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A CONTINUUM-TREE-VALUED MARKOV PROCESS
ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

ABSTRACT. We present a construction of a Lévy continuum random tree (CRT) associ-
ated with a super-critical continuous state branching process using the so-called exploration
process and a Girsanov’s theorem. We also extend the pruning procedure to this super-
critical case. Let 1 be a critical branching mechanism. We set 1g(-) = (- + 0) — (0).
Let © = (6, +00) or © = [0, +00) be the set of values of 6 for which g is a branch-
ing mechanism. The pruning procedure allows to construct a decreasing Lévy-CRT-valued
Markov process (7g,0 € ©), such that 7p has branching mechanism . It is sub-critical if
6 > 0 and super-critical if § < 0. We then consider the explosion time A of the CRT: the
smaller (negative) time 6 for which 7y has finite mass. We describe the law of A as well
as the distribution of the CRT just after this explosion time. The CRT just after explosion
can be seen as a CRT conditioned not to be extinct which is pruned with an independent
intensity related to A. We also study the evolution of the CRT-valued process after the
explosion time. This extends results from Aldous and Pitman on Galton-Watson trees. For
the particular case of the quadratic branching mechanism, we show that after explosion the
total mass of the CRT behaves like the inverse of a stable subordinator with index 1/2. This
result is related to the size of the tagged fragment for the fragmentation of Aldous’ CRT.

1. INTRODUCTION

Continuous state branching processes (CB in short) are non-negative real valued Markov
processes first introduced by Jirina [[J] that satisfy a branching property: the process (Z¢,t >
0) is a CB if its law when starting from z+2’ is equal to the law of the sum of two independent
copies of Z starting respectively from x and 2’. The law of such a process is characterized by
the so-called branching mechanism 1 via its Laplace functionals. The branching mechanism
1 of a CB is given by

V(N = @+ BA? +/

7(de) [ 14 MLy |
(0,400)

where & € R, > 0 and 7 is a Radon measure on (0, +00) such that f(o Jroo)(1 A (dl) <

+00. The CB is said to be respectively sub-critical, critical, super-critical when ¢’(0) > 0,
’'(0) = 0 or ¥'(0) < 0. We will write (sub)critical for critical or sub-critical. Notice that v
is smooth and strictly convex if 8 > 0 or m # 0.

It is shown in [2Q] that all these CBs can be obtained as the limit of renormalized sequences
of Galton-Watson processes. A genealogical tree is naturally associated with a Galton-Watson
process and the question of existence of such a genealogical structure for CB arises naturally.
This question has given birth to the theory of continuum random trees (CRT), first introduced
in the pioneer work of Aldous [, fi, f. A continuum random tree (called Lévy CRT) that
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2 ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

codes the genealogy of a general (sub)critical branching process has been constructed in
[B1], P2] and studied further in [If]]. The main tool of this approach is the so-called exploration
process (ps, s € RT), where py is a measure on R™, which codes for the CRT. For (sub)critical
quadratic branching mechanism (7 = 0), the measure p; is just the Lebesgue measure over
an interval [0, H,], and the so-called height process (H, s € RT) is a Brownian motion with
drift reflected at 0. In [Ig], a CRT is built for super-critical quadratic branching mechanism
using Girsanov theorem for Brownian motion.

We propose here a construction for general super-critical Lévy tree, using the exploration
process, based on ideas from [[§]. We first build the super-critical tree up to a given level
a. This tree can be coded by an exploration process and its law is absolutely continuous
with respect to the law of a (sub)critical Lévy tree, whose leaves above level a are removed.
Moreover, this family of processes (indexed by parameter a) satisfies a compatibility property
and hence there exists a projective limit which can be seen as the law of the CRT associated
with the super-critical CB. This construction enables us to use most of the results known for
(sub)critical CRT. Notice that another construction of a Lévy CRT that does not make use
of the exploration process has been proposed in [[[§] as the limit, for the Gromov-Hausdorff
metric, of a sequence of discrete trees. This construction also holds in the super-critical case
but is not easy to use to derive properties for super-critical CRT.

In a second time, we want to construct a “decreasing” tree-valued Markov process. To
begin with, if ¢ is (sub)critical, for § > 0 we can construct, via the pruning procedure of [f],
from a Lévy CRT 7 associated with 1 a sub-tree 7y associated with the branching mechanism
1 defined by

VA0,  p(A) = (A +0) —1(0).

By [[, B3], we can even construct a “decreasing” family of Lévy CRTs (7,60 > 0) such that
Ty is associated with g for every 6 > 0.

In this paper, we consider a critical branching mechanism 1 and denote by © the set of
real numbers 6 (including negative ones) for which vy is a well-defined branching mechanism
(see Section p.d for some examples). Notice that © = [fu, +00) or (fso,+00) for some
0so € [~00,0]. We then extend the pruning procedure of [l to super-critical branching
mechanisms in order to define a Lévy CRT-valued process (7,6 € ©) such that

e For every 6 € O, the Lévy CRT 7y is associated with the branching mechanism )y.

e All the trees 7y, 6 € © have a common root.

e The tree-valued process (7y,6 € O) is decreasing in the sense that for § < 6', Ty is a
sub-tree of 7y.

Let p? be the exploration process that codes for Ty. We denote by NY the excursion measure
of the process (p?,0 € ©), that is under N, each p? is the excursion of an exploration process
associated with 1¢y. Let gy denote the length of this excursion. The quantity oy corresponds
also to the total mass of the tree 7y. We say that the tree 7y is finite (under Nw) if og is
finite (or equivalently if the total mass of the associated CB is finite). By construction, we
have that the trees 7y for > 0 are associated with (sub)critical branching mechanisms and
hence are a.e. finite. On the other hand, the trees 7y for negative 6 are associated with
super-critical branching mechanisms. We define the explosion time

A=inf{f € O, gy < +o0}.

For § € ©, we define § as the unique non-negative real number such that () = v (8) (notice
that § = 6 if § > 0). We give the distribution of A under N (Theorem 6-3). In particular
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we have, for all 0 € [0, +0),
NY[A> 0] =6—6.

