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Abstract

We prove that the quintic Schrodinger equation with Dirichlet boundary con-
ditions is locally well posed for H&(Q) data on any smooth, non-trapping domain
Q0 C R3. The key ingredient is a smoothing effect in L3(L?) for the linear equa-
tion. We also derive scattering results for the whole range of defocusing subquintic
Schrodinger equations outside a star-shaped domain.

1 Introduction

The Cauchy problem for the semilinear Schrodinger equation in R? is by now relatively
well-understood: after seminal results by Ginibre-Velo [[(] in the energy class for en-
ergy subcritical equations, the issue of local well-posedness in the critical Sobolev spaces
(H %_%) was settled in [[]. Scattering for large time was proved in [[{] for energy sub-
critical defocusing equations, while the energy critical (quintic) defocusing equation was
only recently successfully tackled in [f]. The local well-posedness relies on Strichartz esti-
mates, while scattering results combine these local results with suitable non concentration
arguments based on Morawetz estimates. On domains, the same set of problems remains
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an elusive target, due to the difficulty in obtaining Strichartz estimates in such a setting.
In [@], the authors proved Strichartz estimates with an half-derivative loss on non trapping
domains: the non trapping assumption is crucial in order to rely on the local smoothing
estimates. However, the loss resulted in well-posedness results for strictly less than cu-
bic nonlinearities; this was later improved to cubic nonlinearities in [ (combining local
smoothing and semiclassical Strichartz near the boundary) and in [[[T] (on the exterior of
a ball, through precised smoothing effects near the boundary). Recently there were two
significant improvements, following different strategies:

e in [Id], Luis Vega and the second author obtain an ijx Strichartz estimate which
is scale invariant. However, one barely misses L{(L>()) control for H} data, and
therefore local wellposedness in the energy space was improved to all subcritical
(less than quintic) nonlinearities, but combining this Strichartz estimate with local
smoothing close to the boundary and the full set of Strichartz estimates in R?® away
from it. Scattering was also obtained for the cubic defocusing equation, but the lack
of a good local wellposedness theory at the scale invariant level (H %) led to a rather
intricate incremental argument, from scattering in Hi to scattering in H{;

e in [[J], the first author proved the full set of Strichartz estimates (except for the
endpoint) outside stricly convex obstacles, by following the strategy pioneered in
[[7] for the wave equation, and relying on the Melrose-Taylor parametrix. In the
case of the Schrodinger equation, one obtains Strichartz estimates on a semiclassical
time scale (taking advantage of a finite speed of propagation principle at this scale),
and then upgrading to large time results from combining them with the smoothing
effect (see [[J] for a nice presentation of such an argument, already implicit in [I9]).
Therefore, one obtains the exact same local wellposedness theory as in the R? case,
including the quintic nonlinearity, and scattering holds for all subquintic defocusing

nonlinearities, taking advantage of the a priori estimates from [[[q].

In the present work, we aim at providing a local wellposedness theory for the quintic
nonlinearity outside non trapping obstacles, a case which is not covered by [[J]. From
explicit computations with gallery modes ([[]), one knows that the full set of optimal
Strichartz estimates does not hold for the Schrodinger equation on a domain whose bound-
ary has at least one geodesically convex point; while this does not preclude a scale invariant
Strichartz estimate with a loss (like the Lj(L2°) estimate in R* which is enough to solve
the quintic NLS), it suggests to bypass the issue and use a different set of estimates, which
we call smoothing estimates: in R?, these estimates may be stated as follows,

lexp(itA) fllraz) S I1F 11— (1.1)



1 INTRODUCTION 3

from which one can infer various estimates by using Sobolev in time and/or in space.
Formally, (1)) is an immediate consequence of the Stein-Tomas restriction theorem in R3
(or, more accurately, its dual version, on the extension): let 7 > 0 be a fixed radius, one
sees f (£) as a function on [£] = /7, and applies the extension estimate, with § the Dirac
function and F the space Fourier transform

1777 = 1€ FE) s S IFE)e2qe=ym-

Summing over 7 yields the L? norm of f on the RHS, while on the left we use Plancherel in
time and Minkowski to get ([.1]). A similar estimate holds for the wave equation, replacing
VT = [€| by 7 = £[¢], and usually goes under the denomination of square function (in
time) estimates. In a compact setting (e.g. compact manifolds) a substitute for the Stein-
Tomas theorem is provided by LP eigenfunction estimates, or better yet, spectral cluster
estimates. In the context of a compact manifold with boundaries, such spectral cluster
estimates were recently obtained by Smith and Sogge in [[], and provided a key tool for
solving the critical wave equation on domains, see [, fl]. In this paper, we apply the same
strategy to the Schrodinger equation:

e we derive an L?(€Q; L?) smoothing estimate for spectrally localized data on compact
manifolds with boundaries, from the spectral cluster L5(£2) estimate; here I is a time
interval whose size is such that |I|[/—Ap| ~ 1;

e we decompose the solution to the linear Schrodinger equation on a non trapping
domain into two main regions: close to the boundary, where we can view the region
as embedded into a 3D punctured torus, to which the previous semi-classical estimate
may be applied, and then sumed up using the local smoothing effect; and far away
from the boundary where the R? estimates hold.

e Finally, we patch together all estimates to obtain an estimate which is valid on the
whole exterior domain. Local wellposedness in the critical Sobolev space H 15
immediatly follows for 3+2/5 < p < 5, and together with the a priori estimates from
[[4], this implies scattering for the defocusing equation for 3 +2/5 < p < 5. The
remaining range 3 < p < 3 4 2/5 is sufficiently close to 3 that, as alluded to in [Lf],
a suitable modification of the arguments from [[[q] yields scattering as well, and we

do not pursue this matter here.

