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Abstract

Given a finite set o of the unit disc D = {z € C :, |z| < 1} and a holomorphic function f in D which
belongs to a class X, we are looking for a function g in another class Y (smaller than X') which minimizes
the norm |[|g|y- among all functions g such that g, = fj,. For Y = H*, X = H? (the Hardy space) or
X = L? (the Bergman space), and for the corresponding interpolation constant ¢ (o, X, H*), we show
that ¢ (o, X, H*®) < apx (1 — L=L) where n = #0, 7 = maz e, |A| and where ¢x (t) stands for the norm
of the evaluation functional f +— f(¢) on the space X. The upper bound is sharp over sets o with given
n and 7.

Introduction

(1) General framework. The problem considered is the following: given X and Y two Banach
spaces of holomorphic functions on the unit disc D = {z € C: |z] <1}, X DY, and a finite set
o C D, to find the least norm interpolation by functions of the space Y for the traces fj, of
functions of the space X, in the worst case of f.

The classical interpolation problems- those of Nevanlinna-Pick and Carathéodory-Schur (on the
one hand) and Carleson’s free interpolation (on the other hand)- are of this nature. Two first are
“individual”, in the sens that one looks simply to compute the norms || f|| e or || f[| goc jpn oo for

o

a given f, whereas the third one is to compare the norms |[(a[|;«,) = mazieq [a| and

inf (I gl 9(A) =axr, A€ 0).

Here and everywhere below, H* stands for the space (algebra) of bounded holomorphic functions
in the unit disc D endowed with the norm || f||., = sup.ep|f(2)|. Looking at this comparison
problem, say, in the form of computing/estimating the interpolation constant

c(o, X, Y) = supsex,six<iinf {lglly g0 = fio} -
which is nothing but the norm of the embedding operator (X‘o, ||.HX‘0> — (Y]U, H.||Y‘0>, one

can think, of course, on passing (after) to the limit- in the case of an infinite sequence {);} and
its finite sections {)\j}?zl— in order to obtain a Carleson type interpolation theorem X, = Y.
But not necessarily. In particular, even the classical Pick-Nevanlinna theorem (giving a necessary
and sufficient condition on a function a for the existence of f € H* such that ||f|, < 1 and
f(A) = ax, A € 0), does not lead immediately to Carleson’s criterion for H® = *(0). (Finally, a
direct deduction of Carleson’s theorem from Pick’s result was done by P. Koosis [K] in 1999 only).
Similarly, the problem stated for ¢ (o, X, Y) is of interest in its own. For this paper, the following
question was especially stimulating (which is a part of a more complicated question arising in an
applied situation in [BL1] and [BL2]): given a set o C D, how to estimate ¢ (o, H*, H*®) in terms
of n = card(c) and maxe, |A| = r only? (H? being the standard Hardy space of the disc).

Here, we consider the case of H* interpolation (Y = H*) and the following scales of Banach
spaces X :



(a) X = H? = HP(D), 1 < p < o0, the standard Hardy spaces on the disc D,
(b) X =12 (1/vk + 1), the Bergman space of all f(z) =3, f(k)z" satisfying

S| o

= (k+1)

< Q.

An equivalent description of this space is:
X = L2, the space of holomorphic functions such that

/D (=) (1- |Z|2)Bd:)3dy < 0.

For spaces of type (a)&(b), we show

1-— 1-—
Cl1Px (1— —T) < sup{c(o, X, H®): #0 <n, [N\ <r, A€o} < epx (1— T),
n n

where @x(t), 0 <t < 1 stands for the norm of the evaluation functional f — f(¢) on the space X.
In order to prove the right hand side inequality, we first use a linear interpolation:

fe Y (e e,
k=1

where (.,.) means the Cauchy sesquilinear form (h, g) = >, h(k)g(k), and (ex)p—, is the explic-
itly known Malmquist basis of the space Ky = H2OBH?, B = IT?" , b5, being the corresponding
Blaschke product, by = 1’\__;Z (see N. Nikolski, [N1] p. 117)). Next, we use the complex inter-
polation between Banach spaces, (see H. Triebel [Tr] Theorem 1.9.3 p.59). Among the technical
tools used in order to find an upper bound for |77, (f, ex)ex|| ., (in terms of || f||y), the most

important is a Bernstein-type inequality H f’Hp <c¢ HB/

- Ifll, for a (rational) function f in the

star-invariant subspace H meﬁé’ generated by a (finite) Blaschke product B, (K. Dyakonov [Dy]).
For p = 2, we give an alternative proof of the Bernstein-type estimate we need.

The lower bound problem is treated by using the “worst” interpolation n—tuple o = o), =
{A, ..., A}, a one-point set of multiplicity n (the Carathéodory-Schur type interpolation). The
“worst” interpolation data comes from the Dirichlet kernels ZZ;& 2* transplanted from the origin
to A\. We notice that spaces X of (a)&(b) satisfy the condition X o by C X which makes the
problem of upper/lower bound easier.

(2) Principal results. Let 0 = {1, ..., A1, Ao, ..., Aoy ooy Ay, ooy A¢} be a finite sequence in the unit
disc, where every A, is repeated according its multiplicity my , ZZZI ms =n and r = max;=1_|\|.
Let X, Y be Banach spaces of holomorphic functions continuously embedded into the space Hol(D)
of holomorphic functions in the unit disc ID. In what follows, we systematically use the following
conditions for the spaces X and Y,

(P) Hol((1 + €)D) is continuously embedded intoY for every e > 0,

(P,) Pol, C X and Pol, is densein X,

where Pol, stands for the set of all complex polynomials p, p(z) = Ziv:o ap 2",



(Ps) [f € X]= z"feX,anOandez”fH%31},

f
z— A

(Py) [feX,)\G]D,andf(A)ZO]i[ eX].

We are interested in estimating the quantity

C(Uv Xv Y) = SUprHXSIZHf{HgHy g€ }/7 g(]) ()‘Z) = f(j) (AZ) VZ7 Js 1<i<t,0 <J< ml} .

In order to simplify the notation, the condition
gIN) =fD N Vi, j, 1<i<t, 0<j<my
will also be written as
Yo = flo-

Supposing X verifies property (P;) and Y C X, the quantity ¢ (o, X, Y') can be written as
follows,

¢(0, X, Y) = supysy<iinf {llglly : 9 € Y. g — f € B, X},

where B, is the Blaschke product

BO’ = Hi:l..nbkm
corresponding to o, by(z) = 1A__/—\ZZ being an elementary Blaschke factor for A\ € D.

The interesting case is obviously when X is larger than Y, and the sens of the issue lies in
comparing || . ||x and || . ||y when Y interpolates X on the set o. For example, we can wonder
what happens when X = H? | the classical Hardy spaces of the disc or X = L? the Bergman
spaces, etc..., and when Y = H* but also Y = W the Wiener algebra (of absolutely converging
Fourier series) or Y = ngl, a Besov algebra (an interesting case for the functional calculus of
finite rank operators, in particular, those satisfying the so-called Ritt condition). Here, H? stands
for the classical Hardy space of the disc (see below).

It is also important to understand what kind of interpolation we are going to study when
bounding the constant c¢(o, X, Y). Namely, comparing with the Carleson free interpolation, we
can say that the latter one deals with the interpolation constant defined as

c(o,1%(0), H®) = sup {inf (|| g ||t g € H™, go=a) : a €1°(0), || a |i=< 1}.

We also can add some more motivations to our problem:

(a) One of the most interesting cases is Y = H. In this case, the quantity c (o, X, H*)
has a meaning of an intermediate interpolation between the Carleson one ( when ||f]| X, =

supi<i<n | f (Ai)]) and the individual Nevanlinna-Pick interpolation (no conditions on f).
(b) There is a straight link between the constant ¢ (o, X, Y') and numerical analysis. For exam-

ple, in matrix analysis, it is of interest to bound the norm of an H*-calculus || f(A)|| < c||fll,



4

f € H®, for an arbitrary Banach space n-dimensional contraction A with a given spectrum
0(A) C 0. The best possible constant is ¢ = ¢ (o, H>®, W), so that

c(o, H=, W) = supypj<isup {[[f(A)[ : A= (C" []) = (C []), [[A]l < 1, 0(A) C o},

where W = {f = >0 f(k)zF Y k>0 ’f(l{;)’ < oo} stands for the Wiener algebra, and the
interior sup is taken over all contractions on n—dimensional Banach spaces. An interesting case
occurs for f € H* such that f, = élcr (estimation of condition numbers and the norms inverses

of n X n matrices) or fi, = 1= (for estimation of the norm of the resolvent of an n x n matrix).

lo

This paper is devoted to upper/lower bounds for generalized Nevanlinna-Pick interpolation.
We starts studying general Banach spaces X and Y and gives some sufficients conditions under
which C,, ,(X,Y) < co , where
Cor(X,Y) =sup{c(o,X,Y) : #0 <n,Vj=1l.n, |\| <r}.
In particular, we prove the following basic fact.
Theorem 1.1.1 Let X,Y be Banach spaces verifying properties (FP;), i = 1...4 , then

Chr(X,Y) < o0,

foreveryn>1andr, 0 <r < 1.

