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Abstract

Given a finite set o of the unit disc D = {z € C : |z] < 1} and a holomorphic function f in I which
belongs to a class X, we are looking for a function g in another class Y (smaller than X) which minimizes
the norm |[|gly, among all functions g such that g, = fj,. For Y = H*, X = H? (the Hardy space) or
X = L2 (the Bergman space), and for the corresponding interpolation constant c (o, X, H*), we show that
c(o, X, H®) < apx (1 — L) where n = #0, r = maze, |A| and where ¢x (t) stands for the norm of the
evaluation functional f — f(¢) on the space X. The upper bound is sharp over sets o with given n and r.

Résumé

Etant donné un ensemble fini o du disque unité D = {z € C: |z] < 1} et une fonction f holomorphe
dans D appartenant & une certaine classe X, on cherche g dans une autre classe Y (plus petite que X) qui
minimise la norme de g dans Y parmi toutes les fonctions g satisfaisant la condition g, = f|,. On montre
que dans le cas Y = H, la constante d’interpolation correspondante c (o, X, H*) admet une majoration
clo, X, H®) < apx (1-LEL) ot n = #0, r = mazre, || et ox(t) est la norme de la fonctionnelle
d’évaluation f +— f(t), 0 <t < 1, sur 'espace X. La majoration est exacte sur 'ensemble des o avec n et r
donné.

Introduction

(1) General framework. The problem considered is the following: given X and Y two Banach
spaces of holomorphic functions on the unit disc D = {z € C: |z] <1}, X D Y, and a finite set
o C D, to find the least norm interpolation by functions of the space Y for the traces f|, of functions
of the space X, in the worst case of f.

The classical interpolation problems- those of Nevanlinna-Pick and Carathéodory-Schur (on the
one hand) and Carleson’s free interpolation (on the other hand)- are of this nature. Two first are
“individual”, in the sens that one looks simply to compute the norms || f|| e OF [/ | roe jon e for a

given f, whereas the third one is to compare the norms |a|| 1% (o) = MATreq |ay| and

inf (I gl 9(A) =ar, A€ 0).

Here and everywhere below, H> stands for the space (algebra) of bounded holomorphic functions
in the unit disc D endowed with the norm || || = sup.ep | f(2)|. Looking at this comparison problem,
say, in the form of computing/estimating the interpolation constant

¢(o, X, Y) = supsex, jsix<rinf {Ilglly : 90 = fio}

which is nothing but the norm of the embedding operator <X|a, H‘”X\a) — (Y‘U, ||‘||Y\o>’ one can
think, of course, on passing (after) to the limit- in the case of an infinite sequence {);} and its
finite sections {)\j}?zl— in order to obtain a Carleson type interpolation theorem X|, = Y|,. But not
necessarily. In particular, even the classical Pick-Nevanlinna theorem (giving a necessary and sufficient
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condition on a function a for the existence of f € H* such that || f|| ., < 1 and f(\) = ax, A € 0), does
not lead immediately to Carleson’s criterion for H3> = [*°(0). (Finally, a direct deduction of Carleson’s
theorem from Pick’s result was done by P. Koosis [K] in 1999 only). Similarly, the problem stated for
¢ (o, X, Y) is of interest in its own. It is a kind of “effective interpolation” because we are looking for
sharp estimations or a computation of ¢ (o, X, Y) for a variety of norms ||.||y, |||y - For this paper,
the following partial case was especially stimulating (which is a part of a more complicated question
arising in an applied situation in [BL1] and [BL2]): given a set 0 C D, how to estimate ¢ (o, H*, H>)
in terms of n = card(c) and mawze, |A| = 7 only? (H? being the standard Hardy space of the disc).

Here, we consider the case of H* interpolation (Y = H*) and the following scales of Banach spaces
X

(a) X = H? = H?(D), 1 < p < o0, the standard Hardy spaces on the disc D (see [N2] p.31-p.57) of
all f € Hol(D) satisfying

1/p
SUPo<r<1 </1r |f(rz)| dm(z)) < 00,

m being the Lebesgue normalized measure on T. )
(b) X =12 (1/Vk +1), the Bergman space of all f(z) = > ko f(F)2* satisfying

S i)

— < 0.
k>0

E+1

An equivalent description of this space is:
X = L2, the space of holomorphic functions such that

/ | (2)) dedy < .
D

For spaces of type (a)&(b), we show

1— 1-—
Cl1Px (1— —T) < sup{c(o, X, H®): #o <n, |\ <r, A€o} < epx (1— T),
n n

where ¢ x(t), 0 <t < 1 stands for the norm of the evaluation functional f — f(t) on the space X.
In order to prove the right hand side inequality, we first use a linear interpolation:

fe Y (s en) e,
k=1

where (.,.) means the Cauchy sesquilinear form (h, g) =, -, h(k)g(k), and (ex)r_; is the Malmquist
basis (effectively constructible) of the space Ky = H?*©OBH? B = IT7"_, b5, being the corresponding
Blaschke product, by = 1’\__{2 (see N. Nikolski, [N1] p. 117)). Next, we use the complex interpolation
between Banach spaces, (see H. Triebel [Tr] Theorem 1.9.3 p.59). Among the technical tools used
in order to find an upper bound for |7 ; (f, ex) exl| ., (in terms of || f||y), the most important is

a Bernstein-type inequality || f’Hp < 6B o Ifll, for a (rational) function f in the star-invariant

subspace H? N BH} generated by a (finite) Blaschke product B, (K. Dyakonov [Dy]). For p = 2, we
give an alternative proof of the Bernstein-type estimate we need.

The lower bound problem is treated by using the “worst” interpolation n—tuple o = 0, \ =
{A, ..., A}, a one-point set of multiplicity n (the Carathéodory-Schur type interpolation). The “worst”
interpolation data comes from the Dirichlet kernels Zz;é 2* transplanted from the origin to \. We
notice that spaces X of (a)&(b) satisfy the condition X o by C X which makes the problem of
upper /lower bound easier.
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(2) Principal results. Let 0 = {\1,...; A, Ao, ..., Mgy oy Ay, ..o, A} be a finite sequence in the unit

disc, where every ), is repeated according its multiplicity m, , 22:1 ms = n and 7 = maw;=1_| N

Let X, Y be Banach spaces of holomorphic functions continuously embedded into the space Hol(D)
of holomorphic functions on the unit disc . In what follows, we systematically use the following
conditions for the spaces X and Y,

(P) Hol((1 + ¢)D) is continuously embedded into Y for every e > 0,

(P,) Pol,. C X and Pol, is dense in X,

where Pol, stands for the set of all complex polynomials p, p(z) = fovzo ap 2",
(Ps) [f € X]= z"fex,vnz()andez”fH%31},

f
z—A

(Py) [feX,)\e]D),andf(A)zo]:[ eX].

We are interested in estimating the quantity

clo, X, Y) = supysc<vinf {llglly - g €Y, g9 () = F9 (N) Vi, j, 1 <i <t, 0 < j <mi},

In order to simplify the notation, the condition
gV (N) = fV (M) Vi, .1 <i <80 < <my

will also be written as

9o = fio-
Supposing X verifies property (P;) and Y C X, the quantity ¢ (o, X, Y) can be written as follows,

c(o, X, Y) = supjpc<iinf {llglly - g €Y, 9 f € B-X},

where B, is the Blaschke product

BO’ = lel’nbAZ’

corresponding to o, by(z) = % being an elementary Blaschke factor for A € D.

