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A VARIATIONAL APPROACH FOR ALMOST PERIODIC SOLUTIONS
IN RETARDED FUNCTIONAL DIFFERENTIAL EQUATIONS

MOEZ AYACHI AND JOEL BLOT

(communicated by R. L. Pouso)

Abstract. To study the a.p. (almost periodic) solutions of retarded functional differential equa-
tions in the form u”(r) = [°, Dy f(u(t),u(t +0))d6 + [° Dy f(u(t — 0),u(t))d6 +e(r), we in-
troduce variational formalisms to characterize the a.p. solutions as a critical points of functionals
defined on Banach spaces of a.p. functions. We obtain an existence result of weak a.p. solutions
and a result of density of the a.p. forcing termes ¢(.) for which the equation possesses usual a.p.
solutions.

1. Introduction

From a function f:E xE — R, where E is a finite-dimensional real Euclidean
space, and from r € (0,0) we consider the following (second order) retarded functional
differential equation

0 0
u'(t)= | Dif(u(t),u(t+6))d0+ [ Daf(u(t—0),u(t))d0 +e(t) (1.1)
J—r —r
where D;, j=1,2, denotes the partial gradient and where e : R — E is a forcing term.

We study the a.p. (almost periodic) solutions of (I.I) where e is an a.p. function.

A strong a.p. solution of (1) is a function u : R — E which is twice differentiable
(in ordinary sense) with u,u’ and u” which are a.p. in the sense of Bohr [3}[6] [14]; the
equality in (LI) being satisfied for all 7 € R.

A weak a.p. solution of (I.1)) is a function u : R — E which is a.p. in the sense
of Besicovitch [3} 18], which possesses a first-order and a second-order gerneralized
derivative; the equality in (I.I)) means that the difference between the two members has
a quadratic mean value equal to zero.

For the ordinary differential equations, this kind of weak a.p. solutions was con-
sidered in [8]. For neutral delay differential equations, this kind of weak a.p. solutions
is considered in [4].

Mathematics subject classification (2000): 43A60, 34K99, 26E15.
Keywords and phrases: Retarded functional differential equations, almost periodic functions, varia-
tional method.
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68 MOEZ AYACHI AND JOEL BLOT

Our approach uses a variational method. The a.p. solutions (strong or weak) of
(L.1) are characterized as critical points of functionals in the form

1 (T /1
MH%EEOﬁ[T (§| | +/ fu t+9))d9+u(t).e(t))dt
on Banach spaces of a.p. functions. And so (I.1)) appears as an Euler-Lagrange equa-
tion.

Now we briefly describe the contents of the paper. After Section 2 devoted to
precise our notations, in Section 3 we build a variational formalism to characterize the
strong (also called usual) a.p. solutions of (I.I) (Theorem (@.3)), for which we can
deduce a result on the structure of the set of strong a.p. solutions of (Theorem
@B4)). In Section 4 we build a variational formalism to characterize the weak a.p.
solutions of (Theorem (4.3), and to establish an existence result of weak a.p.
solutions (Theorem (@.6))); we obtain also a result of the structure of the set of the weak
a.p. solutions of (L.I).

In Section 5 we establish a result on the density of the a.p. forcing term for which
possesses a strong a.p. solutions (Theorem (3.3)); this result uses the weak a.p.
solutions.

2. Notations

When X is a Banach space, APY(X) denotes the space of the Bohr-a.p. functions
from R in X [3[6,[14]. It is a Banach space for the norm ||u/|, :=sup {|u(z)| : t € R}.
When u € AP?(X), its mean value exists in X :

M{u} =, {u(r)} = hm ﬁ
[3.06,[14]. When k€N, k> 1, AP¥(X) denotes the space of the u € €% (R, X)NAP(X)
such that u/ = % € AP'(X) for all j =1,... k. It is a Banach space for the norm
lillegi 1= llellee + B | .-
B!(X) denotes the completion of AP(X) with respect to the norm |[uz :=

M {|u|}. It is a quotient space to transform the semi-norm u — M {|u|} into a norm.
When X is a Hilbert space, B>(X) denotes the completion of AP’(X) with respect to
1

the norm ||u| g := 9)?{\u|2} ’
the inner product (u|v) g := M {(u|v)x}.

The generelized derivative of u € B?(X) (when it exists) is Vu € B?(X) such that
m, {yvu L (u(r+7) —u(;))\z} —0 (t—0) [8.02]. We consider B'2(X) 1=
{ueB*X):VueB*X)} and B*?*(X) := {u € B'?(X): V?u:=V(Vu) € B*(X)}.
They are Hilbert spaces for the respective norms

. It is also a quotient space and it is a Hilbert space for

1
2

1
2 2 \2 2 2
l[ullgrz == (||u||32+ IIVMIIBz) o lullg2 = (HMIIBLer HVZMHBz)
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When u : R — E is a continuous function, it is usual, in the theory of retarded
functional differential equations, to consider, for all t € R, u, € ¢° ([~r,0],E) defined
by u:(0) :=u(r+0) forall 6 € [—r,0], [15].