Next, we add the condition that X is a Hilbert space, and give in this case a general upper
bound for the quantity C, (X, Y).

Theorem 1.2.1 Let Y be a Banach space verifying property (Py) and X = (H, (.)y) a Hilbert
space satisfying properties (P;) fori =2, 3, 4. We moreover suppose that for every 0 < r <1
there ezists € > 0 such that ky € Hol ((1 4 €)D) for all |\| < r, where ky stands for the
reproducing kernel of X at point X, and X\ v+ ky is holomorphic on |\| < r as a

Hol((1 + €)D)-valued function. Let 0 = {1, ...; A1, Ag, ooy A2y ooy Aty ooy M} be a sequence in D,
where \g are repeated according their multiplicity my, Zizl ms = n. Then we have,

i)
1
n 2
(0, X, V) < (znekna) |
k=1

where (ey),_, stands for the Gram-Schmidt orthogonalization (in the space H) of the sequence

k)\l,()’ k)\l,h k)\1,2-"7k)\1,m1—17 k)\g,()’ k)\g,h k)\g,2-"7k)\2,m2—17 LR k)\t,(b k)\t,lv k)\t,Q'-'vk)\t,mt—lv

kyi= (%)Z ky and ky is the reproducing kernel of X at point A for every A € D.

)

it) For the case Y = H*, we have

C(Ua Ha HOO) S SUPzeD ||Pngz||Ha



where Pg, =Y ;_, (., ex) z ex stands for the orthogonal projection of H onto Kp,,

Kp, = span (k:,\j,i 1 <e<my, g=1,.., t).

After that, we specialize the upper bound obtained in Theorem 1.2 (ii) to the case X = H?
and prove the following (see Corollary 2.0 and Proposition 2.1). We get among other results
that for every sequence o = {\y, ..., \,} of D,

1— BJ z 2 % 1 n
clo Y HY) < supeo (#) < Vasupg [BOI <24 /7—

Next we present a slightly different approach to the interpolation constant ¢ (o, H?, H*) proving
an estimate in the following form:

b 1
"L (1= M) 14N on
H? H*) < . <7 < J < )

k=1 j=1

-

In particular, we get once more the same estimate for ¢(o, H?, H*), and hence for C,, ,.(H?, H*).
Later on (see Section 6), we show that this estimate is sharp (over n and r). This lower bound
problem is treated by using the “worst” interpolation n—tuple o = o, , = {, ..., A}, a one-point
set of multiplicity n (the Carathéodory-Schur type interpolation). More precisely, we prove the
following Theorem A, which gathers the results from Corollary 2.2 (for the upper bound) and
from Theorem 6.1.0 (for the lower bound, with N =1) .

Theorem A. We have

B

1 n
= <c UrnaH2>HOO <Cn7’ H2aHOO <\/§
4\/5@ — ( ) ) — ) ( ) —
foralln>1,0<r<1.
Then, we extend these results to the H? spaces through Theorem B wich sums up Theorem
3.0 (for the upper bound) and Theorem 6.2.0 (for the lower bound).

Theorem B. Let 1 < p < oo. Then

1 1

1 n P n P
-1 P < M Hp’HOO S n,r Hp7 HOO SA )
o () =t )< ot 1) < 4, (1)

foralln > 1,0 <r <1, where A, is a constant depending only on p and the left hand side
imequality is proved only for p € 27
In particular, this gives yet another proof of the fact that C, .(H?, H®) < ay/n/v/1—r.

The same study applied to the Bergman space X = L? leads us to the following Theorem C
which again gathers Theorem 4.0 (for the upper bound, with @ = 3/2) and Theorem 6.1.0
(for the lower bound, with N = 2).

Theorem C. We have

1 — Y

<

1 n
321 —r
foralln>1,0<r<1.
Section 5 is devoted to compare the method used in Sections 1, 2, 3 and 4 with those
resulting from the Carleson-free interpolation. Especially, we are interested in the cases of circular

n
1—7’

< c(0pn, L2, H®) < Cp, (L2, H®) < 6V/2
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and radial sequences o (see below). Recall that given a (finite) set o = {\1, ..., A\,} C D, the
Carleson interpolation constant C(o) is defined by

Cr(0) = supjaj<rinf (Il g et g € H®, g = a) .
We introduce the evaluation functionals ) for A € D,
ox(f) =f(A), feX,
as well as the evaluation of the derivatives ¢, (s =0,1,...),
Pas(f) = [P0, feX.

Theorem. 5.0 Let X be a Banach space, X C Hol(D). Then, for all sequences o = {1, ..., Ap}
of distinct points in the unit disc D,

mazi<i<y |ox | < clo, X, H®) < Cr(0).mazi<i<y ||,

where Cr(o) stands for the Carleson interpolation constant.

Theorem 5.0 tells us that, for o with a “reasonable” interpolation constant Cy(c¢), the quantity
c(o, X, H®) behaves as max; ||¢),|. However, for “tight” sequences o, the constant Cy(o) is
so large that the estimate in question contains almost no information. On the other hand, an
advantage of the estimate of Theorem 5.0 is that it does not contain #o0 = n explicitly. Therefore,
for well-separated sequences o, Theorem 5.0 should give a better estimate than those of Theorem
A, and of Theorem C.

Now, how does the interpolation constant Cj(o) behave in terms of the caracteristics r and n
of 07 We answer this question for some particular sequences o.

Example 5.2. Two points sets. Let 0 = {1, Ao}, \i € D, Ay # A\y. Then,

1 2
< (Cio) < —
on o)) = 1O = 5o

Y

and Theorem 5.0 implies

2
c(o, X, HY) < o—r—ymati=i s o]l
[bx (Aa)]

whereas a straightforward estimate gives (see Section 5 )

C(U’ Xa HOO) S ||90)\1|| + maxmgr ||Q0)\,1|| (1 + |)‘1|)>
where r = mazx (|\1], [A2|). The difference is that the first upper bound blows up when Ay — Ay,
whereas the second one is still well-bounded.
Example 5.3. Circular sequences. Let 0 <r <1 and 0 = {1, Aa, ..., A}, i Z N, [ Ni| =7 for
every i, and let o = W Then, é < Ci(o) < 8" (1+a—f§)’ where K, K' > 0 are absolute
constants. Therefore,

clo, X, H®) < 8¢% 148 mazy, [ oal

for every r — circular set o (an estimate does not depending on n explicitly). In particular, there
exists an increasing function ¢ : Ry — Ry such that, for any n uniformly distributed points
ALy oy Any [N =75 [N — Aiga| = 2rsin (%), we have

(1) c(o, H2, H®) < ¢ (M) ﬁ , for every m and r, 0 < r < 1 and in particular, for
n < [r(1 —r)~'] we obtain

c(o, H?, H®) < ¢

Y

(1—r)2
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whereas our specific upper bound in Theorem A, (which is sharp over all n elements sequences o ),
gives

H? H*®) <
0(0-7 ) >_C(1—T)

only.
(2) c(o, L2, H*®) < ¢ (@) ! for every n and r, 0 < r < 1 and in particular, for

(A-r) 7
n < [r(1 —r)~'] we obtain

1
clo, L?, H®) < c——
( ) a’ ) e (1 _ T)’
whereas our specific upper bound in Theorem C, (which, again, is sharp over all n elements se-
quences ), gives

c(o, L?, H®) < ¢

(1 —r)?
only.

We finally deal with a special case of radial sequences, in which we study sparse sequences,
condensed sequences, and long sequences, and prove the following claim.

Example 5.4. Radial sequences.

