking f € X | we set



=3 (S0 e

where the series ). f(j)én(j) are absolutely convergent. Indeed,

@(j):(2WO_1/;Eq(w)w_f4dw,

forall j > 0and forall R, 1 < R < % For a subset A of C and for a bounded function h on A, we
define ||hl| 4 := sup.ea |h(2)]. As a result,

G0 < e el and 3 |[FOEG| < @rR) el 32|70 77 < .
j=0

J=0
since R > 1 and f is holomorphic in .

We now suppose that ||f|ly < 1 and g = ®(f), where ® is defined in Lemma 1.1.5. Since
Hol (r~'D) C Y, we have g € Y and using Lemma 1.1.5 point (c) we get

f=9="(f) € B X,
where VU is defined in Lemma 1.1.5, as ®. Moreover,

lglly < D K el llexlly -

k=1..n
In order to bound the right hand side, recall that for all j > 0 and for R =2/(r + 1) €]1,1/r],

>~ [F0EG)] < @m lerllagary 2 2 |F0)] (270 + 1))

j§>0 j=0

Since the norm f — 3., ’?(])’ (271(r + 1)) is continuous on Hol(ID), and the inclusion X C Hol(ID)
is also continuous, there exists C, > 0 such that

S [Fo)| @ e+) el f il

j>0

for every f € X. On the other hand, Hol (2(r + 1)7'D) C Y (continuous inclusion again), and hence
there exists K, > 0 such that

lexlly < Krsuppz<apan— lex(2)] = K llerllypiry-1r-

It is more or less clear that the right hand side of the last inequality can be bounded in terms of r
and n only. Let us give a proof to this fact. It is clear that it suffices to estimate

SUP1<|2|<2(r1)-1 |€R(2)] -

In order to bound this quantity, notice that

(1.1.6) bA(2)[? < )Q

2
(I21> =)@ = |A]%)

=1
1— XAz +

- 12
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for all A € D and all z € |A\|7'D. Using the identity (1.1.6) for A = X\;; 1 < j < n, and z = pe”,

p=2(1+7r)"t we get
ity |2 k—1 ity |2 ’ k—1 (P* -1 - ‘)‘j|2) 1 ’
ler(pe)|” < (szl |0, (pe™)| ) < \1Lo (1+ e T—wlp)
j

for all £ = 2..n. Expressing p in terms of r, we obtain

| 2 1)
||6k||2(r+1)7111~ < 1_ 2o 2 (szl..n—l <1 + 1_274 =: Cy(r,n),

1
1 — A\ppett

Ar 2_ 2 _
r+1 r (r+1)2

and

S FGED| < @07 leallsany-ra | £ k< @07, () | £ 1x
Jj=0
On the other hand, since

lelly < Kr llegllygny iz < Ko Ci(r,m),

r+1)—1
we get

lglly < @2m)7'C,Cir,n) |If | x KrCr(r,n) = (2m)"'nCL K, (Cu(r,n))* [If ]l x »
k=1

which proves that

c(o, X,Y) < (27) " 'nC, K, (C(r, n))2
and completes the proof of Theorem A. [

1.2. The case where X is a Hilbert space
We suppose in this Subsection that X is a Hilbert space and both X, Y satisfy properties (P;)
for i = 1...4. We prove Theorem B and obtain a better estimate for ¢ (o, X, Y') than in Theorem A
(see point (i) of Theorem B). For the case Y = H*, (point (ii) of Theorem B), we can considerably
improve this estimate. We omit an easy proof of the following lemma.

Lemma. 1.2.0. Let 0 = {1, ..., A1, Aoy ooy Aoy ooy Ay ooy Ae} be a finite sequence of D where every Ag is

repeated according to its multiplicity mg, >, ms =n. Let (H, (.)) be a Hilbert space continuously

emebedded into Hol(D) and satisfying properties (P;) fori =2, 3, 4. Then
Kp,(H) = HOB,H = span (ky, i : 1< j <1, 0<i<m;—1),

where ky ; = (%)Z ky and ky is the reproducing kernel of H at point X for every A € D, v.e. ky € H
Cl’ﬂdf()\):(f, k)\)H’ vaH
Proof of Theorem B. i). Let f € X, ||f|lx <1 . Lemma 1.2.0 shows that