When u € L7, _(R,E) (Lebesgue space), we denote by ii: R — L7 ([—r,0],E) the

loc

function defined by (¢)(0) := u(r + 0).

3. The Strong a.p. Solutions
We consider the following condition on f:
fe € (ExE,R). (3.1)

LEMMA 3.1. Under we consider the mapping Fy: E x €° ([-r,0],E) — R
defined by Fy(x,y) := ff)rf(x7 v(0))d0. Then Fy is of class €' on Ex €° ([-r,0],E)
and DFy(x,w)(,&) = [, D1 f(x,¥).yd0 + [°, D2 (x,w(0)).£ (6)d0.

Proof. The following Nemytskii operator build on f :
NP 60 ([-1,0],E) x €° ([-1,0],E) — €° ([-1,0],E),

L/Vfo(d), W) :=[0+— f(6(0),w(0))],is of class ¢! under (3.I), (see proposition 1 page
168, and proposition 2 page 170 in [[1]).

The operator A? : E x 60 ([~,0],E) — €°([-r,0],E) x €° ([-r,0],E) defined
by A%(x,y) = (x,y) where the vector x € E is considered as a (constant) continuous
function, is a linear continuous and therefore AY is of class €!. The operator 10
€0 ([-r,0],R) — R, I°(w) := [° w(t)dr, is linear continuous and therefore it is of
class €.

Since Fy =10 e/ig,o 0A", Fy is of class €' as a composition of %! -mappings.

By using the chaine rule, we have

DFy(x,w).(v,&) = Io (DN (A%(x, 9)).A% (3, £))

We know that DA (A° (x, y)).A°(,&) = [0 — D1 £(x,y(6)).y + Daf (x,w(0)).£(6)],
and so we obtain the announced formula.

LEMMA 3.2. The operator S° : AP*(E) — AP°(R), defined by
0
=1 [ o)+ 0))ao)
—-r
is of class &, and

DSO(u)h:[;H 'Ole(u(z),u(t+e)).h(t)de+ Osz(u(t),u(H—6)).h(t+6)d9.

J—r —r
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Proof. The Nemytskii operator defined on the mapping Fy provided by Lemma
m?

Ny : APY (Ex €° ([-1,0],E)) = AP°(E) x AP® (6" ([~1,0],E)) — AP°(R),
defined by

Hil0) = |1 Folute), 00) = [ 100, 0(6)(®))a0

is of class &', since Fy is of class €’!. ([9], Corollary 5.3).

We introduce the operator 7% : APY(E) — AP° (¢ ([-1,0],E)) by setting T°(u) :=
[t — w]. Then T is linear, T° is continuous since ||7%(u)||_ = [|u|.., and therefore
79 is of class €.

Since SO = A, 0 (id, T?), SO is of class €' as a composition of ¢! -operators.

By using the chain rule we have DS(u).h = DA%, ((id, T°)(u)).D(id, T°)(h) =
DNf, (u,i).(h,h), and by using Lemma (3.T)) we obtain

(DS (u).h)(t) = 2, D1f(u(t),d(t)(0)).h(r)d0 + [°, Daf (u(t),i(r)(0)).h(r)(0)dO
=[O Dy f(u(t),u(t +0).h(t)d0 + [° . Daf(u(t),u(t +0)).h(t + 6)dO

THEOREM 3.3. Under B.1)) the functional Jy : AP'(E) — R, defined by

Jo(u) == { | +/ fu t+9))d6+u(t).e(t)},

is of class €', and when u € AP'(E) we have DJo(u) = 0 if and only if u is a strong
solution of (LI

Proof. We consider the functional Qg : AP!(E) — R defined by
1 2
Qo(u) := M, {E | (1)] } :

The mapping ¢: E — R, g(x) := % x|* = %x.x, is of class !, therefore the Nemytskii
operator .4 :APO(E) — AP'(R), A(p) := [t — 3 |(p(t)\2} , is also of class %!,
[7]. The operator :APY(E) — AP°(E), < (u) := 4/, is linear continuous, therefore it

d
is of class %! The functional 9M° : AP°(R) — R, defined by 9)?0((p) ﬁm, {o(t)},

is linear continuous, therefore it is of class %!. Since Qo = Mo % o %, Qo is of

class €' as composition of %! -mappings, and by using the chain rule we have
DQo(u).h =9, {u’(t).h’(t)} (3.2)
We consider the functional ®, : AP'(E) — R defined by

0
Dy (u) =M, { 7rf(u(t),u(t+ 9))d9} .
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We consider the operator ing : AP!(E) — AP°(E), ing(u) := u, which is linear contin-
uous, and consequently ing is of class €.