Claim. Let o = {1 — pp“f}zzl, 0<p<1,p>0. The estimate of c(o, H*, H*) via the Carleson
constant Cr(o) (using Theorem 5.0) is comparable with or better than the estimates from Theorem
A (for X = H?) and Theorem C (for X = L?) for sufficently small values of p (as p — 0) and/or
for a fixed p and n — oo. In all other cases, as for p — oo (which means \y — 1), or p — 1, or
n — oo and p — 1, it is worse.

1. Upper bounds for ¢(o, X, Y), as a kind of the
Nevanlinna-Pick problem

1.1. General Banach spaces X and Y satisfying properties (P,) , i = 1...4

The following theorem shows that if X and Y satisfy properties (F;) for ¢ = 1...4, then our
interpolation constant ¢(o, X,Y) is bounded by a quantity M, , which depends only on n = #o
and r = maxi<i<n|A;| (and of course on X and Y). In this generality, we cannot discuss the
question of sharpness of the bounds obtained. First, we prove the following lemma.

Lemma. 1.1.0. Under (P,), (P3) and (P,), B,X is a closed subspace of X and moreover,
B, X ={feX: f(\) =0, VX € o (including multiplicities)} .
Proof. Since X C Hol(D) continuously, and evaluation functionals f — f(\) and
fr=fO0N, k=12, ..,
are continous on Hol(ID), the subspace
M={feX: f(A=0, VA€ o (including multiplicities)} ,

is closed in X.
On the other hand, B,X C X, and hence B,X C M. Indeed, properties (FP) and (P3) imply

that h.X C X, for all h € Hol((1 + €)D) with € > 0; we can write h(z) = Zkzoﬁ(k‘)zk with
‘ﬁ(/{:)‘ < Cq" C>0and g <1 Then ) ., )ﬁ(k)zkaX < oo for every f € X. Since X is a
Banach space we can conclude that hf = anoﬁ(k)zkf € X.




In order to see that M C B, X, it suffices to justify that

If € Xand f(\) =0] = 2 =(1-)2). / e X|.
b)\ A— 2z
But this is obvious from (P;) and the previous arguments. O

Theorem. 1.1.1 Let X,Y be Banach spaces verifying properties (P;), i = 1...4 , then

Crr(X,Y) < o0
for everyn >1 andr, 0 <r < 1.

Proof. For k = 1..n, we set

1
fi(z) = T

and define the family (eg);_,, (which is known as Malmquist basis, see [N1] p.117), by

er=(1- |)\1|2)% f1

and

-
11"
| frll2

-1
j=1

er=(1— |>\k|2)% (=1 k—1by,) fo =

for £ = 2...n. Now, taking f € X | we set

where the series

are absolutely convergent. Indeed,

G0) =5 | S,
forall j > 0and forall 1 < R < % For a subset A of C and for a bounded function h on A, we
define
17]] 4 := sup.ealh(2)].
As a result,

o~ 1 1
GO < 5oy e e

So

S|t L_%R )()'m,



since R > 1 and f is holomorphic in D.

Next, we observe that the map

o : Hol(D) — Y C Hol(D)

d: fi Z(Zf ek)

7>0

is well defined and has the following properties.
(a) ®y2 = Pp, where Pp,_ is the orthogonal projection on the n-dimensional subspace of H?, Kp,
defined by

Kp, = (B,H*)* = H*©B,H?,
the last equality being a consequence of Lemma 1.2.0 of Section 1.2. Here, H? stands for the
classical Hardy space H?(ID) of the disc,

:{f:Zf(k)zk: Z‘f(k)‘2<00},

k>0 k>0

or equivalently,

12(D) = {f € Hol(D) - sumercr [ 17(2)F () < oo},

m being the normalized Lebesgue measure on T. See [N2] p.31-p.57 for more details on the Hardy
spaces HP, 1 < p < o0.

(b) ® is continuous on Hol(D) for the uniform convergence on compact sets of D.
Indeed, the point (a) is obvious since (ex),_, is an orthonormal basis of Kp, and

> F)al) = (fren)

7>0

where (.,.) means the Cauchy sesquilinear form (h, g) = >, h(k)g(k). In order to check point
(b), let (f1),en be a sequence of Hol(ID) converging to 0 uniformly on compact sets of D. We need to

see that (P (f1)),cy converges to 0, for which it is sufficient to show that limy |-, fl( Néx()| =0,
for every k =1, 2, ..., n. Let p €]0, 1], then

1 fl( )dw

for all 7,1 > 0. As a result,
1
310 < 5 Il
So
1fill o 1
> h)al) <Z‘fl ’ < —-° léx (7)) —-
>0 >0 2mp 3>0 r

Now if p is close enough to 1, it satisfies the inequality 1 < 1 5 < l which entails
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1
Z |éx(5)] — < 400
: p
j=0
for each &k = 1..n. The result follows.
Let
U =Idx — ®x.

Using point (a), since Pol, C H? (Pol, standing for the set of all complex polynomials p, p(z) =
fovzo ay2®), we get that I'm (\I/|pol+) C B,H?. Now, since Poly CY and Im(®) C Y , we deduce
that
Im (Vpe,) € B,H2NY C B,H?N X,

since Y C X. Now W (p) € X and satisfies (¥ (p)),, = 0 (that is to say (V(p)) () =0,VA €0
(including multiplicities)) for all p € Poly. Using Lemma 1.1.0, we get that Im (¥|py, ) C B, X.
Now, Pol, being dense in X (property (P,)), and ¥ being continuous on X, we can conclude that
Im (V) C B, X,

Now, we return to the proof of Theorem 1.1.1. Let f € X such that || f ||x< 1 and g = ®(f).
Since Hol (%]D) C Y, we have

and

Moreover,

lglly < > 1 el llexlly -

k=1..n
In order to bound the right hand side, recall that for all ; > 0 and for R = T%l €1, %[,

Z ‘?(])6’7@(])} < ’277?12 ﬁ(])} (T_gl)j.

j§>0 j=0

Since the norm f — >,

/]E(j)‘ (T’—;l)j is continuous on Hol(ID), and the inclusion X C Hol(D)
» >0

is also continuous, there exists C| such that

> [70) (r‘z”)j <G flx.

for every f € X. On the other hand,

Hol( 2 ]D)CY,
r—+1

(continuous inclusion again), and hence there exists K, > 0 such that

lexlly < Krsupyc 2 lex(2)] = Ko llex]] 2 p-
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It is more or less clear that the right hand side of the last inequality can be bounded in terms
of r and n only. Let us give a proof to this fact. It is clear that it suffices to estimate

SUP1<|z|< -2 lex(2)]-

In order to bound this quantity, notice that

Az [ (2 =D =A%)
1.1.0 ba(2))? < —| =1 -
(110 P < |25 e
for all A € D and all z € MID Using the identity (1.1.0) for A = X\;, 1 < j < n, and z = pe",
p= T%, we get
12 2 1 ?
en(pe)* = (1= D) (T2 o ) |
i 12 12 1 ?
e < (02 ) ()
for all kK = 2..n,
2
ity |2 ko1 (p* —1)(1 - |>\j|2))) ( 1 )
exr (pe <2(ICZ; (14 .
lex (pe™) | ( 91( 1— [n]202 1— lp
Hence,
2
, 2(4 —1 1
o <2 (et (10 2220 )) ()
r (r+1)2 T orrl
Finally,
el s <
1 2(x -1 ))
< —a| 2 Wzt [ 1+ ——— =: Cy(r,n).
1_7"2_1 ( ! ( 1_T2(rf1)2
and
P — C, HekH 2T
S FOEG| £ 5 0 £ <
>0
C,.Ci(r,n
< GOy p
T

On the other hand,

lexlly < Ko llexll 2 p < KrCi(r,n).
So

3

lglly < > I{fsenl llexlly <
k=1
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" C.C (r,m)
2

C’I‘KT 2
11l B Cr(rym) = 0 (Culrm)) 1

<
k=1
which proves that

nC, K,
2T

c(o, X,Y) < (Ca(r,n))*

and completes the proof of Theorem 1.1.1. [J

1.2. The case where X is a Hilbert space

In the following theorem, we suppose that X is a Hilbert space and both X, Y satisfy properties
(P;) for i = 1...4. In this case, we obtain a better estimate for ¢ (o, X, Y) than in Theorem 1.1.1
(see point (i) of Theorem 1.2.1). For the case Y = H*, (point (ii) of Theorem 1.2.1), we can
considerably improve this estimate.