gng,f = Z(faek)Hek
k=1
is the orthogonal projection of f onto subspace Kp,. Function g belongs to Y because all k, ; are in
Hol((1+ €)D) for a convenient € > 0, and Y satisfies (P;).
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On the other hand, ¢ — f € B,H (again by Lemma 1.2.0). Moreover, using Cauchy-Schwarz
inequality,

n n /2 /4 1/2 n 1/2
lglly <D 1(Fren)ulllexlly < (Z |(f, ek)le) <Z ||6k||§> < [Ifllg <Z ||6k||3> :
k=1 k=1 k=1 k=1

which proves i).
ii). If Y = H*, then

9 = (P, 1K) g = [ (£ P k) | < Nl (1P el
for all z € D, which proves ii). O

2. Upper bounds for C, , (H2, HOO)

In this Section, we specialize the upper estimate obtained in point (ii) of Theorem B for the case
X = H?, the Hardy space of the disc. Later on, we will see that this estimate is sharp at least for some
special sequences o (see Section 6). We also develop a slightly different approach to the interpolation
constant ¢ (o, H?, H*®) giving more estimates for individual sequences o = {\1, ..., A\, } of D. We
finally prove the right-hand side inequality of Theorem C for the particular case p = 2.

Proposition. 2.0. For every sequence o = {1, ..., \p} of D we have

1- |Ba<z>|2)”2

1/2

n

Z 1- |)\z|2 BO’(C)
i1 (1 — XZC)2 bAz(C)
Proof. We prove (I;). Applying point (ii) of Theorem B for X = H? and Y = H*, and using

1 — B,(2) B, (¢)
1—-2zC ’

(L) ¢ (o, H?, H) < V2supig1 |B'(Q)]* = V2supy

k= (C)
(see [N1] p.199), we obtain

== % and (Pp,k.)(¢) =

L= |By(2)]2\ "
P =
1okl = ()

which gives the result.
We now prove (Iy), using (I;). The map ¢ — ||Pp (k¢)|| = sup{|f({)|: f € K, ||f|| <1}, and

hence the map
‘o (1 - \B(C)P)W
1—|¢[? ’

is a subharmonic function so

L—[BOP)"? | 1— [B(rw)]\ "
Sup|¢|<1 (W SSUp|w\:1l2mr—>1 W .
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Now apply Taylor’s Formula of order 1 for points w € T and v = rw, 0 < r < 1. (It is applicable
because B is holomorphic at every point of T). We get
(B(u) = B(w)) (u—w)™" = B'(w) + o(1),

and since |u — w| =1 — |ul,

|(B(u) = B(w)) (u —w) ™| = [B(u) = Bw)| (1 = [u]) ™" = |B'(w) +o(1)].

Now,
|B(u) = B(w)| = |B(w)| = [B(u)| = 1= |B(u)],
(1= 1B@)) (1 = |u)™" < (A =[u) ™" [B(u) = B(w)| = |B'(w) + o(1)],
and
limy (1= |Bro)]) (1~ [rw))™)* < V[Bw)].
Moreover,

n

B’(w) = - Z (1 - |)\i|2) (1— )\_iw)_zl_‘[?:l,j;ﬁib)\j (w),
i=1
for all w € T . This completes the proof since
L= [B(rw)? _ (1= [B(rw))(1 +[B(rw)]) _ 1~ |B(rw)|
1 —|rw|? (1 —|rw|)(1 + |rw]) - 1= |rw|
Corollary. 2.1. Letn > 1 and r € [0,1[. Then,

[NIES

C’nvr(HQ, H>) <2 (n(l — r)_l)
Indeed, applying Proposition 2.0 we obtain

L —|\)?
2 (1= A2

i=1..n

1—|—r< 2n

B’ < .
| B'(w)] T ST,

Now, we develop a slightly different approach to the interpolation constant c (o, H?, H*).
Theorem. 2.2. For every sequence o = {1, ..., \y} of D |

. 1/2
2 groc (1 —|\/?)
C(U,H,H )Ssupz@r (Zm

k=1

Proof. In order to simplify the notation, we set B = B,. We consider Kp (see Definition 1.1.2) and
the Malmquist family (e)?_, corresponding to o (see Definition 1.1.1). Now, let f € H? and

g = PB.f = Z(faek)HZ €k,
k=1

(see Definition 1.1.3 and Remark 1.1.4). Function g belongs to H* (it is a finite sum of H>° functions)
and satisfies g — f € BH?. Applying Cauchy-Schwarz inequality we get
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- . Pk )
<>|s2|<f,ek>Hz||ek<<>|s(D(f,ek)mF) <2m> ,

k=1

for all ¢ € D. As a result, since f is an arbitrary H? function, we obtain

n 1/2
1— [ Mf?