We note that we have @ is of class €' as a composition of %! -mappings. By
using Lemma we obtain

D®g(u).h =M, { ’ Dy f(u(t),u(t+6)).h(t)do
- o (3.3)
+ Dof(u(t),u(t+06)).h(t+6)do}

Now we want to improve this last formula.
Since (1,0) — Daf(u(t),u(t + 0)).h(¢t + 6) is continuous on R x [—r0], it is
Lebesgue-integrable and by using the Fubini theorem [2]], we have

% /j; (/0 sz(u(t),u(t + 9)).h(t+ Q)dg) dt
'r (3.4)
- j (% /;sz(u(t),u(t +0)).h(t+ G)dt) do
We set gr(0) := 5 [1r Daf(u(t),u(t + 0)).h(t + 0)dr. We know that, for all
0 € [-r0],
Jim ¢7(8) = 9 {Daf (u(r), u(t + 0)).h(t + 0)}

since ¢ +— Dy f(u(t),u(t + 0)).h(t + 0) bellongs to AP’(R).
Furthermore, since u,h € AP°(E), u(R) and A(R) are compact, [3, 6, [14], and
since the mapping (x,y,z) — D, f(x,y).z is continuous on the compact u(R) x u(R) x

h(R), it is bounded, and consequently we have :

sup sup |Daf (u(t),ut +6)).h(t + 0)| :== 0 < oo,
0e[—r0]t€R

that implies |g7(0)| < o forall T >0, 6 € [-r,0]. And so the assumptions of the
dominated convergence theorem of Lebesgue are fulfilled, [2], and by using it we obtain

0 0
lim/ er(0)d0 = [ 1im gr(6)d0,

T —oo —pT—o0

and so by using (3.4) we obtain
JO M ADf (u(t), u(t +6)).h(1 + 0)}dO
= limg—o. [°, (% I Do f(u(t),ult +0)).h(r + 9)) 6
= limy o & 7, (LO,sz(u(t),u(t +0)).A(+ e)de) dr
and so we have proven the following equality

m, { 70 Do f(u(t),u(t+0)).h(z + Q)dﬂ} = 70 Wy {Daf (u(t),u(t+06)).h(t+0)}do
(3.5)
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By using a similar reasoning we obtain

m{ Orsz(u(t—6),u(t)).h(t)d6}: jimt{sz(u(t—6),u(t)).h(t)}d6 (3.6)

Since the mean value is invariant by translation, [3} 16l [14]], we have, for all 0 €
[—r,0], the following equality

D {AD2f (u(t),u(t +6)).h(t+0)} = M {Dof (u(t — 0),u(t))-h(t)}-

By using it with (3.3) and (3.6) we obtain

-0 0
mt,{ sz(u(t),u(H—6)).h(t+6)d6}:Dﬁ,{ sz(u(t—9),u(t)).h(t)d9}.

J—=r

And by using this last equality in (3.3) we obtain

DO (u).h =9 {( ’ Dy f(u(t),u(t+6))do
o (3.7)
+' 7rD2f(u(t— 0),u(t))d0).h(t)}

We consider the functional Ag: AP°(E) — R, defined by Aq(u) := 90 {u(t).e(t)}.
Note that Ay is linear continuous and consequently it is of class %' and we have

DAo(u).h =9, {h(t).e(t)}. (3.8)

Since Jy = Qo+ P+ Ag, Jo is of class € as a sum of three €' -functionals, and

by using 3.2), (3.7) and (3.8) we obtain

DJo(u).h =00 {u' (t).0 (t) + ( ’ Dy f(u(t),u(t+0))do
- 3.9
+ jsz(u(t —0),u(t))d0+e(t)).h(t)}

for all u,h € AP!(E)

We set p(1) == [° Dy f(u(t),u(t+6))d6 + [°.Dyf (u(t — 0),u(r))d6 + e(z), and
we have p € AP'(E).

When DJy(u) = 0 then by using (3.9) we have I, {u'(t).0' (1)} = -9, {p(t).h(1)}
for all # € AP!(E) and by using the same reasoning that this one of the proof of Theo-
rem 1 in [[7] we obtain that u € AP?(E) and u”(t) = p(t), that is exactly (LI).

Conversely, if u is a strong a.p. solution of (I.I), then we have #” = p and so, for
all h € AP'(E), we have DJo(u).h =M {u' ./ + p.h} =M{L(u'.h)} =0

THEOREM 3.4. Under 1), if we additionally assume that f is convex function,
then the set of the strong a.p. solutions of (L1)) is a convex subset of AP*(E).
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Proof. When f is convex, it is easy to verify that Jy is convex, DJy = 0 is equiv-
alent to Jo = infJo(AP'(E)), [10], and {u € AP'(E) : Jo = infJo(AP'(E))} is convex.
And so {u € APY(E): DJy = 0} is convex, and we obtain the conclusion by using The-

orem (3.3).

