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meryem.jabloun@lis.inpg.fr leonard.francois@ireq.ca
ABSTRACT works [9, 10, 11], where only single component signals we-

re considered. The instantaneous amplitude and frequency
were modeled by nonlinear polynomial functions on con-
. . ; ) tiguous short-time segments. A maximum likelihood pro-
pecially in the presence of both nonlinear amplitude and cedure allowed the estimation of the model parameters. It

frequency modulat|on_s. In this paper, ponnqmlaI models was maximized via a Simulated Annealing technique. En-
are assumed for the instantaneous frequencies and ampli-

wud FIA). W t two diff \ strateqies t couraged by the estimation accuracy results, we now pro-
udes ( . ). We suggest two drrierent strategies 10 pro- ;g multicomponent signals. We propose and compare two
cess multicomponent signals. In the first one, which is opti-

| all model imul | ) d methods based on the same approach. In Section 2, we
mal, all mode pa_lrameters are simultaneously e_stl_mate . us]oresent our signal model. Section 3 describes the two pro-
ing a maximum likelihood procedure (ML), maximized via

tochastic techni led Simulated A ina (SA). | posed methods. The first one estimates all parameters at
a stochaslic technique cafiled simuiate ””ea"?g( .)' Mthe same time, hence all components are reconstructed in
the second strategy, which is suboptimal, the signal is it-

tivel ructed b t At han optimal way. The second method, which is suboptimal,
eratively reconstructed component by component. /it €ac operates component by component. As a result the instanta-
iteration, the IF and IA of one component are estimated us-

. : neous frequency and amplitude of one component are eval-
ing the ML procedure and the SA technique. To evaluate d y P P

uated at each iteration. In Section 4, we derive the appropri

the accuracy of the proposed strategies, Monte Carlo SIMU-5ia Cramer-Rao Bounds (CRB). In Section 5, Monte Carlo

lations are presented and compared to th_e derived Crameréimulations show the algorithms perform well. Finally , we
Rao Bounds for closely spaced and crossing frequency tra-4 2w conclusions in Section 6
jectories. The results show the proposed algorithms parfor '

well compared to existing techniques.

Parameter estimation for closely spaced or crossing freque
cy trajectories is a difficult signal processing problem, es

2. AM/FM POLYNOMIAL MODELS

1. INTRODUCTION Let us consider a multicomponent signgh], embedded

in additive white Gaussian noisén] with zero mean and
The analysis of multicomponent signals has been investi-unknown variance?2,

gated in the recent signal processing literature [1, 2, B, 4,
6, 7, 8]. These signals are encountered in applications such sln] = Zfil Ai[n]exp (j D;[n))

as radar, sonar, mobile communications and other engineer- y[n] = s[n] +e[n], for =& <n < &
ing systems. Suboptimal approaches, based on the Higher

Ambiguity Function (HAF) or Product HAF (PHAF) [1, 2, Ai[n] and®;[n] are the instantaneous amplitude and phase
4, 5, 7], provide performances close to the Maximum Like- of the i*" component. F;[n] = L 9%iln]

1)

L 9%l s the instanta-
lihood estimators for high signal to noise ratio (SNR). How- neous frequency. We assume positive amplitudes and non
ever, the appearance of cross-terms due to the presence afiscontinuous phaseg|n] is the noisy signalN + 1 is the
multiple components deteriorates the estimation accuracysample number assumed to be odd for simplicity. K is the
Moreover the HAF and the PHAF must be used with cau- number of the components.
tion at low SNR. In [1, 4, 5, 6], most of the proposed ap- As in [9, 10], we consider the signal on short-time seg-
proaches are designed for linear amplitude and frequencyments. Actually, this helps us to locally track the frequenc
modulations (AM/FM). and amplitude modulations of highly nonstationnary sig-
Here we are concerned with nonlinear AM and FM mod- nals. So,V is about thirty samples. The polynomial model
ulations. This paper is an extension of previous publishedis motivated by Weierstrass’ theorem and the shortness of



the segments. Let us considgp[n], g1[n], g2[n]), a sec-
ond order polynomial base defined p—gi, %]. We assume
that the order is enough to model the nonstationarity which
is actually true due to the shortness of the segment. The IA,
IF and phase models of thi& component are given in the
following:

Ailn] = Zm oazmgm[ nj,
Filn] = Zm 0 f%mgm[ ]
o+ 2m(Si o Fill) - Y5 -x Eill).