The interesting case occurs when X is larger than Y, and the sens of the issue lies in comparing
| . |lx and || . ||y when Y interpolates X on the set . For example, we can wonder what happens
when X = HP? | the classical Hardy spaces of the disc or X = L?, the Bergman spaces, etc..., and when
Y = H*, but also Y = W the Wiener algebra (of absolutely converging Fourier series) or Y = Bgo,l,
a Besov algebra (an interesting case for the functional calculus of finite rank operators, in particular,
those satisfying the so-called Ritt condition). Here, H? stands for the classical Hardy space of the

disc (see below).
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It is also important to understand what kind of interpolation we are going to study when bounding
the constant c¢(o, X, Y). Namely, comparing with the Carleson free interpolation, we can say that
the latter one deals with the interpolation constant defined as

c(o,1(0), H®) = sup {inf (|| g |t g € H®, go=a) : a €1®(0), || a |i=< 1}.

We also can add some more motivations to our problem:

(a) One of the most interesting cases is Y = H*. In this case, the quantity c (o, X, H>) has a
meaning of an intermediate interpolation between the Carleson one ( when || f|| x,, = SUP1<i<n lf (A)])

and the individual Nevanlinna-Pick interpolation (no conditions on f).

(b) There is a straight link between the constant ¢ (o, X, V) and numerical analysis. For example,
in matrix analysis, it is of interest to bound the norm of an H>-calculus || f(A)]| < c||f|l.., f € H>,
for an arbitrary Banach space n-dimensional contraction A with a given spectrum o(A) C o. The
best possible constant is ¢ = ¢ (o0, H*, W), so that

c(o, H*, W) = supypjo<asup {| F(A) - A= (C" L)) = (C []), [[Al €1, 0(A) C o},

where W = {f = k>0 f(k?)zk DD k0

sup is taken over all contractions on n—dimensional Banach spaces. An interesting case occurs for
f € H* such that f, = %‘0 (estimation of condition numbers and the norm of inverses of n x n

f (]{7)‘ < oo} stands for the Wiener algebra, and the interior

matrices) or fj, = for estimation of the norm of the resolvent of an n x n matrix).

1
o

We start studying general Banach spaces X and Y and give some sufficient condition under which
Cr.r(X,Y) < 00, where

Cor(X,Y) =sup{c(o,X,Y) : #0 <n,Vj=1l.n, |\| <r}.

In particular, we prove the following fact.

Theorem 1.1.1 Let X,Y be Banach spaces verifying properties (F;), i = 1...4. Then

Crr(X,Y) < 00,

for everyn>1andr, 0 <r < 1.

Next, we add the condition that X is a Hilbert space, and give in this case a general upper bound
for the quantity C, (X, Y).
Theorem 1.2.1 Let Y be a Banach space verifying property (Py) and X = (H, (.)y) a Hilbert space
satisfying properties (P;) fori =2, 3, 4. We moreover suppose that for every 0 < r < 1 there exists
e > 0 such that ky € Hol (1 + €)D) for all |\| < r, where ky stands for the reproducing kernel of X
at point X, and X\ + ky is holomorphic on |\| < r as a Hol((1 + €)D)-valued function. Let
o ={A, o AL, Ag, e Aay o Ay, o, At e a sequence in D, where Ag are repeated according their
multiplicity my, ZZZI ms =mn. Then we have,

1)



(0, HY) (Znekny) ,

where (ey,),_, stands for the Gram-Schmidt orthogonalization (in the space H ) of the sequence

Exi0s Eaits Bas2e Kximi—1s Kxo,00 Bxats Exg 2oy Bagma—1s s K0y Eacts Eag2os Bxgme—1,

and ki = () kr i € N.
ii) For the case Y = H™, we have
C(Ua Ha HOO) S SUPzeD ||Pngz||Ha

where Pg, =Y _, (., ex) z ex stands for the orthogonal projection of H onto Kp, (H),

Kpg, (H) = span (k,\j,i 1<i<my, j=1,.., t) )

After that, we specialize the upper bound obtained in Theorem 1.2 (ii) to the case X = H?, the
standard Hardy space of the disc, which can be equivalently defined as

:{f:Zf(l{;)zk: Z‘f(k)2<oo}

Among other results, we get the following (see Proposition 2.0): for every sequence o = {1y, ..., A\, }
of D,
1— |B,(2)?\ 2 .
Cc (O’, H2, Hoo) < SUPzeD (%) < \/isupmzl |B/(C)‘é <2 1 n .
— |z -7

Next, we present a slightly different approach to the interpolation constant ¢ (o, H?, H*) proving an
estimate in the following form:

3 1

"L (1= M) SN 2n

12, 1) < sup.ey S LZIMD ) o i) < /2
C(O-u ) )_SupeT (kz:; |Z—)\k|2 - ;1_|)\j| i VA

It is shown (in Section 6) that this estimate is sharp (over n and r). This sharpness result is treated
by using the “worst” interpolation n—tuple 0 = 0, x = {\, ..., A}, a one-point set of multiplicity n
(the Carathéodory-Schur type interpolation). More precisely, we prove the following Theorem A,
which gathers the results from Corollary 2.1 (for the upper bound) and Theorem 6.1.0 (for the lower
bound, with N =1) .

Theorem A. We have

B

1 n
= <c O-nrquuHoo <Cnr H27Hoo <\/§
L < ) < G (0 1) <
foralln>1,0<r<1.
Then, we extend these results to the H? spaces, as follows. Theorem B sums up Theorem 3.0 (for
the upper bound) and Theorem 6.2.0 (for the lower bound).

1 — Y

<



Theorem B. Let 1 < p < oo. Then

1 1
3% (FLW) "< e(on,, HP,H®) < Cy, (H?, H®) < A, (1 . T) "
foralln>1,0 <r <1, where A, is a constant depending only on p and the left hand side inequality
1s proved only for p € 27

In particular, this gives yet another proof of the fact that C, ,.(H?, H*®) < ay/n/v/1 —r.

For the Bergman space X = L? we have the following Theorem C, which gathers Theorem 4.0 (for
the upper bound, with o = —1/2) and Theorem 6.1.0 (for the lower bound, with N = 2).

Theorem C. We have

1 n
321—r
foralln>1,0<r<1.
In Section 5 we compare the method used in Sections 1, 2, 3 and 4 with those resulting from the
Carleson-free interpolation. Especially, we are interested in the cases of circular and radial sequences o

(see below). Recall that given a (finite) set o = {\1, ..., Ay} C D, the Carleson interpolation constant
C1(0) is defined by

n

<c(on L2, H®) < Cy,, (L2, H®) < 6V2

Y

1—r

C1(0) = supjaje<iinf (|| g llo: g € H, gy = a).
We introduce the evaluation functionals ¢, for A € D, as well as the evaluation of the derivatives
ors (s=0,1,...)
oA(f) = f(N), FeX, and oy (f) = fPN), feX.
Theorem. 5.0 Let X be a Banach space, X C Hol(D). Then, for all sequences o = {\1, ..., \u} of
distinct points in the unit disc D,

mazi<i<n ||l < clo, X, HY) < Cr(o).mazi<i<n [loa]
where Cr(o) stands for the Carleson interpolation constant.

Theorem 5.0 tells us that, for o with a “reasonable” interpolation constant C;(o), the quantity
c(o, X, H*®) behaves as max; ||¢,,||. However, for “tight” sequences o, the constant C(o) is so large
that the estimate in question contains almost no information. On the other hand, an advantage of the
estimate of Theorem 5.0 is that it does not contain #o = n explicitly. Therefore, for well-separated
sequences o, Theorem 5.0 should give a better estimate than those of Theorem A and Theorem C.

Now, how does the interpolation constant C;(o) behave in terms of the caracteristics r and n of o7
We answer this question for some particular sequences o, see Exemples 5.2, 5.3 and 5.4.