Remark 1.1. Clearly, such smoothing estimates are better suited to large values of p: the
restriction 3+ 2/5 < p for the critical wellposedness is directly linked to the exponent 5 in
the spectral cluster estimates; in R®, where the correct (and optimal !) exponent is 4, one
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may solve down to p = 3 by this method, while the Strichartz estimates allow to solve at
scaling level all the way to the L? critical value p =1+ 4/3.

2 Statement of results

Let © be a compact, non-trapping obstacle in R and set Q = R3\ ©. By Ap we denote
the Laplace operator with constants coefficients on Q. For s € R, p,q € [1, 00| we denote
by B;”q(Q) = B;’q the Besov spaces on €2, where the spectral localization in their definition
is meant to be with respect to Ap. We write L2 = LP(Q) and H? = By* for the Lebesgue
and Sobolev spaces on 2. It will be useful to introduce the Banach-valued Besov spaces
B;’q (L}), and we refer to the Appendix for their definition. Whenever L7 is replaced by
L. it is meant that the time integration is restricted to the interval (=7, 7).

We aim at studying wellposedness for the energy critical equation on €2 x R, with
Dirichlet boundary condition,

i0yu + Apu = +|ul*u, upo =0, Up=o = Uo (2.1)
and more generally
iOu+ Apu = ElulPlu,  weq =0, up—o=uo (2.2)
with p < 5.
Theorem 2.1. (Well-posedness for the quintic Schrodinger equation) Let uy € H ().
There exists a unique solution u € C([=T,T], H}(Q))N B§’2(L$), to the quintic nonlinear

equation (). Moreover, the solution is global in time and scatters in H} if the data is
small.

The previous theorem extends to the following subcritical range:

Theorem 2.2. Let 3 +§ <p<5H, 5= % — p%l and uy € H*. There exists a unique
solution u € C([=T,T], H*») N BSPQ(L?), to the nonlinear equation (E32). Moreover the
solution s global in time and scatters in H*? if the data is small.

Finally, we consider the long time asymptotics for (B-2)) in the defocusing case, namely

the + sign on the left.

Theorem 2.3. Assume the domain ) to be the exterior of a star-shaped compact obstacle

(which implies Q is non trapping). Let 3 + % < p <5, and ug € HY(Q). There exists a
. 20

unique solution u € C(R, HL(Q)) N B (L1, to the nonlinear equation (E2). Moreover,

there exists two scattering states u* € Hg () such that

Jimlu(a, ) — AU i) = 0.
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3 Smoothing type estimates

We start with definitions and notations. Let (&%) € C5°(R\ {0}) and 1;(£?) = ¢ (27%&2).
On the domain 2, one has the spectral resolution of the Dirichlet Laplacian, and we
may define smooth spectral projections A; = 1;(—Ap) as continuous operators on L?.
Moreover, these operators are continuous on LP for all p, and if f is Hilbert-valued and
such that ||| f||#]lzr@ < +oo, then the operators A; are continuous as well on LP(H).
We refer to [[4] for an extensive discussion and references. We simply point out that if
H = L2, then A; is continuous on all L? L{ by interpolation with the obvious L} (L) bound
and duality.

In this section we concentrate on estimates for the linear Schrodinger equation on 2 x R
with Dirichlet boundary conditions,

i0wur +Apur =0, urpe =0, UrLp= = Uo (3.1)

Theorem 3.1. The following local smoothing estimate holds for the homogeneous linear

equation (B),

1Ajuelirgny S 271 Azuollsz. (3.2)
Moreover, let 2 < q < oo, then
1Auclligry S 2770 | Auo | 2. (3.3)
Consider now the inhomogeneous equation,
i0v+Apv=F, vjga =0, vy =0. (3.4)

From Theorem B.1], we will obtain the following set of estimates:
Theorem 3.2. Let 2 < q <r < +o0, then

(310 _i(a_9
|80z + 279 | Ao gy S 2769

A F| (3.5)

g
with 1/r+1/r" = 1.

Combining the previous theorems with the results from [[§], we finally state the set of
estimates which will be used later for

i0u+ Apu=F, wpq =0, V== uo. (3.6)
Theorem 3.3. Let 2 < r < 400, then

(3.7)

’9

J _3; _i(4_9
|Asulleimz) + 20 | Agulgzs + 273 Agully, S 1 Aguollzz +279C-DYAF| 5
z Mt

with 1/r+1/r" = 1.
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3.1 Proof of Theorem 3.1

Let ¢ € CP(R\ {0}) be such that ¥ = 1 on the support of ¢: hence, if A]- denotes the
corresponding localization operator, A]Aj = A,;. We now split the solution of the linear
equation Ajug(t,x) = AjAjuy as a sum of two terms AjxAjuy + A;(1 — x)Ajur, where
X € C§°(R?) is compactly supported and it is equal to 1 near the boundary 9.