Lemma. 1.2.0. Let 0 = {1, ..., A\, A2, ooy Aoy ooy Mgy ooy A} be a finite sequence of D where every
A is repeated according to its multiplicity ms, > ._,ms = n. Let (H, (.)y) be a Hilbert space
continuously emebedded into Hol(D) and satisfying properties (P;) for i =2, 3, 4. Then

Kp, = HOB,H = span (ky,;: 1<j<t, 0<i<m;—1),
where ky,; = (%) ky and ky is the reproducing kernel of X at point X for every A € D.

Proof. First, we explain the notation. Namely, since H C Hol(D) (with continuous inclusion), the
function A +— f(\) is holomorphic and since f(X) = (f, ka)y for every f, the function A — ky

is (weakly, and hence strongly) holomorphic. We have f'(\) = ( fs %k)\)H’ and by induction,

AN = (f, (%)Zk‘x) for every i, 2 =0, 1, .... Denote
H

—— ]{7 — ]{Z iy
(dk) AT
we know, (see Lemma 1.1.0), that
B,H={fcH: f90\)=0,Vi,j,1<i<m j=1,..,t} =

={feH: (f hyi)y=0Vi,j,1<i<my j=1,.,t}
This means that
HOB,H = span (l@\“ 1<i<mg,g=1,.., t) :
O

Theorem. 1.2.1. Let Y be a Banach space verifying property (Py) and X = (H, (.)y) o Hilbert
space satisfying properties (FP;) for i = 2,3, 4. We moreover suppose that for every 0 < r < 1
there exists € > 0 such that ky € Hol ((1 4 €)D) for all |\| < r, where ky stands for the reproducing
kernel of X at point \, and X — ky is holomorphic on |\ < r as a Hol((1 + ¢)D)-valued function.
Let o = {1, ..., A1, Mgy oy Agy ooy Ay oo, M} be a sequence in D, where Ay are repeated according their

multiplicity my, 22:1 ms =mn. Then we have,
i)
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c(o, X, Y) (leekﬂy) ,

where (ey),_, stands for the Gram-Schmidt orthogonalization (in the space H ) of the sequence
k)\l,()’ k)\l,h k)\1,2-"7k)\1,m1—17 k)\g,()’ k)\g,h k)\2,2-"7k)\2,m2—17 LR k)\t,(b k)\t,lv k)\t,Q'-'vk)\t,mt—lv

notation ky; is introduced in Lemma 1.2.0.
it) For the case Y = H>, we have

clo, H, H*) < supep || Pp, k| ,
where Pp, =Y 1_, (.,ex) y ex stands for the orthogonal projection of H onto Kp,,

Kp, = span (k:,\j,i 1 <e<my, g=1,.., t).

Proof. i). Let f € X, [|f||y <1 . Lemma 1.2.0 shows that

9="Ps,f =) (frex)yex
k=1

is the orthogonal projection of f onto subspace Kp,. Function g belongs to Y because all ky, ; are
in Hol((1 + ¢€)D) for a convenient € > 0, and Y satisfies (P;).
On the other hand,

g — .f € BO'H7
again by Lemma 1.2.0.

Moreover,

3

lglly < D 1(F ex)ulllexlly
=1

T

and by Cauchy-Schwarz inequality,

lally < (iw ew)l ) (Z y> <

k=1

< Ifllg (Z IIeka/) :
k=1

which proves i).
ii). f Y = H*, then

19(2)| = (P, f, k) | = |(f, Prks) gl < M f1lg 1 Pkl
for all z € D, which proves ii). O

2. Upper bounds for C, , (HQ, HOO)
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In this section, we specialize the estimate obtained in point (ii) of Theorem 1.2.1 for the
case X = H? the Hardy space of the disc. Later on, we will see that this estimate is sharp at
least for some special sequences o (see Section 6 ). We also develop a slightly different approach
to the interpolation constant ¢ (o, H?, H*) giving more estimates for individual sequences o =
{)\1, ceey )\n} of .

Corollary. 2.0. Let 0 = {\1, ..., Ay} be a sequence in D. Then,

1—|B,(2)?\?
- )~

Indeed, applying point (ii) of Theorem 1.2.1 for X = H? and Y = H*, and using

c (0-7 H2, HOO) < SUPzeD (

and

(see [N1] p.199), we obtain

which gives the result.

Proposition. 2.1. For every sequence o = {1, ..., A\p} of D we have

- B
; (1 - XZC)2 bAi(C) .
Proof. We use Corollary 2.0. The map ¢ — ||Pp (k¢)|| = sup{|f({)|: f € Kg, ||f]| <1}, and

hence the map
1 - [BOP)?
cm (SRR
1 — (]
is a subharmonic function so

- |BOPY*? . L | B(rw)?) *
Sup|¢i<1 (W SSUP|w\:1ZZmr—>1 W .

Now apply Taylor’s Formula of order 1 for points w € T and v = rw, 0 < r < 1. (It is applicable

1
¢ (o, H?, H®) <V 2supig=1 |B'(Q)]? = V2sup|g—

[N

because B is holomorphic at every point of T). We get

B(u) — B(w)

= B'(w) +o(1),

and since
lu—w| =1~ [ul,
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— |B'(w) + o(1)].

)B(U) - B(w)‘ _ |B(w) = B(w)|

u—w 1 —|ul
Now,
|B(u) = B(w)| = |B(w)| = |B(u)| = 1 —|B(u)],
| 1= uf 1= uf

lim, (M)% <VIB'(w)].

1 — |rwl
Since we have

n

B,('LU) - Z ﬂﬂ" b)\j (w)’

T2 =L
— (1-X\w)

for all w € T . This completes the proof since

1= [B(rw)] _ (1= [Blrw) (1 +[Brw)]) _ 1= |B(rw)|

1 —|rw|? (1 = |rw])(1 + |rw|) - 1 — |rw|

Corollary. 2.2. Let 0 = {\y, ..., A} and r = mazxi<i<p|\i|. Then

D=

c(a, H?, H‘X’)SQ(lﬁr) ,

and hence,

ey <2 ()
ottt 1) <2 (1)

Indeed, we apply Proposition 2.1 and observe that
> A
(1= D

i=1..n

147 2n
< X
_nl—r_ 1—17r

|B'(w)| <

Now, we develop a slightly different approach to the interpolation constant ¢ (o, H?, H*).
Theorem. 2.3. For every sequence o = {1, ..., A\n} of D,

1

n 2
(1 — M)
c(o, H?, H®) < sup,er —
( ) z€ ; | Y )\k|2
Proof. We give two proofs to this estimate. The first proof is shorter than the second one, but it
contains an extra \/§ factor.
First proof. Using Proposition 2.1., we obtain

1
n 2

3 11—\ B,

c¢(o, H?, H®) < \/§SUp\g\21 —
= (1=250) 0y
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1 1
-2 - AP
S \/§$up‘<‘:1 —_— - \/§SUP|C|:1 e ——
2 2
Second proof. In order to simplify the notation, we set B = B,,. Consider K g, the n-dimensional
subspace of H? defined by
Kp = (BH?) " = H*©BH".

Then the family (ex)7_; introduced in the proof of Theorem 1.1.1, (known as Malmquist’s basis),
is an orthonormal basis of Kp, (see [N1], Malmquist-Walsh Lemma, p.116). Recall that

. _
1 filly”
and
Ji
€ — b)\
[1.fill 1=
for all £ = 2..n, where
1
fk - 1— >\_kZ7

is the reproducing kernel of H? associated to \,. Now, let f € H? and

9="Psf =Y (frex)en
k=1

Function g belongs to H* because it is a finite sum of H* functions. Moreover,

g(A) = f(N)
for all i = 1...n, counting with multiplicities. (Indeed, we can write f = Ppf + g; with g; € Kz =
BH?). We have

Ol <Y 1(Fren) el lew()]

for all ( € D. And by Cauchy-Schwarz inequality,

Nl

1

ey ) (S A=)
C)IS(I;I(J% k>H2|) ( M w) ,

n

(1 — [ N)?
< su g
||g||oo = ||f||2 PceT < 1 )\kC| )

k=1
Since f is an arbitrary H? function, we obtain

(=)
c(o, H*, H®) < su (7 ;
( ) < super ( I

which completes the proof.
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Corollary. 2.4. For any sequence 0 = {1, ..., A\, } in D,

1
L+ N

0(0_7 H2, Hoo) < Z _'_‘ J| .
1— A

j=1

Indeed,

=

n n 2
Z(l—\kklz) < (1= |\f?)
2T S\ T
and the result follows from Theorem 2.3. O

Remark 2.5. As a result, we get once more the same estimate for C,, .(H?, H*) as in Corollary
2.2, with the constant v/2 instead of 2: since 1+ |)\;| <2 and 1 —|);| > 1 —r, applying Corollary
2.4, we get

NLD
V=1
It is natural to wonder if it is possible to improve the bound \/5\/\1/% We return to this question
in Chapter 5 below.