1. Upper bounds for ¢(o, X, Y), as a kind of the
Nevanlinna-Pick problem

1.1. General Banach spaces X and Y satisfying properties (P;) , i =1...4

The following theorem shows that if X and Y satisfy properties (P;) for ¢ = 1...4, then our in-
terpolation constant c¢(o, X,Y’) is bounded by a quantity M,, , which depends only on n = #o0 and
T = mazi<i<p|A;| (and of course on X and Y'). In this generality, we cannot discuss the question of
sharpness of the bounds obtained. First, we prove the following lemma.

Lemma. 1.1.0. Under (P,), (P3) and (P,), B, X is a closed subspace of X and moreover,
B, X ={feX: f(\) =0,V € o (including multiplicities)} .
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Proof. Since X C Hol(D) continuously, and evaluation functionals f +— f(A) and f +— f*®)()\), k € N*,
are continous on Hol(ID), the subspace
M={feX: f(\) =0,V € o (including multiplicities)} ,

is closed in X.
On the other hand, B,X C X, and hence B,X C M. Indeed, properties (P») and (P3) imply that

h.X C X, for all h € Hol((1+ ¢)D) with € > 0; we can write h(z) = Zkzoﬁ(k‘)zk with ‘/H(k‘)‘ < Cq",
C>0and g <1. Then )

hf=3,s0h(k)2f € X.
In order to see that M C B, X, it suffices to justify that

[f € Xand f(N) =01 = [f/ba=(1—X2)f/(A—2z) € X].

But this is obvious from (P;) and the previous arguments. U

‘?L(k:)zka < oo for every f € X. Since X is a Banach space we get
X

Theorem. 1.1.1 Let X, Y be Banach spaces verifying properties (P;), i = 1...4 , then

Crnr(X,Y) <00
for everyn >1 andr, 0 <r < 1.

Proof. For k = 1..n, we set fy(2) = 1/(1 — A\z), and define the family (ez),_,, (which is known as
Malmquist basis, see [N1] p.117), by

er=fi/ [ fill, and ex = (Tizax—1by;) fa/ [ felly,
for k = 2..n, where ||fx|l, = (1 — [M\]?)” 2 Now, taking f € X , we set

-3 (S i0am) «

where the series ). f(j)én(j) are absolutely convergent. Indeed,

&) = (2mi) /RT er(w)w ™ dw,

forall j > 0and forall R, 1 < R < % For a subset A of C and for a bounded function h on A, we
define ||h]| 4 := sup.ca |h(2)]. As a result,

& ()] < (2rRI*Y)

‘ (2rR)~

‘Rj<oo
7>0

since R > 1 and f is holomorphic in D.
Next, we observe that the map ® : Hol(D) — Y C Hol(D) defined by

D fHZ(Zf & (j )

7>0

is well defined and has the following properties.
(a) ®g2 = Pp, where Pp, is the orthogonal projection on the n-dimensional subspace of H 2 Kp
defined by

o



Kg, = (B,H*)* = H*©B,H?,
the last equality being a consequence of Lemma 1.2.0 of Section 1.2.

(b) @ is continuous on Hol(ID) for the uniform convergence on compact sets of D.
Indeed, the point (a) is obvious since (ey),_, is an orthonormal basis of Kp, and

> F0)aG) = (fren),

720

where (.,.) means the Cauchy sesquilinear form (h, g) = >, h(k)g(k). In order to check point (b),
let (f1),en be a sequence of Hol(ID) converging to 0 uniformly on compact sets of ID. We need to see

ijo ?l(])m - O, for

every k=1, 2, ..., n. Let p €]0,1[, then fl f filw)w=7 = dw, for all j,1 > 0. As a result,

> ROEG <Z\fl \ (2m0) " I Alle D 168G o7

520 520 >0

that (P (f;)),en converges to 0, for which it is sufficient to show that limy

Now if p is close enough to 1, it satisfies the inequality 1 < p=" < =1, which entails .. |éx(j)| p™7 <
+oo for each k = 1..n. The result follows.
Let
U = Idx — Opx.
Using point (a), since Pol, C H? (Pol, standing for the set of all complex polynomials p, p(z) =
Z;Z::o ayz*), we get that I'm (\If‘pol+) C B,H?. Now, since Pol, C Y and Im(®) C Y , we deduce
that
Im (¥po,) C BLH*NY C B,H* N X,
since Y C X. Now W (p) € X and satisfies (¥ (p)),, = 0 (that is to say (¥ (p))(A) = 0,VA € ¢
(including multiplicities)) for all p € Pol,. Using Lemma 1.1.0, we get that Im (\If‘pol+) C B,X.
Now, Pol being dense in X (property (P)), and ¥ being continuous on X, we can conclude that
Im (V) C B, X.

Now, we return to the proof of Theorem 1.1.1. Let f € X such that || f ||x< 1 and g = ®(f). Since
Hol (r~'D) C Y, we have g € Y and

f—g=Y(f) € B,X.

Moreover,

lglly < > 1 el llexlly -

k=1..n
In order to bound the right hand side, recall that for all j > 0 and for R =2/(r + 1) €]1,1/r],

Z\f D] < @0 erllapan, WZ)f) r+ 1))

/]E(j)’ (271(r + 1)) is continuous on Hol(ID), and the inclusion X C Hol(ID)
is also continuous, there exists C, > 0 such that

Since the norm f > ..,




S [fo|ere+ny <o f i,

7>0

for every f € X. On the other hand, Hol (2(r + 1)7'D) C Y (continuous inclusion again), and hence
there exists K, > 0 such that

lexlly < Krsuppsj<apr1y-1 [ex(2)] = Ky [lexllyqpry-1p-

It is more or less clear that the right hand side of the last inequality can be bounded in terms of r
and n only. Let us give a proof to this fact. It is clear that it suffices to estimate

SUP1 <z <2(r1)-1 € (2)] -

In order to bound this quantity, notice that

Az 2_1 (2 = DA — |A*)
1—X\z| 11— Az|? ’

for all A € D and all z € |\|7'D. Using the identity (1.1.0) for A = \;, 1 < j < n, and z = pe",

p=2(1+7r)"t we get
estoe | < (2 I (o )| < (i (1 A RDY) ()

for all £ = 2..n. Expressing p in terms of r, we obtain

1 2(;z — 1)
||€k||2(r+1)—11r < T o 2 (szl..n—l <1 + ﬁ)) =: Cy(r,n),
2

r+1 (r+1)

(1.1.0) bA(2)]? < '

1
1 — A\ppett

and

~

f(j)ék(j)‘ < @2m) 7 Crllerll 2z I llx< (2m) 7' CC(rm) | f lx -

2

>0
On the other hand, since

||€k||y < K, ||€k||2 r+1)~ T S Krcl(ﬁ n),
we get
lglly <> @m)'C.Cu(rn) || fllx KoCi(r,n) = (27) " 'nC K, (Ca(r,n))* || fll
k=1
which proves that

c(o, X,Y) < (2m)"'nC. K, (Cy(r,n))*
and completes the proof of Theorem 1.1.1. [

1.2. The case where X is a Hilbert space
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In the following theorem, we suppose that X is a Hilbert space and both X, Y satisfy properties
(P;) for i = 1...4. In this case, we obtain a better estimate for ¢ (o, X, Y) than in Theorem 1.1.1 (see
point (i) of Theorem 1.2.1). For the case Y = H>, (point (ii) of Theorem 1.2.1), we can considerably
improve this estimate. We omit an easy proof of the following lemma.