3.1.1 Far from the boundary: A;(1 —x)Ajuy
Set wp(t,r) = (1 — x)A;e"Pug(z). Then wy, satisfies

{ i@twh + Ath = —[AD,X]A]-UL,

3.8
wh|t:0 = (1 — X)AjU(]. ( )

Since y is equal to 1 near the boundary 9%, we can view the solution to (B.§) as the
solution of a problem in the whole space R3. Consequently, the Duhamel formula writes

t
wnlt,a) = (1= 0B = [ eI A (A un(5)ds. (3.9)
0

where A is the free Laplacian on R?® and therefore the contribution of e ™2(1 — x)Auq
satisfies the usual Strichartz estimates. We have thus reduced the problem to the study of
the second term in the right hand-side of (B.9). Ideally, one would like to remove the time
restriction s < t and use a variant of the Christ-Kiselev lemma. However, this would miss
the endpoint case ¢ = 2. Instead, we recall the following lemma:

Lemma 3.1 (Staffilani-Tataru [[9)). Let « € R", n > 3 and let f(x,t) be compactly
supported in space, such that [ € Ltz(H_%). Then the solution w to (i0; + Ay)w = f with
Wy—g = 0, is such that

hll , o, S (3.10)

In fact, one may shift regularity in (B.10) without difficulty. Now, the proof in [[J] relies
on a decomposition into traveling waves, to which homogeneous estimates are then applied.
We can therefore use the L1(L?) smoothing estimate, Sobolev in space, and obtain, under

the same hypothesis

lwllzsey S N1 -4

We take f = —[Ap, X]Ajuy € L2Heords /'°(€2) and

||[AD>X]AjuLHLQHC*O}I@*l/lO S ||AjuL||L2H1/2*1/1O(Q) S ||Aju0||H1/10(Q)>
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from which the smoothing estimates follow

10 =025 sz S 10 =)Aol gy o) + NAD XIAGL g2 yrjo-sr0

We conclude using the continuity properties of Aj which were recalled at the beginning of
the section (see [[4, Cor.2.5]). In fact, using (B.I11]), we get

1A;(1 = x)Aur

L5L2 N X)AjULHLgL%

< 271018 uo]| @),
where we have used the spectral localization A; to estimate
1A 0| o0y = 27 | Ajtuo || 12 -

3.1.2 Close to the boundary: ijAjuL

For [ € Z let ¢, € C(((I — 1/2)m, (I + 1)7)) equal to 1 on [Im, (I + 1/2)7]. We set

v; = AjxAjuy, and for | € Z we set vj; = ¢;(27t)v;. We have

||Uj||2L5(Q)L2(R) = || Zvj,l %ng ~ ||| Z%’JH%HLW

LEZ ASYA
SIS osallell e < 3 losalZase. (3.12)
lEZ leZ

where for the first inequality we used the fact that the supports in time of ¢; are almost or-
thogonal. In order to estimate [|v;]|75 . it will be thus sufficient to estimate each ||v;; ||%5L%.
The equation satisfied by 0, := ¢;(27t)xAjuy is

005 + Apvjy = —(@i(270)[Ap, X]Ajur — i27¢)(27t) xAjuy), (3.13)

where we stress that 0;; vanishes outside the time interval (277(1 —1/2)m,277(l+ 1)7). We
denote V;; the right hand side in (B.I3) where we set

Vi o= —@i(2)[Ap, X]Ajur, — 127} (27t) x Ajur. (3.14)

Let Q C R? be an open cube sufficiently large such that 952 is contained in the interior
of Q. We denote by S the punctured torus obtained from removing the obstacle © (recall
that O = R3\ ©) in the compact manifold obtained from @ with periodic boundary
conditions on 0Q). Notice that defined in this way S coincides with the Sinai billiard. Let
also Ag := Z?Zl 8]2 denote the Laplace operator on the compact domain S.
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Remark 3.1. Notice that in a neighborhood of the boundary, the domains of Ag and Ap
coincide, thus if x € C°(R?) is supported near O then

Agx = Apx.

Moreover, there exists x1 € C3°(R?) supported near the boundary and equal to 1 on the
support of X such that

1A = x1A7x. (3.15)

On S, we may define a spectral localization operator using eigenvalues A\ and eigen-
vectors ey of Ag: if f =), crey, then

A f =275 Ag)f = Zw 222 cpep. (3.16)

In what follows let y € C5°(R?) be equal to 1 on the support of x and be supported
in a neighborhood of 9€) such that on its support the operator —Ap coincide with —Ag.
From their respective definition, v;; = xv;;, V;; = xVj, consequently v;; will also solve
the following equation on the compact domain S

0,01+ AsUji = Vi, (3.17)