A consequence of Theorem (3.4)) is the following one: when e = 0, if possesses
a non-constant 71— periodic solution #; and a non-constant 7 — periodic solution u;
with T /T» ¢ Q the %u 1+ %uz is a non-periodic a.p. solution of since it is a convex
combination of a.p. solution.

4. The Weak a.p. solutions

We begin this section by giving a precise definition of the notion of weak a.p.
solution of (LI). A weak a.p. solution of (LI) is a function u € B>*(E) such that

0 0
Viu= [ Dif(u(t),u(t+0))d0+ | Daf(u(t—80),u(t))do +e(t),
J—r J—r
this equality holding in B?(E).

We begin by establishing two lemmas which contain general propreties of the
Besicovitch a.p. functions.

LEMMA 4.1. Let u € B*(E). Then the following equalities hold

zm,{ ()ru(t+6)|2d9} :/ji)ﬁt{|u(t+9)\2}d6

— 9, {\u(t)\z}

Proof. Since 9, {\u(r)\z} =lim7_.co 57 ffT |u()|? dr exists in R, , we have

=sup — / dt < oo,
r>12T
For all 6 € [—r,0] we have
T+6
0)|"dt = d
2T/ r+0)f 2T/T+6 (s)ds
<o [ wtoa
T+r
<5/
2T (T+r)
12(T+r) 1 /T+r 5
T 2T e

Dy M < (14+7).M =My,

<(1
I+
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and so we have proven
M, > 0,V6 € [-r,0 2T/ u(t+0) \ dt <Mj < oo 4.1)

For all T > 1 we define ®r : [ r,0] — R by setting @7 (0) := o [T |u(t +0)[* dr.
Since ®7(0) = 5 [ T;fe |u(s)|*ds we see that @7 is absolutely continuous on [—r,0],
and consequently we have ®r € L! ([-r,0],R).

If [a,b] is segment in R, for all 6 € [—r,0], by using the Fubini theorem for the
non negative mesurable functions [2], we have

/ |u(t + 6)|* dtd :/ (/ u(t+6)|2dt) do
[a,b] x[—r,0] [=r0] \/[a,b]
= </ |u(s)2ds> de
[=r0] \/[a,b]+6
< / </ |u(s)2ds) de
[=r0] \/[a,b]+[—r0]
—r/ |u(s)[* ds < oo
[a,b]+[—r,0]
since |u|* L} .(R,R.) and since [a,b]+ [—r,0] is compact. And so we have proven:

(1,0) — |u(t + 0)|* € L}, (R x [-1,0],R) 4.2)

Then by using the Fubini theorem [2]], for all 7 > 0 we obtain

2T/ (/ |u(t+6)| d9>dt /i(%/ilu(we)%h)de 4.3)

Since u € BX(E), we have limy—.®r(0) = M, {Ju(t+0)]* | = %, {|u(r)’}
since the mean value is invariant by translation, for all 6 € [—r,0]. The constant M; is
integrable on [—r,0]. And so by using @.I), we can apply the dominated convergence
theorem of Lebesgue to obtain [° . limr ... ®7(6)d6 = limy ... [° 7 (6)d6, that im-

plie by using @23) that [©,90, {|u(l + 9)\2} 46 =9, {f?, lu(t + 9)\2d6} . And since
My {\u(t + 9)|2} =9, {\u(r)\z} for all 6, we have also

/j‘)ﬁz {\u(t+9)|2}d6 =rIm, {‘“(f)\z}.

LEMMA 4.2. If u € B*(E) then ii € B> (L* ([-r,0],E)) and we have

H”N‘“BZ(LZ rO]]E) \/_ HMHB2



A VARIATIONAL APPROACH 75

Proof. We fix u € B*(E), and € > 0. We can choose g € AP°(E) such that
lu—qellpog) < €-

Since L? ([-r,0],E) is separable, there exists a countable subset D in L? ([—r,0],E)
which is dense, and consequently the set {B(@,p): @ € D,p € QN (0,0)} is a gener-
ator of the Borel o -field of L% ([~r,0],E), where

B(9.p) = {v € L (=101 B) : |y = 0ll 2 o) < P} -

We arbitrarily fix ¢ € D and p € QN (0,o0), and we set
0 2
ot):= [ |u(@+0)—¢e(6)]"do.
—r

By using the same reasoning that this one used to establish .2)) we obtain that (z,6) —
lu(t+6) — @(0) € L}, (R x [-r,0],R) and consequently by using the Fubini theo-
rem we know that o € LZIOC (R,R) and then we necessarily have o measurable.