Lemma. 1.2.0. Let 0 = {1, ..., A1, Mgy ooy Mg, ooy Ay ooy M} be a finite sequence of D where every Ag is

repeated according to its multiplicity my, 22:1 ms =n. Let (H, (.)y) be a Hilbert space continuously

emebedded into Hol(D) and satisfying properties (P;) fori =2, 3, 4. Then
Kp, (H) =t HOB,H = span (ky,i: 1 <j<t,0<i<m;—1),

where ky ; = (%)Zk,\ and ky is the reproducing kernel of H at point X for every A € D, i.e. ky € H
(I’fldf()\):(f, k)\)H> VfGH

Theorem. 1.2.1. Let Y be a Banach space verifying property (Py) and X = (H, (.)y) a Hilbert
space satisfying properties (P;) for i = 2,3, 4. We moreover suppose that for every 0 < r < 1
there exists € > 0 such that ky € Hol ((1+ €)D) for all |\| < r, where k) stands for the reproducing
kernel of X at point \, and X ~ ky is holomorphic on |\ < 7 as a Hol((1 + €)D)-valued function.
Let 0 = {1, .., A1, Aoy oy Aoy ooy Aty oy Ae b be a sequence in D, where Ay are repeated according their
multiplicity my, ZZZI ms =mn. Then we have,

1)

" 1/2
(o, X, V) < (znekna) |
k=1

where (ey),_, stands for the Gram-Schmidt orthogonalization (in the space H ) of the sequence

Exi0s Earts Bas 2o Kximi—1s Kx,00 Bxats Exg 2oy Bxgma—1s s K0y Eacts Eag2os Bxgme—1,

notation ky; ts introduced in Lemma 1.2.0.
ii) For the case Y = H™, we have

c(o, H, H*) < sup,ep || Pp, k= || 5 »
where Pg, =Y 1, (., ex) z ex stands for the orthogonal projection of H onto Kp, (H),

Kg, (H) = span (k,\j,i 1<i<my, j=1,.., t) )

Proof. 1). Let f € X, ||f|lx <1 . Lemma 1.2.0 shows that

9="Ps,f=>_(frex)yex
h—1

is the orthogonal projection of f onto subspace Kp,. Function g belongs to Y because all £, ; are in
Hol((1+ ¢)D) for a convenient € > 0, and Y satisfies (P).

On the other hand, ¢ — f € B,H (again by Lemma 1.2.0). Moreover, using Cauchy-Schwarz
inequality,

1/2

12 /o, 1/2 n
|(f, ek)H|2> (Z H%Hi) < £l (Z ||6k||§/> )
k=1 k=1

3
3

lglly < > 1(frex)ml llelly < (

k=1 k=1
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which proves i).
ii). If Y = H*, then

19(2)| = (P, [ k2) gl = |(fs P, ko) gl < N fllg 1Pso Kzl s
for all z € D, which proves ii). O

2. Upper bounds for C, , (H?, H®)

In this section, we specialize the estimate obtained in point (ii) of Theorem 1.2.1 for the case
X = H?, the Hardy space of the disc. Later on, we will see that this estimate is sharp at least
for some special sequences o (see Section 6 ). We also develop a slightly different approach to the

interpolation constant ¢ (o, H?, H*®) giving more estimates for individual sequences o = {1, ..., A, }
of D.
Proposition. 2.0. For every sequence o = {1, ..., \n} of D we have

_ Bo 2\ 1/2
(Il) c (07 H2a HOO) < SUPzeD <%) )
, "1 B
(L) ¢ (o H?, H*) < V2supyr [B' ()] = v2supig= Z (EPYSRNC

Proof. We prove (I;). Applying point (ii) of Theorem 1.2.1 for X = H? and Y = H*, and using

_ 1 _1-B(&50)
= oz and (Pak) (O = 720,

k= (C)
(see [N1] p.199), we obtain

P ]{;Z - P — 5
|| Bs HH2 ( 1 ‘Z|2

which gives the result.
We now prove (I3), using (I1). The map ¢ — [|Pp (k)| = sup{[f(C)|: f € K, [[f] <1}, and

hence the map
‘o (1 - \B<C)P)”2
1—¢? ’
is a subharmonic function so

1— [BOP\" . 1 — |B(ra)2\ "
SUp|¢|<1 (W SSUP|w\:1limr—>1 W .

Now apply Taylor’s Formula of order 1 for points w € T and u = rw, 0 < r < 1. (It is applicable
because B is holomorphic at every point of T). We get

(B(u) — B(w)) (u —w)™ = B'(w) + o(1),
and since |u — w| =1 — |ul,



Now,

and

Moreover,

|(B(u) = B(w)) (u —w) ™| = [B(u) = Bw)| (1 = [u]) ™" = |B'(w) +o(1)].

|B(u) = B(w)| = |B(w)| = [B(u)| = 1= |B(u)],

(L= [B()]) (1 = Ju)) ™ < (1= |ul) ™" |B(u) = B(w)| = |B'(w) + o(1)],

[NIES

< VI[B'(w)].

limy . (1~ |B(r)]) (1 - [rwl) ™)

n

B'(w) == (1= [M*) (1 = Nw) Ty s, (w),

i=1

for all w € T . This completes the proof since

1= [Brw)* _ (1= |B(rw)(1+ [B(rw)]) _ o1 — [B(rw)]
1 —|rw|? (1 = |rw])(1 + |Jrw|) 1= |rw|

Corollary. 2.1. Letn>1 and r € [0,1]. Then,

[NIES

Cor(H* H®) <2 (n(l — r)_l)

Indeed, applying Proposition 2.0 we obtain

|B'(w)] <

— \|?
Z 1 |)\,|2 < 1—|—7’< 2n
(1 —1[Ail)

<n < .
, 1—r 1—r
i=1..n

Now, we develop a slightly different approach to the interpolation constant ¢ (o, H?, H*).

Theorem. 2.2. For every sequence o = {1, ..., \y} of D |

Proof. In order to simplify the notation, we set B = B,. Consider Kpg, the n-dimensional subspace

n 1/2
2 proo (1= Al
C(U>H>H )SSUpzeT (ZW

k=1

of H? defined by K = (BH?)*+ = H?*©BH".

Then the family (ex)7_; introduced in the proof of Theorem 1.1.1, (known as Malmquist’s basis),

is an orthonormal basis of Kp, (see [N1], Malmquist-Walsh Lemma, p.116). Recall that

for all k = 2..n, where fj, defined in the proof of Theorem 1.1.1 is the reproducing kernel of H?

er = fi/Ifilly and er = (=1 x—10y;) fu/ I flls

associated to \,. Now, let f € H? and

Function g belongs to H> (it is a finite sum of H* functions) and satisfies ¢ — f € B. Applying

9="Psf =Y (frex)y ex
k=1

Cauchy-Schwarz inequality we get
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01 < 10 ex)an ()] < (z . ek>H2|2) (z 7) |
1 1 11— (|

k=1
for all ¢ € D. As a result, since f is an arbitrary H? function, we obtain

2T P
which completes the proof. U

1/2
n 1— 2
c(o, H?, H™) < SUP¢ceT (Z 7( [ )> )

Corollary. 2.3. For any sequence 0 = {\1, ..., A\, } in D,

n

1 )\ 1/2
o(o, H?, H®) < Z + [l .
L =[N

J=1

Indeed,

" N 1/2
3 (=) (1= |Xf?)
=M T\ (= ))?
and the result follows from Theorem 2.2. [J

Remark 2.4. As a result, we get once more the same estimate for C,, .(H?, H*) as in Corollary
2.1, with the constant v/2 instead of 2: since 1 + |\;| <2 and 1 — |)\;| > 1 —r, applying Corollary
2.3, we get

Cop(H?, H®) < V2012 (1 —r)712,

It is natural to wonder if it is possible to improve the bound v/2n'/?(1 — r)~'/2. We return to this
question in Section 5 below.

3. Upper bounds for C, , (H?, H*), p>1
In this section we extend Corollary 2.1 to all Hardy spaces HP.
Theorem. 3.0. Let 1 < p < oo. Then
Coy (HP, H®) < A, (n(1 = 1)V |
foralln>1,0 <r <1, where A, is a constant depending only on p.
We first prove the following lemma.