Ujilecni—1/2= = 0, Ujilesharye = 0.
Writing the Duhamel formula for the last equation (BI7) on S, applying A; and using
that Vi1 = Aj’&jJ, )Zr&j,l = r&j,l and Aj)z = XlA]S)Z + (1 — Xl)A]f( yields

vt x) = Ajiyy = A
= 1A+ (1 — xa) A0, = iAo, + (1 — x1) A,

t
“ / e=it=98s RSV (5 w)ds
h(i—1/2)m

t
+(1— Xl)/ Aje =985V (s x)ds.  (3.18)
h(l—1/2)7
Denote by v, the first term in the second line of (B.I§) and by v;; s the second one.
We deal with them separately. To estimate the L2L? norm of the v;; ; we notice that it
is supported far from the boundary therefor the estimates for the L2 L? norms will follow
as shown in the previous section. Notice that since ¥;; solves also the equation (B.I3) on
2 hence we can replace Ag by Ap in the integral defining v;;  and from Section B.I.]] we
deduce

(1 - Xl)A et ADV l||LgL$ S ||Aj‘/j,l||H*1/10(Q) = 2_1%||Ajv},l“L2(Q)’ (3.19)
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We then apply the Minkowski inequality to deduce
t ~ .
0= [ B v s sl ey
h(l—1/2)x

< 2_j/2(/ (1 — x1)A e =80T (s, -)||%5(Q)L2(Ij,l)d5)1/2a (3.20)

T

where we denoted I;; = [279(] — 1/2)m,279(l + 1)7] and we used the Cauchy-Schwartz
inequality. Using (B.I9) we finally get

o slls@raayy < 272N AVl 2, e e)- (3.21)
J J
To estimate the L2 L? norm of the main contribution v;,,, we need the following:

Proposition 3.1. Let j > 0, I; = (—7277,7279), x € C(R®) be supported near 99
and Vo € L*(Q). Then there exists C > 0 independent of j such that for the solution
e_“ASAf)ZVO of the linear Schrodinger equation on S with initial data Af)ZVO we have

e 25 AS Vol s (syraqry) < 02—%0||Af>my|L2(s). (3.22)

We postpone the proof of Proposition B.1].

Using the fact that v, is supported in time in I;; = [277(1 — 1/2)m,279(l + 1)7], the
Minkowski inequality, Proposition B.J] with ¥ = 1 on the support of x and with Vi =V},
and since X1v; ., = ;1. for any x; € C*°(R?) with y; = 1 on the support of x1, we obtain

||Uj,z,mHL5(Q)L2(Ij,l) :’|>~(1Uj,l,mHL5(Q)L2(IN) = HUj,l,m||L5(S)L2(IN)

277 (I+ )7 ' R
< / e TR ATV (s, Mlzaesyza, o ds
2=3(l-1)m

<ot / JASV,4(5) | 120 s
I.

g,

<ot / VASTV;0(5) 125y ds
I.

g,

gg—%/ X128, Via(s) + (1 = x0) AT V()| 2(s)ds
I.

g,

<ot / 1A, Vi)l 2oy ds
1

Jil

Lot / 1 = x0)ASV(8) 2y ds (3.23)
1

Jil

where this time we wrote Af)} =18, ¥+ (1 - xl)Af)Z and V;; = xVj,.
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Using the Cauchy-Schwartz inequality in (B.23) yields

vjamllzs@yrecy S 2772 (1A Vil iz, e

1 = x) AT V() lzar, ) (3.24)

We deal with the second term in (B.24). Using the precise form of V;; given in (B.14)
together with the spectral localization Af we have

(1= x0)ATVia(s) 2, 0209 S 272120 Ap, XA uLll 2y 111723
+2j/2||(p2(2jt)XAjuL||L2(ijl)H1/2(S))> (3.25)

and since the supports are localized near the boundary we can take the norms over 2. On
the other hand, again thanks to the spectral cutoff A]—, we obtain

1A Viall 2, ez =led 2 A Ap, XA ur + 270 (276) Ay xAjur || 121, 2o
§2j/2 ||(pl(2jt)AJ [AD7 X]AjuL ||L2(Ij,l)H071/2(Q)

+ 2P DG A s gy e (3.26)

(@)

Using the estimates (B:27) and (B:2d) we obtain the same bounds for both terms in the
right hand side of (B.24)). Precisely, we have

1A Vil 2, oz + 1L = x0)ATV;u(9) | 2,0 228)

< PG ARA e o, (3.27)

Hy'? ()

where y and ¢; are equal to 1 on the supports of x and (;, respectively.
Let us recall the following local smoothing result on a non trapping domain:

Lemma 3.2. (Burg, Gérard, Tzvetkov [B, Prop.2.7]) Assume that Q = R3\ O, where © # ()
is a non-trapping obstacle. Then, for every x € C°(R3), one has

IXAjuLll 2, m/20)) < CllA 0]l 20 (3.28)

where, as usual, ur(t,r) = e "Pug(z).

Using (B.132), (B:21), (B:24), (B.27) and Lemma B.3, we deduce

1A x A uLlFs e S 2720210 > 185V () 221, 2@
€T

_25 ~ ~ 2~
S 27 Y @Al Ly rae S 2B 1A 0] 2y (3.29)
lEZ
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3.1.3 End of the proof of Theorem B.J]

Until now we have prove Theorem only for ¢ = 2. We shall use the Gagliardo-Nirenberg
inequality in order to deduce (B.J) for every ¢ > 2. We have

1/2 1/2
(N PPy ST [ T X o

which gives, taking the L2 norms and using the Cauchy-Schwartz inequality

[Ajur

P S 1ALl 18,0755 (3.30)
It remains to estimate ||A;dyuy | zs72: notice that since uy, = e~ *4Pug
A;duup = —iApAjuy, =25 Ajuy,
where A; is defined with 1, (z) = z¢(x) € CZ(R\ {0}). Therefore
180up Lz 15e < C2ZCTI A ]| L2, (3.31)

consequently
’ | A j 8tu L

1519 < '2—3(2/4-9/10) ||Aqu||L2(Q)

and Theorem B.1 is proved.