We note that t € i~ (B(¢,p)) is equivalent to # € o~ !([0,p?). Since a is
measurable we have o~ !([0,p?[) € Z(R) and consequently i~ (B(¢,p)) € B(R),

and so we have proven:
ii is measurable from (R, % (R)) in (L2 ([-r0],E),# (L2 ([-r0],E))). (44

By using @#2) we know that (¢,0) — |u(z + 0)[* € L (R x [-r,0],R) and conse-

loc

quently, by using the Fubini theorem we obtain that 7 — f?r\u(t+6)|2d9 =

S 2
1801172 r0.5) € Lioe(R,R).
Therefore we have obtained, [2] :

i€ L, (R,L*([-1,0],E)). (4.5)

loc
By using Lemma (@.1) whith u — g instead of u, we know that
0
m, { |u(t +6) — qe(r + e)|2de}
—r
exists and that we have
_ ~ 0 2
9 {0) - a0l e} =] [ ut+6) ~aeti+0)F o
— o, {\u(t) —qg(t)\z} < rel.
Since e € AP? (¢°([-r,0],E)) C AP° (L* ([-r,0],E)), when & — 0, we obtain that
i€ B*(L*([-r,0],E),E).
The relation between the norms of u and i is a consequence of Lemma (4.1).
By modifying a function u € B>(E) on a bounded interval of R we do not modify

the (class of the) function u, and so we can ask to use (), defined as the restiction
of u on the interval [t —r,t], possesses a meaning. Lemma (@.2)) provides an answer
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to this question, since if v € BZ(E) is different of u, then we have ii # V. And so the
definition of # is consistent, and the notion of weak a.p. solution is also consistent.
Now we introduce the following condition on f:

{There exists a € (0,o0) and b € R such that 4.6)

IDf(x,y)| < a(lx|+[y]) +bforall x,y € E.

LEMMA 4.3. Under 3.1) and [@.6), the operator S : B>(E) — B'(R) defined by
S(u) = {t ORI 9))d9} is of class € and for all u,h € B*(E), we have

DS(u).h = [t s [0 Dyf(u(t),ult + 0)).h(t) + Daf (u(t), u(t + 0)).h(t + e)de]

Proof. The Nemytskii operatorbuildon f, A} : L? ([—1,0],E) x L? ([—1,0],E) —
L' ([-r0],R), A7(@,y):= [0 — f(@(0),y(0))], under 3.I) and @) is of class
@', [T, and DA7 (9, ).(E,8) = [0 — Df(9(0),w(6)).(£(6),£(0))]

The operator A : E x L*([-r,0],E) — (LZ([—V,O],IEJ))2 defined by A(x,y) :=
(x,w), where x is considered as a constant function, is linear continuous, therefore A
is of class ¢! and DA(x,y) =A.

The functional I : L' ([-1,0],R) — R, I(w) := [° w(8)d8, is linear continuous,
therefore I is of class €' and DI(w) =1.

We consider the mapping F : E x L? ([-r,0],E) — R, defined by F(x,y) :=
12, £(x, w(0))do.

We note that F = 1o .#;0A, and so F is of class €' as a composition of 4" -
mappings, and by using the chain rule we obtain, for all x,y € E and for all y,& €
L?([~r,0],E), the following formula:

0
DF(x.)-(0.6) = [ (D1f(x,w(0))y + Daf (. (6)).&(0)) dO.

—r

Let (v,&) € E x L? ([-r,0],E) such that ||(y,&)|| < 1. Then we have
0
IDF (x,y).(y.8)| < /4|Df(x’ll/(9))|~\(y,§(9))|d9

< (["ortsvioniao) ([ iozonkan)’

by using the Cauchy-Schwarz-Buniakovski inequality.
We note that

" 1e@)Pao= [ (P +1g@)F)a0=rbit+ [ 1E@P a0 <r 6,8 <n.

where r; := max{r, 1}, and so we have:
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l
w8l < Vi ([ Do) Fao)’
%
<V ([ @l valu® >|+b>2de)
= v lla b+ v+ Bl 2 g
< v (allilzg ,O]R+au|wu|Lz oy Bl 2oz )

Since H|x|||L2([7r.,0],]R) = /1. |x], |||bH|L2([7r,0]7R) = /r.|b| and H|WH|L2([7LO],R) _
Wl 2(-r0)E) » We have

IDF(x,0). (0 8)] < a7 (1 + 1Vl ey ) + VA7 b
We set aj :=a.\/r.\/r and by := /r1.4/r|b| and so we obtain:

IDF (e, y)| < ar (| + W2y ) + b1

And so the assumption of ([11]], Theorem 2.6 page 14) are fulfilled and we can
assert that A% : B*(E) x B>(L?) — B'(R) is of class €' and that we have, for all
u,h € B*(E) and for all V,K € L? ([~r,0],E), the following formula

DANp(u,V).(h,K) = [t — DF (u(t),V(¢)).(h(2),K(2))
-0
— [ Do),V (€)(0)h(0) + Daf ule).V(1)(0)) K(1)(0)) d6]  (4.7)

We consider the linear operator T : B*(E) — B* (L? ([-r,0],E)) defined by T'(u) :=
ii. By using Lemma (4.2)) we know that T is continuous, and therefore T is of class
€' with DT (u) =T.

