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LIMITING ABSORPTION PRINCIPLE FOR THE DISSIPATIVE
HELMHOLTZ EQUATION

JULIEN ROYER

ABSTRACT. Adapting Mourre’s commutator method to the dissipative setting, we
prove a limiting absorption principle for a class of abstract dissipative operators. A
consequence is the resolvent estimates for the high frequency Helmholtz equation when
trapped trajectories meet the set where the imaginary part of the potential is non-zero.
We also give the resolvent estimates in Besov spaces.

1. INTRODUCTION

We consider the following Helmholtz equation:
AA(z) + k2(1 — N(z))A(z) + ikoa(z) A(z) = Ag (1.1)

This equation modelizes accurately the propagation of the electromagnetic field of a
laser in material medium. Here kg is the wave number of the laser in the vacuum, N
and a are smooth nonnegative functions representing the electronic density of material
medium and the absorption coefficient of the laser energy by material medium, and
Ap is an incident known excitation (see [B J]). Note that the laser wave cannot
propagate in regions where N(z) > 1, so it is assumed that 0 < N(z) < 1. An
important application of this problem is the design of very high power laser device such
as the Laser Méga-Joule in France or the National Ignition Facility in the USA.

The oscillatory behaviour of the solution makes numerical resolution very expensive.
Fortunately, the wave length of the laser in the vacuum 27k, 'is much smaller than the
scale of variation of N. It is therefore relevant to consider the high frequency limit kg —
oo. The simplified model with a constant absorption coefficient has been studied in many
papers. This coefficient is either assumed to be positive (see [BCKP03, BLSS04, WZ04])
in order to be regularizing, or only nonnegative ([Wan07]), in which case the outgoing
(or incoming) solution has to be chosen for A, but in both cases the non-symmetric
part of the equation is in the spectral parameter, and what remains is a selfadjoint
Schrodinger operator. More precisely we are led to study an equation of the form:

(=h*A+V(z) = (B +ipn))un = Sh

where h ~ kg ! is a small parameter.

When the absorption is not assumed to be constant, it has to be in the operator itself
and the selfadjoint theory no longer applies. However, the anti-adjoint part is small
compared to the selfadjoint Schrodinger operator, so by perturbation theory we can see
that some results concerning the selfadjoint part still apply to the perturbed operator.

In this paper we study the limiting absorption principle for the following dissipative
Schrédinger operator:

Hy = —h?A + Vi(x) —iv(h)Va(z)
on L?(R™), where Vi is a real function, V3 is nonnegative and v :]0, 1] —]0, 1]. Note that
v(h) = h for the Helmholtz equation.
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In the first section, we prove a uniform and dissipative version of the abstract com-
mutator method introduced by E. Mourre in [Mou81] and developped in many papers
(see for instance [PSS&1], JMP84, Jen8], [DJO1], [GGM04| and references therein). In par-
ticular we see that the anti-adjoint part with fixed sign allows us to weaken the Mourre
condition we need to prove uniform estimates and limiting absorption principle on the
upper half-plane. On the contrary, the result is not valid on the other side of the real
axis.

In section 2 we apply this abstract result to the dissipative Schrodinger operator in
the semi-classical setting, following the idea of C. Gérard and A. Martinez ([[GMS8Y], see
also [RT87 for the semi-classical limiting absorption principle). In particular we get
uniform estimates of the resolvent (Hj, — z)~! for h small enough, Imz > 0 and Re z
close to £ > 0. In the selfadjoint case, the result is true if and only if E is a non-
trapping energy, that is if there is no bounded classical trajectory for the hamiltonian
flow associated to the symbol p(xz, &) = &2 4+ Vi(z) of Hy. In the dissipative case, the
weakened Mourre condition gives a weaker condition on the classical behaviour: we only
have to assume that any bounded trajectory of energy E meets the set where Vo > 0.
Note that it is consistent with the selfadjoint result. Section 3 is devoted to prove that
this condition is necessary (when v(h) = h, which is the case we are mainly interested
in). To this purpose we use a selfadjoint dilation of the Schrédinger operator and we
prove a dissipative Egorov theorem.

Finally, we show that the estimates we have proved in weighted spaces can be extended
to estimates in Besov spaces, first for the abstract setting of section 2 and then for the
Schrédinger operator.

2. COMMUTATOR METHOD FOR A FAMILY OF DISSIPATIVE OPERATORS

We first recall that an operator H of domain D(H) in the Hilbert space H is said to
be dissipative if:
Vo € D(H), Im(Hp,p) <0

2.1. Uniform conjugate operators. Let (Hp)neo,1) be a family of dissipative opera-
tors on H. We assume that Hj, is of the form Hj; = H{)L — iV}, where Hg is selfadjoint
on a domain Dy independant of h and V}, is selfadjoint, nonnegative and uniformly
Hp-bounded with relative bound less than 1:

3a € [0,1,3b € R,Yh €]0,1],Yp € Dy, |Vagl < a HH{;@H ool (21)

For any h €]0,1] and ¢ € Dy, write: [l¢flp, = |HEo|| + lloll. Consider now a
family (An)ne)o,1) of selfadjoint operators on a domain D, independant of h, J C R and
(n)nejo) with ag €]0,1].

Definition 2.1. The family (A4j) is said to be uniformly conjugate to (Hj) on J with
bounds (ay,) if the following conditions are satisfied:

(a) For every h €]0,1], Dy N Dy is a core for HY.

(b) e*4n maps Dy into itself for any t € R, h €]0,1], and:

HeitAhngFh < 00 (2.2)

Yy € Dy, sup
helo,1],]¢]<1
(¢) For every h €]0,1], the quadratic forms i[H}, Aj] and i[V},, Ay] defined on Dy N D4
are bounded from below and closable. Moreover, if we denote by z'[H(}}, Ap]° and
i[Vi, Ap]° their closures, then Dy C D(i[HE, Ap]°) N D(i[Vi, Ap]°) and there exists
¢ > 0 such that for h €]0,1] and ¢ € Dy we have:

it 4| + Vi, Al < evam il 2.3
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(d) There exists ¢ > 0 such that for all 9,9 € Dy ND4:

itrg, 410, A ) = (An, ilHE, A°0)| < con g, I0lr, — (2.4)
and similar estimates hold for the forms [i[V},, Ap], Ay and [V, Ap].
(e) There exists Cy > 0 such that for all h €]0, 1]:
Ly (HE) (il A + Cv Vi) Ly (HE) > anly (H}) (2.5)

where 1; denotes the characteristic function of J and hence (1;(HE));cr is the set
of spectral projections for the selfadjoint operator H{)L.

Let C, ={#€C:Imz >0} and for J CR: Cj4 ={2€C; :Rez e J}.