3.2 Proof of Theorems and

We recall a lemma due to Christ and Kiselev [§]. We state the corollary we will use, with
only the time variable: we refer to [[] for a simple direct proof of all the different cases we
use, with Banach-valued L}(B) spaces or B(LY). Tts use in the context of reversed norms
Li(LY) goes back to [[J] and it greatly simplifies obtaining inhomogeneous estimates from
homogeneous ones.

Lemma 3.3. (Christ and Kiselev [§]) Consider a bounded operator
T:L'(R)— LYR)

given by a locally integrable kernel K (t,s). Suppose thatr < q. Then the restricted operator

Taf(t) = [ K(t.5)(s)ds
is bounded from L"(R) to LY(R) and

(1 _ 2—(1/4—1/7‘))

| Tr|| r (&)= Lo®) < C NT N or @y Low) -

From the lemma, the proof of the inhomogeneous set of estimates in Theorem .7
is routine from the homogeneous estimates in Theorem B.J] and the Duhamel formula.
Combining both homogeneous and inhomogeneous estimates yields Theorem B.3
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3.3 Proof of Proposition B.]]

Let S denote the compact domain defined above. Recall (e,), is the eigenbasis of L*(.S)
consisting of eigenfunctions of —Ag associated to the eigenvalues \2. Following [[], we
define an abstract self adjoint operator on L*(S) as follows

Ap(en) == —[hA2]e,,

where [A] is the integer part of A. We first need to establish estimates for the linear
Schrodinger equation on the compact domain S with spectrally localized initial data.

We now set h = 277 and state estimates on the evolution equation where hAp is
replaced by Ay.

Lemma 3.4. Let 0 < h < 1, q > 2, I}, = (—wh,7h), x € C5°(R?) be supported near O
and Vy € L*(Q). There exists C > 0 independent of h such that

e’ 4 AFRVal|osyaqy < CHHT O ATR Vo pa(s)- (3.32)

We postpone the proof of Lemma B4 and proceed with the proof of Proposition B1].
Denote by Vj,(t, x) := e_itASAf)ZVO(x), then

(ih0; + Ap)Vi, = (ih0; + hAs)Vi + (Ap — hAs) Vi, = (A — hAg)e "5 ATY V.
Writing Duhamel formula for V}, yields
i

t
Vit.a) = 0B o) - ¢ [ e
0

Using (B-32) with ¢ = 2, (B:33), the Minkowski inequality and boundedness of the operator

(t;s)Ah (Ah _ hAs)e_iSASAfX%(z)ds' (333)

-t ~ _J
e m 4 Al 2 (5)— Loy L2(1,) S 2770 ~ A0

(which follows from the proof of Lemma B-4), we obtain

1

le™ 25 AF YVl | Lssyrecr,y S ho <||AJSXVO||L2(S)
1 —isAg AS &
* EH(Ah + hAg)e ASAJSXVO||L1(—h7r,h7r>L2(S)>> (3.34)

where to estimate the second term in the right hand side of (B.33) we used the fact that
Ay, commutes with the spectral localization Af . Changing variables s = h7 in the second
term in the right hand side of (B-39) yields

™

(Ap + hAg)e 25 AFYVo|| L (chr oy 25y = / [(An + hAg)e™ ™A ATV | 25y dr

—Tr

L
h
< 27| A Vol rasy,  (3.35)
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where we used the fact that the operator (Ay, + hAg) is bounded on L?*(S) and the mass
conservation of the linear Schrédinger flow. If follows from (B:34)) and (B-33) that

le™* 25 AT Vol ssyza ) < B IATR Vol s

which ends the proof of Proposition B.]).
We now return to Lemma 4 for the rest of this section. Writing AZVy = 3> (h2A2)V3, e,
we decompose (for 0 < h < 1/4)

ATV (tz) = Y elfFuy(x)

keN
with
((k+1)29)1/2 -1 ((k+1)20)1/2 1
w(r)= Y YUY aen = Y AW,
A=(k29)1/2  Ap€[AN+1) A=(k27)1/2

where ITy denotes the spectral projector ITy = 1 =xzcpa+1)- Let us estimate the L°(S)L9(1),)
norm of ei%AhA]SVO:

/74 A5V,

%5(S)LQ(I;L) 5 h2/q||||eiSAhAfV0 ] (—m,m) IIL5/2(S)
S e ATVO o1 /agae (o l23720)

S Y+ RS (@) s
keN

SRS (14 k) R0 (2) 1 ()12 )
keN

S BTN 4+ R) e o (@) s,
keN

where we used Sobolev injection in the time variable H'/2-1/¢ ¢ L9 and Plancherel in time.