3. Upper bounds for C, , (H?, H*),p>1

The aim of this section is to extend Corollary 2.2 to all Hardy spaces HP. This is the subject
of the following theorem.

Cor(H?* H®) < V2

Theorem. 3.0. Let1 < p < oo. Then

Cop (H?, H®) < 4, (1 . ) ,
foralln>1,0 <r <1, where A, is a constant depending only on p.

We first prove the following lemma.

Lemma. 3.1. Let 0 = { Ay, ..., \u} and v = mazi<;<n| i, then
2n
H' H*®) <
c(o, H", ) < T
and hence,
2n

Cor(H', H®) < .

- T

—_

Proof. Let f € H' such that ||f]|; <1 and let,

g="Psf="Y_ (frex)ex

k=1..n
where, as always, (ex),_, is the Malmquist basis corresponding to o, and where (.,.) means the
Cauchy sesquilinear form (f, g) = >, h(k)g(k). That is to say that,
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= (f.ex) ex(C) = <f7 €k€k(o> ;

E €k€k

for all ¢ € D, which gives,

9O < N f 1l

HOO
Now, we recall that

N

1—1A
op = LD ey
(1 - )\kz)
and, as we saw it in Theorem 2.3. (second proof),
(L+ Pl
lexll oo < ———=
(1= |Aef)?

As a consequence,

Ol< Y lewll e
k=1

for all ( € D, which completes the proof. O

S - - (1+ [Me]) on
ek(g)‘ =2 lleslly < (1- \Akl) S
k=1 k=1 k

Proof of Theorem 3.0. Let 0 = {)\1, ..., A\, } be a sequence in the unit disc D, B, = I ,b,,, and
T : H? — H*/B,H®™ be the restriction map defined by

Tf={9€H*®: f—g€ B,H"},
for every f. Then,

| T ||HP—>H0<>/BUHoo: c(o, HP, H*).

There exists 0 < 6 < 1 such that 1—1) = 1— 6, and since (we use the notation of the interpolation

theory between Banach spaces see [Tr] or [Be]) [H!, H*], = H? (a topological identity: the spaces
are the same and the norms are equivalent (up to constants depending on p only), see [J]), by a
known interpolation Theorem (see [Tr] , Theorem 1.9.3, p.59),

| T N1, e, — 1100y By e < (Asc (o, Hl,HOO))l_G (Ao (o, H*, H®))?

where Ay, A, are numerical constants, and using both Lemma 3.1 and the fact that ¢ (o, H>*, H>®) <
1, we find

on \'7? n ,
T o) o< | A A = (2470 4% [ ——
7 ey (A2 ) % = =l (1)

which completes the proof.

4. Upper bounds for C, , (L?L, HOO)
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In this section, we generalize Corollary 2.2 to the case of spaces X which contain H? X =
2 (W), a > 1, the Hardy weighted spaces of all f(2) =}, f(k:)zk satisfying

2

k>0

f(k:)‘2 I

(k + 1)2(e-1)

It is also important to recall that

lz (W) = Li ((1 — |Z|2)2a_3 dA) , a0 > ]_,

where L2 ((1 — |z|2)6dA>, B8 > —1, stand for the Bergman weighted spaces of all holomorphic
functions f such that

/D F)P (112" dA < .

Notice also that H?* = [2(1) and L3(D) = 2 ((k+11)% ), where L2(ID) stands for the Bergman space
of the unit disc D.

Theorem. 4.0. Let o be a sequence in D, o € [1,2] and f €] — 1, 1]. Then

1 n =
2 o0 <
(ot () 1) 24 (75)
Otherwise,
1 n =N
2 [e.e] <
o (8 () ) =4 (75)
B+2
2 0B 00 / n 2
— <
Cor (22 (0= 12P) dA) . 1 )_A(l_r) ,

foralln >1,0<7r <1, where A = A(a — 1) is a constant depending only on o and A" = A'(j3)
s a constant depending only on (3.

In particular, for a = % (or equivalently 5 = 0) we get
n

Co,r (L2, H®) <2V3

1—7r
foralln>1,0<r<1.

First, we prove a following lemma. In fact, Lemma 4.1 below is a partial case (p = 2) of the
following K. Dyakonov’s result [D] (which is, in turn, a generalization of M. Levin’s inequality [L]
corresponding to the case p = 00): for every p, 1 < p < oo there exists a constant ¢, > 0 such that

|¥ B 11l

for all f € Kp, where B is a finite Blaschke product (of order n) and ||.||, means the norm in
L>(T). For our partial case, our proof is different and the constant is slightly better. We notice
that in general, Bernstein type inequalities have already been the subject of a lot of papers. Among
others, Chapter 7 of P. Borwein and T. Erdélyi book’s, see [BoEr], is devoted to such inequalities.
This is also the case of A. Baranaov’s work, see [B1], [B2] and [B3], and also of R. A. DeVore and
G. G. Lorentz’s book, see [DeLo].

<c
e — F
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Lemma. 4.1. Let B = II}_,by;, be a finite Blaschke product (of order n), v = max; |X\;|, and
f € Kg=: H*©BH?. Then,
5 n
< —— .
1711, < 372 1l

Proof. Since f € Kp, f = Ppf = 1_, (f, ex) 2 €. Noticing that,

Ely 1
/ )‘Z e
€ = — ¢k
; ; b, (1—Nez)
for k = 2..n, we get
f'=Pef) =(f,e)mer + Z (f, ek)p e =

k— n

1
= , € 6 ‘l‘ , € € )\ ———— €k
which gives
’ 5\1 " bl)\ . . N 1
=(f, e ——e1 + , € —e _qy(2) + , € Apy———€ =
[ =(fe)p (- )\12) 1 2,2 (f, ex) e ™ kX[, k—1)(7) 2 (f, er) 2 Ak =) k

=(f, e)pe 77—+ Z Z (f, ex) H26k+z (fs ex H2)\k €k;
( i=1 Ai k=i+1 (1 - )\kz)
where x[1, ;1] is the characterlstlc function of [1, k — 1]. Now,

5\1 5\1
(f, e1) g ——=—==¢ <I|(f, e) el || ——==| lleillm <
H VI = Nz) o V= 2) N Hia
1 1
<||f||Hz||el||Hz ||61||Hz<||f||Hz T

using both Cauchy-Schwarz inequality and the fact that e; is a vector of norm 1 in H2. By the
same reason, we have

1
Z )\k €k H2 mek

1

)\_7_ <
B Hm lexll s <

< DI en) el
k=2

H?2
1
L5 1 - 2\ 1
<TI0 el < 7 (N el | VA2 Il V=2,
k=2 k=2

Finally,

nl’

>

n

Z (fs ex) e ex

Z ex (fs en)y

n—1
<X
H?2 1=1

i
b,

i=1 N h=it1 o0 |l k=i+1 H?
b’ n—1 n %
Ai 2
_ (m : )z ( ST o ) <mar |2 2150
Moo/ i=1 \k=i+1 oo =1
Moreover, since
by, N2 =1 2 2

- — < < ,
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we get,
-1 / n
2(n—1
23 (femer| < 20D ).
= 2 2+1 J1e "
Finally,
( ) -1+
1£] < 2 1+ 2= v e < BV Dy
5 n
<2 e,
for all n > 2 and for every f € Kp. (The case n = 1 is obvious since || f'[| ;. < 75 [If]l2)- O

Corollary. 4.2. Let 0 a sequence in D. Then,

1 n 2
2 0 <
c(a,la<—k+1),H )_6\/5(1_T) :