Lemma. 3.1. Letn>1 and 0 <r < 1. Then,

Cp,r(HY, H*®) < 2n(1 — 7).
Proof. Let f € H* such that || f||, <1 and let

g:PBf: Z <f7€k>ek7
k=1..n
where, as always, (ex),_; is the Malmquist basis corresponding to o, and where (., .) means the Cauchy

sesquilinear form (f, g) = >, h(k)§(k). That is to say that,
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for all ( € D, which gives,

‘ ( ‘< Hnyl Z €k€k ekek
k=1..n Hoo k=1 He
As we saw in the proof of Theorem 2.3,
lewl e < (14 MDY (1= M),
As a consequence,
Q) < Z el e [ex(Q)] < Z lexlfm < D (4 el (1= [N ™ < 201 1),
k=1

for all ( € D, Whlch completes the proof. O

Proof of Theorem 3.0. Let 0 = {1, ..., A\, } be a sequence in the unit disc D, B, = I ,b,,, and
T : HP — H*/B,H® be the restriction map defined by

Tf={9e H*: f—g€ B,H"},
for every f. Then,

| T || oo /B, o= € (0, HP, H*).

There exists 0 < 6 < 1 such that 1/p = 1 — 6, and since (we use the notation of the interpolation
theory between Banach spaces see [Tr] or [Be]) [H!, H*®], = H? (a topological identity: the spaces are
the same and the norms are equivalent (up to constants depending on p only), see [J]), by a known
interpolation Theorem (see [Tr], Theorem 1.9.3, p.59),

o\ 10 o 7o
| T Iz 1o, 1oy, 1= < (Ase (o, HY, H®)) 7 (Asee (0, H®, H®))?,

where Ay, A are numerical constants, and using both Lemma 3.1 and the fact that ¢ (o, H>*, H®) <
1, we find

B =

| T g1 el oo e < (240m(1 = 1) ™1) 7 AL = (241)' 77 A (n(1 = 7)Y 7,
which completes the proof. O

4. Upper bounds for C, , (L2, H*)

In this section, we generalize Corollary 2.2 to the case of spaces X which contain H 2 X =
12 ((k+1)*), a <0, the Hardy weighted spaces of all f(z) =>_,., f(k)z" satisfying

Z‘f ‘k+12a 0.

k>0

It is also important to recall that

2((k+1)%) = L2 ((1 I dA) L <0,
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where L2 ((1 — \z\2)ﬁ dA), 8 > —1, stand for the Bergman weighted spaces of all holomorphic func-
tions f such that

/|f 1—2\)dA<oo.

Notice also that H? = [2(1) and L?(D) = [2 ((/f + 1)_%>, where L2(D) stands for the Bergman space
of the unit disc D.

Theorem. 4.0. Letn >1,r €0, 1], a« € [-1, 0] and g €] — 1, 1]. Then,

1-2«

Ch.r (lz (k+1)%), HOO) <A (n(l — 7’)_1) z

Cor (22 (1= |2%)7 aA) , 1% < A (n(1 - )

where A = A(a) and A" = A'(B) are constants depending only on o and B3, respectively.
In particular, for o = —1/2 (or equivalently 5 = 0) we get

Ch,r (L2, H®) < 24/3n(1 — )t

First, we prove a lemma, which is in fact, a partial case (p = 2) of the following K. Dyakonov’s
result [D] (which is, in turn, a generalization of M. Levin’s inequality [L] corresponding to the case
p = o00): for every p, 1 < p < oo there exists a constant ¢, > 0 such that

1711, < el |1l

for all f € Kp, where B is a finite Blaschke product and ||.||,, means the norm in L>(T). For
the partial case considered in Lemma 4.1 below, our proof is different and the constant is slightly
better. We notice that in general, Bernstein type inequalities have already been the subject of a lot
of papers. Among others, Chapter 7 of P. Borwein and T. Erdélyi book’s, see [BoEr], is devoted to
such inequalities. This is also the case of A. Baranaov’s work, see [B1], [B2] and [B3], and also of R.
A. DeVore and G. G. Lorentz’s book, see [DeLo].

In Proposition 4.1 which follows, the numerical constant
asymptotic sharpness of ;- is shown as n — oo and r — 1 in

obviously not sharp but the the

Z2] .

Proposition. 4.1. Let B = II}_,by,, be a finite Blaschke product (of order n), r = max; |\;|, and
f € Kg=: H*OBH?. Then for everyn > 2 and r € [0, 1),

17|, <+ mm =1+ V=21 1 =) 1l

forallm>1andr €0, 1).
Proof. Since f € Kg, f = Pgf =) ,_, (f, k)2 €. Noticing that,

2

and in particular,
n

)
< 2
27 21

klb

/ 1
€ = Z b—ek + )\km@g,

i=1 N
for k = 2..n, we get

f, = (fa 61)1{2 6/1 —|—Z(f, ek)H2 e;f =
k=2
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n k—
A 1
=(f, e — e + , € Np————e4,,
o g B e e B0 e g
which gives
n n—1 n
, — 1
[ = e)p €1+ZZ I, er) g _elek 1]()+ (f, er) gz ANpgm——=—=—€; =
( k=2 i=1 -2 (1 - )‘kz)
= (f, e1) M 61 + z": S Z (f, en) g ex + z": (fs er) g2 M7= ! ek
9 2 9 2 ) 2 9
" (1 - Z i1 2% k=it1 " " (1 - )‘kz)
where xp1, x—1] is the characteristic function of [1, & — 1]. Now,
5\1 5\1
(fs e —==e|| <I|(fi el ||77——==| leillg= <
H 1)g2 (1 — )\12;) 1 o 1) g2 (1 — )\12) _ 11| g2

1
< 1 llarz Neallzre 7 el < M F Nl 7—

using Cauchy-Schwarz inequality and the fact that e; is a vector of norm 1 in H2. By the same reason,

we have
ZAk ) €k H2 #e’f < Zn:‘(fa 6k)H2| )\_k#H ||ek||H2 <
(1—Ak2) 2 k=2 (1= Aiz) o
3
1 < 1 - 1
S |(fs er) | < T— <Z|(f> 6k)H2|2) vn—2< 112 V0 = 2.
k=2 k=2
Further,
n—1 b/ n
Ai
Z > el exlo <2 o] |22 edmed =
i=1 Ai k=i+1 i=1 "Noo k=141 H2
/ 1 3
= <ma$1<i<n—1 b ) Z < Z |(fs ex) o] ) < maxw; Z £l 2 -
"Noo/ =1 \k=i+1 oo =1
Now, using
byl N2 -1 L+ N 147
by, (1—)\72)()\,-—2)00_1—\)\1'|_1—7”’
we get
n—1 /
Z Z (f, er) 2 en (1+7") Hf||H2
=1 Ai k=i+1 H2
Finally,
I7],, =i+ aenm=D+va=210-n"fll.
In particular,
1Al < 2n =14+ VR —=2) (1 =) [ fllg2 <5271 = )7 [ fll g2
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for all n > 2 and for every f € Kpg. (The case n = 1 is obvious because Hf/HH2 < (1 =7)" | f|l 2 for
every f of the form f = (1—Xz)_1, AeD). O
Corollary. 4.2. Let o be a sequence in . Then,

c(o, 2 ((k+1)7), H®) <6v2 (n(1— 7))

Indeed, let H = (2 ((k: + 1)~ ) and B = B, the finite Blaschke product corresponding to o. We
recall that Pg is the orthogonal projection of H onto Kp = Kg(H 2). We notice that P : H — H
is a bounded operator and the adjoint Pg : H* — H* of Pp relatively to the Cauchy pairing (., .)
satisfies Pho = Ppyp , Vo € H* C H?, where H* = 2 ((k + 1)) is the dual of H with respect to this

pairing. If f € H, then |Pgf(Q)| = [(Psf, ke)| = |(f, Phke)|, where ke = (1 —Zz)_l and

IPo ) < Il 1P5kel e < 10l K (1Pl e + |[(Pake) | )

where
K= maz{l supg>1(k + 1)k 1}—2
Since Ppk: € Kp, Lemma 4.1 implies
* —_ — * 3/2
P f O < 1l K (1Pl e + 527 (n(1 = 7)) [|Pokellga) < A (0L =) (1 £1

where A = V2K (1/2 +5/2) = 6v/2, since ||Pgkc|l, < v2(n(1 7“)‘1)1/2, and since we can suppose
n > 2, (the case n = 1 being obvious).