We recall a result of [I§] of Smith and Sogge on the spectral projector II,:

Theorem 3.4. (Smith and Sogge [[§/) Let S be a compact manifold of dimension 3, then
1T p2(s)—z5(s) < A%/,
Using Theorem B.4 we have

le a4 Aol e sypary S BT D (LR THIRIATVG g
1/4h—1<k<4/h
Z k1_4/q+4/5||Af‘/0||%2(5)
hke[1/4,4]

S HASVAlos0-o/100s):
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since for hk > 4 or h(k+1) < 1/4 and X, € [(k2)"/2, ((k + 1)27)"/?) we have W(h?\2) =0
and on the other hand for these values of £ we have

k/V2 < (B2)2 <\, < ((k+1)2)Y2 <V2(k+1), h<5(k+1)""

This completes the proof of Lemma B.4].

4 Local existence

In this section we prove Theorem P.1].

Definition 4.1. Let u € S'(R x Q) and let A; = (—2"%Ap) be a spectral localization
with respect to the Dirichlet Laplacian Ap in the x variable, such that Zj A; = Id and
let Sj =3 ;. We introduce the ”Banach valued” Besov space By4(Ly) as follows: we
say that w € By(Ly) if

(2 I18ullzrg ) €17
and Zj A, f converges to f in S'. If L] is replaced by L., the time integration is meant to
be over (=T,T). Moreover, when s < 0, A; may be replaced by S; in the norm and both

norms are equivalent.

Applying Theorem B.1] with ¢ = 2,5 and taking s = 1 in the definition above we obtain

. 1 L1 ._3
up, € B X (L2 N B2(L?) and Oy € Bs 2 P(LY).
From this, by Gagliardo-Nirenberg in the time variable, one should have

20

u € By (L) N B (L) € LPPLY,

and consequently y
ut € LYBLY as well as |ug|u, € BY* (L")
4

which should be enough to iterate. However, our spaces are Banach valued Besov spaces
(if one sees time as a parametrer) and justifying Berstein-like inequalities and Sobolev
embedding is not entirely trivial (but doable, using the estimates from [[4]). We choose
an apparently complicated space in order to set up the fixed point, but the little gain in
regularity from the smoothing estimate will turn out to be crucial for subcritical scattering.

Remark 4.1. By this choice, we only restrict the uniqueness class. It is likely that one may
prove a better result, but there is no immediate benefit in the present setting, except proving
additional estimates. We retained, however, the uniqueness class that would provided by
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the argument above in the Theorems’statements. Another remark is that one may dispense
with the use of Lemma [5.1, miss the endpoint ¢ = 2 and still get the exact same nonlinear
results, as there is room (due to the use of Sobolev embedding) in all mapping estimates.
Moreover, as soon as we use an estimate with a (however small) gain in regularity, we do
not need Lemma [[.J, as we could use a simpler embedding in a Besov space of negative
reqularity and play reqularities against each other. In fact, in the same spirit as one
could replace the critical Sobolev norm by a Besov norm B;”’OO.

For T' > 0 let

514 75,2

L1 . _3
Xr={u|ue By ™ (L2)n B2*(L3) and Qu e Bs #%(L3)). (4.1)
and for u € Xr set F(u) := |u|*u.

Proposition 4.1. Define a nonlinear map ¢ as follows,

P(u)(t) == / =980 B (y(s))ds.
Then
lo(@)llep ey + IeC)llr S IE @ g1z 200,
lo(w) = 6()llxr S NF () = F@)l g2 p2om)-

The estimate for the inhomogeneous problem writes

—isAp < ]
| /‘3 |z < C||F||Bg,/i(L30/u),

Shifting the regularity to s = 1 and using the Christ-Kiselev lemma provides both mapping
estimates, as the difference estimate is identical to the first one (since we have an integer
power). On the other hand,

1P g2 gaoony S Nl (42)

One may now set up the usual fixed point argument in X7 if 7" is sufficiently small.

We now consider local wellposedness for p < 5, e.g. Theorem B.3. The critical Sobolev
exponent w.r.t. scaling is s, = 3/2 —2/(p — 1). We aim at setting up a contraction
argument in a small ball of

s s L <, — 1 L Sp—
Xp o= {ulue By L3 N By T(LY) and Que BY UL} (43)

The important fact (if we were to ignore issues with Banach valued Besov spaces) would
be that Xy C Bi?(L2) 0 L3P~/ 0%,
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Remark 4.2. Some numerology is in order: if one were only to have the L2L? smoothing
estimate and use Sobolev (in time and in space), it would require 5(p — 1)/3 > 5, namely
p > 4. However, we have the Strichartz estimate from [I8], which allows 5(p —1)/3 > 4,
orp>3+2/5.

From the appendix, the nonlinear mapping verifies

[£(u) = F(v)]

-1 -1
s, S = ol (el + ol

and existence and uniqueness follow by fixed point again.

