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Abstract

We prove that the quintic Schrodinger equation with Dirichlet boundary con-
ditions is locally well posed for H&(Q) data on any smooth, non-trapping domain
Q0 C R3. The key ingredient is a smoothing effect in L3(L?) for the linear equa-
tion. We also derive scattering results for the whole range of defocusing subquintic
Schrodinger equations outside a star-shaped domain.

1 Introduction

The Cauchy problem for the semilinear Schrodinger equation in R? is by now relatively
well-understood: after seminal results by Ginibre-Velo [[(] in the energy class for en-
ergy subcritical equations, the issue of local well-posedness in the critical Sobolev spaces
(H %_%) was settled in [[]. Scattering for large time was proved in [[] for energy subcrit-
ical defocusing equations, while the energy critical (quintic) defocusing equation was only
recently successfully tackled in [f]. The local well-posedness relies on Strichartz estimates,
while scattering results combine these local results with suitable non concentration argu-
ments based on Morawetz type estimates. On domains, the same set of problems remains
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an elusive target, due to the difficulty in obtaining Strichartz estimates in such a setting.
In [@], the authors proved Strichartz estimates with an half-derivative loss on non trapping
domains: the non trapping assumption is crucial in order to rely on the local smoothing
estimates. However, the loss resulted in well-posedness results for strictly less than cu-
bic nonlinearities; this was later improved to cubic nonlinearities in [ (combining local
smoothing and semiclassical Strichartz near the boundary) and in [[[T] (on the exterior of
a ball, through precised smoothing effects near the boundary). Recently there were two
significant improvements, following different strategies:

e in [Id], Luis Vega and the second author obtain an ijx Strichartz estimate which
is scale invariant. However, one barely misses L{(L>()) control for H} data, and
therefore local wellposedness in the energy space was improved to all subcritical
(less than quintic) nonlinearities, but combining this Strichartz estimate with local
smoothing close to the boundary and the full set of Strichartz estimates in R?® away
from it. Scattering was also obtained for the cubic defocusing equation, but the lack
of a good local wellposedness theory at the scale invariant level (H %) led to a rather
intricate incremental argument, from scattering in Hi to scattering in H{;

e in [[J], the first author proved the full set of Strichartz estimates (except for the
endpoint) outside stricly convex obstacles, by following the strategy pioneered in
[[7] for the wave equation, and relying on the Melrose-Taylor parametrix. In the
case of the Schrodinger equation, one obtains Strichartz estimates on a semiclassical
time scale (taking advantage of a finite speed of propagation principle at this scale),
and then upgrading to large time results from combining them with the smoothing
effect (see [[J] for a nice presentation of such an argument, already implicit in [I9]).
Therefore, one obtains the exact same local wellposedness theory as in the R? case,
including the quintic nonlinearity, and scattering holds for all subquintic defocusing

nonlinearities, taking advantage of the a priori estimates from [[[q].

In the present work, we aim at providing a local wellposedness theory for the quintic
nonlinearity outside non trapping obstacles, a case which is not covered by [[J]. From
explicit computations with gallery modes ([[]), one knows that the full set of optimal
Strichartz estimates does not hold for the Schrodinger equation on a domain whose bound-
ary has at least one geodesically convex point; while this does not preclude a scale invariant
Strichartz estimate with a loss (like the Lj(L2°) estimate in R* which is enough to solve
the quintic NLS), it suggests to bypass the issue and use a different set of estimates, which
we call smoothing estimates: in R?, these estimates may be stated as follows,

lexp(itA) fllraz) S I1F 11— (1.1)



1 INTRODUCTION 3

from which one can infer various estimates by using Sobolev in time and/or in space.
Formally, (1)) is an immediate consequence of the Stein-Tomas restriction theorem in R3
(or, more accurately, its dual version, on the extension): let 7 > 0 be a fixed radius, one
sees f (£) as a function on [£] = /7, and applies the extension estimate, with § the Dirac
function and F the space Fourier transform

17716 — 1R FEDN s S 1F ) 2gei=vm-

Summing over 7 yields the L? norm of f on the RHS, while on the left we use Plancherel in
time and Minkowski to get ([L.1). A similar estimate holds for the wave equation, replacing
VT = |€] by 7 = £[¢], and usually goes under the denomination of square function (in
time) estimates. In a compact setting (e.g. compact manifolds) a substitute for the Stein-
Tomas theorem is provided by LP eigenfunction estimates, or better yet, spectral cluster
estimates. In the context of a compact manifold with boundaries, such spectral cluster
estimates were recently obtained by Smith and Sogge in [[§], and provided a key tool for
solving the critical wave equation on domains, see [, f]. In this paper, we apply the same
strategy to the Schrodinger equation:

e we derive an L?(€; L?) smoothing estimate for spectrally localized data on compact
manifolds with boundaries, from the spectral cluster L5(£2) estimate; here I is a time
interval whose size is such that |I||v/—Ap| ~ 1;

e we decompose the solution to the linear Schrodinger equation on a non trapping
domain into two main regions: close to the boundary, where we can view the region
as embedded into a 3D punctured torus, to which the previous semi-classical estimate
may be applied, and then sumed up using the local smoothing effect; and far away
from the boundary where the R3 estimates hold.

e Finally, we patch together all estimates to obtain an estimate which is valid on the
whole exterior domain. Local wellposedness in the critical Sobolev space H 15
immediatly follows for 34+2/5 < p < 5, and together with the a priori estimates from
(4], this implies scattering for the defocusing equation for 3 +2/5 < p < 5. The
remaining range 3 < p < 3 4 2/5 is sufficiently close to 3 that, as alluded to in [[f],
a suitable modification of the arguments from [[[f] yields scattering as well.

Remark 1.1. Clearly, such smoothing estimates are better suited to large values of p: the
restriction 3+ 2/5 < p for the critical wellposedness is directly linked to the exponent 5 in
the spectral cluster estimates; in R3, where the correct (and optimal !) exponent is 4, one
may solve down to p = 3 by this method, while the Strichartz estimates allow to solve at
scaling level all the way to the L? critical value p =1+ 4/3.
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2 Statement of results

Let © be a compact, non-trapping obstacle in R* and set Q2 = R?\ ©. By Ap we denote
the Laplace operator with constants coefficients on Q. For s € R, p,q € [1, 00| we denote
by B;’q(Q) = B;vq the Besov spaces on €2, where the spectral localization in their definition
is meant to be with respect to Ap. We write L? = LP(2) and H° = BS”? for the Lebesgue
and Sobolev spaces on 2. It will be useful to introduce the Banach-valued Besov spaces
B;’q (L}), and we refer to the Appendix for their definition. Whenever LY is replaced by
L% it is meant that the time integration is restricted to the interval (=7, 7).

We aim at studying wellposedness for the energy critical equation on Q x R, with
Dirichlet boundary condition,

i0yu + Apu = +|ul*u, o =0, Up=o = Uo (2.1)
and more generally
10w + Apu = £|uP~ u, upo =0, up—o = Uo (2.2)
with p < 5.

Theorem 2.1. (Well-posedness for the quintic Schrodinger equation) Let ug € HE ().
There exists T(ug) such that the quintic nonlinear equation (R.]) admits a unique solution
u e C([-T,T), H (Q)) N B§2(L$) Moreover, the solution is global in time and scatters
in H} if the data is small.

The previous theorem extends to the following subcritical range:

Theorem 2.2. Let3+2 <p <5, s, = %—p%l and ug € H. There exists T(uo) such that

. . 20
the nonlinear equation (E3) admits a unique solution v € C([-T,T|, H*) N BSP’Q(LTF).
Moreover the solution is global in time and scatters in Hev if the data is small.

Remark 2.1. We elected to state both theorems for Dirichlet boundary conditions mostly
for sake of simplicity. Indeed, both results hold with Neuman boundary conditions: the key
ingredients for our linear estimates are known to hold for Neuman, see [1§, B], while the
nonlinear mappings from our appendiz rely on [[4] (where all relevant estimates can be
proved to hold in the Neuman case).