2.2. Abstract limiting absorption principle. We first prove a version of the qua-
dratic estimates (see [Mou81], prop. IL.5]) we need in our dissipative case:

Proposition 2.2. Let T'=Tr — 717 be a dissipative operator on H with Tr selfadjoint
and Tr nonnegative, selfadjoint and Tgr-bounded. Then for all z € C, the operator
(T — z) has a bounded inverse. Moreover if B is an operator such that B*B < Tt and
Q is a bounded selfadjoint operator, then we have:

1
|B(T —2)7'Q| < [lQ(T —2)'||? (2.6)
Proof. Since Ty is closed and Tt is Tr-bounded, T is closed. For z € C, and ¢ € D(Hy)
we have:
1T = )¢l el > T (T = 2)p, )| = (Trp, @) + Imz ||| > > Tm 2 o]

So (T'—z) is injective with closed range. We similarly prove that ||(T* — Z)¢|| = Im z ||¢]|,
so Ran(T — z) is dense in ‘H and hence equal to H, which proves that (T' — z) has a
bounded inverse. Let ¢ € ‘H. We compute:

BT - 2)7'Qy||”
= (B*B(T — 2)7'Qy, (T — 2) ' Qyp)

<(TU(T = 2)7'Qp, (T = 2)7'Qp) + Tm 2 (T = 2)~'Qp, (T — 2)~'Qyp)
2 QU =27 —7) — (T - (T~ )7 0)
<o -2l lel?

N

O

Let (-) denote the function z — /1 + \x!2 We can now state and prove the main
theorem of this section:

Theorem 2.3. Let (Hp)nejo,1) be a family of dissipative operators of the form Hj =
HE — iV}, as in section B3 and (An)nej,1) @ conjugate family to (Hp) on the open
interval J C R with bounds (an)nejo,)- Then for any closed subinterval I C J and all
s > %, there exists a constant ¢ > 0 such that:

VA €]0,1),¥z € Cry,  |[(AR) ™ (Hy — 2)~  (An) %] < aih (2.7)

Moreover, we have for all z,2' € Cy 4

2s—1
2s+1

__4s
[(AR) ™ (Hp — 2) 7" = (Hp — )71 (Ap) 7% ey, ™ |2 =2 (2.8)
and for E € J the limit:

(An) ™" (Hp — (B +i0)) " (Ap) " = i (Ap) ™7 (Hp = (B + i)~ AR (2.9)

2s—L_Hslder continuous function of E.

exists in L(H) and is a 5.7
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Remark 2.4. As in [Mou8]), if we only need resolvent estimates for an operator H =
Hy — iV where Hj is selfadjoint and V is selfadjoint, nonnegative and Hy-bounded, we
look for a conjugate operator which satifies the same assumptions as in definition P.]]
with a weaker Mourre condition:

1,(Ho) (i[Ho, A]° + Cy'V) 1,(Ho) > al,;(Ho) + 1,;(Ho)K1,(Hy)

where K is a compact operator on H. Indeed, for any E € J No.(Hy) (the continuous
spectrum of Hy) we can find § > 0 such that:

e
Lip—s,5+5)(Ho) K155 p4s](Ho) > =5 Lim—s55+5(Ho)
hence A is conjugate to H on [E — 6, E/ + 6] with bound § in the sense of definition R1.
The proof of theorem P.3 follows that of the selfadjoint analog:

Proof. Let I C J be a closed interval and s € ]%, 1] (the conclusions are weaker for
s > 1). Throughout the proof, ¢ stands for a constant which may change but does not
depend on z € Cy 4, € €]0,1] and h €]0, 1].

1. Let ¢ € C§°(J,[0,1]) with ¢ = 1 in a neighborhood of I. We set P, = ¢(H[) and P =

(1 — ¢)(H6L) We also deﬁne: @R,h = Z‘[H(f)L,Ah]O, @I,h = i[Vh,Ah]O, @h = @R,h — i@[,h

and ©) = CyVj, + Oy, Cy being given by assumption (e). Then by assumptions (c)
and (.1), ©) is Hl-bounded and:

H@hPhH + ”Ph@h” < ev/ay (2.10)

The operator V}, is H{)‘—bounded and Ph@}‘fPh is bounded, so for all h,e €]0, 1] we can

apply proposition R.q with Tg = H{)L — eP,O1 Py and Ty = V), + e Py (Cy Vi, + Opp) P
Indeed by assumption (e) we have:

0 S (\/OéhPh)2 = ahPh]lJ(Hg)2Ph S Ph(CvVh + GR,h)Ph (2.11)
and hence T7 is nonnegative so G, (¢) = (Hp, — iEPhGXPh — 2)~1 is well-defined for any
S (C+.

Then we write Qp,(c) = (Ap) " (eA)* ! and finally: F, (¢) = Qn(e)G.n(e)Qnle).
By functional calculus we have:
lQr(e)l <1 and  [[43Qn(e)|| = |Qn(e)Anll = & (2.12)

and the second part of proposition R.3 with B = \/V}, and Q = Qy,(¢) for all h, e €]0,1]
gives :

1
|VViG.i@ane)]| < IEaEI? (2.13)
2. By (R.11]) and proposition R.3 now applied with B = ,/aj+/cP,, we also have:
1 1
PG, < —=||F, 2 2.14
PG O < =z P (2.14)

On the other hand:
(1+ VVi) PG n(£)Qn(e) = (1+ Vi) FL(HE — 2)7' (1 +i(Vi + ePLO} Pa)Ga n(€))Qn(e)
= (1+ VVa) P (H} = 2) 7' Que)
+i(1+ Vi) PL(HE — 2)"WViGo () Qnle)
+ie(1 4/ Vi) Ph(HY — 2) ™ Py©y PG () Qnl(e)

+ieCy (L + Vi) P (HY — 2) 7 PaVa PaG () Qn ()
(2.15)
By functional calculus and (.1]) we have :

|+ VB - 27 V)| <
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With (R.13), (-10) and (R:14), this proves that the first three terms of (B.I7) are bounded

by ¢(1 + Hth(E)”%) For the last term, since P,+/V}, is uniformly bounded, it only
remains to estimate:

e [VVPG-n@enE)| <2 [ViRG-a@ane) | + = [ VIERG. e Que)|
< el|Fon(e) \2 +€H (1+ \/Vh VPG .0 ()Qn(e H

For ¢ €]0, 9], 9 > 0 small enough, we finally obtain:
|PiGon(@Qu @]+ [VIRPIG-a@@n)| < e (14 1FE)]1) (2.16)

Together with (R.14) this gives:

1B < G < e ( ” W_}f\ﬂ) @.17)
and hence:
1Fn(e)] < — (2.18)