Indeed, if f € 12 ( - ) = H then |Ppf(¢)| = |(Pyf, k)| = [{f, Pgke)|, where (., .) means

the Cauchy pairing and k; = (1 — Zz) - Denoting H* the dual of H with respect to this pairing,
H* =12 ((k+ 1)), we get
H2> ’

IPof ()1 < 1l 1Pekclge < 151 K (1Pskcll e+ || (P

1
K:max{l, sukaIk;: } =92

Since Ppk; € Kp, Lemma 4.1 implies

5 n
PO < 15 WPkl < 171 K (1Pakels + (575 ) 1Pkl ) <

21
3
n 2
< -
<4 (75) Wl

where A = 2K (3 + 2) = 6v2, since || Pgkc||, < \/@, and since we can suppose n > 2, (the case

where

n = 1 being obvious).
0J

Proof of Theorem 4.0. The case o = 1 corresponds to X = H? and has already been studied
in Section 1 (we can choose A(0) = v/2). We now suppose a > 1. Let B, = II,by, and T :

% <W> — H* /B, H* be the restriction map defined by

Tf:{geH .f—geBglg(W)},

for every f. Then,

1
T = P ——=) H").
|| ||l2((k+1)& 1)—>H°°/BJH°° & (U, a ((k+1)a_1) ’ )




22

We set such that & — 1 = 6 with 0 < § < 1, and since (as in Theorem 3.0, we use the notation of
the interpolation theory between Banach spaces see [Tr] or [Be])

()2 (i) (o) (e))-
4 ty) )

this gives, using Corollary 4.2 and (again) [Tr] Theorem 1.9.3 p.59,

|| T ||l§<(k+11)a71>—>H°°/BgH°°§

i) ) i) )
< (A(O) (1:)%)19 (A(l) <1fr)g>€ _

1-6 , 36
2

:A(O)l‘GA(1)9< n )

1—r

It remains to use § = a — 1 and set A(a — 1) = A(0)*"?A(1)?. In particular, for a = 3/2 we get
120 4 30 —_ 1 and
5 T3 an

A (g) — A0) DAL} = V2 (6v/2)F = 2V,

5. About the links with Carleson interpolation

In this section, we compare the method used in Sections 1, 2, 3 and 4 with those resulting
from Carleson-type interpolation. Especially, we are interested in the case of circular sequences
o and radial sequences o. Recall that given a (finite) set ¢ = {1, ..., A,} C D, the interpolation
constant C(o) is defined by

Cr(0) = supjaje<rinf (Il 9 l: g € H, g1 = a).
We introduce the evaluation functionals @, for A € D,

ealf) = fQN), feX,

as well as the evaluation of the derivatives ¢, (s =0,1,...),

oxs(f) = O, feX.

Theorem. 5.0. Let X be a Banach space, X C Hol(D). Then, for all sequences o = {1, ..., A}
of distinct points in the unit disc D,

mazi<i<n |[ox || < c(o, X, H?) < Cr(0).mazi<i<n |0,

Y

where Cr(o) stands for the interpolation constant.
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Proof. Let f € X. By definition of Cy(c), there exist a ¢ € H* such that
with

19 llo< Cro)maz; [f (X)] <

< Cr(o)max; ||y,

11 x -

Now, taking the supremum over all f € X such that ||f|y < 1, we get the right hand side
inequality. The left hand side one is clear since if ¢ € H* satisfies f (\;) = ¢ (\;) Vi = 1..n, then

19 o= g (A0)[ = |f (M) = lex, ()], Vi=1.n. O

Comments 5.1.

Theorem 5.0 tells us that, for o with a “reasonable” interpolation constant C;(c¢), the quantity
c(o, X, H*®) behaves as maz; ||y, ||. However, for “tight” sequences o, the constant Cy(c) is so
large that the estimate in question contains almost no information. On the other hand, an advan-
tage of the estimate of Theorem 5.0 is that it does not contain #¢ = n explicitly. Therefore, for
well-separated sequences o, Theorem 5.0 should give a better estimate than those of Corollary
2.2, and of Theorem 4.0.

Now, how does the interpolation constant C;(c) behave in terms of the caracteristic r and n of
o? In what follows we try to answer that question when o is a r — circular sequence. In that case,
we recall the definition of the constant «:

o — mini;ijl)?\di—)\j\ _ %.
Example. 5.2. Two points sets. Let 0 = {1, Ao}, \i € D, Ay # Xo. Then,
1 2
. < (Cio) < —
B Ol = = )
and Theorem 5.0 implies
2
C(O-a X> HOO) < Ty o aTi=1 2 ||S0>\L 5
[bx; (A2)]

whereas a straightforward estimate gives
c(o, X, H®) < [loa [| + mazpy<r [[oa ]l (14 [A)),

where 1 = max (|[A\1], |[A2|) and the functional @y 1 is defined in 5. The difference is that the first
upper bound blows up when A\ — Ay, whereas the second one is still well-bounded.
Indeed, for an H*°-function f solving the interpolation f (A1) =1, f(A2) = —1, we have

2= M) = F )l < 2[[flls b2 (A1,

(indeed, the function g = % is holomorphic in D and its H>*— norm on T is equal to

If (M) — fllo » (which is less or equal than 2| f||. ), since the Blaschke factor by, has modu-
lus 1 on the torus T). Hence, || f|| , which shows C} (o)

On the other hand, setting

> 1 > 1
%o = oy, (M) = o, 02)]

by, by,
=a +a ,
F=ap 00 T, )

: lail|+]az|  maz(|ai], |az|) P : 2
for arbitrary a;, a; € C, we get || ]|, < v, O] < on, O] This implies C7(0) < o Gl
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For the second estimate stated in the example, taking f € X we set

fA2) = f (M)

g=fon+ LM oy
and we get
X2) — f (M
lolle < 17 )+ [FR2=LE gy <

< o || + mazaep, o) a1l (1 + M),
and the result follows.
O

Example. 5.3. Circular sequences. Let 0 <r <1 and 0 = {\1, Ao, ..., Au}, N # Ay, [ M| =1 for

every i, and let o = W Then, é < Cr(o) < 8ek (Ha%), where K, K' > 0 are absolute
constants. Therefore,

C(U, X, HOO) < (86K/(1+a%)> -MAT | \=r HQO)\H

for every r — circular set o (an estimate does not depending on n explicitly). In particular, there

exists an increasing function ¢ : Ry — R, such that, for n uniformly distincts points Ay, ..., Ay,
INi| =7, [N — Aiga| = 2rsin (%), we have

(1) c(o, H?, H®) < ¢ (M) —L  for everyn and v, 0 < r < 1 and in particular, for

(1-r)2
n < [r(1 —r)~'] we obtain

1
0(07 H27 HOO) < C———1»
(1—r)2
whereas our specific Corollary 2.2, (which is sharp over all n elements sequences o), gives
1

c(o, H*, H®) < c

(1—r)
only.
(2) c(o, L2, H®) < ¢ (@) L for every n and r, 0 < r < 1 and in particular, for

T
n < [r(1 —r)~'] we obtain

1
L} H®) < ¢——
c(o, L2, )_C(l—r)’

whereas our specific Theorem 4.0, (which, again, is sharp over all n elements sequences o), gives

clo, L2, H®) < ¢
( a ) — (1 _ 7”)2
only.
In order to explain the statements of this example, we observe first that the Carleson interpo-
lation constant C(o), for r — circular sets o, essentially depends on « only. Indeed, as is known,
the separation constant

A =inficj r<n, j26l0x; (M),
is of the order of min(a, 1), and the Carleson measure density for p = " | (1 — |)\i\2) Jy, also
depends on « only. All together, C/(o) is bounded if and only if « is separated from 0; see [N1]
p-158 for the details of this reasoning. In fact, we can show that
a

14+ ar

<A<a
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and )
= < Oyfo) < e (135),
o
(as claimed as above), where K, K' > 0 are absolute constants, see Appendix 5.5 for details.

2imj .

n ] = 1 2 , N,
The above estimate for C’I( )

Now, checking point (1) for n equidistant points on the cwcle \z| =7, \j=re
one obtains |A\; — A\jr1| = 2rsin (2n) > 2;, and hence o > n(l_r).

entails that we can take ¢(t) = 8¢ (1K) and then,

Cr(o) < 8K (1435) < (M) .