We note that we have S = 470 (id,T), and so S is of class ¢’ as a composition of
¢ -operators, and by using the chain rule and we obtain the announced formula.

LEMMA 4.4. Under and @&B), if u and h belong to B>(R) then the follow-
ing equality holds :

0 0
‘Jﬁ,{ sz(u(t),u(t+6)).h(t+6)d9}—‘Jﬁ,{( Dgf(u(t@),u(t))d@) .h(t)}
Proof. By using a reasoning similar to this one used to establish we obtain

that (¢,0) — Do f(u(t),u(t + 0)).h(t+ 0) € L} (R x [-r,0],R). And so we can use
the Fubini theorem to obtain

2T/ (/ u(t),u(t+6)). (+9)d9)dt

(4.8)
=/, (ﬁ /Jsz(u(t),u(t +0)).h(t+ G)dt) do

forall T € (0,0).
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For all T € [1,e) we introduce the function g7 : [—r,0] — R defined by

1 T
4r(0) = 5 [Tsz(u(t),u(t +0)).h(t+0)di

Ever using the Fubini theorem we know that the g7 are borelian.
Since t +— Dy f(u(t),u(t + 0)).h(t + 0) € B (R) we know that the mean value
exists in R and consequently we have

Jim g7(6) =M {Daf (u(t),u(t +6)).h(t +0)}

forall 6 € [-r,0].
Since M, {|u(t)|2} exists in R, we have sup;, (% I \u(t)\zdt) =M < oo,
For all 6 € [-r,0] and, forall T > 1+ r, we have

1 T 0\ 1 T+6 2d

5 [ e+ 0)Pdr = = [ juto)Pas

1 T—-60 )

— d

5 | P s

2(T—06 1 'T—-0
_2AT-96) / u(r) P dr

2T 2(T—-0) J-(1-0)
< (1+7).M=: M,

N

And so we have proven the following assertation

There exists My € (0,°) such that, for all 4.9)
0 €[~n0], Suprsy,or [17 ult+0)[dr < My. '
Replacing u by h we similarly obtain the following assertation.
There exists M| € (0,0) such that, for all
| T N (4.10)
0 €[-r0], suproiy, 57 [l [h(1+6)[7dt <M.

By using the equivalence of the norms of R? and the usual inequality (A + B)? <
2(A? + B?) we obtain the existence of a, € (0,) such that

1 2
\sz(u(t),u(t+9))|2 < (a2 {\M(t)\2+ ‘M(IJFQ)‘Q] 2 +b)

< 2. (@ u(t) +az|u(t + 0)1 +1?)

that implies

(%/ ID2f (u(t), <t+e>>|2dt)5< dz—/ (1) dr

1
+ ar. ﬁ/ u(t+6)? dt+b2)

BI—

< V2 ((ZQMO +a,My + b2)
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L1
Then by setting 7 := v/2 (2a2M0 + b2) 2 M{ we have proven the following assertation

L de%lTh de% 4.11
— D t),u(t t) | — t t] < )
(57 [, Ip2rtaeronfar) " (5 [ wavofar) <y
By using the Cauchy-Schwarz-Buniakovski inequality and @.11)) we obtain, for all
T > 1+randfor 0 € [—r,0],

r(0)) < 55 | D2 (o)t ) i1+ )]t < 0

Since the Lebesgue measure of [—r,0] is finite, the constant o is Lebesgue integrable
in [—r,0], and consequently the assumptions of the Lebesgue Dominated Convergence
theroem are fulfilled and we can say :

0 0
lim g7 (6)d6 :Tlim gr(0)do,

—y T—o0 _r

and we can conclude as in the proof of (3.3), (3.6), 3.7).

THEOREM 4.5. We assume (3.1) and @.6) fulfilled. Then the functional J : B'*(E) —
R, defined by

J(u) =My {% |Vu (1)) + jf(u(t),u(t +0))do+ u(t).e(t)} ,

is of class €. And when u € B'*(E), we have DJ(u).h = 0 if and only if u is a weak
a.p. solution of (L1).

Proof. We consider the functional Q : B'?*(E) — R defined by
1 2
O(u) :=9M, 3 [Vu@)|” ¢ .

We set g(x) := % x|*: ¢: E — R isa ¢! -function since E is euclidean. Since Dg(x) =
x, q satisfies the condition of ([L1], Theorem 2.6 page 14) to ensure that the Nemytskii
operator 4, : B?(E) — BY(R) is of class ¢! and DA (v).h = [t — v(t).h(t)] for all
v,h € B%(E). Since the derivation operator V : B"2(E) — B?(E) is linear continuous, it
is of class €' and since the operator 9 : B! (R) — R, M(v) := M, {v(¢)} is also linear
continuous, it is of class €’'. And so Q:= 9o 4,0V isof class € as a composition
of ¢! -mappings. Moreover by using the chain rule we have

DO(u).h =M, {Vu(t).Vh(t)} (4.12)

for all u,h € B'2(E).
We consider the functional ® : B"?(E) — R defined by

0

D(u) =M, { Fu(e),ult + 6))d9} .