Finally, we consider the long time asymptotics for (B.2) in the defocusing case, namely
the + sign on the left; in this situation, we are indeed restricted to the Dirichlet boundary
conditions, as we rely on a priori estimates from [[L].
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Theorem 2.3. Assume the domain ) to be the exterior of a star-shaped compact obstacle
(which implies ) is non trapping). Let 3 < p <5, and ug € H}(Y). There exists a unique
global in time solution u, which is in the energy class, C(R, H}(Q)), to the nonlinear
equation (B2) in the defocusing case (+ sign in (£3)). Moreover, this solution scatters for
large times: there exists two scattering states u* € HY(Q) such that

Jimlu(a, ) — AU i) = 0.

As mentioned in the introduction, the (global) existence part was dealt with in [Ig]; for
the scattering part, the p = 3 case was also dealt with in [[q]. In the setting of Theorem
R.2, one may adapt the usual argument from the R" case, combining a priori estimates and
a good Cauchy theory at the critical regularity; this provides a very short argument in the
range 3+2/5 < p < 5. In the remaining range, namely 3 < p < 34 2/5, one unfortunately
needs to adapt the intricate proof from [[[f], and this leads to a much lenghtier proof; we
provide it mostly for the sake of completeness. This type of argument may however be of
relevance in other contexts.

3 Smoothing type estimates

We start with definitions and notations. Let (&%) € C5°(R\ {0}) and ;(£?) = (2722).
On the domain €2, one has the spectral resolution of the Dirichlet Laplacian, and we
may define smooth spectral projections A; = 1;(—Ap) as continuous operators on L.
Moreover, these operators are continuous on LP for all p, and if f is Hilbert-valued and
such that ||| f||#|lzr@ < +oo, then the operators A; are continuous as well on LP(H).
We refer to [[[4] for an extensive discussion and references. We simply point out that if
H = L7, then A; is continuous on all L? L{ by interpolation with the obvious L} (L) bound
and duality.

In this section we concentrate on estimates for the linear Schrodinger equation on 2 x R
with Dirichlet boundary conditions,

i0wur +Apurp =0, urpo =0, Ur= = Uo (3.1)

Theorem 3.1. The following local smoothing estimate holds for the homogeneous linear

equation (B.1)), |
[Ajurllpsre S 2_1J_O||Aju0||L§~ (3.2)
Moreover, let 2 < q < oo, then

(2

1A uLllzsre S 2776710 Ajuol| 2. (3.3)
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Consider now the inhomogeneous equation,
10w + Apv = F, Vjoa = 0, Vjt=0 = 0. (34)
From Theorem B.]], we will obtain the following set of estimates:

Theorem 3.2. Let 2 < q <r < +o0, then

4_9

(2_9 49
|80z + 2779 | Ao gy S 2769

AF| (3.5)

5
Liry”’
with 1/r+1/r" = 1.

Combining the previous theorems with the results from [[§], we finally state the set of
estimates which will be used later for

10w+ Apu = Fy + Iy, Ujpa = 0, Vjt=0 = Up- (3.6)
Theorem 3.3. Let 2 < r < 400, then
g _3; _iA_9
Igulleniz) + 20 1 Azullges +2 1Azl S I1Aguollzz + 279G DA 5

e
H2HIAE (37)
with 1/r+1/r" = 1.

3.1 Proof of Theorem B-1]

Let ¢ € C°(R \ {0}) be such that ¢ = 1 on the support of ¢: hence, if Aj denotes
the corresponding localization operator, A]Aj = A;. We now split the solution of the
linear equation Ajuy, = AjAjuL as a sum of two terms ijAjuL + Aj(l — X)A ur, where
X € C§°(R?) is compactly supported and it is equal to 1 near the boundary 9.

3.1.1 Far from the boundary: A;(1 — x)Ajuy
Set wy,(t,r) = (1 — x)A;e®Pug(x). Then wy, satisfies

{ i0ywy, + Apwy, = —[Ap, x]Ajur,

3.8
'th|t:0 = (]_ — X)AJUQ ( )

Since x is equal to 1 near the boundary 02, we can view the solution to (B.§) as the
solution of a problem in the whole space R3. Consequently, the Duhamel formula writes

t
w(t, x) = "2 (1 = x)Ajug — / IR A L XA jug(s)ds, (3.9)
0
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where Ay is the free Laplacian on R?® and therefore the contribution of e™20(1 — x)A uq
satisfies the usual Strichartz estimates. We have thus reduced the problem to the study of
the second term in the right hand-side of (B.9). Ideally, one would like to remove the time
restriction s < t and use a variant of the Christ-Kiselev lemma. However, this would miss
the endpoint case ¢ = 2. Instead, we recall the following lemma:

Lemma 3.1 (Staffilani-Tataru [[J]). Let = € R, n > 3 and let f(x,t) be compactly
supported in space, such that f € L2(H"2). Then the solution w to (id, + Ao)w = f with
W= = 0, is such that

(3.10)

|wl| 2n

<

In fact, one may shift regularity in (B:10) without difficulty. Now, the proof in [[J] relies
on a decomposition into traveling waves, to which homogeneous estimates are then applied.

We can therefore use the L2(L?) smoothing estimate, Sobolev in space, and extend the
conclusion of Lemma B.1] to

=

<
3022 S 11 3 -3y (3.11)

where we chose to conveniently shift the regularity to the right handside.
We now take f = —[Ap, x]Ajur, € LfH@%g_UIO(Q) and

||[AD>X]AjULHLzH;)}I(g%/lO S ||AjuL||L2H1/2*1/10(Q) < HAquHHVlO(Q)?

from which the smoothing estimates follow

11 =x)Ajurl

sz S 101 =080 - oy + 1180, XA gy

om

S [1Ajuoll; (3.12)

We conclude using the continuity properties of Aj which were recalled at the beginning of

Section f (e.g. see [[4, Cor.2.5]). In fact, using (B-17), we get

||Aj(1 - X)AjuLHLng S = X)AJULHLng
S 270 || Ajuol| 20

where we have used the spectral localization A; to estimate

1A 0] o (@ 2 277 1| Aol ().
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3.1.2 Close to the boundary: ijAjuL

For Il € Z let ¢, € C(((I —1/2)m, (I 4+ 1)7)) equal to 1 on [Im, (I + 1/2)7]. We set
vj = ijAjuL and for | € Z we set v;; = ¢;(27t)v;. We have

sz = IS vaallZess = IS viallZa o

leZ LEZ
S loallzall e < D llogallispes (3.13)
lEZ €7

where for the first inequality we used the fact that the supports in time of ¢; are almost or-
thogonal. In order to estimate [|v;||3, . it will be thus sufficient to estimate each [|v;y]|%5 ..

z 7t -t
The equation satisfied by v,; := ¢ (27t)xAjuy, is

iatf)jJ + AD@]'J = —((pl(2]t)[AD, X]A]’UL — 22]@;(2]15)XA]UL), (314)

where we stress that v;; vanishes outside the time interval (277(1 —1/2)r,279(I4+1)m). We
denote V;, the right hand side in (B.14)), namely

Via = —@@0)[Ap, XJAjur + 2 g2ty (3.15)

Let Q C R? be an open cube sufficiently large such that 952 is contained in the interior
of Q). We denote by S the punctured torus obtained from removing the obstacle © (recall
that O = R3\ O) in the compact manifold obtained from @ with periodic boundary
conditions on 8@ Notice that defined in this way S coincides with the Sinal billiard. Let
also Ag : Z i1 0; 2 denote the Laplace operator on the compact domain S.

On S, we may define a spectral localization operator using eigenvalues A\, and eigen-
vectors ey, of Ag: if f =", cxey, then

Af =275 Ag)f = Z¢ 272\ cpen. (3.16)

Remark 3.1. Notice that in a neighborhood of the boundary, the domains of Ag and Ap
coincide, thus if X € C§°(R3) is supported near O then

Agx = Apx.