Initial phases are not necessarily set to zero. Conseguent!
we have to estimate seven parameters for each componen
initial phasd; o, three amplitude parametdis; o, a; 1, a2}
and three frequency paramet€rt§ o, fi1, fi2}. In other
words, we have to estimate= {6,,....,0x } wheref; =
{ai0,0i1,0i2,6i0, fio, fi1, fi2}. We here use a ML pro-

)
®;[n]

cedure to carry out the parameter estimation. As the noise

is Gaussian, the ML is equivalent to the Least Squares. So
the function to be minimized is given as follows:

N

2

Y lyln] =3[P,

N

3)

0 = argmin
——
HESR?K n=

wheres[n] is the signal model evaluated for eatby sub-
stituting (2) into (1). Since (3) is a nonlinear equationhwit
7K unknown parameters, iterative optimization procedures
such as quasi-Newton method converge to local minima un
less a good initialization and high SNR. Instead, we propose
to use stochastic optimization procedure in order to solve

(3).

3. ALGORITHMS

For monocomponent signals, a comparison between som

stochastic techniques in [9] shows the SA techniques is a
good compromise in terms of bias and mean square errord

(MSE) for the parameter estimates. So, we propose to de-

D= [UQ(N +1) = 0?VN 1 1,0%N + 1) + o2

an agitation value, which avoids converging to local
minima.

2. If ¢ minimizes the Likelihood function (3), then we

setf = O, otherwise) is not modified.

. Then, we generatefrom a binomial law with a prob-
ability belongs td0, 0.5]. If u = 1, thend = 0.97xJ.
This step linearly reduces the agitation value in a ran-
dom way in order to increase the convergence rate.
We go to step 1 so far dsiterations are not achieved.

4. We remove the estimated signal from the noisy signal
to generate a residugn]. We check ifé[n] is a white
process. If so, signal estimation is finished. If not, we
restart! iterations of the estimation steps. In 98% of
the cases, the convergence is guaranteed after the first
I iterations and we don’t need to restart the estimation

steps.

t:

Letus note EQM =3 2:N ly[n] — 5[n]|.

For real parameter vaIueEQM is a chi-2 random variable
with a degree of freedom equal 20N + 1). So, its expec-
tation iso?(N + 1) and its variance is*(N + 1). So we
check the whiteness criterion by verifying that

N
2

Y el eD

=N

n:2

N+1}

3.2. Suboptimal Algorithm

We develop here an iterative algorithm: the estimation of
A;[n] and F;[n] for thei** component is carried out using
the SA technique and equation (3). At each iteration, only

one component is reconstructed. In this approach, we do

not estimate 7xK parameters simultaneously, so the compu-
ational time is reduced. The main steps of the algorithm
are as follows:

velop methods including the SA technique in orderto achieve 1. Set; =1,

multicomponent signal estimations.
scribe two different strategies.

In this part, we de-

3.1. Optimal Algorithm

The optimal algorithm is a modified version of SA whose
main steps are in [10] . We initializé the set of ther K
parameters using a simple periodogram. Then, welrun
iterations of the three first stepsis a given iteration num-
ber, which is found experimentally in order to accelerage th
convergencel ranges betweens00 and3000.

1. We generate new candidatksfrom a Gaussian prob-
ability law, centered o and with variance. ¢ is

2. Initialize the parameter values of tifé component.
We determine the amplitude, the frequency and the
phase of the FFT peak of the noisy sigpat]. Then
we set); = {(IFFT, 0, 0, GFFT; fFFT; 0, 0}, The other
parameters are equal to O.