c(o, H?, H*) < supcer | it ilp) ’“|2) ,
— [ = Al

which completes the proof. U

Corollary. 2.3. For any sequence 0 = {\1, ..., A\, } in D,

"1 N i
0(0_7 H2, Hoo) < Z +| j| .
1= [A]

J=1

Indeed,

" n 1/2
Z (1— %) < (1—[Xe?)
2 S\
and the result follows from Theorem 2.2. O

Proof of Theorem C' (p = 2, the right-hand side inequality only ). Since 1+ |\;| <2 and
1 —|Nj| > 1—rforall je [l, n|, applying Corollary 2.3 we get

Cop(H? H®) < V22 (1 — )72 O
Remark 2.4. As a result, we get once more the same estimate for C,, .(H?, H*®) as in Corollary
2.1, with the constant /2 instead of 2

It is natural to wonder if it is possible to improve the bound v/2n'/?(1 — r)~'/2. We return to this
question in Section 5 below.

3. Upper bounds for C, , (H?, H*),p>1

In this Section we extend Corollary 2.1 to all Hardy spaces H? : we prove the right-hand side
inequality of Theorem C, p # 2. We first prove the following lemma.

Lemma. 3.0. Letn>1 and 0 <r < 1. Then,

C’n,r(Hl,HOO) < 2n(1—r)".
Proof. Let f € H' such that ||f]|;; <1 and let

g=2(f) = Z (f ex) ex,

k=1..n
where, as always, (eg),_, is the Malmquist basis corresponding to o (see 1.1.1 is defined in Lemma

), ®
1.1.5 , and where (.,.) means the Cauchy sesquilinear form (f, g) = >, h(k)g(k). That is to say
that,
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for all ( € D, which gives,

<

erex(C)

k=1..n

> eren(Q)

19O < N1l
k=1l..n Hoo

Since Blaschke factors have modulus 1 on the unit circle,

lewll o < (14 ADY2 (1= [N 72

HOO

As a consequence,

|<Z||ek||Hoo)ek 7 < ZnekHH <3 <1+|Ak|><1—|xk|>‘1sznu—r)-l,

for all ¢ € D, Wthh completes the proof. U

Proof of Theorem C (p # 2, the right-hand side inequality only). Let o = {A1, ..., \,} be a sequence
in the unit disc D, B, = I1I",by,, and T : H? — H*/B,H be the restriction map defined by

Tf={9eH>: f—ge BH"},
for every f. Then,

| T || ooy B, o= ¢ (07, HP, H™).

There exists 0 < 6 < 1 such that 1/p = 1 — 6, and since (we use the notation of the interpolation
theory between Banach spaces see [Tr] or [Be]) [H', H*], = H? (a topological identity : the spaces
are the same and the norms are equivalent (up to constants depending on p only), see [J]),

soy ) 10 o 1o
| T |l g0 ey oo o = < (Ave (o, HY,H®)) ™ (Asoe (0, H®, H®))?,

where A;, A, are numerical constants, and using, Lemma 3.0, the fact that ¢ (o, H>, H*) < 1, and
a known interpolation Theorem (see [Tr|, Theorem 1.9.3-(a) p.59), we find

Q=

| T g1 el troe e < (240m(1 = 1) ™1) 7 AL = (241)' 70 A, (n(1 = 7)7Y) 7,
which completes the proof. O

4. Upper bounds for C, , (L?L, HOO)

In this Section, we generalize Corollary 2.1 to the case of spaces X which contain H X =
12 ((k+1)%), a <0, the Hardy weighted spaces of all f(z) =", f(k)2* satisfying

171 = 3 [F )| (k4 1 < oo

k>0

Notice that H? = [2(1) and L?(D) = [? ((l{: + 1)_%). We prove the right-hand side inequality of
Theorem D and the main technical tool used in its proof is a Bernstein-type inequality for rational
functions.