O

Proof of Theorem 4.0. The case o = 0 corresponds to X = H? and has already been studied
in Section 1 (we can choose A(0) = v/2). We now suppose a < 0. Let B, = II?_,by, and T
2((k+1)*) — H*/B,H> be the restriction map defined by

Tf={9€H>*: f—geB,:((k+1)")},
for every f. Then,

I T Nliz(e1)0 ) e 5, o= c (0, L ((k +1)%) , H)..

Setting # = —a with 0 < # < 1, we have (as in Theorem 3.0, we use the notation of the interpolation
theory between Banach spaces see [Tr] or [Be])

2 (e 1) 2 (ke + 17 = 2 (e 10T (4 )7)%) =l (b 1)),

which entails, using Corollary 4.2 and (again) [Tr] Theorem 1.9.3 p.59,

1T i (o) oo o 1o < (€ (0o 12 (G +1)°) HX))' ™ (e (o0, 2 ((k+1)7Y), H®))'

36

< (40) (a1 =™ 2) T (40) (1= 1)) = AP AQ) (1 - r) ) T

It remains to use # = —a and set A(a) = A(0)179A(1)?. In particular, for « = —1/2 we get
(1-0)/2+430/2 =1 and

A(=1/2) = A(0)I-1D A(1)2 = V22 (6v/2) /2 = 2V/3.
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5. About the links with Carleson interpolation

In this section, we compare the method used in Sections 1, 2, 3 and 4 with those resulting from
Carleson-type interpolation. Especially, we are interested in the case of circular sequences ¢ and radial
sequences o. Recall that given a (finite) set 0 = {A1, ..., A, } C D, the interpolation constant Cy(c) is
defined by

Cr(0) = supjajee<rinf (|| g lloo: 9 € H®, gy = a) .
We introduce the evaluation functionals ¢, for A € D, as well as the evaluation of the derivatives
ors (s=0,1,...)
oA(f)=F0), feX, and pr(f)=FI0), feX.

Theorem. 5.0. Let X be a Banach space, X C Hol(D). Then, for all sequences o = {1, ..., \p} of
distinct points in the unit disc D,

mazi<i<n |lox || < clo, X, H?) < Cp(o).mazi<i<n [0l
where Cr(o) stands for the interpolation constant.
Proof. Let f € X. By definition of C;(c), there exists g € H* such that
fA) =g ) Vi=1.n with | g < Cr(o)maz; |f (X)] < Cr(o)maz; [[ox | flx -

Now, taking the supremum over all f € X such that [|f||, < 1, we get the right hand side
inequality. The left hand side one is clear since if g € H* satisfies f (\;) = ¢g(\;) Vi = 1..n, then

19 lloo=1g (Ao = [f (M)l =[x, (F)] Vi = 1. O

Now, how does the interpolation constant C7(o) behave in terms of the caracteristics r and n of o?
In what follows, we compare these quantities for three geometrically simple configurations: two-points
sets o, radial and circular sequences o.

Example. 5.2. Two points sets. Let o = {1, A2}, i € D, Ay # Ao, Then,
ba, (A2)| ™ < Cir(0) < 25, (2|7
and Theorem 5.0 implies
c(a, X, H®) < 2|by, (M) mazi—y o [|oa,
whereas a straightforward estimate gives
c(oy X, HZ) <lon | +mazx<r loaall (14 [Aal),

where 1 = max (|A\1], [A2|) and the functional @y 1 is defined in the beginning of Section 5. The
difference is that the first upper bound blows up when A\ — )Xo, whereas the second one is still well-
bounded.

Indeed, for an H>-function f solving the interpolation f(A;) =1, f(A2) = —1, we have

2=[f () = F Q)] < 21| fllc [ox, (M)l

and hence, ||f]l.. > |bx, (A2)| ™", which shows C7(a) > by, (A2)] .
On the other hand, setting

)

f=aiby, (M) by, 4 asby, (A2) by,

for arbitrary a;, a; € C, we get ||f|l. < (|aa| + |az]) |br, (M2)| ™" < 2maz (|as], |az|) |bx, (A2)| . This
implies C;(a) < 2|bx, (Xo)| 7"
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For the second estimate stated in the example, taking f € X we set

g=F ) +1F Qo) = F O] Oz = M) (== A,
and we get
l9llo < 1F Q)+ [(F (A2) = £ (A1) o = A) T (L4 M) < lloall + mazaein,, o) lloaall (14 A ]),

and the result follows.
O

Example. 5.3. Circular sequences. Let 0 < r < 1 and 0 = {1, Ag, ..., A}, i # Ay, [Ni| =1 for
every i, and let o = minizi|\i — \j|/(1 — 7). Then, a=' < Ci(0) < 8 (1450™) yhere K, K' > 0
are absolute constants. Therefore,

clo, X, H%) < 8¢5 (5 ma, _, oy

for every r — circular set o (an estimate does not depending on n explicitly). In particular, there

exists an increasing function ¢ : Ry — Ry such that, for any n uniformly distributed points Ay, ..., A\,
IAil =7, [N — Nig1| = 2rsin (%), we have

(1) c(o, H2, H®) < o (n(1 —r)r ) (1 —r)"2 , for every n and v, 0 < r < 1 and in particular, for
n < [r(1—r)"1] we obtain
C(Ua H2> HOO) < C(l - ’I")_%,
whereas our specific upper bound in Theorem A, (which is sharp over all n elements sequences o),
gives
clo, H*, H®) < ¢(1 —7r)™*
only.
(2) c(o, L2, H®) < o (n(1 —r)r 1) (1 —r)~', for every n and r, 0 < r < 1 and in particular, for
n < [r(1—r)"1] we obtain
c(o, L2, H®) < ¢(1 — 7)™,
whereas our specific upper bound in Theorem 4.0, (which, again, is sharp over all n elements sequences
o), gives
c(o, Ly, HY) < c(1—1)7"
only.
In order to explain the statements of this example, we observe first that the Carleson interpolation
constant Cy(o), for r — circular sets o, essentially depends on « only. Indeed, as is known, the
separation constant

A =in ficj k<n, 2k bx; (Ak)],

is of the order of min(c, 1), and the Carleson measure density for = Y7 | (1 — \)\i|2) d»,; also depends
on « only. All together, Ct(o) is bounded if and only if « is separated from 0; see [N1] p.158 for the
details of this reasoning. In fact, we can show that

a(l+ar) ' <A<a and o' <Cr(o) < eK/(HK‘fg),

(as claimed above), where K, K' > 0 are absolute constants, see [Z1] for details.
2 |

For a special case of n equidistant points on the circle |z| = r, \; = re™= ,j = 1,2, ..., n, one
obtains |A; — X1 = 2rsin (5) > 2, and hence a > 2rn(1 — r)~'. The above estimate for C;(0)

entails that we can take () = 8¢~ (1K) and then,

Ci(o) < g (1+Ka™®) < @ (n(1—ryr ).
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Now, for the space H2, we have ||¢x|| = (1—|A[*)~2, and the upper estimate for ¢(o, H2, H™) follows.
For the space L2, we have ||¢y]| = (1 — |[A]*)~", and the same reasoning works for ¢(o, L2, H*).