Since, for the space H2, we have ||| = (1—|A]*)~2, the upper estimate for ¢(o, H2, H>) follows.
Since for the space L2, we have |¢x|| = (1 — |A|?), the same reasoning works for ¢(o, L2, H*).

O

Example. 5.4. Radial sequences. Now we compare our two estimates of the interpolation con-
stant c¢(o, X, H*) (through the Carleson interpolation, and by the preceding general and specific
methods) for special (geometric) sequences on the radius of the unit disc D, say on the radius
[0,1). Let 0 < p <1, p € (0, o0)and

N=1-p" j=0 ...n

so that the distances 1 — \; = p’p? form a geometric progression; the starting point is A\g = 1 — pP.
Let

— ), = +
T = MaTo<j<n\j = )\k =1-p""P

and 6 = §(B) = mino<k<n | Bk (A)|, where By = ;2. It is known that 3+ < Cr(0) < . (The left

hand side inequality is easy: if f € H*>®, f(A ) = 1 f(A ) = 0 for j 7& k, then f = Byg and
1 fllee = ll9llee = 19 (N)| = m, and hence Cy(0) > g5y for every k =0, 1,2, .., n. The
right hand side inequality is a theorem by P. Jones and S. Vmogradov see ([N1], p 189) So, we
need to know the asymptotic behaviour of 6 = 6(B) when n — oo, or p — 1, or p — 0, or p — 00,
or p— 0.

Claim. Let o = {1 — pp+k}zzl, 0<p<1,p>0. The estimate of c(o, H*, H*) via the Carleson
constant Cy(o) (using Theorem 5.0) is comparable with or better than the estimates from Corollary
2.2 (for X = H?) and Theorem 4.0 (for X = L? and X = L? ((1 - |z|2)6>) for sufficently small
values of p (as p — 0) and/or for a fized p and n — oco. In all other cases, as for p — oo (which
means Ay — 1), or p — 1, orn — oo and p — 1, it is worse.

In order to justify that claim, we use the following upper bound for §(B) = mino<g<n |Br (Ar)] ,
assuming (for the notation convenience) the n is an even integer n = 2k and computing By (\g),

B )\ _Hk 1 J H2k _
| k( k)| J= 11 )\)\ 7= k+11 )\)\k
_ k-l 1—pF 2% 1—p+
e | + pk=i — pk+p’ g=k+14 + pi=k — pite o
K 1—p° K 1—p°

Tk Tk <
T4 ps (1 — ppth=s) T L ps (1 — poth) =

1—p* 2 1—p° 2
< (1% < (T =: A(n, p, p).
< (Mo Zeey) < (o) =40 e
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For a lower bound, we proceed as in [N1] p.160 and get

1-p° _ 1—-p°
By, ()| = TI5_ Ik >
B = e e T )

1— 2
> =
= (Hs 11 + p (1 - pp+n>) C(na P p)

for every k=0, 1, ..., n. Hence,
C(n, p, p) <4(B) < A(n, p, p).
On the other hand, using Corollary 2.4 (for X = H?)

1

2 o) - 1+|)\]‘ - 2 5_
C("’H’H)§<Z1—\Aj| = ;pjﬂ’ =

J=1

) (5 - () (52)' o

Now, we can compare the behaviour of D(n, p, p) and Ci(o).max; Hg% HH2 for every parameter
n? p7 p

5.4. (a) Sparse sequences o (p — 0, or at least 0 < p < e <1).

If p — 0, one has lim,_oC(n, p, p) = 1, and hence lim,_oC (0,,,,,) < 8. So, asymptotically,
Theorem 5.0 implies

N

D=

(O pps H2 H®) < (8 +¢) (1_T

and Corollary 2.4 gives slightly better but comparable estimate,

(SIS

(O ppy H?, H®) < (14¢) (1—7"

In our definition, if p > 0 is fixed and p — O then Ay = A (p, p) — 1. In order to keep A\;
at a fixed position we can set p = p(p) = zog( i} Then \y =1 —pf =1—¢e7¢ ¢ > 0. Still,

b\’—‘

limp,—oC (n, p, p(p)) = 1. 1
5.4. (b) Condensed sequences o (p — 1). In this case, lim,_oD(n, p, p) = () Vn+1,
and hence using Corollary 2.4 we cannot get better than the general estimate of Corollary

n

1 Z) n
2.5, ¢(o, H?, H*) < (Vn+1+¢) (:%)?. To the contrary, A(n, p, p) ~p—1 Q(l —p)2, and

272

therefore C;(0) > 6~' > (A(n, p, p))~" which blows up as (i{‘)_"p‘g)t So, as it can be predicted, in

this case the Carleson interpolation is worse for our problem. Fixing A\; = 1 — p” at an arbitrary

position | p = @) will not change the conclusion.
P

5.4 (c) Long sequences (n — oo). With fixed p and p, let n — oco. Then, by Corollary 2.4,

wmms(2) ()

(Observe, however, that is also not constant 1 —r = p"*?). In its turn, Theorem 5.0 gives

1 1—p\ !
C(Uv H27 HOO)S%il ~n—o0 (H:O1 ) : 1
0* (1 —r)2 1+ p? (1—r7)2
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—4
because lim,C(n, p, p) = lim,A(n, p, p) = (H;‘ 11;) ) for every p, 0 < p < 1. Of course,
the latter estimate is much worse than the former one, because 113, ?FZ ~ V2 NG Lexp ( T 11,)) as

1= for all p € [0, 1], we have (see [Ne] p.22),

p — 1. Indeed, setting ¢(p) = 1122
1—p ™ 1+p
=4/ — 1 1—p)|.
v(p) 5 €LP (12 T p) [1+0(1=p)]

N0W7 Setting ¢< ) H:O11+ s we get (gplp)( ) W =@ <p2> and,

>

w L9 _olo) o elo) (p(p)* _
“H—p Y(p) e (?)  e(p?)

1—p m21+1 2T 2 1+1
= exp | — exp | —— [1+0(1)] =
o 61—p)\V1=p2 12(1—p)(1+1)

v1i—p 3r? 1
= — | [1 1 1.
s e Ty ) (o] asp—

Appendix 5.5.
Let 0 = {\1, ..., A\u} be a r — circular sequence, |\;| =7rVi=1...n, 0 <r < 1; here we show the

links between the constants A = A(o) = infix; |by, (A;)], and a = W, and establish an
estimate for the Carleson interpolation constant C(o).

Lemma 5.6. In the above notation, we have
o

1+ ar

<A<a.

Lemma 5.7. In the above notation, we have the following estimate for the Carleson
interpolation constant Cr(c) : there exists numerical constants K, K' > 0 such that

Cr(o) < gl (1+35).

See [N1] for the proofs of these two Lemmas.

6. Lower bounds for C,, (X, H®)

6.1. The cases X = H? and X = L?

Here, we consider the reproducing kernel Hilbert spaces on the disc D: X = H? = [%(1) and
X = L2 =1%2(1/Vk + 1), and the problem of lower estimates for the one point special case o, =
{A\ A, ., A}, (n times) A € D. Recall the definition of the semi-free interpolation constant

c(oan, H,H™) = Sup{||f||Hoo/b§H°o cfed | flla < 1},

where || f||zoe oy e = inf {[[f + b3glloc : g € H}. In particular, our aim is to prove the sharpness
of the upper estimate for the quantities

Ch,r (H?, H®) and C, , (L2, H™)
in Corollary 2.2 and Theorem 4.0.
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Theorem. 6.1.0 Let N € {1, 2} be an integer. Then,

N

1 n 2

(ot () ) 2 ()
<*’ ((ml)%) ) M-

where a; = 1/4v/2 and ay = 1/32. In particular,
N
Fl

N
CLN( n ) SCn,r li % 7HOO SA( n ) )
1—r (k+1)= 1—r

foralln > 1,0 <r <1, where A=A (%) is a constant defined in Theorem 4.0, and where

spaces [2 ( L ) are defined in Section 4.
(k1) 2

(1) We first recall some properties of reproducing kernel Hilbert space on the disc D, X =

12 ( L ,1>. As it is mentionned in Section 4,

2 1 _ _ £ 2
la(@)—{f—Zf(k AP =D 1F(R) ﬁ<oo}.

k>0 k>0

The reproducing kernel of [ <W>’ by definition, is a [2 (%)—v&lued function A — k%,

k+1

A € D, such that (f, k) = f(\) for every f € 2 (W), where (.,.) means the scalar product