4.1. Bernstein-type inequalities for rational functions
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Bernstein-type inequalities for rational functions were the subject of a number of papers and mono-
graphs (see, for instance, [L], [BoEr|, [DeLo], [B]). Perhaps, the stronger and closer to ours (Proposition
4.1) of all known results are due to K.Dyakonov [Dyal|&[Dya2]. First, we prove Proposition 4.1 below,
which tells that if o = {\y, ..., A\,} C D, r =max; )|, and f € Kp_, then

(*) 2 S

where ay, , is a constant (explicitly given in Proposition 4.1) depending on n and r only such that

0 < ap, <3 1” . Proposition 4.1 is in fact a partial case (p = 2) of the following K. Dyakonov’s

result [Dyal]| (which is, in turn, a generalization of M. Levin’s inequality [L] corresponding to the case
p = o0) : it is proved in [Dyal] that the norm ||D||K§_>Hp of the differentiation operator Df = f’

on the star-invariant subspace of the Hardy space H?, K% := H? N BzHP, (where the bar denotes
complex conjugation) satisfies the following inequalities

/

B

/

!
Cp B

) < ||D||K§§—>Hp < ¢
o0

Y
o0

for every p, 1 < p < oo where ¢, and c;, are positives constants depending on p only, B is a finite
Blaschke product and .||, means the norm in L*°(T). For the partial case considered in Proposition
4.1 below, our proof is different and the constant is slightly better. More precisely, it is proved in
[Dyal] that ¢, = =, ¢ = %€ and ¢ = 2v/37 (as one can check easily (c is not precised in [Dyal])).
It implies an inequality of type () (with a constant about £ instead of 2) .

In [Z2], we discuss the “asymptotic sharpness” of our constant o, , : we find an inequality for
sup || Dl g, g2 = Cn,r (sup is over all B with given n = deg B and r = max ye, |A|), which is

asymptotically sharp as n — oco. Our result in [Z2] is that there exists a limit lim, o C’;’T = %

for every r, 0 < r < 1. Our method is different from [Dyal]&[Dya2] and is based on an elementary
Hilbert space construction for an orthonormal basis in Kp.

Proposition. 4.1. Let B = II}_,by,, be a finite Blaschke product (of order n), r = max; |X\;|, and
f € Kg=H*©BH?. Then for everyn > 2 and r € [0, 1),

2 < oy ||fHH2 )

where oy, = [1+ (14+7r)(n—1)++vn—2] (1 - r)‘l and in particular,

1711, £l
forallm>1andr €0, 1).
Proof. Using Remark 1.14, f = Pgf = ;_, (f, ex) g2 €, Vf € Kp. Noticing that,

_21

for k € [2, n], we get

f :(.fa 61)H26/1+Z f> ek)HZQ;f:

k=2

k—
= (f, e1) 2 (1_>\1261+2ka Z::

ek H2 )eku

(1 — >\kZ
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which gives

n n—1 ’ n

1
(1)

f=e)y —— (f, exr) e _ekX[lk @)+ (fy er) gz Ak
(1- =2 im1 2

€ =

n

n ’ -1
1
:(f7 61)Hz( —)\z Z ;\ z;r y €k H2€k+z f, ek H2)\k(1_7)\—kz)eka

where x[1,x—1] is the characteristic functlon of [1, k —1]. Now,
5\1 5\1
(f,e)m ——==e| < e)pl |71 lellp <
" e (1 - )\12) 2 H (1 — )\12) . H
1 1
< [ f[ g2 ||61||H2 ||61||H2 < ||f||H2j>

using Cauchy-Schwarz inequality and the fact that e; is a vector of norm 1 in H2. By the same reason,
we have

Ak

< D10 ex)e

H2

Z )\k €k 2 %ek
7 H (1 — )\kZ)

e <
(1 — )\kz) HOO ||6/€||H2 =

1 n
<7D I el < <Zw%mq\m—<——MWM—
k=2
Further,
n—1 bl)\ n n—1 . n
bz Zek(f>6k)]—[2 SZ bz Z(faek)hﬂek =
i=1 N k=it1 2 =1 o k=it1 2
b’ n—1 n %
= (maf’?1<z’<n—1 bAL ) > ( > 6k)H2|2> < maw; Z 1 1l 2 -
Moo/ i=1 \k=i+1 oo =1
Now, using
bl N2 =1 LA _ L4
we get
Z Z (fs ex)p e (1+7") Hf||H2
=1 Ai k=i+1 H?2
Finally,