—r
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We note that the injection in : B2(E) — B*(E), in(u) := u, is linear continuous and
consequently it is of class €' . We note that ® = 9o Soin, and by using Lemma
we know that S is of class €'. And so ® is of class €' as a composition of ¢! -
mapping. Ever using Lemma (4.3) and the chain rule we obtain the following formula

D®(u).h = 9M{ 70 Dy f(u(t),u(t+0)).h(t)d6

+ ’ Do f(u(t),u(t+0)).h(t+6)d6},

—r

and by using Lemma (4.4) we obtain

DD(u).h = M, {( ’ Dy f(u(t),u(t + 6))do
- (4.13)

+ jsz(u(t—9),u(l))d9).h(t)}.

We consider the linear functional A : B1?(E) — R defined by
Au) =90 {u(r).e(r)},

and the linear functional L: B>(E) — R defined by L(u) := M, {u(t).e(t)} = (ule) p2 (i) -
Since L is continuous (by using the Cauchy-Schwarz-Buniakovski inequality), A :=
Loin is also continuous as a composition of continuous mappings, and consequently A
is of class ¢! . Moreover, since DA(u) = 1 we obtain the following formula

DA(u).h =9, {h(t).e(t)}, forall u,h € B"*(E). (4.14)

We note that J = Q+®+ A, and so J is of class € as a sum of ¢! -functionals.
Moreover, by using (£.12), (@.13), (4.14), we obtain

DJ(u).h =9 {Vu(t).Vh(r) + ( ’ Dy f(u(t),u(t+0))do
. - (4.15)
+ | Dof(u(t—0),u(r))d6+e(r)).h(t)}

—r

for all u,h € B'?(E).

We set p(r) i= [°, (D f(u(t),ult + 0)) + Daf(u(t — 0),u(t))]dO+e(r) (€ BX(E)).
And so the condition DJ(u) =0 can be writen as 9% {Vu(t).VA(t)} =
—M, {p(t).h(t)} for all h € B*(E). And so by using [8], this last condition implies
that Vu € B"?(E), i.e. u € B>*(E), and V2u = p which exactly means that u is a weak
a.p. solutions of (L.I).

Conversely, since M {Vv} =0 forall v € BL2(R), we have 0 = M{V(Vu.h)} =
M{V2u.h)} +M{Vu.Vh} = M{p.h} + M{Vu.Vh} forall h € B'?(E), that implies
DJ(u)=0.
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Now we introduce an assumption of convexity :
f is a convex functionon E x E (4.16)

and an assumption of coerciveness :

{There exists ¢ € (0,0) and d € R such that 4.17)

f(x,y) = c|x|* +d forall (x,y) € E xE.

THEOREM 4.6. Under (3.1, @.6), @16), @1D), for all e € B*(E), there exists
u € B**(E) which is a weak a.p. solution of (L1). Moreover the set of the weak a.p.

solutions of (1) is a convex set.

Proof. After Theorem (4.3) we know that the functional J is of class €' on
B'2(E). By using #.I6) we deduce that J is a convex functional. Then J is weakly
lower semi-continuous on the Hilbert space Bl*z(]E) , [16]]. From @I7) we deduce that,
for all u € B1?(E), we have

1
J(u) > EHVMHBZ +ellulFom — 4l g2 - el )
> cr||ulFiagg) — llellg2g) - ullp2)

where ¢; :=min{3,c} € (0,%0). Consequently J is coercive, i.e. J(u) — e when
Hu||§1,2<E> — oo, Then, [[10], we can assert that there exists « € B1"?(E) such that J(u) =
infJ (B'2(E)), and since J is of class ¢! we have DJ(u) =0, and then, by using
Theorem (4.3), we know that u is a weak a.p. solution of (LI).

Ever using Theorem (&.3)), we know that the set of the weak a.p. solutions of (L)
is equal to the following set: {u € B"*(E) : DJ(u) =0}, and since J is convex this last
it is equal to the set {u € B"*(E) : J(u) = infJ (B'2(E)) }. Since J is convex this last
set is a convex set. And so the set of the weak a.p. solutions of (L.I)is convex.

5. Density

LEMMA 5.1. Under 3.1) and @&I6) we consider the operator T : B*(E) —
B%(E) defined by

0

Iy(u) = {t — [ Dyf(u(t),u(t+0))do|.
—r

Then I'y is continuous.