[677%9
Note that by (R.]) we also have:

1 b
|HbG-n@@n6)|| < 1G4 EQE + == |G- 1(=)Rn()]

1 (2.19)
| F-a(e)l]?
<C<1+ NG >

while (R.13) and (R.16) give:
|[VVaPG.nE@nE)| < e (1+ I1FaE)17) (2.20)

3. We now estimate the derivative of F, ; with report to e:

d

2 h(€) = iCy Qu(e) G (€) PV Ph G (2) Qn(e)
= iQn() G (€) PhORPLG 5 () Qn(e)

+ %Gmh(@@h(s) + Qn(€)Gzn(e)

dQp(e)
de

Functional calculus gives:

dQn(e)
de

so the last two terms can be estimated by:

H dQn(e)
de

s—1
L ce

dQp(e)
de

G.n(e)Qn(e) + Qn(e)G. n(e)

1
- [ F2n(e)]2
< gt B N R U A |
( \/Oéh\/g
By (.2() we have :

1Qr(€)G 21 (e) Ph Vi PhG . 1 (e)Qn(e)|l < c(1 + || F2 n(e)])

and for the second term we replace P,OpF), by ©) — P,©,P, — PO, Py, — PO, P},
which gives:

iQh(E)Gz,h(é‘)Ph@hPth,h(E)Qh(E) =D1+ Dy + D3+ Dy
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with:
D2l = || Qn(€)G2n(€) PhORPL G 1n(€) Qn(e) |
< |Qn(e)G . n(e)]| HPh@hHHPh G )Qh(ﬁ)H

. <1 . ﬁ qu,h(e)n%) x v/ x (14 | Ea(e)])

1
1+ 2 PO
(e
Ds is estimated similarly, while we use () for Dy:

[Dall = ||Qn(€) G n(e) PO PLG - 1(2)Qn(e) |
< | QuE)Gon(e) Phl O~ —1Ph

<e(1+ J1ma0)

To estimate D1, we are going to use the choice of ©g j, and ©O7 ;, as commutators with
Hj,. By proposition I1.6 in [Mou81], G, (¢) maps D4 into Dy NDy, so we can compute,
in the sense of quadratic forms on Dy ND4:

Qn(€)G2n(e)OnG n(e)Qnle)
= iQn(e)G 2 n(e)[Hp, AnlG 2 n(€)Qn(e)
= iQn(e) Gz n(e)[Hp — 2 — Z€Ph@h Py, Ap) G n(€)Qn()
—eQn(€)G. 1 (€)[PaO}, Pr, AnlG. 5(€)Qn(e )
)
(

')Gz,h(E)Qh(E)H

= iQn(e)[An, G2 n(€)|Qn(e) (2.21)
—eQn(2) G () [PhO), Pry Ap)Gn(£)Qn(e)
For ¢, € Dy N D4, we have:

1 3 1
(G2 n(e)Qn(e) e, AnQn(e)p)| < cay, 2 2 [FLn(e) |2 [l 4]l
according to (R.I7) and (2.12).
By proposition 1.6 in [Mou8]], the quadratic form [P,©) Py, Aj] has the properties
of [©), Ap] given by assumption (d). With (R.19) this proves:
e |([PhO®F Pr, A)G2n(€)Qn(e)e, G2 n(e)* Qule) )|
Scape||Gon(e)Qn(e)elly, 1G2n(e)Qn(e)Yllr,
<l + [1E @) el 1l
So both terms in (R.2]) extend to bounded operators and:

1 3 1
104l < ey 223 (14 [Fon(@)F) + (14 |Fp())

and hence we have proved:
3

d c 5™ 1
—F, — ||F, F, 2
PG B LG Ey LE]
which can also be written:
d
[ fonra@| <t ZlanFua@l e HaFa@l @2

4. Using lemma 3.3 in [JMP84] with (£.1§) and (.23), we get that F, () can be con-
tinuously continued for ¢ = 0. Furthermore, the constants in this lemma do not depend
on the function but only on the estimates. Since (ajF};(g)) and its derivative with
report to ¢ are estimated uniformly in h, we can conclude that o, F, ,(0) is uniformly
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bounded in h, which is exactly ([.7).

5. Since F}, j,(¢) is bounded as a function of ¢, (:29) becomes:

‘ di&‘FZ’h(E) < ca,‘LlaS_%
and gives:
1Fon(e) = Fen(0)] < cap'e®™2 (2.23)
Moreover with (.17) we get:
5700 < [@r@e-nereue)] < Iemer@ne <

and hence for z,2" € Cr 4

clz — 72|

[ Fen(e) = Fon(e)]] < (2.24)

2
ape

2

Take now z, 2z’ € Cr 4 close enough, h €]0,1] and € = o), **" |2 — z’]%“. Then (P-23)
and (E21) give (23).

In particular, for E' € I the map p — Fpgy, 5 (0) has a limit for p — 07, and taking
the limit 4 — 0 in (2:§) with z = E + ip and 2/ = E’ + iu shows that the limit is
Hoélder-continuous with report to £ and finishes the proof. O

Remark 2.5. We added the uniform estimate on [V}, Ap] in assumptions (d) because we
had to put V}, in the e-term of G, () in order to use the weak Mourre estimate (R.5).
But this assumption is useless if we can take Cy = 0 in (2-3).[]

3. APPLICATION TO THE DISSIPATIVE HELMHOLTZ EQUATION

In this section we apply the abstract Mourre theory to the dissipative Schrodinger
operator. Let V; € C*°(R",R) with:

Va e N Vz € R", |0°Vi(z)| < Cq (z) P71 (3.1)

for some p > 0 and Cy, > 0. Let V5 € C*°(R"™,R) nonnegative, with bounded derivatives
(up to any order) and:

Vg(l‘) — 0 (3.2)

|x|—o00
We consider on L?(R™) the operator:
Hy = —h*A+ Vi —iv(h)Va

where v(h) €]0,1]. We denote by H}) = —h2A + Vj(x) the selfadjoint part of Hj,
v(h) = min(1,v(h)/h) and:

O = {(z,&) € R : Va(z) > 0}
We also write Op}/'(a) for the Weyl-quantization of a symbol a (see [Rob87, Mar02, EZ)):

Opy(a)u(x) = (27rlh)" /n /n o (T=1.8) <a: ; y,§> u(y) dy d€

! Initially, estimate |V (H} + i)~'|| = O(y/an) was also required in assumption (c). I thank Th.
Jecko for pointing out that this can be avoided.
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3.1. Hamiltonian flow. Letp: (z,§) — €24-V1(z) be the symbol of HY, and (zg, &) —
®' (o, &0) = (T(t, 20,&0), E(L, 70, &)) € R?™ the corresponding hamiltonian flow:

OE(t, w0, &0) = 2£(t, 20, &0)
O (t, w0, &0) = —VVi(T(t, 0, &)
¢° (0, &0) = (w0, o)
For I C R we introduce:
(1) = {w € p*(I) : {Z(t,w) }ter is bounded}
Qo (1) = {w € p~H(I) : [7(t, w)| —— o0}

We recall a few basic facts about this flow:

Proposition 3.1. (i) For a € C®°(R?") we have d;(a o ¢*) = {p,a o ¢*} where {-,-}
is the Poisson bracket.