17|, < L+ @+ =1+ Va=2 =) e
In particular,
1fllze < (2n =14V =2) (1 =) Il <527 (1 = 1) 7 [ fll e
for all n > 2 and for every f € Kp. (The case n =1 is obvious because Hf/Hm < (1 =7)" | f|l g2 for
every f of the form f = (I—Xz)_l, AeD). O

2. An upper bound for ¢ (o, L2, HOO)
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Corollary. 4.2. Let o be a sequence in . Then,

c(o, 2 ((k+1)7), H®) <6v2 (n(1— 7))

Indeed, let H = [2 ((k: + 1) ) and B = B, the finite Blaschke product corresponding to o. Let Pz be
the orthogonal projection of H onto K = Kg(H?). Then Ppip2 = PB, where Ppg is defined in 1.1.4.

We notice that PB H— Hisa bounded operator and the adjoint PB H* — H* of PB relatively
to the Cauchy pairing (., .) satisfies Py ¢ = Py = Pyy , Yo € H* C H?, where H* = 2 ((k+1)N)

is the dual of H with respect to this pairing. If f € H, then ‘J%f(g)‘ = ‘<J3;f, k<>‘ = ‘<f, ]f%vg*k<> ,
where ke = (1 —(z) e H? and
H2> ’

Pof(O] < 1 I1Pskl e < 11 K (IPskcll e + | (P

where
K= mam{l supg>1(k + 1)k 1}—2

Since Pk € Kp, Proposition 4.1 implies

Pof(O] < 1l K (1Pskel o + 527 (n(1 = 1)7) [ Pkcll ) < A (n(1 = 1)) 1Ly

where A = V2K (1/2 +5/2) = 6v/2, since ||Pgk¢|l, < v2(n(1 — 7“)‘1)1/2, and since we can suppose
n > 2, (the case n = 1 being obvious).
U

Proof of Theorem E (the right-hand side inequality only). The case o = 0 corresponds to X = H?
and has already been studied in Section 1 (we can choose A(0) = v/2). We now suppose a < 0. Let
By, =M% ,by, and T : 12 ((k+1)*) — H*>/B,H™ be the restriction map defined by

Tf={g9€H>*: f—g€eB,2((k+1)")},
for every f. Then,

I T Nliz(s1)0 )2y 5, o= c (0, L ((k +1)%) , H™)..

Setting # = —a with 0 < 6 < 1, we have (as in Theorem D, we use the notation of the interpolation
theory between Banach spaces see [Tr] or [Be])

2 (6 1°) 2 (b 1))y = 2 (G 10T (6 +1)7)F) = L (e + 1)),
which entails, using Corollary 4.2 and (again) [Tr] Theorem 1.9.3-(a) p.59,

I T Nliz(e1)e ) ey, i< (¢ (0, 12 ((k +1)°) >H°°))1_9 (c(o, 2 ((k+1)7h) >H°°))€

36

< (40) (1= 1)) (A0) (m1 - 1)) = 4040 (1)) T

It remains to use # = —a and set A(a) = A(0)17?A(1)?. In particular, for « = —1/2 we get
(1-0)/2+430/2=1 and

A(—1/2) = A2 A(1)2 = 2 (6/2) /2 = 24/3.
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5. About the links with Carleson interpolation

Recall that given a (finite) set o = {Ay, ..., A\,} C D, the Carleson interpolation constant C(o) is

defined by
C1(0) = supjajpe<rinf (|| g lloo: 9 € H, g1y = a) .
We introduce the evaluation functionals ¢y for A € D, as well as the evaluation of the derivatives @ s
(s=0,1,...)
SO)\(f) = f()\)a f S X> and SOA,S(f) = f(S)()\)a f € X.

Theorem 5.1. Let X be a Banach space, X C Hol(D), and o = {1, ..., Ay} be a sequence of
distinct points in the unit disc D. We have,

mazi<i<n ||l < (o, X, HY) < Cr(o).mazi<i<n [loa]
where Cr(o) stands for the Carleson interpolation constant.

Theorem 5.1 tells us that, for o with a “reasonable” interpolation constant C7(o), the quantity
c(o, X, H*®) behaves as max; ||p,,||. However, for “tight” sequences o, the constant C(o) is so large
that the estimate in question contains almost no information. On the other hand, an advantage of the
estimate of Theorem 5.1 is that it does not contain #o0 = n explicitly. Therefore, for well-separated
sequences o, Theorem 5.1 should give a better estimate than those of Theorem C and Theorem D.