In order to apply estimates on the manifold S, we will need to relocalize close to the obstacle.
Consider x1 € C5°(R3) supported near the boundary and equal to 1 on the support of X,
we will write

VA = AT+ a(d; - AN, (3.17)

with the expectation that the difference term is smoothing.
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In what follows let Y € C5°(R3) be equal to 1 on the support of Y and be supported
in a neighborhood of 9€) such that on its support the operator —Ap coincide with —Ag.
From their respective definition, v;; = x0;;, V;; = xVj, consequently v;; will also solve
the following equation on the compact manifold S

{ 10,051 + Agv; =V,

Ujilt<ni-1/27 = 0, Vjileshagye = 0.

(3.18)

Therefore we can write the Duhamel formula either for the last equation (B:I§) on S, or
for the equation (B:I4) on 2. We now apply A]— and use that v;; = A]"Z}]J, X0j; = U;; and
Ajx = xiA7 T+ (1= x1)A;x + xa(A; — AY)x, which yields

t
vt @) = Xl/ IR ATV (s, 2)ds
h(—1/2)x

t
+(1—x1) / ei(t_s)ADAjVj,l(s, x)ds
h(1—1/2)m

+x1(A; — A5y, (3.19)

where we conveniently chose to write Duhamel on S for the first term and Duhamel on €2
for the second one, which allows to commute the flow under the time integral. Denote by
vj1.m the first term in the second line of (BI9) by v;, ¢ the second one and v;, s the last
one. We deal with them separately. To estimate the L% L? norm of the v;; ; we notice that
its support is far from the boundary: as such, estimates on the L5 L? norm will follow from

Section B.1.1. Indeed, we get
11 = x2) A€ 22V s 2 S NA Vil gm0y = 27018 Viull 2oy - (3.20)
We then apply the Minkowski inequality to deduce

t
11 =) / o A o s

<279/ / 1@ = x0) A5 D20V, sz ds) s (3:21)

gl

where we denoted I;; = [277(1 — 1/2)m,279(l + 1)7] and we used the Cauchy-Schwartz
inequality. Using (B.20) we finally get
o slls@raayy < 272N AVl 2, e e)- (3.22)

To estimate the L2 L? norm of the main contribution v;,,, we need the following:
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Proposition 3.1. Let j > 0, I; = (—7277,7277), x € C(R®) be supported near O
and Vy € L*(Q). Then there exists C' > 0 independent of j such that for the solution
e“ASAf)ZVE] of the linear Schrodinger equation on S with initial data Af)ﬂ/}] we have

€25 ASXVo | s(syzzaryy < C2 TN ATKVo|pags) (3.23)

We postpone the proof of Proposition @ to Subsection B3

Using the fact that v;; is supported in time in ;; = [277(1 — 1/2)7,277(l + 1)7], the
Minkowski inequality, Proposition B.J] with ¥ = 1 on the support of x and with Vj =V},
and since X1v;,.m = v;1.m for any x; € C°°(R?) with y; = 1 on the support of x1, we obtain

||Uj,l,mHL5(Q)L2(IjJ) :’|>~Clvj,l,mHL5(Q)L2(IJ-J) = HUj,l,m||L5(S)L2(1jJ)

PIEIT i as A S
< /2 =28 AZV; (s, M ps(sypea, s

- Joig-n

<ot / JASV,(5) 125y ds
I

Jil

<ot / 1XVia(3) 22y
1

gl

<ot / 1V (8) 2 ds (3.24)
1

75l
where we used again Vj; = xVj; to switch S and € and continuity of AS on L?(S). Using
the Cauchy-Schwartz inequality in (B:24) yields

[vjamll sz, S 272NVl e, yre ) (3.25)
We deal with the right handside in (B.27). Using the explicit expression of V}; given in
(BI13),
Vi) ez, 2@ S (1927 [Ap, XA jurll 2, 2
+ 27|02 xAjurl 2, yr2)- - (3-26)

As [Ap, x] is bounded from H} to L?, we get

1A Viillzo, ez S xadjucllrae, pm) + 22 IxAjucll 2, )2 @ (3.27)
Let us recall the following local smoothing result on a non trapping domain:

Lemma 3.2. (Burq, Gérard, Tzvetkov [B, Prop.2.7]) Assume that Q = R*\ O, where © # ()
is a non-trapping obstacle. Then, for every x € C(R?), and o € [—1/2,1],

’|>~<AjuLHL2(R,HU+1/2(Q)) < ClAjuol e (0, (3.28)

where, as usual, ur(t,r) = e”"Pug(z).
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We now turn to the difference term v;; ; and prove a smoothing lemma.

Lemma 3.3. Let x; € Cg°(R") be equal to 1 on a fized neighborhood of the support of X.
Then we have for all N € N,

vjaslls@rza ) < On27N Vi@, 8)| 2, 120))- (3.29)

In order to prove the lemma, one would like to rewrite Aj = @E(Q_Qj Ap) as a solution of
the wave equation, using h = 277 as a time. Then the finite speed of propagation would let
us switch Ap and Ag. However the inverse Fourier transform (in |£]) of W(|€]) = ¢ (|€[?) is
only Schwartz class, rather than compactly supported. The tails will eventually account for
the right handside of (B.29). We now turn to the details: let g, ¢(y) be even, compactly
supported (p(y) away from zero) and such that

Y+ ey =1.

k>1

We decompose ‘if(y) using this resolution of the identity, and set with obvious notations

T(e) =D onll€)),

keN

where the ¢, have good bounds, say (]30 € L>* and for k > 1
VN €N, [[delloo = 1T (1)p(27 ) [loo < Cn27*. (3.30)

At fixed k, we write (abusing notation and letting A be either Ap or Ag)

oV =B)1 = o [ VB a)nly) dy
Notice that ¢ (y) is compactly supported, in fact its support is roughly |y| € [2F=1, 2~+1].
As such the y integral is a time average of half-wave operators, which have finite speed of
propagation. Therefore if the time |yh| < 1, we can add another cut-off function y; which
is equal to one on the domain of dependency of y on this time scale, and such that y; is
indifferently defined on S or Q: namely, for k& < j,

KV =Ag)XVj1 = x1(z)dr(hv/ —Ag)XTjy
— @)y [ I )dnly) dy

(277 =As)X0 = x1(2)or(27 /= Ap) XD, (3.31)
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From this identity, we obtain
Vids = X1(2) Y (66277 =Ap) — ¢r(27\/=Ag))X (). (3.32)
i<k

At this point the difference in (B:33) is irrelevant and we estimate both terms using Sobolev

embedding and energy estimates. Abusing notations, with A € {Ap, Ag}, we have

Ix16% (27 V =2)X0jll 13 @221, <Ix10k(277V=B)X0jull 21, 150
<275 |1k (27 V=A) X050l oo 1, 2590

<2 E ok @7V=R)X0ll )
RS

I _EN|| ==
SCOn272 HXUj’lHL;’O(Ij,z)H%(Q)

VHZ(Q)

where we used Minkowski, Holder, (non sharp !) Sobolev and (B.3(]). Finally, by the dual
estimate of (B.2§),

Summing in k£ and relabeling N, we have

vj0sll soyrz i,y < Cn277 N Vil o, rei)).» (3.33)

which concludes the proof of the lemma.
Using this lemma and (B.27), we get for v;; s an estimate which matches (B.23): picking

N =1 is enough. From there, using (B:13), (B:29), (B:29), we write

- o1 _
||AjXAj“L||2LS(Q)L§ <27 Z ||Ajvj,l(3)||2Lz(1j,l)L2(Q)
lez

_9q(iyp L ~ i~
<$27%Gro) Z(||XAJUL||i2(1jJ)H3(Q) + 22]||XA]'UL||%2(IJ»J)L2(Q))
lez
_27] 4 ~ . ~
S270(2 ]||Ajuo||2%m) +2]||Ajuo||i,,,5.(Q

)

2%
S2750 ([|Ajuoll72 (0,
which is the desired result.