(ii) If I C RY is closed, there exists Ro(I) > 0 such that for any R > Ro(I), a
trajectory of energy in I which leaves B, (R) (in the future or in the past) cannot
come back.

(iii) If I C R, p~1(1) = Qp(I) U QL (I) U Q(1).

(i) If I C R% is closed, then Qy(I) is compact in R*".

(v) If I C RY is open, then QL (1) and Q2 (I) are open.

3.2. Limiting absorption principle for the dissipative Schrédinger operator.

Theorem 3.2. Let E > 0 and s > % If all bounded trajectories of energy E meet O,
then there exists ¢ >0, hg >0 and [ = [E — 0, E + 6], 6 > 0, such that:

(i) For all h €]0, ho:

o ™ 2 el <

(ii) For all h €]0,ho] and 2,2 € Cy 4
@)™ ((H = 27 = (Hy = )7 )] < e (o) 7 |2 — 2
(11i) For A € I and h €]0, hg| the limit:

(@)™ (Hy, — (A +10)) ™ {z) ™" = uﬁj& (@) (Hy — A +ip) " )™ (3.5)

exists in L(L*(R™)) and is a gi;} -Hélder continuous function of \.

(3.3)

2s—1
=T (34)

Remark 3.3. This condition that a damping perturbation of the Schrédinger operator
allows to weaken a non-trapping condition already appears in [AKO07] where dispersive
estimates are obtained for the Schrodinger operator on an exterior domain.

Remark 3.4. We are mainly interested in the cases v(h) = h (#(h) = 1), as mentionned
in the introduction, and v(h) = h? (#(h) = h) which appears in the study of the high
energy limit for the Schrédinger operator —A — iVa — z, Rez > 1 (see [AKO07, §1.2]).

Remark 3.5. If E is a non-trapping energy, we have the usual estimate in O(h™!), no
matter how small the anti-adjoint part is.

The proof of theorem B.3 follows that of the selfadjoint case given in [GM8Y]: we find
a conjugate family of operators using the quantization of an escape function and then
we check that this operators can be replaced by (z) in the results of theorem B.3. The
only difference is that we need to prove a weaker Mourre estimate so we are allowed to
consider a function which is not an escape function where V5 is not zero. Let us denote:

1
Ap = §(x.hD + hD.z) (3.6)

the generator of dilations.
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Proposition 3.6. For any r € C§°(R?*™,R) the operators v(h)Fy, = v(h)(Ap + Op(r))
are selfadjoint and satisfy assumptions (a) to (d) for a conjugate operator to Hp,.

The proof of this proposition is not really changed by the imaginary part of V', so we
omit it. The important assumption is the Mourre estimate (e), for which we need to
chose r more carefully:

Proposition 3.7. Assume that every bounded trajectory of energy E goes through O,
then there exists ¢ > 0 and r € C§°(R*",R) such that v(h)F), = v(h)(A + Opy'(r)) is
conjugate to Hp, on J = [E — €, E + €| with bounds cohv(h), where ¢y > 0.

Proof. 1. We first remark that the assumption on bounded trajectories can be extended
to a neighborhood of E: there exists € € |0, E/12] such that any bounded trajectory of
energy in [E — 3e, E + 3¢] meets O. Indeed, assume that for any n € N we can find w,
in the compact set Q([E/2,2E]) such that p(w,) — E and w, ¢ O? where:

0% =Jo " (0)
teR

Maybe after extracting a subsequence we can assume that w, — w € Qp([E/2,2E]).
As p is continuous, we have p(w) = E, and hence w € O? which is open. This gives a
contradiction. We set J =|E — ¢, E +¢[, Jy =|E — 2¢, E + 2¢] and J3 =]F — 3¢, E + 3¢[.

2. Let R > Ry(J3) (given in proposition B.I]) so large that Q,(J3) C By(R), where
B.(R) = {(z,¢) € R? : |z| < R}, and:

|2Vi(x) + 2. VVi(x)| <

|

when |z| > R

Let b € C®(R") equal to x.£ outside B,(R + 1) and zero in a neighborhood of B,(R).
Then, if p(x,§) € Js3 and |z| > R+ 1 we have:

{p,b}(x,&) = 2p(x,&) — 2Vi(z) —2.VVi(x) > E (3.7)
and {p,b} =0 in B,(R).

3. Let w € Q(J3) and Ty, € R such that ¢’v(w) € O. As ¢'v is continuous, we can
find 7, > 0 and an open neighborhood V,, of w in R?" such that for any z € V,, we
have ¢T(2) € 0., where O, stands for {(z,&) € R*" : V() > ~v}. Let U, be another
neighborhood of w with Uy, C Vi, guw € C(R?",[0,1]) be supported in V,, and equal
to 1 on Uy, and f € C°(R?*") defined for z € R?" by:

Tw
fulz) = /0 (671 (2)) dt

fw has been chosen to satisfy:

Tw Tw d

{p, fw}(z) = {p, Guw © gb_t}(z) dt = — ng(Qs_t(z)) dt

0 0
= gu(2) = gu(@™ " (2))

The first term is supported in V,,, nonnegative and equal to 1 on U,, while the support
of the second is in ¢?*(V,) C O,,. In particular {p, f,} is compactly supported,
nonnegative outside O, and equal to 1 in Uy, \ O, .

As Q,(J3) is compact, we can find wi,...,wy € Q(J3) for some N € N such that
W(J3) Cc U = uyzluwj. Let v = minjgj<n Y, and f = Z;VZI fw;- Then {p, f} is
compactly supported, nonnegative outside O, and greater than or equal to 1in ¢/ \ O,.
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4. We can find a constant Cy > 0 such that {p,f} + CyV2 > 1 on O,, so that
{p, f} + Cy V4 is nonnegative on R?" and at least 1 on U.