We also give the distribution of the trees after the explosion time (73,0 > A) (Theorem [.7
and Corollary B.J). Of particular interest is the distribution of the tree at its explosion time,
Ta.

In [[[0], Aldous and Pitman constructed a tree-valued process by pruning a discrete Galton-
Watson tree. They also constructed another tree-valued process by pruning an infinite tree (a
(sub)critical Galton-Watson tree conditioned on non-extinction) and proved some identities
in law between these two processes in the case of Poisson offspring distributions. In the same
spirit, we also construct another tree-valued Markov process (7,%,6 > 0) associated with a

T dy
()
+00), 7, is distributed as 7 conditioned to survival. The tree 7 is constructed via a spinal
decomposition along an infinite spine. Then, we define the continuum-tree-valued Markov
process (7,°,6 > 0) again by a pruning procedure. Let § € (f,0). We prove that under the
excursion measure N¥, given A = 6, the process (Zp4y,u > 0) is distributed as the process
(74, v = 0) (Theorem B.1).

When the branching mechanism is quadratic, ¥(\) = A\2/2, some explicit computations
can be carried out. Let o} be the total mass of 7, and 7 = (79,0 > 0) be the first passage
process of a standard Brownian motion, that is a stable subordinator with index 1/2. We
get (Proposition P.1]) that (o},0 > 0) is distributed as (1/7,6 > 0) and that (049,60 > 0)
is distributed as (1/(V + 79),6 > 0) for some random variable V' independent of 7. Let us
recall that the pruning procedure of the tree can be used to construct some fragmentation
processes (see [, [, B3]) and the process (o, > 0), conditionally on ¢ = 1, represents then
the evolution of a tagged fragment. We hence recover a well known result of Aldous-Pitman
[B]: conditionally on og = 1, (0g,6 > 0) is distributed as (1/(1 + 75),0 > 0) (see Corollary

p-2).

critical branching mechanism . In the case of a.s. extinction (that is when

The paper is organized as follows. In Section [, we introduce an exponential martingale
of a CB and give a Girsanov formula for CBs. We recall in Section P the construction
of a (sub)critical Lévy CRT via the exploration process and some useful properties of this
exploration process. Then, we construct in Section # the super-critical Lévy CRT via a
Girsanov theorem involving the same martingale as in Section fJ. We recall in Section [ the
pruning procedure for critical or sub-critical CRT's and extend this procedure to super-critical
CRTs. We construct in Section [] the tree-valued process (7y,0 € ©), or more precisely
the family of exploration processes (p?,6 > 0) which codes for it. We also give the law
of the explosion time A and the law of the tree at this time. In Section [, we construct
an infinite tree and the corresponding pruned sub-trees (7,56 > 0), which are given by a
spinal representation using exploration processes. We prove in Section { that the process
(Ta4u,u > 0) is distributed as the process (7;7,,,u > 0) where U is a positive random time
independent of (7,°,6 > 0). We finally make the explicit computations for the quadratic case
in Section .

Notice that all the results in the following Sections are stated using exploration processes
which code for the CRT, instead of the CRT directly.
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2. GIRSANOV FORMULA FOR CONTINUOUS BRANCHING PROCESS

2.1. Continuous branching process. Let 1 be a branching mechanism of a CB: for A > 0,

(1) P(A) = @A+ BA + /

(def) [e—M 1+ m{@}] ,
(0,400)

where @ € R, > 0 and 7 is a Radon measure on (0, 4+00) such that f(07+oo)(1 A2 w(dl) <
+oo. We shall say that i) has parameter (&, 3, 7).

We shall assume that 3 # 0 or 7 # 0. We have ¢(0) = 0 and ¢'(07) = d_f(l,—l—oo) Ir(dl) €
[—00, +00). In particular, we have ¢'(07) = —oo if and only if f(1’+oo) ¢ m(dl) = +oo. We
say that ¢ is conservative if for all € > 0

e 1
(2) /Owdu:—l-oo.

Notice that ([]) is fulfilled if ¢/ (0+) > —oo that is if f(l ooy £ (dl) < +00. If 4 is conservative,
the CB associated with 1 does not explode in finite time a.s.
Let Pf be the law of a CB Z = (Z,,a > 0) started at = > 0 and with branching mechanism

1, and let Ef be the corresponding expectation. The process Z is a Feller process and thus
cad-lag. Let F = (F,,a > 0) be the filtration generated by Z completed the usual way. For
every A > 0, for every a > 0, we have

(3) BY [ e] = emnula),

where function u is the unique non-negative solution of

(4) u(a, \) +/ Y(u(s,A)ds=X, A>0, a>0.
0

This equation is equivalent to

A dr
5 / =a A>0, a>0.
( ) u(a,\) ¢(7‘)

If () holds, then the process is conservative: a.s. for all a > 0, Z, < +oo.

It is easy to check that EY[Z,] = ze~®'(®"). The CB Z or the branching mechanism 1 is
called critical (resp. super-critical, resp. sub-critical) if ¢)/(0%) = 0 (resp. ¥'(07) < 0, resp.
' (07) > 0). We shall write 1) is (sub)critical if it is critical or sub-critical.

Let go be the largest root of ¥(q) = 0. Since 1(0) = 0, we have gg > 0. If ¢ is (sub)critical,
since ) is strictly convex, we get that gy = 0. If v is super-critical, if we denote by ¢* > 0
the only real number such that 1'(¢*) = 0, we have gg > ¢* > 0. See Lemma R.4 for the
interpretation of qq.

If f is a function defined on [y, 4+00), then for § > ~, we set for A > v — 0:
Jo(QA) = f(0+A) = f(0).
If v is a measure on (0,+00), then for ¢ € R, we set
(6) VD (de) = e v(dl).