3.1.3 End of the proof of Theorem B.J]

Until now we have prove Theorem only for ¢ = 2. We shall use the Gagliardo-Nirenberg
inequality in order to deduce (B.3) for every ¢ > 2. We have

1/2 1/2
|Azuzllze S 1ALl 1A O]
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which gives, taking the L2 norms and using the Cauchy-Schwartz inequality

1Aur

5/2 5/2
El)/ngo S ||AjuL||L/5Lf ||AjatuL||L/asch' (334)

It remains to estimate ||A;0yur| s L2¢ notice that since uy, = e~ MAD
A;duup = —iApAjuy, = 2% Ajuy,
where A; is defined with v (z) = z¢(z) € C°(R \ {0}). Therefore
1400 |lps e < C2j(2_1/10)HAjUO||L2(Q), (3.35)

consequently
|80 s s < C27IF979NN | Ajug|| 12

and Theorem B.]] is proved.

3.2 Proof of Theorems and B3

We recall a lemma due to Christ and Kiselev [§]. We state the corollary we will use, with
only the time variable: we refer to [fJ] for a simple direct proof of all the different cases we
use, with Banach-valued L}(B) spaces or B(LY). Tts use in the context of reversed norms
Li(LY) goes back to [[] and it greatly simplifies obtaining inhomogeneous estimates from
homogeneous ones.

Lemma 3.4. (Christ and Kiselev [§]) Consider a bounded operator
T:L"(R) — LYR)
given by a locally integrable kernel K(t,s). Suppose thatr < q. Then the restricted operator
Tf() = [ K9 f()ds
is bounded from L"(R) to L(R) and
I TRl 1 g)— Loy < C(1 =27V N YT Loy aqwy.-

From the lemma, the proof of the inhomogeneous set of estimates in Theorem .7
is routine from the homogeneous estimates in Theorem B.J] and the Duhamel formula.
Combining both homogeneous and inhomogeneous estimates yields Theorem B.3.
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3.3 Proof of Proposition B.]]

Let S denote the compact domain defined above. Recall (e,), is the eigenbasis of L*(.S)
consisting of eigenfunctions of —Ag associated to the eigenvalues \2. Following [[], we

define an abstract self adjoint operator on L*(S) as follows
Ap(en) == —[hA2]e,,

where [)] is the integer part of A\. Notice that in some sense A, = ”[hAg]”. We first need
to establish estimates for the linear Schrodinger equation on the compact domain S with
spectrally localized initial data.

We now set h = 277 and state estimates on the evolution equation where hAg is

replaced by Aj,.

Lemma 3.5. Let 0 < h <1, q > 2, I}, = (—wh,7h), x € C5°(R?) be supported near O
and Vy € L?(Q). There exists C > 0 independent of h such that

et ATRVol oy zacry < ORI AT Vo 1as)- (3-36)

We postpone the proof of Lemma B.J and proceed with the proof of Proposition B1].
Denote by Vj,(t,x) == e”ASAff{VO(x), then

(ih0; + Ap)Vi, = (ih0; + hAs)Vi + (A — hAs) Vi, = (Ay — hAg)e ™5 ATV,

Writing Duhamel formula for V}, yields

) t —s . ~
Vi(t,x) = emAn ASVy () — % / ¢TI (A — hAg)e " ASYVy (x)ds, (3.37)

0
Using (B.30) with ¢ = 2, (B37), the Minkowski inequality and boundedness of the operator

HelhAhAfHL2(S)—>L5(S)L2(Ih) 5 2 B~ hl/lo
(which follows from the proof of Lemma B.3), we obtain
_—
(1A 2Vollzas)

1 , <G
+ E || (Ah — hA5)6ZSASAfX‘/Q||L1(_h7r7h7r)L2(S)), (338)

1

€25 AZXV < hio

L3(S)L2(In)

where to estimate the second term in the right hand side of (B.37) we used the fact that
Ay, commutes with the spectral localization Af . Changing variables s = h7 in the second
term in the right hand side of (B-33) yields

1 ) AS. " iT NS~
E”(Ah — hA)E™ S A2Vl L1 (i hmyL2(s) = / (A — hAg)e ™25 AZXVol| r2(sydr

—Tr

< 27| AT Vol r2gsy (3.39)
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where we used the fact that the operator (A, — hAg) is bounded on L?(S) and the mass
conservation of the linear Schrédinger flow. If follows from (B:3§) and (B-39) that

le*25 AT Vol s sz < B IAT RVl 2ags)

which ends the proof of Proposition B.]).
We now return to Lemma [ for the rest of this section. Writing A%V = 32 d(h2A2)V3 e,
we decompose (for 0 < h < 1/4)

ATV (tz) = Y elfFuy(x)

keN
with
((k+1)29)1/2 -1 ((k+1)20)1/2 1
w(r)= Y YUY aen = Y AW,
A=(k29)1/2  Ap€[AN+1) A=(k27)1/2

where ITy denotes the spectral projector ITy = 1 =xzcpa+1)- Let us estimate the L°(S)L9(1),)
norm of ei%AhA]SVO:

/74 A5V,

%5(S)LQ(I;L) 5 h2/q||||eiSAhAfV0 ] (—m,m) IIL5/2(S)
S e ATVO o1 /agae (o l23720)

S Y+ RS (@) s
keN

SRS (14 k) R0 (2) 1 ()12 )
keN

S BTN 4+ R) e o (@) s,
keN

where we used Sobolev injection in the time variable H'/2-1/¢ ¢ L9 and Plancherel in time.

We recall a result of [I§] of Smith and Sogge on the spectral projector II,:

Theorem 3.4. (Smith and Sogge [[§/) Let S be a compact manifold of dimension 3, then
1T p2(s)—z5(s) < A%/,
Using Theorem B.4 we have

le a4 Aol e sypary S BT D (LR THIRIATVG g
1/4h—1<k<4/h
Z k1_4/q+4/5||Af‘/0||%2(5)
hke[1/4,4]

S HASVAlos0-o/100s):
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since for hk > 4 or h(k+1) < 1/4 and X, € [(k2)"/2, ((k + 1)27)"/?) we have W(h?\2) =0
and on the other hand for these values of £ we have

k/V2 < (B2)2 <\, < ((k+1)2)Y2 <V2(k+1), h<5(k+1)""

This completes the proof of Lemma B.5.

4 Local existence

In this section we prove Theorem P.1].

Definition 4.1. Let u € S'(R x Q) and let A; = (—2"%Ap) be a spectral localization
with respect to the Dirichlet Laplacian Ap in the x variable, such that Zj A; = Id and
let Sj =3 ;. We introduce the ”Banach valued” Besov space By4(Ly) as follows: we
say that w € By(Ly) if

(2 I18ullzrg ) €17
and Zj A, f converges to f in S'. If L] is replaced by L., the time integration is meant to
be over (=T,T). Moreover, when s < 0, A; may be replaced by S; in the norm and both

norms are equivalent.

Consider ug € H& and uy, the solution to the linear equation (B.I]). Applying Theorem
B with ¢ = 2,5 and taking s = 1 in the definition above we obtain

-1+-L 2 9 .19 5 -39 5
up, € By (L) N B2 (L) and Qg € By 27 (L}).
From this, by Gagliardo-Nirenberg in the time variable, one should have
. 20 .
u € By*(L7) n B A(L) € LPPLY,

and consequently
. 20
ut € LYBLY as well as |ug|uy, € BY* (L)
4

which should be enough to iterate. However, our spaces are Banach valued Besov spaces
(if one sees time as a parametrer) and justifying Berstein-like inequalities and Sobolev
embedding is not entirely trivial (but doable, using the estimates from [[4]). We choose
an apparently complicated space in order to set up the fixed point, but the little gain in
regularity from the smoothing estimate will turn out to be crucial for subcritical scattering.

Remark 4.1. By this choice, we only restrict the uniqueness class. It is likely that one may
prove a better result, but there is no immediate benefit in the present setting, except proving
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additional estimates. We retained, however, the uniqueness class that would be provided by
the argument above in the Theorems’statements. Another remark is that one may dispense
with the use of Lemma [3.1, miss the endpoint ¢ = 2 and still get the exact same nonlinear
results, as there is room (due to the use of Sobolev embedding) in all mapping estimates.
Moreover, as soon as we use an estimate with a (however small) gain in regularity, we do
not need Lemma .11, as we could use a simpler embedding in a Besov space of negative
reqularity and play reqularities against each other. In fact, in the same spirit as one
could replace the critical Sobolev norm by a Besov norm By»™

For T'> 0 let
-1+-L 2 9 .19 5 -39 5
X7 :={u|lue€ By, " (L3)N B2 (L) and Ou € By > (L))} (4.1)
and for u € Xr set F(u) := |u|*u.