. Apply I iterations of the steps 1,2 and 3 described in
paragraph (3.1) to estimadg only.

. Once the frequendy;[n] and the amplitude!;[n] of
thei?” component are evaluated using (2), we recon-
struct the component[n] = A;[n].e’ ®:". We re-
move it from the noisy signal to generate a new noisy
signaly|n].



5. Check if the residug[n] is a white process. If so, constant amplitude signal, whose energy equals that of the
component estimation is finished. If not, set i + 1 time-varying signal, to noise variance. We estimate two-
and restart step 2 in order to estimate the next com- component of quadratic AM/FM signals, which means cu-
ponent. The white process criterion is the same as inbic polynomial phase signals, embedded in Gaussian noise.
the paragraph (3.1). The experimental plots are based on 50 independent noise

realizations. Two cases of quadratic amplitude and freguen

The suboptimal algorithm gives an estimation of the com- ,,oqulations are discussed.

ponent numbers with regard to the SNR level. ) )
e Case |: The Frequency trajectories are separated,

4. CRAMER-RAO BOUNDS e Case II: The Frequency trajectories are crossing one
another.
According to [3], and with respect to our parameter defini-
tion, we derive the Fisher Information Matriki\) for ¢ 51. |F/IA Reconstruction
. . Fig.1(a) and Fig.2(a) show the reconstruction of the fre-
2 ATA; Ay, . . , :
FIM(#) = = Re A H' | 1<i<K quency and the amplitude in case I, (using the optimal al-
g ¢ Ag O 9 12 i< K gorithm compared to the suboptimal one) for 20 dB and 10
== @) dB respectively. The estimations of the corresponding sig-
where nal are reported in Fig. 3. Fig.1(b) and Fig.2 (b) display the
IF and IA estimates versus the original ones in case Il for
A, = [go(n).¢f ®i(n) g (n).el ®i(n) go(n).el <1>1-(n)] SNR equal to 20 dB and 10 dB respectiv_ely. A!I estimated
curves are the mean of 50 Monte Carlo simulations.
¢ = jn-1(n).si(n), no(n). si(n), m(n).si(n), Comparing the two different proposed procedures, we
n2(n). si(n)] deduce that the suboptimal method gives the better accuracy
_ when we estimate the most energetic component. However
si(n) = Ai(n). ed ) since the estimation of the next components strongly de-

pends on the first one, the performance gradually decreases
®,(n) ands;(n) are the phase and the signal time-vectors as thg componentnumber increases. This means that the es-
of thei** component respectively. timation error is more important for the last estlmated com-
Also, we noten = [=, =~ +1,.., Y], n_1[n] = 1 and ponent than for the_flrst one. Neverthele_ss thls procedur_e
n 0 ) is a good compromise between computation time and esti-
niln] = QW(Z’C:% gilk] — Zk:% gilk]) fori =0,1,2 mation accuracy and gives an estimation of the component
andn € [=Y, 1. (.) denotes element by element multipli- humber conditionally to the SNR level.
cation of vector entries. On the other hand, a zoom at the window center (see
The CRB forf is the inverse of the FIM given by (4).  Fig. 4), shows the curves estimated by the optimal algo-
In [9], for a single component signal, the estimation of am- rithm are the closest to the original ones. Actually, thé est
plitude and frequency parameters is decoupled. Moreovermation error is reduced in the window center with this pro-
when we use an orthonormal base, the FIM for the am- cedure. We note that the local SNR is smaller at the window
plitude parameters is diagonal and there where no correenter than at the window extremities. However the error es-
lation between estimated parameters. Here the correlationjmation is spread out on all components in the opposite of
between all the parameters is very high in the presence ofthe suboptimal method. The estimation of one parameter is
multicomponent signals. The FIM (4) is a badly condi- conditioned by the estimation of the others.
tioned matrix especially when crossing frequency trajecto  The MSE of the estimation of the IF and IA are plotted
ries occur. More specifically it tends to a singular matrix jn Fig.5 versus the CRB (derived from [3] with respect to
for closely spaced frequencies. Therefore estimating suchgy, base) at 20 and 10 dB. We run 50 independent realiza-