Remark 2.1. If 79 ((1,+00)) < 400 for some ¢ < 0, then 1 given by ([]) is well defined
on [g,+00) and, for 6 € [¢,+0), ¥y is a branching mechanism with parameter (& + 2360 +
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f(o 1 m(dl) €(1 — e%),8,7?)). Notice that for all § > g, 1y is conservative. And, if the
additional assumption
/ 07D (de) = / el 7(dl) < +o0
(1,400) (1,400)
holds, then |(14)'(0+)| < 400 and 1), is conservative.

2.2. Girsanov formula. Let Z = (Z,,a > 0) be a conservative CB with branching mech-
anism 1 given by ([l) with 8 # 0 or m # 0, and let (F,,a > 0) be its natural filtration.
Let ¢ € R such that ¢ > 0 or ¢ < 0 and ﬁ17+w)€e|Q|gw(d€) < +00. Then, thanks to Re-
mark P.1], 1(q) and v, are well defined and 1), is conservative. Then we consider the process
MY = (M}f’q,a > 0) defined by

(7) M$a = ot9=aZa=(a) [ Zs ds

Theorem 2.2. Let ¢ € R such that ¢ >0 or ¢ < 0 and f(l +o0) (el 7(de) < 4o0.

(i) The process MY is a F-martingale under Py
(ii) Let a,x > 0. On Fg, the probability measure Pf‘l 1s absolutely continuous with respect

to Pf and
g
de “7:0' —Mw7q‘

- a

dP¥

|7a

Before going into the proof of this theorem, we recall Proposition 2.1 from [B]. For u a
positive measure on R, we set

(8) H(p) = sup{r € R; u([r, +00)) > 0},
the maximal element of its support. For a < 0, we set Z, = 0.

Proposition 2.3. Let u be a finite positive measure on R with support bounded from above
(i.e. H(u) is finite). Then we have for all s € R, z >0,

(9) EY [e_fz“s “(d’")] = e 7w(s),

where the function w is a measurable locally bounded non-negative solution of the equation
“+oo

(10)  w(s) + (w(r))dr = / w(dr), s<H(u) and w(s)=0, s>H(u).
s [s,400)

If ¥/ (07) > —oo or if u({H(u)}) > 0, then ([{d) has a unique measurable locally bounded
non-negative solution.

Proof of Theorem [2.3. First case. We consider ¢ > 0 such that (q) > 0.

We have 0 < Mff’q < e%", thus MY is bounded. Tt is clear that M¥ is F-adapted.

To check that M¥9 is a martingale, thanks to the Markov property, it is enough to check
that EY[MY1] = Ef[Mép’q] =1 for all @ > 0. Consider the measure v (dr) = ¢d,(dr) +
¥(q)1[g,q)(1)dr, where J, is the Dirac mass at point a. Notice that H(v;) = a and that
vq({H(vg)}) = ¢ > 0 hence, thanks to Proposition P.3, there exists a unique non-negative
solution w of ([[T]) with y = v, and EY[M 9] = e=#w(©)=0) = Ag q1jg,q also solves ([[() with
p = vq, we deduce that w = qljy, and that Ex[Mf’q] = 1. Thus, we get that M¥ 7 is a
bounded martingale.
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Let v be a non-negative measure on R with support in [0,a] (i.e. H(v) < a). Thanks
to Proposition P, we have that EY[MY4 e_fZT”(dr)] = ¢ 20)=9)  where v is the unique
non-negative solution of ([0) with = v + v,. As MY7e~J Zv(dr) < MP4 we deduce that
e 2 (0O)=0) — BY[AYe e~ S V@] < 1 that is v(0) > ¢. We set u = v — ¢, and we deduce
that u is non-negative and solves

+00
(11)  wu(s)+ Yg(u(r)) dr = / v(dr), s<H(v) and wu(s)=0, s> H(v).
s [s,400)

As 9(q) > 0, we deduce from the convexity of ¢ that ¢/(0) = %'(¢) > 0. Thanks to
Proposition P.J, we deduce that u is the unique non-negative solution of ([[1]) and that

e—vul0) = Efq [e_f Zrv (dT)]. In particular, we have that for all non-negative measure v on
R with support in [0, al,

BY [Mya e [ 2] < gl [enf Zvian)].
As e [ Zrvldr) g Fq.-measurable, we deduce from the monotone class theorem that for any
non-negative F,-measurable random variable W,
(12) B [W orr—a7evl@) I3 20 0] = gy [w AL ] = 0[],
This proves the second part of the theorem.

Second case. We consider ¢ > 0 such that ¢(¢) < 0. Let us remark that this only occurs
when 1 is super-critical.

Recall that go > ¢* > 0 are such that 9(go) = 0 and +'(¢*) = 0. Notice that ¢;.(0) =
Y (¢*) = 0, that is ¢4+ is critical. Let W be any non-negative random variable F,-measurable.
From the first step, using ([2) with ¢ = qo, we get that

BY [W etor—d0Za] — BYo Y],

Thanks to (1) with ¢+ instead of 9 and (go—¢*) > 0 instead of ¢, and using that (Vg ) gyqr =
1q,, we deduce that

gl [W o(00=07)2—(40~4") Za—tby+ (d0—0") Ji Zr dT] _ Eg(cwq*)q‘)*q* W] = - -
This implies that
EY[W] = EX™ [W e 907 oi0%a]
= gq* {W 0107 (@0 Za o(00—4")2—(40—0") Za—bg (d0—a") Ji Zr dr]
— BV W om0 e Za— by (0—0") [§ Zr dr:| '
As Vg (q0 — q%) = ¥(q0) — ¥(¢") = —¥(¢*) = V¢ (—q*), we finally obtain
(13) EY[W] = Efq* [W o~ T+q Za—Ygx (=0) [ Zr dr’] .