O

Example. 5.4. Radial sequences. Now we consider geometric sequences on the radius of the unit
disc D, say on the radius [0, 1). Let 0 < p < 1, p € (0, oo)and

N=1-p" j=0 ..,n

so that the distances 1 — \; = p’p? form a geometric progression; the starting point is \g = 1 — p?.
Let

T =mazo<j<nNj = A = 1 — p"TP,
and 0 = 6(B) = ming<p<n |Br, (Ar)], where By = by 'B. It is known that 6~ < Cj(0) < 8572, see
([N1], p 189). So, we need to know the asymptotic behaviour of § = §(B) when n — oo, or p — 1, or
p—0,0or p— o0, orp—0.
Claim. Let 0 = {1 — pp+k}Z:1; 0<p<1,p>0. The estimate of c(o, H*, H®) wvia the Carleson
constant Cy(o) (using Theorem 5.0) is comparable with or better than the estimates from Corollary
2.2 (for X = H?*) and Theorem 4.0 (for X = L? and X = L? ((1 - |z|2)6)) for sufficently small
values of p (as p — 0) and/or for a fized p and n — oo. In all other cases, as for p — oo (which
means A\ — 1), or p — 1, orn — oo and p — 1, it is worse.

In order to justify that claim, we use the following upper bound for §(B) = mino<g<n |Br (Ax)],
assuming (for the notation convenience) the n is an even integer n = 2k and computing By (Ag),
Ao = A Aj = Ak — 1) 1—pt 2% 1—p*

_ 17R—1 J 2k
|Bk ()‘k)| Hg 11 )\ )\ H] k+11 )\ )\k j=1 1_|_pk j _pk+p j=k+11+pj—k_pj+p

1-p° 1—p 1—-p° 2
=115 Ik < (IE ) <
S (L= ) 8-11+ps<1—pp+k>—< S () S

1—-p° 2
< (1k = A )
> ( 5_11 4 ps (1 - pp)) (n7 P, p)

For a lower bound, we proceed as in [N1] p.160 and get

1-p° _ 1—p
By, (\ IIr_ Ik >
B )l =Moo = sy st T = ey 2

1_ 2
2 (Hs 11_|_p (l—pf”'”)) = C(TL, 2 p)

for every k=0, 1, ..., n. Hence,

S

C(n, p, p) <4(B) < A(n, p, p).
On the other hand, using Corollary 2.4 (for X = H?)

"4 1/2 "y 1/2
+ .

c(o, H*, H®) < - < : =
| ’ (Zl—w) (ij)

j=1

1/2
9 1/2 n ' 9 1/2 1— pn 1/2
= o =D .
(pn+il7) (;p ) (1—7”) 1_p) (TL, P, p)

Now, we can compare the behaviour of D(n, p, p) and C;(c).max; H@\j H 2 for varying parameters
n, P, P-
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5.4. (a) Sparse sequences o (p — 0, or at least 0 < p < e <1).
If p = 0, one has lim,,cC(n, p, p) = 1, and hence lim,¢C; (0, ,p,) < 8. So, asymptotically,
Theorem 5.0 implies
(G, ppe H?, H®) < (8 4+ €)V2(1 —1)72,

and Corollary 2.4 gives slightly better but comparable estimate,
(o H2 H®) < (14 V21— 1) 75

In our definition, if p > 0 is fixed and p — 0 then A\; = A\; (p, p) — 1. In order to keep A\; at a fixed
position we can set p = p(p) = logz 7 Then \y =1—pP =1—e"¢ ¢ > 0. Still, lim,,cC (n, p, p(p)) =
1.

5.4. (b) Condensed sequences o (p—1). In this case, lim, ., D(n, p, p) = V2(1 — SRRV
and hence using Corollary 2.4 we cannot get better than the general estimate of Corollary 2.5,
(o, H2, H®) < (y/n+¢€)v2(1 —r)"2. To the contrary, A(n, p, p) ~pq 272 (2)!(1 — p)2, and
therefore C7(c) > 6~ > (A(n, p, p))~" which blows up as const (1 — p)~". So, as it can be predicted,
in this case the Carleson interpolation is worse for our problem. Fixing A\; = 1 — p? at an arbitrary
position (p = —c.log (p)_l) will not change the conclusion.

5.4 (c) Long sequences (n — oo). With fixed p and p, let n — oo. Then, by Corollary 2.4,

o=

=

clo, H, H®) < V2(1—1)"3 (1—p) 2.
(Observe that 1 — r = p"™P). In turn, Theorem 5.0 gives

1 — 1_ps -4
c(o, H?, H®) < 85721 —r) 72, limy_ood 2 < <H°‘L ) ,
( ) <8575 =) T < (02155

s

—4
because lim,C(n, p, p) = lim,A(n, p, p) = (H" 1-p ) for every p, 0 < p < 1. Of course, the

s=114ps

. . S /T— 2
latter estimate is much worse than the former one, because 1132, 1“&. ~ Y Lexp (2L ) as p — 1.
=1l1-p 2¢/m 12 1—p

Indeed, setting o(p) = 1122, (1 — p*)~" for all p € [0, 1[, we have (see [Ne| p.22),

o) = [ Ly (%%ﬁ) 1+0(1-p)

Now, setting ¢(p) = 112, (1+ p*) ™" we get (¢¥) (p) = Wiz1 (1 — p?*) ! = o (p?) and,

e LEet_ele) _ o #0) (p(p)* _
T—p Y(p) v (r?) e

1=p m1+1 2m w2 1+1 1+ o(1)] =
o P o1 V1 2P\ a0+ A=

V1—p (3%2 1

ovr P\121-,

) [1+o0(1)], asp — 1. O
6. Lower bounds for C,, (X, H®)

6.1. The cases X = H? and X = L2
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Here, we consider the standard Hardy and Begman spaces on the disc D: X = H? = [?(1) and
X = L2 =1>((k+1)"'/%), and the problem of lower estimates for the one point special case 7, y =
{A\ A, A}, (n times) A € D. Recall the definition of our constrained interpolation constant for this
case

C(O-n,)uHa Hoo) = Sup{”.fHHoo/bgHoo : f € H> ||.f||H < 1}7

where || f|[zree oy o = inf {[|f + V39l : g € H}. Our goal is to prove the sharpness of the upper
estimate from Corollary 2.2 and Theorem 4.0 for the quantities C,, . (H?, H*) and C,, . (L2, H*®) .

Recall that the spaces (2 ((k + 1)) are defined in Section 4.
Theorem. 6.1.0 Let « =0 or a« = —=. Then,

N[

1-2a

c(oan L (k+1)%), H®) > a, (n(1=[A)7") 7,
where ag = 1/4v/2 and a; = 1/32. In particular,
4 (n(1 = 1)) F < G (B(k+ 1)), H®) < A(n(1—r))
foralln>1,0<r <1, where A= A(a) is a constant defined in Theorem 4.0.