We now deal with scattering in the same range of p: from [[f], we have an a priori
bound

3 51
I1Sjullzazs S ullzazs < luollzz sup [[ufl g < M= B,

where M and E are the conserved charge and hamiltonian,
2
M = / |u|? dz and E = / |Vul? + ———|ul[P™ dx.
Q Q p+1

Notice how this estimate is below the critical scaling s,, as the RHS regularity is s = 1/4.
From the energy a priori bound and Sobolev embedding, one has on the other hand

i i1
ISyullizs S 2¢ sup Jullny S 2¢ B,
Interpolating between the two bounds to get the right scaling yields,

ISjulls, S C(M, B2 5, (4.4)

where 1/q¢ = (5 —p)/6(p—1). In order to proceed with the usual scattering argument, we
need to revisit the fixed point, or more precisely the nonlinear estimate on F'(u): indeed,
if we wish to use ([.4), even at a power ¢, we cannot afford to use the same regularity
on both sides of the Duhamel formula. Fortunately, we have off diagonal inhomogeneous

||/ei(t—s)ADF|

In order to evaluate F'(u), one needs to place the S;u factors in such a way that

estimates, e.g.

B;’“Q(L?O/Q)HBZP73/4'2(L?) S C||F(U)| B;?;%’Z(L?)‘

_1||L3/3L§0 5 2%-

1(Sju)”

However, we have from ([[4)

(A ) < O(M, E)21C0), (4.5)

s
Lt,x
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and 6/(5 — p) > 5/3. As such, one may interpolate with
1Al agy S 2776079,
to get (after Sobolev embedding)

< 9ty

5
L3 ™~

12w

Suming over low frequencies recovers the desired bound. Notice that scaling dictates the
exponents (hence there is no need to compute explicitely the interpolation ).

Appendix

In order to perform the various product estimates, we need a couple of useful lemma.
Observe that with the spectral localization one cannot take advantage of convolution of
Fourier supports. As a first step and in order to avoid cumbersome notations, we only
consider functions and Besov spaces which do not depend on time. We will then explain
how to re-instate the time dependance in the nonlinear estimates.

It is worth noting at this stage, however, that both A; and S; operators are well-defined
on L{LY and LILY for all the pairs (p,q) to be considered: this follows from [[[4] for the
case LYLY where the time norm is harmless. In the case LIL? the arguments from [[[]
apply as well (heat estimates are proved for data in LP(H) where H is an abstract Hilbert
space, and when H = L?, the heat kernel is diagonal and therefore Gaussian as well). By

interpolation and duality we recover all pairs (p, q).

Remark 4.3. In R"™, one may perform product estimates in an easier way because of
the convolution of Fourier supports. However, when dealing with non integer power-like
nonlinearities, one cannot proceed so easily: the usual route is to use a characterization
of Besov spaces via finite differences; here, because of the Banach valued Besov spaces, we
perform a direct argument which is directly inspired by computations in [L3], where the
same sort of time-valued Besov spaces were unavoidable.

Lemma 4.1. Let f; be such that S;f; = f;, and || f;llzr < 2770, with s > 0 and (n;); € 19.
Theng=73;f; € B;’q.

We have, by support conditions,

9=> A Sifi
k

k<j
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Now,

18D Sifi)lly S 275 ) 27°07H

k<j k<j
which by an [* — 9 convolution provides the result.
Lemma 4.2. Let f; be such that (I — S;)f; = fi, and || filler < 277%n;, with s < 0 and
(nj); €19. Then g= 3%, f; € By“.

We have, by support conditions,
9= Z A (T=5)f;
k>j

Now,

1AL (T = S) i)l S 27 2770 Hy,,

k>j k<j

which by an [' — 19 convolution provides the result.

Lemma 4.3. Considera =1 ora>2, f € B;vq and g € L™, with 0 < s < 1, % =2+
let

Tof = (S;9)"Asf.
J
Then
T, f € B
We split the paraproduct T f:

Tof = ZS (S;9)°A;f) +ZI S((S;9)* A, f);

the first part is easily dealt with by Lemma @ For the second one, K,f, taking once
again advantage of the spectral supports
ApKof = A (1= 5)((S;9)"A1).
i<k
Notice the situation is close to the one in Lemma .3, but we don’t have a negative regularity
for summing. We therefore derive

ApKyf = Y (I—S;)Ap((S;9)*A;f)

i<k

= ) (I1—5;) (Ap(S;9)"Ajf + (ApA; ) (Si9)* +20(S;9)* 'V Sjg - VA, f)
i<k

= Z(I - Sj) (O‘ADSJQ(SJQ)Q 'A; f+a(a - 1)|VS]9| ( Jg)a A if
i<k

+ (ApA; f)(S;9)" +2a(S;9)* 'V S;g - VA, f) .
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The first two pieces are again easily dealt with with Lemma [L.3, and the resulting function
is in B;_2’q. The remaining cross term is handled with some help from [[4]:

VA, f = Vexp(d 7 Ap)A;f,

where the new dyadic block A; is built on the function (&) = exp(|€[*)(€). From the
continuity properties of \/sV exp(sAp) on LP, 1 < p < +o0, we immediatly deduce

V2 £lly < 27112 £l (4.6)

~

and taking advantage of s < 1, we can easily sum and conclude. This will be enough to
deal with the critical case, but for differences of nonlinear power-like mappings, we need

Lemma 4.4. Consider a« > 3, f,g € X = B;’q NL", with 0 < s <1, % = O‘T_l + %: Then,
if F(x) = |z|* 'z or F(x) = |x|°,

[ (u) = F(v)]

e S lu = vllx(Jull i + lvll§ ™)

In order to obtain a factor u — v, we write
1
Flu) — F(v) = (u— ) / F/(0u+ (1 — 8)v)d6. (4.7)
0

In order to efficiently split this difference into two paraproducts involving v — v and F’(w)
with w = fu + (1 — 0)v, we need an estimate on F'(w): write another telescopic series

Fl(w) = Z F'(Sjw) — F'(Sjw)

= Z S;(F'(Sjw) — F'(Sjw)) + Z([ — Sj)(F'(Sjaw) — F'(Sjw))

J

=51 + Ss.
Exactly as before, the first sum S is easily disposed of with Lemma [L1], as
|[F'(Sj1w) = F'(Sjw)| S 185w](|Sj1w]*™* + [ Sjw[*72).