Proposition 4.1. Define a nonlinear map ¢ as follows,

o(u)(t) :== /<t e =920 [ (y(s))ds.

Then
lo(u)llcpimyy + llo(w)llxr S IIF(U)HB;,/Z(L;O/U) S lullk, (4.2)

and
[p(u) = o(v)lx, S N1 F(u) = F(U)IIB;}Z(L;O/H) S llu = ollx, (lullx, + lollx)t (4.3)

The estimate for the inhomogeneous problem writes

—isAp < )
I [ 20 Pl < Ol gz

Shifting the regularity to s = 1 and using the Christ-Kiselev lemma provides the first step
of both estimates [l.q and .. Now, Lemma in the Appendix provides the nonlinear
part of both estimates (note however that, as p = 5 is an integer, one could prove directly
the nonlinear mappings by product rules).

One may now set up the usual fixed point argument in X if 7' is sufficiently small of
if the data is small. This concludes the proof of Theorem P (scattering for small data
follows the usual way from the global in time space-time estimates).

We now consider local wellposedness for p < 5, e.g. Theorem B.3. The critical Sobolev
exponent w.r.t. scaling is s, = 3/2 —2/(p —1). We aim at setting up a contraction
argument in a small ball of

. 1
Sp—7,2

Y P
Xpo={ulue B IR NBY V(L) and Que BY (LD} (44)
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The important fact (if we were to ignore issues with Banach valued Besov spaces) would
be that X, C Bg”’2(L?FO/9) N Li(p_l)/gLflpO(p_l).

Remark 4.2. Some numerology is in order: if one were only to have the L2L? smoothing
estimate and use Sobolev (in time and in space), it would require 5(p — 1)/3 > 5, namely
p > 4. However, we have the Strichartz estimate from [14], which allows 5(p — 1)/3 > 4,
orp>3+2/5.

Again from the Appendix, the nonlinear mapping verifies

[£(u) = F(v)]

-1 -1
gy S M= vl (Julli, + vl

and existence and uniqueness follow by fixed point again.

4.1 Scattering for 3+2/5<p <5

We now deal with scattering in the same range of p € (34 2/5,5): from [[[d], we have an
a priori bound

31
I1Sjullzars < Nullzsps < luollzs sup [ufl gy < M= B,
where M and E are the conserved charge and hamiltonian,

2
M = / |u|* do and E = / |Vu|? + lu|Ptt dx. (4.5)
Q Q p+1

Notice how this estimate is below the critical scaling s, as the RHS regularity is s = 1/4.
From the energy a priori bound and Sobolev embedding, one has on the other hand

ISulliz S 2% sup [lull gy S 23 B2,
’ t
Interpolating between the two bounds to get the right scaling yields,
ISullzg, S C(M, B2, (4.6)

where 1/q¢ = (5 —p)/6(p—1). In order to proceed with the usual scattering argument, we
need to revisit the fixed point, or more precisely the nonlinear estimate on F'(u): indeed,
if we wish to use ([L.f]), even at a power €, we cannot afford to use the same regularity
on both sides of the Duhamel formula. Fortunately, we have off diagonal inhomogeneous

H/ei(t—s)ADF|

estimates, e.g.

] “Sp— < .
BB (L) = CllE )] ';5’4*%072@3)
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In order to evaluate F'(u), one needs to place the S;u factors in such a way that
J

(5707 550 S 2.

However, we have from ([0

5p—13
Op6 )

II(AjU)”_lllL < O(M, )27, (4.7)

6
5—p
A

and 6/(5 — p) > 5/3. As such, one may interpolate with
1A ullgpp S 277007,

to get (after Sobolev embedding)

—1 T
A0y 5, S 20
Suming over low frequencies recovers the desired bound. Notice that scaling dictates the
exponents (hence there is no need to compute explicitely the interpolation 6).

4.2 Scattering for 3 <p <3+2/5

In this part we consider the remaining case, e.g. nonlinearities which are close to 3 and for
which our main results do not provide a scale-invariant local Cauchy theory. As mentioned
before, this case will be dealt with using the approach from [[§]. As such, this entire
Subsection is somewhat disconnected from the rest of the paper; the combination of several
technical difficulties makes it lenghty and cumbersome, but we hope the underlying strategy

is clear. We have two a priori bounds on the nonlinear equation at our disposal: local

4
t,x
bound, which is at the scale of H T regularity for the data. Both are below the scale

of critical H*® regularity, which is s, = % — F21)' Interpolation with the energy bound

provides bounds at the critical level, but the lack of flexible scale-invariant estimates on the

smoothing, which is at the scale of H 2 regularity for the data, and an L; space-time

inhomogeneous problem make them seemingly useless. As such, one has to improve both
the local smoothing bound and the L;{x space-time bounds obtained in [[{], to reach critical
scaling and beyond. This is accomplished through several steps, which we informally

summarize as follows:

e improve the space-time bounds by using the equations far and close to the boundary.
As the resulting commutator source term can only be handle at H 2 regularity, this

£

will improve estimates from H 1 regularity to H e regularity, which is still below

scale invariance;
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e combine this improved estimates with the energy bound to obtain yet again better
space-time bounds through the equation (but splitting the source terms in close and
far away terms). As an added bonus we also improve our local smoothing estimate;

moreover we now go beyond scale-invariance;

e turn the crank a few more times, going back and forth between estimates on the split
equations and estimates on the equation with split source terms, until we reach the
correct set of estimates to prove scattering at the H} regularity. It is worth noticing
that the numerology gets worse with p > 3+2/5, and that the forthcoming argument
would probably break down before even reaching p = 4.

We start by stating a few linear estimates which will be needed in the proof and are simple

consequences of our Theorem by summing over dyadic frequencies.
Lemma 4.1. (see [I4, Lemma 5.4]) Let Q be a non trapping domain and denote uy, = e~
the linear flow for the Schrodinger equation on  with Dirichlet boundary conditions. Then

HeitAD

ol gy S Neoll o3 - (4.
0

Denote by w the solution of the inhomogeneous equation, e.g. w = fot et=)AD f(5)ds, then

]l (4.9)

The next lemma is just the Christ-Kiselev lemma again, stated in a form which is

convenient for later use.

Lemma 4.2. (see [I8, Lemma 5.6]) Let U(t) be a one parameter group of operators,
1<r<q<oo, H an Hilbert space and B, and B, two Banach spaces. Suppose that

1B elss,) S lella and | /U(—S)Q(S)dSIIH S N9llzys),

then
1| vt s)gs)dslim < sl
s<t

finally, we recall that we have Lemma B.I] at our disposal, should we need the end-
point Strichartz on the left handside in Lemma [[.J, provided that we used a (dual) local
smoothing norm on the right handside.

In what follows we shall write p = 3+ 2n, with n € [0,1/5]. All the nonlinear mappings
which we use can be proved using the appendix and we will no longer refer to it. We recall
all a priori bounds at our disposal: the first two are uniform in time bounds for the L*(Q)
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and H}(2) norms of the solution to the defocusing NLS, irrespective of the power p, and
were already stated in the previous section, see [[.J. The next two were obtained in [[f],
again in the defocusing case and irrespective of p: a space-time norm estimate

Jull Lazaay) < Es M5, (4.10)
which has the same scaling as [ 1 for the data; and a local smoothing norm estimate
||Vu||L§(L2(K)) < C(K)E%M%, (411)

which has the same scaling as H3 for the data; here K is meant to be a compact set
which includes the obstacle, and ([ET1]) holds only under the star-shaped condition on the

obstacle, while proving ([.10) makes an essential use of (fL.11]).
We start with proving

Proposition 4.2. Let u be a solution to the nonlinear problem (B32). Let x € CZ(R?) be
a smooth function equal to 1 near 0. Then

xu € LB/ (Q) and (1 - y)u e L2B ™ (Q). (4.12)

Remark 4.3. Notice that our cut x is only C? rather thant C™, and this will remain so
for the rest of the section. This is in no way a difficulty, and it allows to conveniently
take x = x* or x = X¥"", where x1 € C? as an admissible cut if we need, as p — 1 > 2.
This is particulary convenient for nonlinear mappings where all factors can be considered
equal. Alternatively, one may retain C5° cuts and play with at least 3 overlapping ones, as
was done in [[4], at the expense of desymetrizing various nonlinear estimates. These are
(mildly ennoying) considerations that the reader should ignore at first read.