In the proof, we use properties of reproducing kernel Hilbert space on the disc D, see for example
[N2]. Let us recall some of them adapting the general setting to special cases X = 12 ((k + 1)%). As

it is mentionned in Section 4,

k>0 k>0
The reproducing kernel of [2 ((k + 1)), by definition, is a {2 ((k + 1)®)-valued function A — k¢,
A € D, such that (f, kY) = f()\) for every f € [2((k+1)7%), where (.,.) means the scalar product

(hy 9) = 3o h(k)g(k) (k + 1)~ Since one has f(A) = 3o f(R)A(k + 1)%(k + 1)72* (A € D), it
follows that

la (k+1)%) Z{f YR =D 1k k+12°‘<00}

ke(2) = S (k+ 12X 24, 2 e D,

k>0
In particular, for the Hardy space H? = 13(1_) (a =0), we get the Szego kernel
ka(z) = (1= X2) 7
for the Bergman space L2(D) = [2 ((k: + 1)_1/2) (aw = —1/2) - the Bergman kernel k, 1/2( ) =(1-
Az)72
We will use the previous observations for the following composed reproducing kernels (Aronszajn-

deBranges, see [N2] p.320): given the reproducing kernel k of H? and ¢ € {2 : N = 1, 2}, the
function ¢ o k is also positive definit and the corresponding Hilbert space is
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Hy = o(H?) =2 ((k+1)7") .
It satisfies the following property : for every f € H? ¢o f € p(H?) and ||w0f||i(H2) < ([ f1172) (see
IN2] p.320).
We notice in particular that
H,=H? and H,» = L2,

(a topological identity: the spaces are the same and the norms are equivalent). The above relation
between the weighted spaces [2 ((k + 1)*) and the spaces p(H?) = H, leads to the following result.

Lemma 6.1.1 Let ¢ = z or p = 22, and H, = p(H?) be the corresponding Hilbert space. Then,
there exists a constant a, > 0 such that

c(Onns Hoy H®) 2 agp (n2(1 = |A))71/2).

Moreover, we can choose a, = 1/4v/2 and a,> = 1/32. In particular, we have
(4\/_> 1 1/2( )—1/2 < Cn,r (17_127 Hoo) < \/§n1/2(1 _,,,)—1/27
327 (1 — 1) < G, (L2, H®) < 6v2n(1 — 7)™,
Vn > 1, Vr €0, 1].

Proof. 1) We set
Qn = Z(l — A2k (1 —XZ)_l, H,= ¢oQ, and ¥ =0bH,,b>0.

Then ||Q,.||3 = n, and hence by the above Aronszajn-deBranges inequality,

1[I, < 0% ([1Qnll3) = be(n).
Let b > 0 such that b*p(n) = 1.

2) Since the spaces H, and H> are rotation invariant, we have c (o, x, H,, H*®) = ¢ (04, us Hyp, H)
for every A, p with [A[ = [u[ = r. Let A = —r. To get a lower estimate for ||V g, ppa, consider G
such that U — G € by Hol(D), i.e. such that bH,, oby — G o by € z"Hol(D).

3) First, we show that

¢ =: Woby = bH, oby

is a polynomial (of degree n if o = z and 2n if ¢ = 2?) with positive coefficients. Note that

(L= AP S
Qnob)\—z ( \)\|) 21+ (1—A Zz A"
1= ba(2) =

n—

—_

(]

= (1 — 762)—1/2 (1 + (1 + 7“) S + TZ”) — (1 N 7,2)—1/2¢1‘

1

wl) and

N|= ?

Hence, ©» = W o by =0H, 0by =bp o ((1 —r%)”
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Spowl =¢fv(2’)a N = ]-7 2.
4) Next, we show that

SR (2v2)"'\/n(l—=r)Tif N=1
where m = n/2 if n is even and m = (n +1)/2 if n is odd.

Indeed, setting S,, = Z?:o 27, we have both for N =1 and N = 2

Sin-$ (o)) oS

t=1

Next, we obtain

> (=3 ((11__2”)N)
—Z (1—2)~) =

_ m+1if N=1 n/2sz—1 S n/2if N =1
(m+1)(m+2)/2if N=2 = | (n+2)(n+4)/8if N=2 — | n?/8if N=2

Finally, since >."(¢)) = 0> " (@ o1y) = b(1 —r2) N2 (N we get

- 21— 7))~ V2nb/2if N =1
> )2 { ((2((1 = r>)>)_1n2b//8 ifN=2 "

W
— Mz

~1/2 ; _
with b = ¢(n) = { nn—1 z';”f ]\]]V _ 21 . This gives the result claimed.

5) Now, using point 4) and denoting F,, = ®,, + 2" ®,,, where &, stands for the k-th Fejer kernel,
we get

19| e e = 1l zroe pompre = 27 |00 % Fulloe > 271 " 40(j) >
=0

{(4[) (l—r)liszl
327 (1 —r)"tif N=2 '

O
Proof of Theorem 6.1.0. In order to prove the left hand side inequality, it suffices to apply Lemma
6.1.1 with (2) = z". Indeed, in this case H, = <(]€ + 1)%) = H_~. The right hand side
inequality is a straightforward consequence of Corollary 2.2 and Theorem 4.0.

6.2. The case X = H?

Here we prove the sharpness ( for even p) of the upper estimate found in Theorem 3.0.
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Theorem. 6.2.0 Let pe 27, then

b B

¢ (om, HP, H) > 3275 (n(1 = [A) 7)),
for every A € D and every integer n > 1, where o, x = {\, A, ..., A} . Therefore,
1 1
3275 (n(1—r)")» < C,, (HP, H®) < A, (n(1—r)")7
foralln>1,0<r <1, where A, is a constant depending only on p (defined in Theorem 3.0).

We first prove the following lemma.
Lemma. 6.2.1 Let p,q such that § € Z,, then ¢ (o, H?, H*®) > ¢ (o, HY, H"o)% for every sequence o
of D.
Proof. Step 1. Recalling that
c(o, H?, H) = supysj,<iinf {llgll: 9 €Y, 9o = fio} .

we first prove that

C(O-a Hpa HOO) = sup||f||p§1,fouter'énf {HgHoo g€ Y> Jlo = f\o} .
Indeed, we clearly have the inequality

supyfii,<1, fouter inf {119l : 9 €Y, 9o = fio} < c(o, HP, H®),
and if the inequality were strict, that is to say

sup) i, <1, fouter S {|19lls : 9 €Y, 9o = flo} < supypp,<rinf {llgllc: 9 €Y, 9o = fio},

then we could write that there exists € > 0 such that for every f = f;.f, € HP (where f; stands for
the inner function corresponding to f and f, to the outer one) with [[f[|, < 1 (which also implies
that || f,|, < 1, since || fo|l, = [[f[l,), there exists a function g € H* verifying both |g|, < (1 —
€)c(o, H?, H*) and g|; = foo. This entails that fi, = (fig),, and since [|fig|, = [l9ll, < (1 -
€)c (o, HP, H®) | we get that ¢ (o, H?, H®) < (1 — €)c (o, H?, H*®), which is a contradiction and
proves the equality of Step 1.

Step 2. Using the result of Step 1, we get that Ve > 0 there exists an outer function f, € H? with
1 foll, < 1 and such that

mf{HgHoo cg€Y, g, = fo‘o} > c(o, H1, H®) — e.

q
Now let F' = f& € H?, then ||[F|? = [|f|l; < 1. We suppose that there exists g € H* such that
9o = Fjs with

q

lgll., < (c(o, HI, H®) —€)» .

Then, since g (\;) = F (N) = [, (Ai)% for all ¢ = 1..n, we have g (\;)
£ € Z,. We also have
Jo*

which is a contradiction. As a result, we have
19]le > (c (o, HY, H™) =€),
for all g € H* such that g, = Fj,, which gives
c(o, H?, H®) > (c(o, HI, H®) — €)7 ,

and since that inequality is true for every € > 0, we get the result. O

SIS

= fo(\;) and gg € H® since

p

hSEESY

= lglls < (o, HLH®) =)
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Proof of Theorem 6.2.0. We first prove the lower estimate for ¢ (o, », H?, H*) . Writing p = 2(p/2),
we apply Lemma 6.2.1 with ¢ = 2 and this gives

(00 HP, H®) > ¢ (0,0, H? H®)? > 3275 (n(1 — A7)

for all integer n > 1. The last inequality is a consequence of Theorem 6.1.0. The right hand side
inequality is proved in Theorem 3.0. [J
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