Now, how does the interpolation constant C;(o) behave in terms of the caracteristics r and n of o7
We answer this question for some particular sequences o, see Exemples 5.2, 5.3 and 5.4.

Proof of Theorem 5.1. Let f € X. By definition of Cj(0), there exists g € H* such that
fi)=g) Vi=1.n with [ g [le< Crlo)maz; [f (A)] < Cr(o)maz; [[oxll || f]lx -

Now, taking the supremum over all f € X such that || f||y < 1, we get the right-hand side
inequality. The left-hand side one is clear since if g € H* satisfies f (\;) = g (\;) Vi = 1..n, then
19 o= g (M) = |f (M) = lex ()], Vi=1.n. O

Now, how does the interpolation constant C7(o) behave in terms of the caracteristics r and n of o?
In what follows, we compare these quantities for three geometrically simple configurations : two-points
sets o, circular and radial sequences o. The proofs of the following statements (5.2, 5.3 and 5.4) are
given in [Z3].

Example. 5.2. Two points sets. Let 0 = {1, Ao}, i € D, Ay # Ao, Then,
by, (A2)| ™" < Cilo) < 21by, (M)

and Theorem 5.1 implies
(o, X, H®) < 2|by, (M) mazi—y o [|oa,
whereas a straightforward estimate gives
clo, X, H7) < lon | +mazy < la ]l (1 + |Al),

where 1 = max (|A\1], [A2|) and the functional @y 1 is defined in the beginning of Section 5. The
difference is that the first upper bound blows up when Ay — )Xo, whereas the second one is still well-
bounded.

)

Example. 5.3. Circular sequences. Let 0 <1 <1 and 0 = {\1, Ag, ..., M}, Ni £ Ay, [N =7 for
every i, and let o = minizi|\i — \j|/(1 — 7). Then, ™' < Ci(0) < 8 (1450™%) yhere K, K' > 0
are absolute constants. Therefore,

e(o, X, H®) < 8¢ (K ) mag g
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for every r — circular set o (an estimate does not depending on n explicitly). In particular, there
exists an increasing function ¢ : Ry — Ry such that, for any n uniformly distributed points Ay, ..., Ay,
IAi] =7, [N = Xiga| = 2rsin (£), we have
(1) ¢(o, H2, H®) < o (n(1 —r)r=Y) (L =7)"2 , for every n and r, 0 < r < 1 and in particular, for
n < [r(1—r)"1] we obtain
(o, H?, H®) < ¢(1 — )2,
whereas our specific upper bound in Theorem C, (which is sharp over all n elements sequences o),
gives
clo, H*, H®) < ¢(1 — 7)™
only.
(2) c(o, L2, H®) < o (n(1 —r)r Y (1 —r)~', for everyn and r, 0 < r < 1 and in particular, for
n < [r(1—r)~1] we obtain
c(o, L2, H®) < ¢(1 — 7)™,
whereas our specific upper bound in Theorem D, (which, again, is sharp over all n elements sequences
o), gives
clo, L2, H®) < ¢(1 —r)?
only.

Example. 5.4. Radial sequences. Now we consider geometric sequences on the radius of the unit
disc D, say on the radius [0, 1). Let 0 < p < 1, p € (0, 00) and

N=1—p" j=0,..n,

so that the distances 1 — \; = p’p? form a geometric progression; the starting point is \g = 1 — p?.
Let

T =mazo<j<nNj = \p = 1 — p"TP,
and 0 = 6(B) = ming<p<n |Br (Ar)|, where By = by 'B. It is known that 6~ < Cj(0) < 8572, see
([N1], p 189). So, we need to know the asymptotic behaviour of 6 = 6(B) when n — oo, or p — 1, or
p—0,0r p— o0, orp—0.

Claim. Let 0y, , = {1 — pp“f}zzl, 0<p<1,p>0. The estimate of c(o, H?, H*®) via the Carleson
constant Cr(o) (using Theorem 5.1) is comparable with or better than the estimates from Theorem C
(for X = H?) and Theorem D (for X = L?) for sufficently small values of p (as p — 0) and/or for a
fized p and n — oco. In all other cases, as for p — oo (which means \y — 1), or p — 1, or n —
and p — 1, it s worse.

Remark 5.5. More specific radial sequences are studied in [Z3] : sparse sequences o (p — 0, or at
least 0 < p < e < 1), condensed sequences o (p — 1) and long sequences (n — 00).