Proof. Under (3.1) and (@.6) we know that we have |D;f(x,y)| < a(|x|+]y|)+&
for all x,y € E. Then ([L1], Theorem 2.5 page 9), the Nemytskii operator Ap, s :

LZ([fr’OLE) X Lz([7r70]7E) - Lz([fr,O],E), ‘/%)1]"((’)"’/) = [9 = le((p(e)v
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w(6))], is continuous. We know that the operator A, A(x, ) = (x, ), used in the proof
of Lemma (&.3)), is continuous from E x L? ([~r,0],E) in L? ([~r,0],E) x L*> ([~,0] ,E).
The functional I used in the proof of Lemma (4.3)) is continuous.

We define F : E x L? ([—r,0],E) — R by setting

Fi(x,y):=ToAp soA(x,y) = ! Dy f(u(t),u(t+6))do.

J—=r

Then Fj is continuous as a composition of continuous mappings.
Forall x € E and y € L? ([-r,0] ,E) we have

0
| < [ D1 (w(0)]do

N

./;Or(a|x\+a|1//(9)\+b)d9

0
ra.|x|+a. [ [w(0)[d0+rb
< ra. x|+ avrllllz-roe) + b
< s (Wl o) + b

where a3 := a.max {r,/r}. And so the assumptions of ([L8], Remark 2.7 page 54) are
fulfilled that ensure that the Nemytskii operator

N, : BX(E) x B* (L* ([-1,0],E)) — B*(E),

i 0.8)i= [ £ ). £0) = [ 1state) E0(0))a0]

is continuous.
We note that I'y = AF, o (id,T), where T (u) = ii, and so I'; is continuous as a
composition of continuous mappings.

LEMMA 5.2. Under B.1) and @.6) we consider the operator T : B*(E) — B*(E)
defined by
0
Ih(u) = {tr—> Dy f(u(t —0),u(r))do | .

—r

Then I'y is continuous.

Proof. By a reasoning similar to this one used in Lemma (3.1)), the Nemytskii op-
erator Ap,¢ o L?([-1,0],E) x L*([-1,0],E) — L*([-r0],E), Ap,r(@,y) =
[6— Dyf(9(0),y(60))], is continuous.

We introduce the operator A : L? ([—r,0],E) x E — L? ([~r,0],E) L* ([-r,0] ,E),
Ai(@,y) :=[0(9(0),y)]. A; is linear continuous.

We consider also the functional I like in the proof of Lemma (5.1)).
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We define F> : L ([~r,0],E) x E — R by setting

0
Fy(9,y) :=ToApyr o Ar(@,y) = [ Daf(¢(6),y)dO.

And also F; is continuous as composition of continuous functions. Like in the proof of
Lemma (5.1)) we establish that

1F2(9.9)| < a3 (191201, + V1) + 70
And so by using ([[L8], Remark 2.7 page 54) we know that the Nemytskii operator

N, B (L*([-1,0],E)) x B*(E) — B (E),

ig)i= o= [ D2f(E0)0)atn)ao).

—-r
is continuous.
For all u € B*(E) and for all € R, we denote by ii(t) := [0 +— u(t — 0)] €
L?([~1,0],E). Proceeding like in Lemma @.2) we can establish that ii € B>(L*([—r,0],
E)) and that H“”BZ(L? (r0)E)) = V7. ||ull p2g) - And so the operator

Ty : B*(E) — B* (L*([-r,0],E)), Ti(u):=4d,

is linear continuous.
We note that I', = 4p, s o (T1,id) that permits us to say that I'; is continuous as
a composition of continuous mappings.

THEOREM 5.3. Under (3.1), @.6), @.16), @.1D), for all e € AP°(E), and for all

¢ € (0,00), there exists e € AP*(E) such that ||e — e¢|lp2(m) < € and such that there

exists ue € AP*(E) wich is a strong a.p. solution of
0 0
ug(t)= | Dif(u@),u(t+6))d0+ [ Daf(u(t—0),u(t))d0+ec(t).
—r —r

Proof. We set T :=T"| + T, where I'; comes from Lemma (5.I) and I, comes
from Lemma (5.2). We consider the operator .7 : B>*(E) — B*(E), .7 (u) := V?(u) —
I'(u).The operator V2 : B»*(E) — B2(E) is linear continuous and by using Lemma
(1) and Lemma (5.2)), we see that .7 is continuous.

By using Theorem (&.6) we know that .7 (B>2(E)) = B>(E) and consequently we
have AP’(E) C 7 (B*?(EE)). Since AP? is dense in B>?*(E) and since 7 is contin-
uous, for all e € APY(E) and for all & € (0,o0), we obtain that there exists u; € AP?
such that [|.7 (ue) — e||p2 () < €.

By proceeding like in the proof of Lemma (3.2)), we obtain that 'y () and T’ (ug)
belong to AP°(E). Since V?(u;) = u, [8], we obtain that .7 (u;) € AP’(E). We set
e := 7 (ug), and so e, satisfies the announced conditions.
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