5. Let:
Uy = QO (J3) N B(R+2)
We have:
U UU-UUUp H(R\ J2) U (R*™\ By(R+1)) =R*
Considering a partition of unity for this open cover of R?" provides two functions g+ €
C§°(R?", [0, 1]) supported in Uy such that go = g4 +g— is equal to 1 in a neighborhood
of the compact set:
Koo =p '(J2) NBo(R+1)\U

There exists T' > 0 such that for any w € R?” we can find a neighborhood V of w and

7+ > 0 such that for any v € V and t > 0 we have:

0< gi(ﬁbit(v)) < ]l[Ti7T+7'i}(t)

As a consequence the functions:
00 n
fj:::F/ (g+ 0 ¢™") dt
0

are well-defined, bounded (by T') and C* on R?". The same calculation as for f shows
that {p, f+} = g+ > 0. Hence we can find a constant C, > 0 such that for foo = f1+ f—
we have:

{p,b+Coofoc} =2 E on Ky (3.8)
and we already know that {p, b+ Cso foo} = {p,b} is nonnegative on p~1(J2) \ Kuo.
6. Let ( € C§°(R™) equal to 1 on B(R + 2). Since we can replace ¢ by = — ((ux) with
1 small enough, we can assume that:

E
Coe 1P, CH ey < 20T sup |EVC()] < 5
p~1(J2)
With (B.7) and (B.§) this gives:
E
{pb+(fc}>5 o pHJ)\U (3.9)

and {p,b + (fs} is still nonnegative on p~!(.J2) since V¢ = 0 on Y. Taking r(z,¢) =
7.£ — b(2,€) + CooC foo + f then r € C§°(R?*?) and:

FE
{px.&+71}+CyVa >2cog onp (Jo) with 2¢ = min <1, 5)

7. Let Fy, = Ap + Opy(r) = Opy(x.£ + 7). The principal symbol of the operator
ih = [Hyp, ) is {p,x.£ + r}. Let x € C§°(R) supported in Jo and equal to 1 on J.
By [Rob87 or [HR8]] the operator x(H') is a pseudo-differential operator of principal
symbol x o p. As a consequence the principal symbol of the operator:

7
EX(H{L)[H{Lth]X(H{L) + Cy Vo — 2cox (H)?

is nonnegative, so by Garding inequality (see theorem 4.27 in [EZ]) there is C' > 0 such
that, after multiplication by hr(h):

X(HLYi [ Y 5(0) B | XCHT) + hio()Cy Vo > 2h5(h)cox(HT)? = Ch2(h)
Taking h small enough and multiplying by 1;(H {L) on both sides give:
1, (HY) (z [H{‘, ﬂ(h)Fh} + hﬁ(h)CvVQ) 1, (HP) > hir(R)eo Ly (H!)?
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Then (v(h) — hir(h))1;(HMCy Vol ;(HP) > 0 so we have:
Ly (HY) (i [ HE9(0) By + Cov(h)Va) Ly (HYE) > hir(R)eol s (HT)?
which is the Mourre estimate we need. Note that if F is non-trapping we can take f = 0,
Cy = 0, and use the estimate:
Ly (HY)i[HY, Fp] Ly (HY) > heoly(HY)?
even if h > v(h), which justifies remark B.j. O

This proposition shows that for any closed subinterval I of .J theorem B.9 is true with
(D(h)Fp)~* instead of (x)™°. The operator (7(h)Fy)® (#(h)Ap)"° is bounded uniformly
in A (this is true for s = 0 and s = 1 hence for any s € [0, 1] by complex interpolation),
so conclusions of theorem B.9 are valid with (#(h)Ay)”°. Now write:

(Hy—2)"" = (Hy—i)" = (z—i)(Hp — i) + (z —i)*(Hp — i) "(Hp — 2) " (Hp — i) 7"

Since (7(h)Ap)® (Hy, — )~ (z)™° is uniformly bounded (see [PSS81], lemma 8.2]), this

gives:

x) " (Hp — i) (Hy —2) ' (Hp—9) 7 (z) 77 (3.10)

<
ho(h)
where ¢ does not depend on z € Cy 4 with Im 2z < 1. This is (B-J). Then (B4) and hence
existence of the limit (B.H) follow similarly.

4. NECESSITY OF THE CONDITION ON TRAPPED TRAJECTORIES

We consider in this section the operator Hj, = —h?A + Vi — ihV, we introduced
to study the Helmholtz equation. We prove that our assumption that every bounded
trajectory of energy E should meet the open set O is actually necessary in order to have
the uniform estimates and the limiting absorption principle as in theorem B.3. When

Va = 0, this is proved in [Wan87].
Theorem 4.1. Assume that for some s € ] %, #[ (p > 0 given by (B0])), there exists
€, hg > 0 such that the limait:
(@) 7" (Hp = (A +30) 7! (2) ™
exists for all A € J =|E — ¢, E + €[ and h €]0, ho] with the estimates:
—S — —s C
o~ (Bt = 2 (@) < &

uniformly in z € Cj1 and h €]0, ho], then every bounded trajectory of energy E goes
through O.

To prove this theorem we use the contraction semigroup generated by Hp, (given by
Hille-Yosida theorem, see for instance theorem 3.5 in [ENO{)]):

Up(t) = e wHn t>0

We first need a dissipative version of the Egorov theorem. Let ¢ € C°°(R; x R?*") be
defined by:

o(t.w) = exp (=2 [ Valo(u) s
(where Va(z,€) means Va(z) for (z,€) € R?*™).
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Theorem 4.2. Leta € C*°(R?*") be a symbol whose derivatives are bounded (in L°°(R™)).
Then for all t > 0 we have:

Un(t)" Opy (a)Un(t) = Opj ((a 0 ¢')q(t)) + hR(t,h) (4.1)

where R is bounded in L(L?*(R™)) uniformly in h €]0,1] and t in a compact subset of
R, .

Remark 4.3. More precisely, we prove that there exists a family (b(7, h)),>0 of classical
symbols with bounded derivatives (uniformly for 7 in a compact subset of R ) such that
for all t > 0:

Rt h) = /0 Un ()" Ot (b(r, 1)) Un (7) dr (4.2)

Remark 4.4. If we replace one of the Uy(t) by Ul (t) = e~ wH1 in the left-hand side of
(E3) then we have to replace g by

i @9 e (- t Vil ) ds (43)

0

in the right-hand side (with the two occurences of Uy (t) replaced by U} (t) and ¢ replaced
by 1, theorem [£.9 is just the usual Egorov theorem).