Proof. In order to prove the Proposition, we split the equation (B.9), treating differently
the neighborhood of the boundary (using local smoothing type arguments) and spatial
infinity (where the full range of sharp Stricharz estimates holds).

Consider the equation satisfied by yu,

(i0; + Ap)(xu) = x|u|* " — [x, Aplu. (4.13)

We need to show that the nonlinear term belongs to LZH comp(§2). The commutator term

is controlled by [|xul| 2 i for some y € CZ(R?) equal to 1 on the support of y and it
belongs to LZL?,, (Q) C L2H_ (). We now deal with the nonlinear term: let ¢ be such

comp comp
that B;,2(Q) C H—??(Q% hence 1 — % = —n — % Then % = % + 2(1;_77) and
||X|u|2(1+n)u||L?H@%po(9) S ||X|U|2(1+n)u||LgB;v2(Q) S ||X1U||L§H5(Q)||(X1U)1+n||LmL12—n(Q),
t
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where x} = x and we used u € L Hj () C L{°L5(2) on two factors and u € L2H], ()

comp

on one factor. Hence the right hand side in (EI3) is in LZ2H_" () and we can apply

] comp
Lemma 3 with LI(B,) := LIWY4m4(Q), H := HY*(Q) and L"(B,) := L?H_" (9).

comp

This gives the first assertion in ([[.IJ). Let us deal now with (1 — x)u which is solution to
(0 + Ap)((1 = x)u) = (1 = ) |ul*""u + [x, Alu, (4.14)

where A denotes the free Laplacian (notice that we can consider (f.14) in the whole space
R3 since both source terms vanish near the boundary 9€). The commutator term is dealt

with exactly as in the previous part and is therefore in L7LZ,, ().

Let v := (1 — x1)u for some x; € CZ(R?) such that (1 — x;)”» = 1 — x. In order to

prove ([EI2) we only need to prove |v|*™7 € LfBéﬁ_M

the dual end-point Strichartz estimates (from the R? case) on the nonlinear term. Using

the embedding B} () C Bég_"’z(ﬂ), it suffices to get |v|>*?w € L2B{ "*(2). When

evaluating the product |v]|>T27v we will use for one factor v the energy bound and Sobolev
embedding, L°HJ(Q2) C L;’OB;_W(Q) with % = ¢ — 2. On the other hand, from our
a priori bound from [[@], we have v € L}L*(Q), while v € L¥HJ(Q) C LFLS(Q) and
hence v € L}/ L4/ () 0 L L8/0+1(Q). Interpolation with weights 1/(1 + n)

and 7/(1 4+ n) gives v'*7 € LILY?/B+21(Q)). Consequently,

(), since then we may apply

H|U|2+2%||L53éf§7"’2(9) S |||U|2+2%||L§B}*"'2(Q) S ||U||L;>°B;*"’2(Q)|||U|1+n||2L§L12/(3+2n))(Q)-
This achieves the proof of Proposition [L.3. O

Remark 4.4. One should point out that the proof of this last estimate is slightly incorrect,
as it conveniently ignores the situation where low frequencies are on the v factor and high
frequencies are on |v|**®1. This can be easily fized by revisiting the proof of Lemma [.9
and [[.1Q in the Appendiz, noticing that we may suppose that factors f there are in several
different L" spaces and distribute them when using Hélder on the low frequencies in the
proofs. The same situation occurs several times in the present proof and we leave details

to the reader.
The next iterative step will be the following lemma:

Proposition 4.3. Let u be a solution to the nonlinear problem (B2). Then

u e LWV Q)N L2ZHS (Q). (4.15)

comp

Proof. The split of the equation into equations for yu and (1 — x)u is no longer of any use:

2

Zomp(£2). However we

the resulting commutator source term is no better than [y, Alu € L?L
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now have estimates from Proposition .4 which turn out to be good enough that splitting
the nonlinear term in (B.3) in two parts, using the partition x + (1 — x) = 1 will allow us
to use the somewhat restricted set of inhomogeneous estimates we have for the equation
on a domain. Setting g1 := x|ul[*T®"u, go := (1 — x)|u|*™"u and using Duhamel formula,

we have

t t
u(t, x) = e"APyy +/ e =9)AD g (5)ds +/ =920 g (5)ds ; (4.16)
0 0

the idea is then that one may use (.9) on the g; Duhamel term, while the go term may be
handled in L!(H*) for a suitable s.

Lemma 4.3. Let v := (1 — x1)u, where x1 € CZ(R?) is such that (1 —x1)? =1—x. We
have
g2 € LiBg3*(Q) and v e LIBy™". (4.17)

Moreover, g, € LN (Hz*"(Q)) and

||/ i(t—s) AD dS||L4Bl/4+7I2(Q)OL?H61;:ZP(Q) 5 ||92||L%(H%+W(Q)) (418)

Proof. From Proposition [.3, the energy and mass bound, and interpolation, we have

v e LPWYP5(Q) N L(H=""(Q) C LALY(Q)  for L

=+
q

w3

Y

=

hence |v|'+7 € Ly/0F La/(4n) () L2 L6/0+7)(Q)). We now interpolate again and obtain
lu|* e L{L7(Q), where 2 = £ 4. Therefore, the nonlinear term g, = |v|*"7v belongs to

L} Bg"*(92). Indeed, let & = § +2 = 2 4, then

||g2||L§Bé;53"’2(Q) S gzl ey S Mol o N2 - (4.19)

If 1 —3n > 1/2, (EI7) follows, but unfortunately this covers only n < 1/6. It remains
to deal with the situation n € (1/6,1/5]. In this case we use the equation satisfied by v

(obtained by replacing x by x1 in ([.14))) to get
v e LB (). (4.20)

In fact, the commutator term [y, Alu is in L?L?(Q2) and, consequently, it also belongs to
L2HY?730(Q)) since in this case 1/2 — 3n < 0, while (1 — x1)[v|**?70 € LzBé/;’"z(Q) as
shown before. Therefore, with 1 —3n —3/r = 2(1 — 3n) — 1,

vlo] € LEBI312(Q) ¢ LIBL2(Q). (4.21)
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In order to estimate g, we use ([.2]) for a factor v|v|, while for the remaining factor |v|!T27
we use v € L HJ (), which yields

1 1 n

—==-+4+_. 4.22
X273 (4.22)
From (f21), (27) and product rules, we get go € L H>~™(Q) € LIHY2(€Q) (notice that
the regularity is 1 —n — (6n — 1) where 6n — 1 > 0).

|2 ¢ LEBy(Q) € LEH"(Q)  for

Using the equation satisfied by v and Duhamel formula we can write
t
u(t,x) = "5 (1 — x1)ug + / =85 (ga 4 [xa1, Alu)(s)ds. (4.23)
0

Using Lemma [[.1] with LY(B,) := L231/2 2(Q), L(B,) := LLHY2(Q), the first term in the
integral in the right hand side of ([EZ3) belongs to L? By /2 2(Q). Using Lemma B}, we also
obtain

@-

comp

II/ I3 X, Alu(s)ds|| o g2z S D Alull e

Finally, the linear evolution e®®r (1 — x;)ug is evidently in L2Bl/ *2(Q) and we obtain
(E17).

Remark 4.5. For the last part of the proof of Lemma [[.3 we shall use less information
than that, precisely we only need the fact that for e > 0 small enough we have

ve L2BY*9%(Q) € LA(L:(Q)) € L2B5™(9), (4.24)

and |v| € L<(Q) € L2BZ5>°(Q) as well.