If ¢ < q*, as (Yg)(g=—q) = Yo+ and Yy(q* — q) = ¢¥'(¢*) = 0, we deduce from ([3) with
replaced by 1, and ¢* by ¢* — ¢ that
(14) Y (W] = By [W e~ (@ DT HT ~0) Za—tby (40" g Zr d’"} :

If ¢ > ¢*, formula ([F) holds with 1 replaced by ¢4+ and g replaced by ¢ — ¢*, which also
yields equation ([[4).
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Using (L3), ([4) and that 1 (—q*) + ¥(q) = ¥4+ (q — ¢*), we get that
(15) EY [W 097—0Za—(q) 3 Zr dr] _ o= (@ =02+ ~0) Za— (b= (=) +0(a) [ Zs dr]

By [w
= Efq* [W o~ (@ —Q)r+(a* =) Za—g+ (4—07) [3 Zr dr:|

= E[W].

Since this holds for any non-negative F,-measurable random variable W, this proves (i) and
(ii) of the theorem.

Third case. We consider ¢ < 0 and assume that f(l +o00) Celal 7(dl) < +oo. In particular,

1hq is a conservative branching mechanism, thanks to Remark P-1.
Let W be any non-negative F,-measurable random variable . Using ([J) if 14(—¢) > 0 or
(I9) if ¥4(—q) < 0, with ¢ replaced by 1, and ¢ by —g, we deduce that

B[ e~ 0 +0%a—val=0) [§ 2 dr) — EY[17).
This implies that
EL[W] = BY[W eto=0Za+a(=a) J§ Zr dr] = GY[yy ear—0Za=(a) [ Zr dr]

Since this holds for any non-negative F,-measurable random variable W, this proves (i) and
(ii) of the theorem. O

Finally, we recall some well known facts on CB. Recall that gq is the largest root of ¢(q) = 0,
go = 0 if 4 is (sub)critical and that gg > 0 if v is super-critical. We set

+00
16 = Z, da.
(16) o= | Zida
For A > 0, we set
(17) N (A) = sup{r > 0; () = A}

Lemma 2.4. Assume that v is given by (1) with 5 # 0 or m # 0 and is conservative.
(i) Then PY-q.s. Zoo = limg 400 Z, exists, Zo, € {0,400},

(18) P} (Zoo = 0) = ™70,
{Zs =0} = {0 < +00} and we have: for A > 0,
(19) EY [e—ko] = eIV,

(ii) Let ¢ > 0 such that ¢(q) > 0. Then, the probability measure Pfg 1s absolutely contin-
uous with respect to Pf with

g
dP; _ Mw’q,
dpP¥ >
where
(20) MU = em=b@r g

(iii) If v is super-critical then, conditionally on {Zs, = 0}, Z is distributed as P¥w: for
any non-negative random variable measurable w.r.t. o(Z,,a > 0), we have

EY [W|Zso = 0] = L% [V].
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Proof. For A > 0, we set N, = e *atzu(Ma) where u is the unique non-negative solution
of (f). Thanks to () and the Markov property, (N,,a > 0) is a bounded martingale under
PY. Hence, as a goes to infinity, it converges a.s. and in L' to a limit, say Ns. From
(B), we get that limg— 4o u(A,a) = go. This implies that Z, = lim,—. 4o Z, exists a.s. in
[0, +00]. Since EY[Ny] = 1, we get E¥[e =] = ¢~ for all A > 0. This implies that
PY-a.s. Zs € {0,+00} and ([9).

Clearly, we have {Z, = +o0} C {0 = +00}. For ¢ > 0 such that ¥(q) > 0, we get that
(Mff 1 a > 0) is a bounded martingale under Pf. Hence, as a goes to infinity, it converges
a.s. and in L' to a limit, say MZ9. We deduce that

(21) EY [e—W)" 1 zoo:()}} — e

Letting ¢ decrease to go, we get that PY (0 < 400, Zso = 0) = e %% = P(Z,, = 0). This
implies that PY as. {0 = 400} C {Zs = +00}. We thus deduce that PY a.s. {Zo =
+00} = {0 = +00}. Notice also that (R{) holds.
Notice that (RI)) readily implies ([[9). This proves Property (i) of the theorem and (R().
Property (ii) is then a consequence of Theorem .3, Property (ii) and the convergence in

L' of the martingale (M;b’q, a > 0) towards ML
Property (iii) is a consequence of (ii) with ¢ = g and ([[§).

3. LEVY CONTINUUM RANDOM TREE

We recall here the construction of the Lévy continuum random tree (CRT) introduced in
[BZ, P1] and developed later in [[d] for critical or sub-critical branching mechanism. We will
emphasize on the height process and the exploration process which are the key tools to handle
this tree. The results of this section are mainly extracted from [[[f].

3.1. The underlying Lévy process. We assume that 1 given by ([l) is (sub)critical, i.e.

(22) a:=¢'(0)=a- / Cr(de) >0
(1,+00)

and that

(23) >0 and / fr(dl) = +oc.
(0,1)

We consider a R-valued Lévy process X = (X, t > 0) with no negative jumps, starting from
0 and with Laplace exponent ¢ under the probability measure P¥: for A > 0 E¥ [e_)‘Xt} =
N By assumption (B3), X is of infinite variation P¥-a.s.

We introduce some processes related to X. Let J = {s > 0; X; # Xs_} be the set of
jumping times of X. For s € J, we denote by

Ag=Xs— Xso

the jump of X at time s and Ay = 0 otherwise. Let I = (I;,t > 0) be the infimum process
of X, I = info<s<¢ X, and let S = (S¢,t > 0) be the supremum process, Sy = supg<s<; Xs-
We will also consider for every 0 < s < ¢ the infimum of X over [s,t]:

I} = inf X,.
s<r<t
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The point 0 is regular for the Markov process X — I, and —1I is the local time of X — I at 0
(see [[(0], chap. VII). Let N¥ be the associated excursion measure of the process X — I away
from 0. Let o = inf{t > 0; X; — I; = 0} be the length of the excursion of X — I under N¥ (we
shall see after Proposition B.g that the notation o is consistent with ([[d)). By assumption
(), we have X = Iy = 0 NV-a.e.

Since X is of infinite variation, 0 is also regular for the Markov process S — X. The local
time, L = (L, t > 0), of S — X at 0 will be normalized so that

EY [e_)‘sL;l ] = e /A

9

where L;7! = inf{s > 0; L, > t} (see also [[[]] Theorem VII1.4 (ii)).