cases is a real challenge. tions. For the optimal algorithm, the estimation accuracy
of the IF and IA waveform is more accurate than the sub-
5. RESULTS optimal for low SNR. The MSE are symmetric too. This

is mainly due to the procedure optimality . But since the
In this section, we give some numerical examples demon-computational time is increased compared to the suboptimal
strating the performances of the two proposed algorithms.method, we prefer to use the last one in further optimization
We also evaluate the CRB given in Section 4. All the con- problems.
sidered signals are of 33 samples. The sampling frequencyFinally, with regard to the low sample number , the non-
is 1 Hz. The SNR is defined as the ratio of the energy of a linear FM (ie the cubic phase) and especially the nonlinear
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Fig. 1. (a) Example of closely spaced frequency trajectories,(b)
Example of crossing frequency trajectories: The recontttl
curves of 1A and IF via the optimal algorith(® —) and the sub-
optimal one (-.) versus the original (-) IA and IF curves foraNR
equal to 20 dB .
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Fig. 2. (a) Example of closely spaced frequency trajectories,(b)
Example of crossing frequency trajectories: The reconstol
curves of 1A and IF via the optimal algorithis- —) and the sub-
optimal one (-.) versus the original (-) IA and IF curves faraNR
equalto 10dB .
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Fig. 3. The component Reconstruction in the case I: The signal ©"€ component of case | using the optimal algoritfwn—) and
component estimates via the optimal algorithim—) and the sub-  the suboptimal one (-.) versus the appropriate CRB.
optimal one (-.) versus the original (-) curves for an SNRadqo “

10dB. ) =]

AM, the accuracy of the IF estimation is sufficiently high
and estimated curves are close to the original ones. The IA
estimation is also acceptable. The two proposed algorithms

requyency MSE

K

are able to estimate crossing or close frequency trajestori e e * Time ° 1 ®

which was a challenge. -

5.2. Comparison with the CRB uraop TN o

. . . = S~ nczmo-moEaitonszo--oIiET

In the following, we consider case | for a statistical param-  g* g
. . 2 -

eter study. The performance estimation of the frequency and ?‘0’ e, Y— - /9“3 1

the amp”tUde paramete{’am,al,g,ag,l, fl,O; f2,0,9170} a- <50 B e -7

re reported in Fig.6. In Fig.7, the bias of the parameter es-  -e' - < L L - =
tlmatgs are plotted. _The_ solid line denotes the ij’ which Fig. 5. The MSE of the IF arT1I(TeiA estimates presented for only
are given by the main diagonal of the matf} M ~". AS e component of the case | using the optimal algorithm-)

the proposed estimators are biased, the direct compagison igng the suboptimal one (-.) versus the appropriate CRB.

not evident. We can see the MSE of the amplitude param- . i

eters very close to the corresponding CRB. Similar results Putation time. It is shown that closely spaced or crossed
are obtained for the other parameters. This highlights theTeAUeNcy trajectories on short time duration are welk-esti
performance of the two proposed methods in a noisy envi-Mmated in the presence of nonlinear amplitude modulation

ronment. Works are in progress for evaluating the influence 2nd multlcom.ponent signals. ,Th's was a g_reat cha_llenge.
of the correlation between estimates. In future, we intend to study highly non stationary signals

on long duration. We will estimate signals over contiguous
6. CONCLUSION short-time segments. Then we will merge all estimated sig-

In thi hods based h , likeli nal parts to reconstruct the entire signal as we did for one
n this paper, two methods based on the maximum likeli- component[9, 11].
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