Proof. We follow the proof of the usual Egorov theorem (see for instance [Rob87, § IV.4]).
Let t > 0. For 7 € [0,t] and w € R?" write:

a(r,w) = a(¢" " (w)) exp(S(T,w)) where S(,w) = —2/ Va(¢® T (w)) ds
and:
Bi(7) = Un(7)” Opy (a(7))Un(T)
so that the estimate we have to prove is: By,(t) — Bj,(0) = O(h) in £(L?*(R™)). We have:

dra(r) = —{p,a 0 ¢' "} exp(S(7)) +2 <V2 + / {p,Vao " 7} ds) a(r)

= —{p,a0¢' "}exp(S(7)) + 2Vaa(r) — {p, S(r)} a(r)

= 2Vaa(r) — {p,a(7)}
The function 7+ By, (7) is of class C! in the weak sense and:

B}, (1) = Un(r)* B (r)Un(7)

with:
= 5 [H}, Op}!(a(r))] — V2 Op} (a(r)) — Op (a(7))Va + Op} (9a(r)
= Opﬁ(C(T, h))

Bh(T)

for some classical symbol c(7,h) = 3.y h/c;j(7), and in particular:

co(7) = {p,a(r)} — Vea(r) — a(r)Vz + 0-a(1) = 0
Setting b = h~'c we get ([.1))-({£3), in the weak sense and hence in £(L?(R")). O
Proposition 4.5. Assume that the assumptions of theorem [[.1 are satisfied. Then for

any x € C§°(R) supported in J there exists ¢ > 0 such that for all h €]0, ho] and z € C
we have:

)= X (1 — )~ ) )~ (4.4)

C
S7

Remark 4.6. We have similar estimates for (H; —z)~1.
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Proof. First, we can find ¢ > 0 such that estimate (f.4) holds for z € C; . by assumption
and uniform boundedness of (z)F* x(H!) (z)™* with report to h (note that this last
statement holds for s = 0 by functional calculus and for s = 1, we use the fact that x(H})
is a pseudo-differential operator whose symbol has bounded derivatives and [z, Op}' (b)] =
—ih Opjy' (0¢b); then the claim follows for any s € [0,1] by complex interpolation).
Then, there exists § > 0 such that for all z € Cg\ ;4 we have d(z,suppx) = 0. As

a consequence, the operator x(H!)(H}' — z)~! is bounded uniformly in z € Cr\J,+ and
h €]0, hg]. Hence, using twice the resolvent equation, we can write:

|y, — )~ x|
< e 2 |[x(H)(HY = )7 WVa(Hy — )7 Wa(H] = 2) x|

¢ (140 ||VaVa(H, = 27 Vv

<
<c

where the last step is given by proposition .4 applied with T = Hy, = H {‘ —thVs and

= Q= ViVs. O

Proposition 4.7. Assume that the assumptions of theoreme .1 are satisfied. Then for
any x € C§°(R) supported in J there exists Cy > 0 such that for all ¢ € L*(R™) and
h €]0, ho] we have:

oo 2
| @ xamon]a < oo (45)

Proof. Let K} be the selfadjoint dilation of Hj, on the Hilbert space X O L%(R")
given in appendix [A]. Let P be the orthogonal projection of X on L*(R") and A; =
(x)™° x(H}) € L(K), where operators on L?(R") are extended by 0 on L2(R")+ C K.
Let ¢ = (90, ¢1) € K = L>(R") @ L2(R™)*. For z € C; we have:

|<A2(p, ((Kh - z)_l - (Kh - 2)_1) A290>K|

- ‘<<P07 ()™ x(Hﬁ (=27 = (= 2) ) (D) ) ),

HsOoHLz(Rn HcpH;c

where c is given by proposmon .5 The same applies if Im z < 0, so by theorem XIII.25
in [RS7Y], where h-dependance has to be checked for our semiclassical setting, this proves
that A, is Kj-smooth and:

sup sup /HAhe htthoH dt < oo (4.6)
hel0,ha] [loll=1

But for ¢ € L2(R"™) (which we identify with (¢,0) € K), h €]0, ho] and t > 0 we have:

7 U] gy = 7 xR PR = AremRE]

so ([.9) gives (E5). O

Proposition 4.8. Let T > 0 and x € C§° as in proposition [{.8. There exists hp > 0
and C}, > 0 such that for any ¢ € L*(R™) and h €]0, hr] we have:

T 2
/0 (@)~ x(HEUE QAT dt < O P (4.7

where Qn(T) = OpY (q1(T)), q1 being defined in (f3J).
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Proof. According to Egorov theorem applied with the symbol a(z,£) = 1 we have:

U (—t)Un(t) = Qn(t) + hR(t, h)
where R is bounded in £(L?(R")) uniformly for h €]0,1] and ¢ € [0,7]. On the other
hand, writing Qp(¢,T) = Opy (q1 (¢, T')) with ¢1(¢,T) = (e_ S vaos” dT) for t € [0,T] we
have by theorem 5.1 in [EZ]:

1Qnt,T)| < C+ 0 (\/E) and  Qn(T) = Qu(t, T)Qn(t) +hgo(h)

where C does not depend on ¢, T and h, and the sizes of the remainders in £(L?(R"))
depend on T" but can be estimated uniformly on ¢ € [0,7]. Then if ||¢| = 1 we have:

g 2
/0 H<x>_5X<H{’>U{‘(t>Qh(T)¢H dt

T

< [ vt o menws| a+ o @

(@)~ XHNQET + U@ i+ 0 ()

/N
o\o\qo\g

QLT +0) @) x| di+ 0 k)

< <C+h0 (x/ﬁ)> /OT H<$>_8X(H{L)Uh(t)¢H2 dt + O (h)

h—0

where C), is given by proposition l.7]. The remainder is uniformly bounded in ¢ so
we can chose hr > 0 small enough to make it less than 1 and the result follows with

Gy, =CCy + 1. O
We can now prove theorem [L.]] as in [Wan87:

Proof of theorem [f.1. Let Ay, be the generator of dilations defined in (B.6) and x, p, 1 €
C§°(R) supported in J such that x(E) = 1 and x(X) = Ap(A)y(N) for all A € R. We
have:

T
U0 = o (1w U@+ [ Ohr - oWt )

0
where W (z) = —2V;(x) —2.VVi(x) and hence there exists ¢ > 0 such that for all 7" > 0
and h €]0, hr] (hy > 0 depends on T):

(@)™ QU)X (HD U (T)QW(T) ()~
H () () LU ()6 (HE)Qu(T) ()~

(L +[[E(D)

(4.8)

’ﬂlﬁ

where:

T
Fy(T) = /O ()™ QuT)Q(HIYUR (T — )W (@)Ul (£) (HI)Qu(T) ()~ di

Indeed, we have ||Qx(T)|| < C 4+ O(vh), hence for h €]0, hy] with hy > 0 small enough
we have ||Qx(T)| < 2C. Furthermore Ay, is uniformly H}-bounded, so we have:

()™ QuT) () [An, U (T (HI)Qu(T) ()~
uniformly in 7" > 0 and h €]0, hr].