3.2. The height process and the Lévy CRT. For each t > 0, we consider the reversed
process at time ¢, X(®) = (th),o <s<t) by:

Xs(t):Xt—X(t_s)_ if 0<s<t,

and Xt(t) = X;. The two processes (Xg(t),O < s <t)and (X;,0 < s <t) have the same law.
Let S® be the supremum process of X® and L) be the local time at 0 of S® — X with
the same normalization as L.

Definition 3.1 ([lf], Definition 1.2.1, Lemma 1.2.1 and Lemma 1.2.4). There exists a
[0, 400]-valued lower semi-continuous process H = (Hy,t > 0), called the height process,

such that Hy = 0 and for allt >0, a.s. Hy = ﬁy). And a.s. for all s <t such that Xs_ < I}
and for s =t if Ay > 0 then H; < 400 and for all t' >t > 0, the process H takes all the
values between Hy and Hy on the time interval [t,t'].

The height process (Hy,t € [0,0]) under N¥ codes a continuous genealogical structure, the
Lévy CRT, via the following procedure.

(i) To each t € [0, 0] corresponds a vertex at generation H;.
(ii) Vertex ¢ is an ancestor of vertex t’ if H; = H;y, where

(24) Hyy =inf{H,,ue [t At tVI]}.

In general Hyy is the generation of the last common ancestor of ¢ and ¢'.
(iii) We put d(t,t') = H; + Hy — 2H; p and identify ¢ and t' (¢ ~ t') if d(¢,t") = 0.

The Lévy CRT coded by H is then the quotient set [0,0]/ ~, equipped with the distance
d and the genealogical relation specified in (ii).

3.3. The exploration process. The height process is not Markov in general. But it is a
very simple function of a measure-valued Markov process, the so-called exploration process.
If E is a polish space, let B(E) (resp. B4 (FE)) be the set of real-valued measurable (resp.
and non-negative) functions defined on E endowed with its Borel o-field, and let M(E) (resp.
M;(E)) be the set of o-finite (resp. finite) measures on E, endowed with the topology of
vague (resp. weak) convergence. For any measure p € M(E) and f € B, (F), we write

o f) = / f(z) p(da).
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The exploration process p = (p;,t > 0) is a M (R )-valued process defined as follows: for
every f € BL(Ry), (p, f) = f[o g ds17 f(Hs), or equivalently

(25) prldr) =Y (I} = Xo-)8n,(dr) + By g (r)dr.
0<s<t
X, <If
In particular, the total mass of p; is (p¢, 1) = Xy — 1.
Recall (f) and set by convention H(0) = 0.

Proposition 3.2 ([]E], Lemma 1.2.2 and formula (1.12)). Almost surely, for everyt >0,
H(pt) = Ht7

pr =0 if and only if H, =0,

if pt # 0, then Supp p; = [0, Hy].

pt = pi— + Adp,, where Ay =0 ift & J.

In the definition of the exploration process, as X starts from 0, we have py = 0 a.s. To state
the Markov property of p, we must first define the process p started at any initial measure
pe Mp(Ry).

For a € [0, (i, 1)], we define the erased measure k,u by

kaﬂ([()’r]) = ,LL([O,T‘]) A ((:u’ 1> - CL), for r > 0.
If a > (u,1), we set ko = 0. In other words, the measure k,u is the measure p erased by a
mass a backward from H (p).
For v,u € Ms(R,), and p with compact support, we define the concatenation [u,v] €
M(Ry) of the two measures by:

(), £) = (s £) + (v, f(H () + ), f € BL(Ry).

Finally, we set for every u € My(Ry) and every t > 0, p}' = [k_z,u, ps]. We say that
(p}',t > 0) is the process p started at pf = p. Unless there is an ambiguity, we shall write p;
for pi’. Unless it is stated otherwise, we assume that p is started at 0.

Proposition 3.3 ([[Lf], Proposition 1.2.3). The process (p,t > 0) is a cad-lag strong Markov
process in Myp(R4).

Remark 3.4. From the construction of p, we get that a.s. p; = 0 if and only if —I; > (pg, 1)
and X; — I; = 0. This implies that 0 is also a regular point for p. Notice that N¥ is also the
excursion measure of the process p away from 0, and that o, the length of the excursion, is
N¥%-a.e. equal to inf{t > 0;p, = 0}.

3.4. Notations. We consider the set D of cad-lag processes in M¢(R.), endowed with the
Skorohod topology and the Borel o-field. In what follows, we denote by p = (p¢,t > 0) the
canonical process on this set. We still denote by P¥ the probability measure on D such that
the canonical process is distributed as the exploration process associated with the branching
mechanism 1, and by N¥ the corresponding excursion measure.

3.5. Local time of the height process. The local time of the height process is defined
through the next result.

Proposition 3.5 ([[f], Lemma 1.3.2 and Proposition 1.3.3). There exists a jointly measurable
process (LY, a > 0,s > 0) which is continuous and non-decreasing in the variable s such that:

E_1/0 {a<H,<atey dr — L ] =0.

e For every t > 0, lim sup EY [sup
e—04>0 s<t
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_ ol
9 / 1{a—£<HT-§a} dr — Ls :| =0.
—VYa>e s<t 0
o PY-q.s., for everyt >0, LY = —1I.

e The occupation time formula holds: for any mon-negative measurable function g on
S

Ry and any s > 0, / g(H,) dr = / g(a)L? da.
0 (0,+00)

e For everyt > 0, liH(l] sup EY [sup
&€

Let T, = inf{t > 0; I; < —z}. We have the following Ray-Knight theorem.
Proposition 3.6 ([[Lf], Theorem 1.4.1). The process (LT, ,a > 0) is distributed under PY as

Z under PY (i.e. is a CB with branching mechanism 1 starting at x).

Let ]P’f be the distribution of (piar,,t > 0) under PY. We set Z, = L%z under ]P’f and
Z, = L% under N¥ and (under P¥ or N¥)

(26) o) = [ Ly .