(hy 9) = X 4z0 h(F)§(F) Grpsira=ny - Since ome has f(A) = 32,00 f(R)N(k + 1)) ey
(A € D), it follows that

k2(2) = 3 (k +1)%@ DXk 2 eD.
k>0

In particular, for the Hardy space H? = [2(1) (o = 1), we get the Szego kernel

ka(z) = (1= X2)7,
for the Bergman space L2(D) = [2 (@) (o = 2) - the Bergman kernel k; 2(2) = (1= X2)2

(2) Reproducing kernel Hilbert spaces containing H?. We will use the previous observations
for the following composed reproducing kernels (Aronszajn-deBranges, see [N2]| p.320): given the
reproducing kernel k of H? and ¢ € {2V : N = 1, 2}, the function ¢ o k is also positive definit
and the corresponding RKHS

2\ 12 ]‘
H(pok)=:p(H(k)) =p(H") =1, (7(1<;+1)M>

satisfies the following. For every f € H(k) we have pof € ¢(H(k)) and ||<Pof||¢(H(k (||f||H )
(see [N2] p.320).
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We notice in particular that
H,= H?and H,>» = L7,

(a topological identity: the spaces are the same and the norms are equivalent). The link between

+1) 2

spaces of type [2 ((k 1 Nl) and of type ¢(H?) = H, being established, we give the following

result.

Lemma 6.1.1 Let p € {z"V : N =1, 2}, and H, = p(H?) be the reproducing kernel Hilbert space

corresponding to the kernel ¢ (1_—1&) Then, there exists a constant ay depending on ¢ such that

n
c(oan, Hyy H?) > ang ( ?W) :

Moreover, we can choose a1 = 1/4v/2 and ay = 1/32. In particular, we have

1 Vn 2 e v
N < Cy,, (H?, H)<fmand

1 n 9 rroo
1 < Cor (L2 H)<6f —

Vn > 1, Vr e [0, 1].

Proof. 1) We set
—1 )1/2
Z I; Hn = o an
k=
v =bH,.

Then ||@Q,||3 = n, and hence by the Aronszajn—deBranges inequality, see [N2] p.320, point (k) of
Exercise 6.5.2, with ¢ € {1, z} and K (A, z) = kx(2) = and noticing that H(p o K) = H,

T )

1[I, < 0% ([1Qnll3) = b*e(n).
Let b > 0 such that b*p(n) = 1.

2) Since the spaces H,, and H are rotation invariant, we have ¢ (o ,,, Hy, H*®) = ¢ (0, Hyp, H®)
for every A, pp with [A| = |u| = 7. Let A = —r. To get a lower estimate for ||W||g, /pya, consider G
such that ¥ — G € by Hol(D), i.e. such that bH,, oby — G o by € z"Hol(D).

3) First, we show that

W =: Voby= bH, b

is a polynomial (of degree n if ¢ = z and 2n if ¢ = 2?) with positive coefficients. Note that



(- _
b k! _
noM T Z —a(2)

n—1
=(1-A\»"" < 2F — Xz")
k=1

n—1
=(1—r%)712 < (1+47r) sz+rz ) = (1 — 73"V,

k=1

Hence, v = W o by =bH, 0by =bpo ((1 —r )_§ @Dl) and

¢O¢1:¢{V(2)7 N:17 2.
4) Next, we show that
Z’”: Zm:lz { L —if N=1
20 161 T N=2 "

where m > 1 is such that 2m = n if n is even and 2m — 1 = n if n is odd.

Indeed, setting

we have for every N € {1, 2}

Xm:(wiv) :i (<1+(1+T)nz:12t+rz”> ) Zi(s}j_l)_

Next, we obtain

i ()l ()
> ((1 —1z)N) -y (; Clijr? ) — g]qavﬂ_l _

_{ m+1if N=1 >{ n/2if N =1 >{ n/2if N =1
Tl m+D(m+2)/2if N=2 = (n+2)(n+4)/8if N=2 = ’
Finally, since 32" (1)) = 03" (g 0 ) = b(1 —12) “N2 2" (V) we get

S W) > {((( r))"Y2nb/2if N =1

(2 )" 'n?/8if N =2
~1/2 ; _
with b = p(n) = { nn_l z;f ]\]fv _ 21 and obtain the result claimed.

n?/8if N=2 -

30
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5) Now, using point 4) and the preceding Fejer kernel argument and denoting F,, = ®,,, + z"®,,,
where @, stands for the k-th Fejer kernel, we get

1 1A -,
1| oo pog mree = (|9 mroc pon e > §H¢ * Fylloo > 52 ¥(j) >
=0

1 n_ _
>{ m’/EZfN_]' .

- = if N =2
O
Proof of Theorem 6.1.0. In order to prove the left hand side inequality, it suffices to apply
Lemma 6.1.1 with ¢(z) = 2”. Indeed, in this case H, =I2 ﬁ = H_.~. The right hand
side inequality is a straightforward consequence of Corollary 2.2 and Theorem 4.0.
O

6.2. The case X = H?

The aim of this section is to prove the sharpness ( for even p) of the upper estimate, found in
Theorem 3.0, of the quantity C,, . (H?, H*). This is the subject of the following theorem.

Theorem. 6.2.0 Let pe 27, , then

1

1 n P

C(O-)\,nu HvaOO)Z— < ) )
325 \1— [}

for every A € D and every integer n > 1, where oy, = {\, A, ..., A} and hence

1

1 < n )pSCn7T(Hp’HOO)§Ap<1n )P’

1
320 \1—7 -7
foralln>1,0 <r <1, where A, is a constant depending only on p which is defined in Theorem
3.0.

We first prove the following lemma.
Lemma. 6.2.1 Let p,q such that g € Zy, then c (o, HP, H*®) > ¢ (o, HY, HOO)% for every sequence
o of D.
Proof. Step 1. Recalling that
c(o, H?, H*) = supys),<rinf {9l : 9 €Y, g0 = fio } .

we first prove that

C(O-a Hpa HOO) = sup||f||p§1,fouter'énf {HgHoo /NS Y> 9o = f\o} .
Indeed, we clearly have the inequality

sup||f||p§1,fouter'énf {HgHoo /NS Y> 9o = f\o} < C(O', Hpa Hoo)’
and if the inequality were strict, that is to say

supyfy<t. fouter i {19l : 9 €Y, 90 = fio} < supyp,cinf {llgllc: 9 €Y, 90 = fio},

then we could write that there exists € > 0 such that for every f = f;.f, € HP (where f; stands
for the inner function corresponding to f and f, to the outer one) with [|f[|, < 1 (which also
implies that [|f,||, < 1, since [foll, = [[f[,), there exists a function g € H* verifying both
19l < (1 —€)c(o, H?, H*) and g|, = fo)o. This entails that fi, = (fig),, and since [ fig||,, =

o
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l9ll.. < (1 —€)c(o, HP, H®) , we get that c (o, H?, H*) < (1 — €)c (o, HP, H*), which is a
contradiction and proves the equality of Step 1.

Step 2. Using the result of Step 1, we get that Ve > 0 there exists an outer function f, € HY
with || fol[, < 1 and such that

mf{HgHoo cg€Y, g, = fo‘o} > c(o, H1, H®) — e.

Now let F' = f2 € HP, then IF; = [l foll; < 1. We suppose that there exists g € H> such that
g‘g = F|J with

q

gl < (c(o, HI, H®) —€)» .
Then, since g (\;)) = F (\;) = f, ()\i)% for all ¢ = 1..n, we have g ()\i)§ = £, ()\;) and g§ c H*™ since

£ € Z.. We also have
o] = lol < (c (o, 10, 1) = )3
which is a contradiction. As a result, we have
9]l = (c(o, HT, H*™) —€)?
for all g € H* such that g, = F|,, which gives
c(o, H?, H®) > (c(o, HI, H®) — €)7 ,

and since that inequality is true for every € > 0, we get the result. U

hSEESY

Proof of Theorem 6.2.0. We first prove the left hand side inequality. Writing p = 2.Z, we apply
Lemma 6.2.1 with ¢ = 2 and this gives

2
2 1 n P
¢ (O, H?, H®) > ¢ (0rn, H? H®)? 2—(7)
o 2o (o "2
for all integer n > 1. The last inequality being a consequence of Theorem 2.1.2. The right hand
side inequality is proved in Theorem 3.0. [J
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