We refine our knowledge on go = v|v|v!™": using the previous remark, we now have

vlv| € L} B24°(Q). From (EZD) we also have |v]|'*% € LBy (Q) if A = 33;- Thus, the

source term ¢, can be estimated as follows
g2l g rron-oei@y S Ngell ity S Nololll sz @Ml iy (4:25)
Using again Lemma [L.1], this time with LY(B,) := L4Bg/4 1292(Q), H = H'™172¢(Q) and

L"(B,) := LLH'™"72¢(Q)), we get by interpolation

I [ e a6l S 1IN s g 0l

S llga2llpin-n-ze@ + llullzs, 5 (4.26)

where for the first (interpolation) inequality in ([E20) we used that 3/4 —n —2¢ > 1/4+1n
if € is sufficiently small (take 0 < e < 1/20 for example).
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On the other hand, by Lemma (.3 again,

t
||/ 6Z(t_8>A92(5)d3||L§H1+’7 () S ||92||LgH1/2+v(Q) S ||g2||L%H1*’7*2€(Q)a (4.27)
0

which finally achieves the proof of Lemma [.3. O

It remains now to deal with the Duhamel term coming from ¢; in (f.14).

Lemma 4.4. Suppose that we know moreover that

. 1
we LIBFHQ), where o=+ % (4.28)

then

comp

t
g1 € LPBY(Q)  and / e =9AD g (s)ds € LB/ T? N L2HYT (Q). (4.29)
0

Taking the lemma for granted, we can complete the proof of Proposition 33 using
Lemmas [[3, [, the fact that the linear flow is in L HZ(Q) N L2Ho%,(€) and Duhamel
formula ([E19), estimate (f-I7) follows immediately.

Proof. (of Lemma [[]): The a-priori information ([:2§) gives

. 1
we LIBP*(Q)  LILY(Q) for - =

ag
q 3’

AN

and consequently w21+m e L2 13/(-m(Q)). On the other hand, interpolating between
LZH! (Q) and LPHY(Q) gives xu € LTH!,  (Q) for every r € [2,00]. Therefore, with

comp comp

X] = X, we can estimate

Il s gn S el so-sm gy @ 62 0o oy (4:30)

where ﬁ = % + 1;3’7 = % — 3. It remains to notice that for M defined above, the embedding
B\ (Q) € B3 () holds (indeed, 1> 3/4+7n and 1—3/M = 3/4+n—9/4) and to use

again Lemmas [E2, BJ]. Another application of Lemma [E with LI(B,) := L7 H 1 (€2),

H := HY25(Q) and L7(B,) := Lf/?’Bi’;g‘Jr"’z(Q) achieves the proof of ([:29) and Lemma
£ O

End of the proof of Proposition [[.3: In order to complete the proof of Proposition [£.J
it remains to prove that (f.2§) holds indeed, since we have used it to deduce ([L.17). Let
0 < T < oo be small enough, so that by the local existence theory (see [[f]) the L& BJ*(Q)
norm of u is finite; in fact, the same can be said with o replaced by 71 + i. We shall prove
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that 7 = oo is allowed. For this, we interpolate between LiB;/*""*() and LLB}/**(Q)

7 to obtain an estimate on the L4 BJ? (Q) norm,

with interpolation exponent 6 = 2(1—+n

where o0 = 1/44n/(1+n):

=0 : (4.31)

||u||L%B(72 < HUHL4B1/4 WQ(Q)H ’L%«Bi/4+n’2(ﬂ)

Recall that from Proposition [L.4 we have now a uniform bound,

||u|| 1/4— n2 () 5 C(E, M), (432)

LiB,

and from Lemma .3 we consequently also have a uniform bound on the Duhamel part
coming from g, see ([.1§). Finally, using ({.29) for ¢g; and the uniform bounds we already
have for the linear part and the go part,

S Cu(E, M) + Co(B, M) [xull o5 o llull 35 (4.33)

||u|| L?Hcl'o L4B0'2

L4.B)/ T2 (@)
Plugging (£.37), (F.33) in (E.37)) yields

ol g0y < 5B M) + ColB Ml Ty ol

(4.34)

where p,v > 0. The coefficients are uniformly bounded, and a splitting time argument
performed on the L{H., (€2) norm which is finite provides global in time control of u in

LfBZ’Q(Q). This finally completes the proof of Proposition [L.3. O

Remark 4.6. The space L}(B7*(Q)) with o = 1 1y T4, does not show up by accident:
rather, it is a scale invariant space with respect to the critical regularity s,. As such, it
makes sense that it plays a pivotal role in the argument. Having reached (and in fact, gone
beyond) critical scaling in our a priori estimates, the remaining part of the argument is

somewhat less involved.

At this point of the proof, we could establish scattering in the scale-invariant Sobolev
space; however we want to reach H}. Recall that we may write

+00 +oo
[u(t, ) — 6”AD(UO+/ e~ ulP u(s)ds) || gy = H/ OB |yl h(s)ds | gy,
0 t
from which we wish to use Duhamel to get
T A 1
I e e )l 10 sy Nl (435)

from which scattering easily follows (the same argument applies at t = —oo as well).
Therefore we focus on the right handside and start with the easiest part, which is gs.
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Lemma 4.5. We have g, = (1 — x)u? € L} H} ().
Proof. We start by proving that

v=(1-x1)ue L L2 Q). (4.36)
Remark 4.7. Notice that if we have (£.3Q) the proof is finished since then

||U|U‘2+2n||Lt1H3(Q) < H|U‘2(1+n)HL}LOO(Q)HUHL;’OH(%(Q)- (4.37)

We proceed with (f3(). From Lemma [L.3 we know that g, € L} H="7(Q2) and [y, ApJu €
L2H" (Q), so using again the equation for (1 — x)u and Lemma [L3J,

(1—x)u € LIB5 "™ (Q)(NLPHY(). (4.38)

Recall that from Lemma [ we also have v € L?BY** N L°H'/2(Q). The Lemma now
follows by interpolation and the Gagliardo-Nirenberg inequality (a similar key step exists

in [Iq). o

Lemma 4.6. We have g, = yu? € Lf/sBZg’z(Q)-

Proof. We first prove
we LFpsian )y, (4.39)

Indeed, from Propositions I3, [ and interpolation, we get u € LB,/ **?(Q). Interpo-

lating again between this bound and the energy bound u € L HE (), followed by Sobolev
embedding yields ([.39). Now we write

|91 HL;%BZ;;,Z(Q) S HX“HLgHgO/gw(Q) Hu2+2n||L§L4(Q)7 (4.40)
and also by the Duhamel formula and the local smoothing estimate on the domain,

Il s, 0y < Nollirsray + 1l 2552 ) + Nl rn oy (4.41)

comp

Certainly, using Lemma [L.], the go term is bounded. For g;, we may write
Hgl HLf/Bgi}zg(Q) N HXUHL%Hgomp(Q) Hu2+2n||L§L4(Q)§ (4-42)

and we have reached a point where our right handside is uniformly bounded. Consequently
the Lemma is proved, and this concludes the proof of Theorem P.3 O
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Appendix

In order to perform the various product estimates, we need a couple of useful lemma.
Observe that with the spectral localization one cannot take advantage of convolution of
Fourier supports. As a first step and in order to avoid cumbersome notations, we only
consider functions and Besov spaces which do not depend on time. We will then explain
how to re-instate the time dependance in the nonlinear estimates.

It is worth noting at this stage, however, that both A; and S; operators are well-defined
on IYLY and LILY for all the pairs (p,q) to be considered: this follows from [[4] for the
case LYLY where the time norm is harmless. In the case LIL?, the arguments from [[[4]
apply as well (heat estimates are proved for data in L2(H) where H is an abstract Hilbert
space, and when H = L?, the heat kernel is diagonal and therefore Gaussian as well). By

interpolation and duality we recover all pairs (p, q).

Remark 4.8. In R", one may perform product estimates in an easier way because of
the convolution of Fourier supports. However, when dealing with non integer power-like
nonlinearities, one cannot proceed so easily: the usual route is to use a characterization
of Besov spaces via finite differences; here, because of the Banach valued Besov spaces, we
perform a direct argument which is directly inspired by computations in [L3], where the
same sort of time-valued Besov spaces were unavoidable.