The occupation time formula implies that o(p) = f0+°O Zgda, which is consistent with notation
([d). When there is no confusion, we shall write o for o(p).

Exponential formula for the Poisson point process of jumps of the inverse subordinator of
—1I gives (see also the beginning of Section 3.2.2. [[d]) that for A > 0

(27) NY [1- e =y (A).
We also recall Lemma 1.6 of [fl].

Lemma 3.7. Let 0 > 0. The excursion measure N is absolutely continuous w.r.t. N¥ with
density e O : for any non-negative measurable function F on the space of excursions, we
have

NY [F(p)] = N* [ F(p) =0 ] .

We recall the Poisson representation of ]P’f based on the excursion measure NY. Let
(@i, Bi);cj be the excursion intervals of p away from 0. For every i € I, t > 0, we set

~(1) _
Pe” = p(dri-t)ABi'

We deduce from Lemma 4.2.4 of [If] the following lemma.

Lemma 3.8. The point measure Z 6ﬁ(i) (dp) is under ]P’f a Poisson measure with intensity
iel

oNY (dy).

3.6. The dual process and representation formula. We shall need the M ¢(R )-valued

process n = (ng,t > 0) defined by

(28) m(dr) = Y (Xe—I)6u,(dr) + Bl g, (r)dr.

0<s<t
Xo_<If

The process 7 is the dual process of p under N¥ (see Corollary 3.1.6 in [I]).
We recall the Poisson representation of (p,7) under N¥. Let N(dxdfdu) be a Poisson
point measure on [0, +-00)? with intensity

dx b (dl) 1o 1 (u)du.
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For every a > 0, let us denote by MY the law of the pair (fiq,v,) of measures on Ry with
finite mass defined by: for any f € B+ (R4)

(20) ras ) = [ Ndo dtdu) L (0)utf (@) + 6 /0 " f () de.
(30) o) = | Nz dtau) 1, @60 =) (@) +5 | " flw) do.

Remark 3.9. In particular p,(dr) + v4(dr) is defined as 1 4)(r)d, W;., where W' is a subordi-
nator with Laplace exponent 1)’ — a where o = ¢/(0) is defined by (£3).
We finally set MY = 0+°° da e~ MY.
Proposition 3.10 ([If], Proposition 3.1.3). For every non-negative measurable function F'
on Mp(R4)?,
8| [ F ) ] = [ 1) ),
0

where o = inf{s > 0; ps = 0} denotes the length of the excursion.

4. SUPER-CRITICAL LEVY CONTINUUM RANDOM TREE

We shall construct a Lévy CRT with super-critical branching mechanism using a Girsanov
formula.
Let ¢ be a (sub)critical branching mechanism. The process Z = (Z,,a > 0), where

Lo = L%z, is a CB with branching mechanism z; We have Pf—a.s. Zoo = limg 400 Zg = 0.
We shall call x the initial mass of the @—CRT under PY. The occupation time formula (see
Proposition B.J) and (P6) imply that PY-a.s. and N¥-a.e., we have

+o0
(31) o= / Zg da.
0

This readily implies the following Girsanov formula: for any non-negative measurable function
F,and ¢ >0,

(32) EY [MZIF(p)] =B [F(p)],

where M%7 is given by (Z0)B

We will use a similar formula (with ¢ < 0) to define the exploration process for a super-
critical Lévy CRT with branching mechanism . Because super-critical branching process
may have an infinite mass, we shall cut it at a given level to construct the corresponding
genealogical continuum random tree, see [[[5] when 7 = 0.

For a > 0, let M% = M;([0,a]) be the set of non-negative measures on [0,a] and let
D be the set of cad-lag M‘}—Valued process defined on [0, +0c0) endowed with the Skorohod
topology. We now define a projection from D to D*. For p = (p;,t > 0) € D, we consider
the time spent below level a up to time ¢: I'y (t) = fot 1H(ps)<a) ds and its right continuous
inverse

(33) Cpalt) = inf{r > 0:Tpa(r) > t} = inf{r > 0; /0 Listo<a ds > 1),

with the convention that inf () = +0co. We define the projector m, from D to D* by
(34) ﬂ-ll(p) = (pcp,a(t%t > 0)7
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with the convention py., = 0. By construction we have the following compatibility relation:
Mg 0Ty = T for 0 < a <b.

Let ¢ be a super-critical branching mechanism which we suppose to be conservative, i.e.
(B) holds. Recall ¢* is the unique (positive) root of 1'(q) = 0. In particular the branching
mechanism ), is critical if ¢ = ¢* and sub-critical if ¢ > ¢*.

We consider the filtration H = (Hg,a > 0) where H,, is the o-field generated by the cad-

lag process 7,(p) and the class of Pfq* negligible sets. Thanks to the second statement of
Proposition B.§, we get that Z is H-adapted. Furthermore the proof of Theorem 1.4.1 in [L§]
yields that Z is a Markov process w.r.t. the filtration H. In particular the process MY~
defined by (1) is thanks to Theorem P.3 a H-martingale under ]P’fq*.

Let ¢ > ¢*. We define the distribution ]P’f’a (resp. N¥@) of the 1)-CRT cut at level a with

initial mass z, as the distribution of 7, (p) under MY~ 1Py (resp. e1Zat¥(9) Jg' Zr dr gNYa):
for any measurable non-negative function F,

(35) EL“ [F(p)] = B3 | M2 F(ma(p))]
(36) N¥-@ [F(p)] = N¥a |:qua+¢(Q) Jo Zr dr F(ﬂ-a(p))i| )

Lemma 4.1. The distributions PY® and N¥@ do not depend on the choice of ¢ > q*.