6. Lower bounds for C,, (X, H®)

6.1. The cases X = H? and X = [?

Here, we consider the standard Hardy and Begman spaces on the disc D: X = H? = [*(1) and
X = L2 = I>((k + 1)~%?), and the problem of lower estimates for the one point special case o, ) =
{N A, AL, (n times) A € D. Recall the definition of our constrained interpolation constant for this
case

(o r, H, H*) = sup {|| fllze oo~ - f € H, ||fllag <1},
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where || || e oy = inf {|[f + V3gllec 1 g € H}. Our goal in this Subsection is to prove the

sharpness of the upper estimate from Theorem C (p = 2) and Theorem D for the quantities
Cn.r (H?*, H*) and C, . (L2, H*) , that is to say, to get the lower bounds from Theorem C (p = 2)
and Theorem D.

Recall that the spaces [2 ((k + 1)*) are defined in Section 4.

In the proof, we use properties of reproducing kernel Hilbert space on the disc D, see for example
[N2]. Let us recall some of them adapting the general setting to special cases X = 2 ((k + 1)%). As
it is mentionned in Section 4,

2((k+1)%) {f SRR NP =D 1f(R) k:+12a<oo}

k>0 k>0
The reproducing kernel of I2 ((k + 1)®), by definition, is a [* ((k + 1)*)-valued function A — k%,
A €D, such that (f, k¥) = f(X) for every f € I2((k+1)™*), where (.,.) means the scalar product

(B, g) = Y 4so (k)g(k) (k + 1)72*. Since one has f(X) = 3,0 f(R)N(k + 1)2(k 4+ 1)72* (A € D), it
follows that

kp(2) = S (k+ 12X 25, 2 e D,

k>0

In particular, for the Hardy space H? = [2(1) (a = 0), we get the Szego kernel
ka(z) = (1= A2)7

for the Bergman space L? = [2 ((k: + 1)_1/2) (o = —1/2) - the Bergman kernel k; /?(z) = (1 —Xz)~2

We will use the previous observations for the following composed reproducing kernels (Aronszajn-
deBranges, see [N2] p.320): given the reproducing kernel k of H? and ¢ € {2 : N = 1, 2}, the
function ¢ o k is also positive definit and the corresponding Hilbert space is

Hy = o(H?) =2 ((k+1)7") .

It satisfies the following property : for every f € H? o f € p(H?) and |[¢o f||3;(H2
IN2] p.320).
We notice in particular that

) S @l lF2) (see

(6.1.0) H,=H? and H,» = L2

The above relation between the weighted spaces [2 ((k + 1)*) and the spaces p(H?) = H, leads to
establish the prove of the left-hand side inequalities from Theorem C (for p = 2 only) and Theorem
D.

Proof of Theorem C (p = 2) and Theorem D, (left-hand side inequalities only) .
1) We set

anz(l_ IA[2)V20 (1—Xz)_1, H,= p0Q, and ¥ =0bH,, b>0.
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Then ||Q,.||3 = n, and hence by the above Aronszajn-deBranges inequality,

1117, < %0 ([Qnll2) = b*o(n).
Let b > 0 such that b?¢(n) = 1.

) Since the spaces H,, and H* are rotation invariant, we have ¢ (o, x, Hy,, H®) = ¢ (0,0, Hy,, H)

; 28]
for every A, pu with || = [u| = 7. Let A = —r. To get a lower estimate for || Wz, /ppp, consider G
such that U — G € by Hol(D), i.e. such that bH,, o by — G o by € z"Hol(D)

3) First, we show that

’I/J:: \Ifob)\: anOb)\
is a polynomial (of degree n if ¢ = z and 2n if p = 2?) with positive coefficients. Note that

n—1

L1 AP = & tom
Qot =2 Ay o TU- AR =0 -
k=1

n—1
=(1—r?)72 <1 +(1+7)y 2+ rz”) = (1 — 7)Y,

k=1

Hence, ¥ = WV oby =0H, 0by, =byp o ((1 - 7“2)_% ¢1) and

Spowl =¢fv(2’)a N = ]-7 2.
4) Next, we show that

S W) = 3 00) > { (2v2) " /n(l— ) Tif N =1

= 167 'n(l —r)"tif N=2 ’

where m = n/2 if n is even and m = (n +1)/2 if n is odd.
Indeed, setting .S,, = Z?:o 27, we have both for N =1 and N = 2

iw{v):i <1+(1+7‘)nz_:1zt+rz”> sz:(SN_

t=1
Next, we obtain

m N m 1 — o N
Z(Sn—l)zz<(1_z) ):
= Z ((1 - Z)_N) = Z (Z Cij\f+j—1zj> = Z Czjv+j—1 =
o m+1if N=1 > _ n/Qiszl > n/Qiszl
o (m—l—l)(m—l—Q)/Qz'fN:Q - (n+2)(n+4)/8ifN:2 - n2/8ifN:2 ’