Lemma 4.7. Let f; be such that S;f; = f;, and || f;llzr < 2770, with s > 0 and (n;); € 19.
Theng=73;f; € B;’q.

We have, by support conditions,
9=> A Sifi
k k<j

Now,

IAROD Sifilly S278 ) 2720 Ry,

k<j k<j

which by an [' — 19 convolution provides the result.

Lemma 4.8. Let f; be such that (I — S;)f; = f;, and ||fil|rr < 277°n;, with s < 0 and
(ﬁj)j el9. Then g = Zj fj S B;,q'

We have, by support conditions,

9= A (=S

k>j
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Now,

18K = ) f)llp S 2743207

k>j k<j

which by an [' — 19 convolution provides the result.

Lemma 4.9. Consider a =1 ora>2, f € B;vq and g € L™, with 0 < s < 2, % =2+
let

Tof =Y (S9)"Af
J
Then
) f € By
We split the paraproduct T f:

Tof = ZS S;9)° A, f) +ZI S((S;9)*A; f):

the first part is easily dealt with by Lemma @ For the second one, K,f, taking once
again advantage of the spectral supports
ApKof =AY (1= S)((S;9)"A 1)
j<k
Notice the situation is close to the one in Lemma [I.§, but we don’t have a negative regularity
for summing. We therefore derive

ApKyf = Y (I=5;)Ap((S;9)"A;f)

i<k

= D (1= 5;) (Ap(S;9)"Ajf + (ApA; f)(Si9)* +20(S;9)* 'V Sjg - VA, f)
i<k

= Z(I - Sj) (O‘ADSJQ(SJQ)Q 'A; f+a(a - 1)|VS]9| ( Jg)a A if
i<k

+ (ApA; f)(S;9)" +2a(S;9)* 'V S;g - VA, f) .

The first two pieces are again easily dealt with with Lemma [L.§, and the resulting function
is in B*2%. The remaining cross term is handled with some help from [[d]:

VA, f = Vexp(d7Ap)A;f,
where the new dyadic block A; is built on the function 1(£) = exp(|£[?)4(€). From the
continuity properties of \/sV exp(sAp) on LP, 1 < p < 400, we immediatly deduce
IVAflly S 2212, (4.43)

and we can easily sum and conclude. This will be enough to deal with the critical case,
but for differences of nonlinear power-like mappings, we need
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Lemma 4.10. Consider a« > 3, f,g € X = B;vqﬁL’", with 0 < s < 2, % = a;l + %: Then,
if F(x) = |z|* 'z or F(x) = |x|°,
17 (u) = F(0)ll gge < lu = ollx(Jull 7 +0llI5)-
In order to obtain a factor u — v, we write
1
F(u) = F(v) = (u—v) / F'(6u + (1 — 6)0)db. (4.44)
0

We need to efficiently split this difference into two paraproducts involving v —v and F'(w)
with w = 6u + (1 — 0)v, and this requires an estimate on F'(w): write another telescopic

series
F'(w) =) F'(Sjraw) — F'(Sjw)
J
= Z Si(F'(Sjnw) — F'(Sjw)) + Z(I = S (F'(Sjw) — F'(S;w))
:Slj + Ss. ]
Exactly as before, the first sum S; is easily disposed of with Lemma [L7, as

|F'(Sj1w) — F'(Sjw)] S [Ajw|(|Sj1w|*™? + | S5w|*72).

The second sum Sy requires again a trick; to avoid uncessary cluttering, we set F'(x) = 2%,
ignoring the sign issue (recall that o > 3, hence F"(z) is well-defined as a function): we
apply Ap,let f=a—-12>2

ApSy =Y (I = S)Ap((Sjr1w)* ™" = (Sjw)*™)
J
=3 (I = 8;) (B(Sj+1w)* ' ApSjw — B(S;w)*~ ApSjuw
J
+ B8 = 1)(Sj1w)" A (VSiw)? = B8 — 1)(S;w)"*(VSjw)?) .
We now apply Lemma [I.§ after inserting the right factors: we have four types of differences,

[((Sjraw)?~ = (S;w)" ) ApSjw| S ColAjwl||ApSi|(1S; 1w’ +[Sw]”?)
|(Sj11w)? P ApAjw| < JApAwl] S yw]”?
[((Sj1w)? 2 = (Sw)° ) (VS aw)?| S ClAjw]|”~*|V S aw]®
|(Sj1w) "2 ((VSjw)? = (VSjw)?)| < [VAw|(|VSjw| + VS 1wl S;aw]”
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where on the third line we wrote the worst case, namely 2 < 3 < 3 (otherwise the power
of Ajw in the third bound will be replaced by |Ajw|(|S;w|?~3 + |S;11w]P~3)).
By integrating, applying Holder and using (.-43) to eliminate the V operator, we obtain

as an intermediary result

a—2 1

r p

. 1
F'(w) € BY?, with 1=

We may now go back to the difference F(u) — F(v) as expressed in ([44) and perform
a simple paraproduct decomposition in two terms to which Lemma .9 may be applied.
Observe that there is no difficulty in estimating F”(w) in L™~V and that the integration
in 0 is irrelevant. This completes the proof.

We now go back to the first nonlinear estimate, namely ([£.9). We write a telescopic

series for the product five factors wuq, us, us, uq, us € Xr,
U UgU3U4Us = Z Sit1urSj11u2Sj41u3Sj1uaSj11us — SjurSiusS;usSuaSjus
J
and we are reduced to studying five sums of the same type, of which the following is generic
S| = Z AjuySjugSiusSiugSius,
J

and we intend to apply Lemma [I.9, which is trivially extended to a product of several

factors. In principle,
12,02 240
u, € By*(Ly ) N L Ly

is enough, using the first space of the A; factor and the second one for all remaining S;
factors, except for the use of (.43) in the proof. Consider, from u € X7,

2107 || Ajull 512, + 27| 0Aull 5 15 = 1l € 2.
We will have, using [4],

2107V Aul

_3. .
rarz +2 2|0, VA ul L35 = ,ujl- € 1]2-, with ||tz < 1| p°|i2-

By Gagliardo-Nirenberg in time, we have the correct estimate for Aju, for £k = 0,1

1—-k)j k k
209V gl S

x

We proceed with the low frequencies by proving a suitable Sobolev embedding.

.1 ._3 20
Lemma 4.11. Let u € B2°(L3) and Oyu € By *°(L3). Then u € L L.
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Let
VA ull s + 27 (642119, V* A jul

L3L5 = ,U] S ljs-,
notice we can easily switch time and space Lebesgue norms. Using Gagliardo-Nirenberg in

time, we have
l_ .
99 1VEA jull g S 4 € 8. (4.45)

Using now Gagliardo-Nirenberg in space, we also have

i g
2750 )| Ajull gy, S 271 Agull g S 45

and the same thing for 2729,A;u (or with an additional 27V). Now another Gagliardo-
Nirenberg in time provides

DI VFA,; |z, S (4.46)

Finally, we take advantage of a discrete embedding between ! and weighted I*° sequences:

Jul <D 1Azl + Y 1Azl

i<J jzJ
< Z 2% sup 277 Ajul + 22_% sup 25| A u)
j<r = 7

< 2% sup 273 |Ajul + 27% sup 2%\Aju\
J J

ol S szt (sup2%|Aju|)

lul® I35, TR ||Sup2 5 Al g, ||Sup26|A ulll 75 a0

Z
el s

1
4
el 0 S sl

oo

Notice that the estimate with a gradient is much easier: just interpolate between ([L.45)
and (£.44) with £ =1 to obtain

2|V Al g, S 0
which we can now sum over k < j to obtain control of Sju.

The case p < 5 is handled in an similar way, and we leave the details to the reader,
sparing him the complete set of exponents (depending on p !) that would appear in the
proof. For scaling reasons there is actually no need to perform the computation: the
previous one on the critical case simply illustrates that we can sidestep issues related to
the usual Littlewood-Paley theory by using direct arguments.
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