Proof. Let q > ¢*. For any non-negative measurable function F', we have
Efq [M;/’qv—qF(ﬂ_a(p))} — Efq |:e—q:c+an+¢(‘1) f(;l Zsds F(ﬂ'a(p))} )

Ash, = (Yg+)g—q*» we apply Girsanov formula (BZ) and the fact that MY 4=4" ig a martingale
to get

EY M F(ma(0)]
= By [ Mo gantaZat (@) [ Zs ds F(m(ﬂ))}
_ gl [ola=a")2—(a-0") Za=tgx (a=0") [§ Zs ds y—aqz+aZa+i(q) [§ Zs ds F(wa(p))}

— BV o et Za= ()~ (")) [§ Zs ds gula) [§' Zsds F(ﬂa(p))}

=B | My F(ma(p))] -
Excursion theory then gives the result for the excursion measures. O

Let W be the set of D-valued processes endowed with the o-field generated by the coordi-
nate applications.

Proposition 4.2. Let (p*,a > 0) be the canonical process on W. There exists a probabil-
ity measure ]?’f (resp. an excursion measure NY ) on W, such that, for every a > 0, the
distribution of p® under PY (resp. N¥) is PL (resp. N¥%) and such that, for 0 < a <b

(37) Ta(p®) = p? PY-a.s. (resp. N¥-a.e.).

Proof. To prove the existence of such a projective limit, it is enough to check the compatibility
relation between ]P’%’b and ]P’f’a for every b > a > 0.
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Let 0 <a <b. We get

Ef’b [F( qu qu —q" F 7Ta ° ﬂ_b(p))]

|
_qu M (o))
= B | My F(map))

=EY [F(p)],

where we used the compatibility relation of the projectors for the second equality and the
fact that MY« ~9 is a H-martingale for the third equality. We deduce that ]P’%’b oMy = ]P’f’a.

This compatibility relation implies the existence of a projective limit ]f”f. The result is
similar for the excursion measure. U

Let us remark that the definitions of P% and N¥ are also valid for a (sub)critical branching
mechanism 1, with the convention ¢* = 0. In particular, we get the following corollary.

Corollary 4.3. If 1 is (sub)critical, then the law of the process (mq(p),a > 0) under PY
(resp. N¥) is BY (resp. N¥).

By construction the local time at level a of p° for b > a does not depend on b, we denote
by Z, its value. Property (ii) of Theorem P.9 implies that Z = (Z,,a > 0) is under PY a CB
with branching mechanism 1. Hence, the probability measure P}, can be seen as the law of
the exploration process that codes the super-critical CRT associated with ).

We get the following direct consequence of Properties (i) and (ii) of Lemma R.4 and of the
theory of excursion measures.

Corollary 4.4. Let ¢ > 0 such that 1¥)(q) > 0. Then, the probability measure Pf‘l is absolutely

continuous with respect to ]f”f with
Py
dPY

The measure NV is absolutely continuous with respect to N¥ with

dN¢q -~
N ¢ (AL VAT

= Mg}O’q — eqx—df(Q)U 1{0’<+OO}'

If the total mass of Z, o = fo °° Z, da, is finite, then p® is the projection of a well defined
exploration process.

Lemma 4.5. On {0 < +oo}, there exists p>° € D such that p* = 7% (p>) for all a > 0,
PY-a.s. or N-qa.e.

Proof. 1t is enough to get the result under PY.

First we assume that 1 is (sub)critical. Proposition B.J implies that fg Lm(ps)<ay ds
increases to ¢ as a goes to infinity. Using (BJ), (B4) and the right continuity of p, we deduce
that P%-a.s. for all £ > 0, aEI}rloo T (p)t = pr.

Thanks to Corollary [L.3, we deduce that PY-a.s. for all t > 0, pf° = limg— 400 ™ (p); exists
and that m,(p>°) = p®.
The case 1 super-critical is then a consequence of Corollary [[.4. (]
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Without confusion, we shall always write P¥ instead of P¥ and N¥ instead of N¥ and call
them the law or the excursion measure of the exploration process of the CRT, whether 1 is
super-critical or (sub)critical. And we shall write p for the projective limit (p®,a > 0) on W,
and make the identification p = p>*° € D when the latter exists that is when ¢ defined by

(B) is finite.

Recall 971 is given by ([7). We now extend formula (27) for general branching mechanism.
Lemma 4.6. Let o be given by ([31). We have for X > 0:

EY [e] = exp (—alV[1 - e]) = e
Proof. Let ¢ > q*. We have
EY [e—A ez, dr} _ EYs [M;bqv—q oo 2 dr]
— e 9T EY" [eqza+<¢(q>—x> 5 2 dr]

—aN¥q [1—e1Zat+ (@) =X) [§ Zr dr

= e_qw e xN [1 € ]
_rN¥ _09Za+Y(q) _fé" Zy dr NV 4 Za+9(q) fél Zpdr (1 =\ f(sl Zy dr

— e T N¥q [1 e ] o N¥q [e (1 e )]
_ — Y1 _a—A fé" Zy dr

=B a7 [t ]

—zNY¥ [l—ef)‘ I zr dr]

)

where we used (BY) for the first equality, ([]) for the second, Lemma B.§ for the third, (B6)
for the fifth, and (1) of Theorem P.2 for the last. We then let a goes to infinity to get the
first equality of the lemma, and use ([[J) to get the second. O

5. PRUNING

We keep notations from Section Bl Recall D is the set of cad-lag M ¢(Ry)-valued process,
and W is the set of D-valued processes. Let R = (pe, 6 > 0) be the canonical process on W.

Let v be a (sub)critical branching mechanism. The pruning procedure developed in [f]
when 7 = 0, [l when 3 = 0 and in [] or [23] for the general case, yields a probability measure
on W, ]?’f, such that R is Markov and the law p9 under ]?’f is ]P’fe for all 8 > 0. Furthermore
p? codes for a sub-tree of p? if § > 6'. We recall the construction of PY in Section B.1.

5.1. Pruning of (sub)critical CRT. The main idea of the pruning procedure of a tree
coded by an exploration p is to put marks on a leaf ¢ (or a branch labeled by t) and more
precisely on the measure p;. There are two types of marks: the first ones only lay on the
nodes of the tree whereas the other ones lay on the skeleton of the tree; and each mark
appears at a random time. At time 6, we get p’ by removing all the leaves from p which
received a mark by time #. We explain more precisely the pruning procedure.