The second sum Sy requires the same trick as before; to avoid uncessary cluttering, we set
F(z) = z%, ignoring the sign issue (recall that o > 3, hence F"'(z) is well-defined as a

function): we apply Ap, let f=a—12>2
ApSy =Y (I = S)Ap((Sjr1w)* ™" = (Sjw)*™)

= (1= 8;) (B(Sjsaw)* ApSj 1w — B(Sw)* ApSjw

+ 8(8 = 1)(Sjw)? 2 (VSjaw)? = 3(8 — 1)(Sjw)’*(VS;jw)?) .
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We now apply Lemma [I.9 after inserting the right factors: we have four types of differences,

[((Sjaaw)”™ = (Sj0)* ) ApSjw| S CplAjw||ApSj|(|Sj11w|” ™ + |Sjw|~?)
|(Sjs1w)"t ApAjw| < [ApAjwl[Sjpaw]”
[((Sj42w)77% = (S;w)" ) (VS 1w)?| S CalAjw|* VS, 1wl
1(S510)P2((VS,w)2 = (VS;10)2)| < VA 0|([V S| + |VSs410]|S5410]°2

where on the third line we wrote the worst case, namely 2 < [ < 3 (otherwise the power
of Ajw in the third bound will be replaced by |A;w]|(]S;w|?~3 + |S;1w]?~3)).
By integrating, applying Holder and using ([.§) to eliminate the V operator, we obtain

as an intermediary result

. 1 o —2 1
F'(w) € BY?, with — = —.
(w) Ve wi 3 " + »

We may now go back to the difference F'(u) — F(v) as expressed in (f7) and perform
a simple paraproduct decomposition in two terms to which Lemma may be applied.
Observe that there is no difficulty in estimating F(w) in L™~V and that the integration
in 0 is irrelevant. This completes the proof.

We now go back to the first nonlinear estimate, namely ([.J). We write a telescopic

series for the product five factors uq, us, us, uq, us € Xr,
U UgU3U4Us = Z St Sj11u2Sj41u3Sj1uaSj11us — SjurSiugSiusSuaSius
J
and we are reduced to studying five sums of the same type, of which the following is generic
S1 = Z AjuySjugSjusSiugS;us,
J

and we intend to apply Lemma [I.J, which is trivially extended to a product of several

factors. In principle, 20 00
u € By*(Li') N L7 LY

is enough, using the first space of the A; factor and the second one for all remaining S;
factors, except for the use of (f.G) in the proof. Consider, from u € X7,

207 | Ajull gug + 27108 ul gz = 1 € 5.
We will have, using [[4],

11, 35 .
2007V Aull 312 + 27210V Ajull g = 5 € 15, with [|pt iz S [l”]re-
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By Gagliardo-Nirenberg in time, we have the correct estimate for Aju, for £k = 0,1
20WIVE Al S
T
We proceed with the low frequencies by proving a suitable Sobolev embedding.
1 .3 20
Lemma 4.5. Let u € BZ°(L%) and dyu € B *°(L3). Then u € L7 L.

Let
N Agullpgag + 27 N0V Agullig g = 15 € 1,

notice we can easily switch time and space Lebesgue norms. Using Gagliardo-Nirenberg in

time, we have
TV Al 5 S il € 12, (4.8)

Using now Gagliardo-Nirenberg in space, we also have

2770 || Ajull g s, S 2770 || Aul

5
L3.Lge S M

and the same thing for 27%9;A;u (or with an additional 27V). Now another Gagliardo-

Nirenberg in time provides
(ke l)j
9 (k+2)]l|vkﬁju||L;<jx <. (4.9)

Now, we essentially take advantage of a discrete embedding between ' and weighted [*

sequences:

Jul <D 1Azul + Y 1Azl

j<J i>J
< 222 sup 2~ 2|A | —I—ZQ s sup26|A ul
j<J J >

< 2% sup 273 |Ajul + 27% sup 2%\Aju\
J J

ol S sup2- 10l (sup 2t 2,0
'3, S 1500210l 0o 2 sl

lull 2,0 Sl H|4,oo ||UHI4

B& (L) 5 (13)

Notice that the estimate with a gradient is much easier: just interpolate between ({.§) and
(E9) with £ =1 to obtain
277 || VAul

< .t
%Lz;oN'uJ’
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which we can now sum over k < j to obtain control of S;u.

The case p < 5 is handled in an similar way, and we leave the details to the reader,

sparing him the complete set of exponents (depending on p !) that would appear in the

proof. For scaling reasons there is actually no need to perform the computation: the

previous one on the critical case simply illustrates that we can sidestep issues related to

the usual Littlewood-Paley theory by using direct arguments.
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