<c
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Let us now chose 6 € C§°(R™) with support in B(0,2) and equal to 1 on B(0,1), and
define Wy (T, z) = W (z)0(z/T), Wa(T,z) = W(z) — W1(T,z) and th(T) with the same
expression as F,(T') with W replaced by W; (j = 1,2). As W decays like V; (see (B.1])),
there exists ¢ > 0 such that for all T > 0 and h €]0, hy] we have ||FJ/(T)|| < ¢I" . To
estimate Flh we compute, for HfHLz(Rn) = HgHLz(Rn) =1

(rts.0)| < [ | vttrwutianm @ 1] w2 wi.o)|
< [[@) 7 U = p(HDQUT) (@) | at
T 2
< [ @ whutoeum @ s a

2
‘dt

X /OT H<1E>—s SD(H{L)U{L(T —DOW(T) ()5 g

cT?*=r
where ¢ is independant of T' > 0 and h €)0, h7]. Finally we have:
[ (T)]| < T (4.9)

with § = min(1 + p — 2s,p) > 0 and ¢ > 0 independant of T > 0 and h €]0, h7].
Let (z,¢) € Q(E) (if Qb( ) is empty then there is nothing to prove) and 7' > 0. Let

Wh(z,() = exp (ih_%(C.x - Z.D)) (see [Wan8§, § 3.1]) and:

Gu(T) = Wi (2, Q)" (h3z) ~° Ry(T)X(P{)Va(T)Ri(T){hZa) " Vi (= T) Wi (2, ()

where P = —hA + Vl(h%x), Vi (T) = exp( P} and Ry(T) = ql(T)w(h%x,h%ﬁ).
These three operators are conjugate to HY, Uh( ) and Qp(T) by the unitary trans-
formation f +— (m — h%f(h%a:)), so for T > 0 and h €]0, hy] we have by ([.§) and

ED:
|Gu(T)]| = H (hiz ‘SRh<T> (PYVi(T) R (T) (R~

H1 )Ul (T)Qn(T) (x)~°

<el™?
where ¢ does not depend on 7" and h €]0, Ar]. On the other hand, using [Wan8j, lemma
3.1] and [Wan8(, theorem 4.2] we have:

G(T) = <h%:17 + Z>_SQ1(T)w(h%m + 2, h3iD + ¢) (x Op)“’(h%x + 2, hiD + ¢)
X Wi (2, ) Vi(T)qu(T)* (h2x, h2 D)(h3a) Vi (~T)Wi(z,C) + hgo(h)
— <Z>_8 ql(T7 2y C)X(p(zv C))QI(Tv (bT(Z? C)) (E(Tv 2y C)>_S

h—0

This proves:
()7 (T, 2, Qa1 (T, 0" (2,0)) (B(T,2,¢) 7> < T

where ¢ does not depend on 7', but (7', z,() stays in a bounded subset of R", so we
must have:

QI(T7 2y <)QI(T7¢ ( C)) —0

T—+o0

which, by definition of ¢, cannot be true unless the classical trajectory starting from
(z,¢) goes through O (see ([£.3)). O
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5. UNIFORM RESOLVENT ESTIMATES IN BESOV SPACES

In order to obtain in Besov spaces the resolvent estimates we proved in weighted
spaces, we need another resolvent estimate (see proposition f.2). We begin with a
lemma which turns properties on G, ,(¢) = (Hj, —ieP,0) P, — 2)~! (see section 2) into
properties on (Hj, —ie®) — z)~1:

Lemma 5.1. With assumptions and notations of theorem [2.3, for all h,e €]0,1] and
z € Cy 4 the operator (Hp —ie®) —z) has a bounded inverse (denoted by Gi’h(e)) which
satisfies the following estimates:

C

|t + [Ecle| < o (5.1)

et ue can ||+ |Ebetue ™ < (5:2)
|[vvciae)|| < \/% NG (5.3)

VG (A < e (5.4)

where c is independant of €, h €]0,1] and z € Cr 4 for some closed subinterval I of J.

Proof. We keep all the notations of the proof of theorem P.3, in particular P, = o(HY),
P =1— Py, G.p(e) = (Hy, — ieP,©) P,)~1,... Applying proposition P-q with B =
Van/ePy and Q = Py, gives:

1

[1PhGzn(€) Pull < —
QRE

Calculations (R.15)-(R.14) with Qp(e) replaced by P, and P show:

IFiG-@P] < s [PiGn@Ri] < (5.5)
We also have | P,G, ()P || < ﬁ and hence:
|Gn @+ | B Ganle)]| < — (5.6)
ape

Now three applications of proposition R.24 with B = \/V}, give:
VG (a7 + [ VViGaan@ R < e ||VWGaae)|| <

Then, as in [JMP84], we prove that:
Ln(e) = Gon(e) +ieG. p(e) Pp(1 — ie®) PG, 1(e)P}) 'O} PuG. 1(e)

Cc

Janve

(5.7)

is well-defined for & small enough and is a bounded inverse of (Hj, — i€®} P,) which
satisfies estimates (5.§)-(5.4) as G, (g). Then it remains to define:

Gi,h(g) =G (e) + iﬁGlz,h(E)GX(l — ichj, ;,h(ﬁ)@f‘f)_lpﬁ ()
for € small enough and check the conclusions of the lemma. O

Proposition 5.2. Let s > 1 and I a closed subinterval of J. Then there exists ¢ = 0
such that for all z € C; 1 and h €]0,1]:

11 (An)(Hy = 2)7™" (A) 7 <

c
— 5.8
- (58)
Proof. We follow the proof of theorem 2.3 in [JMP84]. Let

F.p(e) = 1p_(Ap) exp(eAp)GL () (Ap)~°
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By (b.9) we already know that:

- c
< .
] < e oo
Then we compute in the sense of quadratic forms on Dy N Dy:
d -~ cA 1 —s
d—EFz,h(S) = 1r_(Ap)e* ™ " ApG, 5 (€) (An)
+ilp_(Ap)esGL () (Cv Vi, + i[Hpy, Ap])GL () (Ap) ™
= 1p_(An)e" Gl (e) Ap (An) ™
+iCy1lgr_ (Ah)eaAhG;h(e)VhGi,h(s) (Ap)~°
—ielp_ (Ap)e "G, () [0y, AJGL 4 (e) (Ap)~°
We use complex interpolation to estimate the first term:
|t (An)e Gl (o) (40
H]lR Ah) eAhGl < H Ah €AhG1 ( ) s
1 1= 1-1
<coy te s th(E)H
For the second term we write:
- (An)e M GLu(VAGLA(E) (An) || < | GLaVTR| |V VARG ate) ()
c
<
S Oéh\/g
and finally, by assumption (d) and (p-1))-(5.9):
e||GLu(e)OF, AIGL () (An) %] < ceay, HGi,h(a)HFh |GL 1 (e) (An)~ [
c
<
This gives:
d - _1 ~ 1-5 1
d_gahFZ’h(E) <cle s athﬁ(E)H +e72
which, together with (f.9), gives the result. O
Let Qo =] — 1,1[ and Q; = {A e R: 277! <|A\| < 27} for j € N*. For a selfadjoint

operator F' on H and s > 0, the abstract Besov space B, (F') is defined by:
By(F) = {u e H: lull g,y < oo}

where:

HUHBS(F) = Z 2% ||]lﬂj(F)uHH

JjeN
The norm of its dual space B(F) with respect to the scalar product on H is:

oll5; = sup2™" [ Lo, (F)oly,

When F is the multiplication by x on L?(R™) we recover the usual Besov spaces B, and
B} and the norm we have just defined for B} is equivalent to the usual one:

sup R™° / ()| da
R>1 o|<R

D=
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Theorem 5.3. Let (Hy) be an abstract family of dissipative operators as in section 2,
(An) a congugate family for (Hp) on J with bounds (ay) as in definition and s > 5.
Then for all closed subinterval I of J there exists ¢ = 0 such that for any z € Cr, and
h €]0,1] we have:

c

< —
Bo(Ap)—Bi(An) S o

|[(Hp — =)~
h

Now that we have theorem P.J and proposition .3, we can follow word by word
the proof of the analog theorem for selfadjoint operators (see theorem 2.2 in [Wan07)).
Applied to our dissipative Schrédinger Hy, = —h?A + Vi (x) — iv(h)Va(z), this gives:

Theorem 5.4. Let E > 0 and s > % If all bounded trajectories of energy E meet O,
then there exists €,hg > 0 and ¢ > 0 such that with J = [E — e, E + €] we have for all
z € Cy 4 and h €]0, hy):

c

<
Bs—B; hir(h)

[(Hp — =)~

(we recall that o(h) = min(1,v(h)/h)).
Proof. We already have a conjugate family (2(h)F},) for (Hp). So we only have to apply
the abstract theorem .3, (B.10), and the estimate:
N —1
[(Hp =)~ BBy (Fy) S C

with a similar estimate for dual spaces. To prove (p.10)), we use the idea given in [[or84,
14.1]. For any u € Bs(F') and k € N, since the 1o, (F')u for j € N are pairwise orthogonal
we have:

(5.10)

lull g, (#,)
= > 2°|[To; (Fayull + D27 |20, (Fi)u
0<j<k i>k
; } ; }
<2 ) I e Eal® )+ (D2 Do l[2¥ g, (Bl
Jj<k Jj<k j>k j>k

< 2P ||u 4 270

(5>

and hence, for ¢ € By, using the fact that the operator (F,)** (Hj —i)~! ()™ is
bounded in £(L*(R")) uniformly in h we have:

N—1 N—1
H(Hh_z) 90‘ By (Fy) < ZH(Hh_Z) le(:E)QDHBS(Fh)
keN
<eo > 28 |[(Hy - i) Mg (@) + e 27 || (0% 1, (:g)ng
keN keN
<o > 2 1g @)l + e Y 278 (X)* 10, (@)
keN keN
< s llellp, +es Y 2% [T, (2)4ll
keN
< esllelp,

O

APPENDIX A. UNITARY DILATIONS AND DISSIPATIVE SCHRODINGER OPERATORS

In order to use the selfadjoint theory to study dissipative operators, we have mostly
used the assumption that H is a perturbation of its selfadjoint part Hy. However, by
the theory of unitary dilations, there are other selfadjoint operators we can use:
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Definition A.1l. Let T be a bounded operator of the Hilbert space H. A bounded
operator U on a Hilbert space K is said to be a dilation of T" if H C K and for all
p, ¥ € H and n € N we have:

<Un(107 Tzz)>]C = <Tn(107 ¢>’H

The theory of unitary dilations for a contraction is developped in the book of B.S.-
Nagy and C. Foias ([NEF67]). In particular, we know that every contraction has a unitary
dilation. This also holds for semigroups of contractions: if (7'(t));>o is a semigroup of
contractions on H, there exists a unitary group (U(t))ier on K D H such that U(t) is
a dilation of T'(t) for all ¢ > 0. Then, if H is a dissipative operator on H, there is a
unitary group of dilations (U(t)) on K D H for the semigroup (e~) generated by H.
The unitary group (U(t)) is generated by a selfadjoint operator K on K, the properties
of which we can use to study the dissipative operator H. Note that K is usually said to
be a selfadjoint dilation of H but is not a dilation of H in the sense of definition [A1].

Much is said on the abstract theory in [NE67], but there is an explicit study of the
dissipative Schrodinger operator case in [Pav77]. In particular an exemple of dilation is
given. Here we recall this example in the semiclassical setting:

Proposition A.2. Let —h?’A + V; — ihVa be a dissipative Schrédinger operator on
L*(R™) as in section [}, W, = v2hVa, Q = supp Vs, K = L*(R_,L?(Q)) ® L*(R") @
L*(R4, L*(Q)) and P the orthogonal projection of KK on L*(R™). Then the operator:
. Wi .
Kn = (o, 00,04) — (—wb Hi'go — —+(-(0) + ¢+(0)), —w/+>

with domain:
D(Kp) = {(p—-,90,0+) : o+ € H' (R, L*(Q)) and ¢,(0) — ¢_(0) = iWppo} C K

(where H' is the Sobolev space of L?-functions with first derivative in L?) is a selfadjoint
operator which satisfies:

Vz e Cy, P(Kh - Z)_l‘LQ(Rn) = (Hh - Z)_l
Vz € (C-l-v P(Kh _E)_l‘[ﬁ(Rn) = (H;: _E)_l
Vvt > 0, Pe~nKn — o~ W Hn
L2(Rn)
V¢ <0, Pe nfn — o WH;
L2(Rn)

Proof. The proof of the proposition is straightforward calculations. We first have to
check that K is symmetric, that D(K*) C D(K) and then that for z € C, we have

(7/)—,7/)07¢+) = (K - z)_l(SD—aSDO,QD—l—) where:
vty = i [y (s)ds

— 00

Yo = (Hyp—2)""(vo+ Wip—(0))
Yi(r) = (-(0) +iWh¢o)eizr+i/0 1) (s)ds

and an analog for (K —%)~!. To prove the last statement, we show that the generator of

the semigroup ¢ — Pe~# n

2@ must be H using the result on the resolvent. Details
are given in [Pav77). O
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