Finally, since >." () = b3 (p o)1) = b (1 — r2) N2 (hN) we get

(2(1 —7))"V2nb/2if N =1
(2(1 —7))"'n%p/8if N =2 °
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~1/2 ; _
with b = ¢(n) = { nn—1 z?f ]\]]V _ 21 . This gives the result claimed.

5) Now, using point 4) and denoting F,, = ®,, + 2" ®,,, where @, stands for the k-th Fejer kernel,
we get

19 (oo pig e = ([l oo pomproe > 27440 % Frlloo > 271 " 4(5) >
=0

4/2)" 0 /n(1 —r)"Lif N =1
Z{ ( 32)‘1n(1£r)‘1)z'fN:2 ‘

6) In order to conclude, it remains to use (6.1.0).

O
6.2. The case X = H?

Here we prove the sharpness ( for even p) of the upper estimate found in Theorem C. We first prove
the following lemma.

Lemma. 6.2.0 Let p,q such that g € Zy, then ¢ (o, H?, H*®) > ¢ (0, HY, HOO)% for every sequence o
of D.
Proof. Step 1. Recalling that

C(U> Hp’ Hoo) = Sup||f||p§1inf {HgHoo S }/a Glo = f|a} )

we first prove that

C(Uv Hp7 HOO) = Sup“f”pflvf‘mtm“inf {HgHOO A Y’ Glo = f\o} ’

Indeed, we clearly have the inequality

sup|fi,<t, fouter inf {9llo : 9 €Y, 9o = fio} < c(o, HP, H®),

and if the inequality were strict, that is to say

sup| s, <1, fouter if {19l = 9 €Y, 90 = fio} < supygp,<rinf {9l 9 €Y, g0 = fio }

then we could write that there exists € > 0 such that for every f = f;.f, € HP (where f; stands for
the inner function corresponding to f and f, to the outer one) with [|f[|, < 1 (which also implies
that || f,|, < 1, since || fo|l, = [[f[l,), there exists a function g € H* verifying both |g|, < (1 —
€)c(o, H?, H*) and g, = foo. This entails that f, = (fig)‘o and since | figll, = llgll, < (1 —
€)c (o, HP, H*®) | we get that ¢ (o, H?, H*®) < (1 — €)c (0, HP, H*), which is a contradiction and
proves the equality of Step 1.

Step 2. Using the result of Step 1, we get that Ve > 0 there exists an outer function f, € HY with
[foll, <1 and such that

inf{||g||C>o c9€Y, g0 = fo‘g} >c(o, H, H®) —e.

Now let F' = f7 € HP, then )7 = NI foll; < 1. We suppose that there exists g € H* such that
9o = F\U with

I9lloe < (c(o, HY, H®) =€)
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ya
q

Then, since g (N\;) = F (N) = [, (Ai)% for all i = 1..n, we have g (\;)e = f, (\;) and ga € H* since

L€ Z;. We also have

P

gq
which is a contradiction. As a result, we have
19]lc = (c(o, HY, H™) —€)7,
for all g € H* such that g, = F|,, which gives
c(o, H?, H®) > (c(o, HI, H®) — €)7 ,

and since that inequality is true for every € > 0, we get the result. U

0 - HgHgO < (C(Uv Hq7HOO> _6)57

Proof of Theorem C (the left-hand side inequality for p € 2N, p > 2 only). We first prove the lower
estimate for ¢ (o, x, HP, H*) . Writing p = 2(p/2), we apply Lemma 6.2.0 with ¢ = 2 and this gives

C(Un,A7 HP,HOO) >c (Un,A, H2,HOO)% > 32—% (n(l _ ‘)‘D_l)%

for all integer n > 1. The last inequality is a consequence of Theorem C (left-hand side inequality)
for the particular case p = 2 which has been proved in Subsection 6.1. [J
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