5.1.1. Marks on the nodes. Let (X, t > 0) be the Lévy process with branching mechanism
1 and let p be the corresponding exploration process. We denote by (As,s € ) the set of
jumps of X. Conditionally on X, we consider a family

(Ts,s € 1)
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of independent exponential random variables with respective parameter Ag. We define the
M(R? )-valued process M (nod) — (Mt(md),t > 0) by

M (dr,dv) = Y b1, (dv)om, (dr).
0<s<t
Xg_<If

For fixed 6 > 0, we will consider the M (R )-valued process Mt(nmi)(dr, [0, 6]) whose atoms

give the marked nodes : each node is marked independently from the others with probability
1 — e %% where A, is the mass (i.e. the height of the jump) associated with the node.

Remark 5.1. Although different from the measure process that defines the marks on the nodes
in [[l] (formula (12)), this construction gives the same marks (see Introduction of []).

5.1.2. Marks on the skeleton. Let M(k¢) = (Mt(Ske),t > 0) be a Lévy snake with lifetime H
and spatial motion a Poisson point process with intensity

2ﬂ1{u>0} du.

(See [[Ld] for the definition of a Lévy snake and [{] for the extension to a discontinuous height
process H, see also [BJ)]).

In other words, M©ke) ig a M(Ri)—valued process such that, conditionally on the explo-
ration process p,

e For every t > 0, Mt(Ske)(dr, du) is a Poisson point measure with intensity
2/61[0,Ht](r)drl{u>0}du7
e For every 0 < ¢ </, with H; y := il[lf ]HS, then:
se(tt’

— The measures Mt(Ske)(dr, du)l,cpo,m, ) and Mt(,Ske)(dr, du)l,¢o,u, , are equal,

— The random measures Mt(Ske)(dr, du)l,eim, . m,) and Mt(,Ske)(dr, du)l,em, , 1,

are independent.
5.1.3. Definition of the pruned processes. We define the mark process as
(38) M(maﬂ‘k) — M(nod) + M(ske)‘

The process ((pt, Mt(mark)), t > 0) is called the marked exploration process. It is Markovian,

see [RJ for its properties. We denote by PY its law and by NY the corresponding excursion
measure.
For every 6 > 0 and ¢ > 0, we set

m{® = M) ([0, Hy) % [0,6)).
0)

The random variable m; ’ is the number of marks at time 6 that lay on the branch labeled
by t. We will only consider the branches without marks. Therefore, we set

t
(39) A9 — / 1 0_gds and c? —inf{r > 0;A® > 1}
0 s
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its right-continuous inverse. Finally, we define p? = (p¢,¢ > 0), M(mark).0 — (Mt(mark)’e, t>0)
by

pL= P,
mark),0 mark
M ([0, k) x [0, q]) = MU™ ([0, k] x (6, + ).

We shall use in Section [f] the pruning operator Ay defined on the marked exploration process
by

(40) AG(P, M(mark)) — (,09, M(mark)ﬂ).

Using the lack of memory of the exponential random variables and of properties of Poisson
point measure, it is easy to get that

Lemma 5.2. The process R = (p?,0 > 0) is Markov.

The W-valued process R codes for a decreasing family of CRT, which we shall call a
-family of pruned CRT. A direct application of Theorem 1.1 of [[] gives the marginal dis-
tribution.

Proposition 5.3. The marked exploration process (p?, Mm@ %):0) ynder PY (resp. N¥) is
distributed as (p, M™R)) under PYO (resp. N¥o ).

We shall now concentrate on the process R. Let Iﬁ’f be the law of R and N¥ be the
corresponding excursion measure.
We deduce the following compatibility relation from the Markov property of R and Propo-

sition p.3.
Corollary 5.4. Let 6y > 0. The law under PY (resp. NY) of the process (p%+0,6 > 0) is
I@’f% (resp. NYo ).

Let us now recall the special Markov property, Theorem 4.2 of [, stated for the present

context. We fix § > 0. We want to describe the law of the excursions of p “above” the marks,

given the process “under” the marks. More precisely, we define O as the interior of the set

{s >0, m@ = 0} and write O = U(ai,ﬂi). For every i € I, we define the exploration
el

process p() by: for every f € BL(R), t >0,

<P§i)7 f)= / f(@ = Ha,)p(aityns: (d).
[Ha;,+00)

We have the following theorem.

Theorem 5.5 (Special Markov Property). Let 8 > 0 and let (Z¢,t > 0) be the CSBP coded
by p?. The point measure

> Oy, p0) (dh, dpu)

iel

under PY (or N¥) conditionally given (p?,t > 0), is a Poisson point measure of intensity

1o, 100) (h)Z], dh <259N¢(du) + /( . )w(dr)(l - e—W)P:f’(du)) :
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5.2. Pruning of super-critical CRT. We now use the same Girsanov techniques of Section
Al to define a 1-family of pruned CRT when 1) is super-critical.

Let 9 be a super-critical branching mechanism which we suppose to be conservative, i.e.
(B) holds. Recall ¢* is the unique (positive) root of 1'(q) = 0. In particular the branching
mechanism ), is critical if ¢ = ¢* and sub-critical if ¢ > ¢*.

Let ¢ > ¢*. Let R = (p%,6 > 0) be the canonical process on W. We set Z = (L% (p°),a > 0)
which is under P%° (dR) a CB with branching mechanism 1),. The process Z is also well defined
under the excursion measure N¥¢(dR). We write m,(R) = (m4(p?),6 > 0). Notice that given
the marks (i.e. given M™% and M*)) we have m4(p?) = (m4(p))?.

Let a > 0. We define the distribution BY* (resp. excursion measure Nw’“) of a y-family of
pruned CRT cut at level a with initial mass z, as the distribution of 7, (R) under MY~ 1gpLe
(resp. 9Zat¥(9) Jg' Zr dr dN’/’q): for any measurable non-negative function F', we have:

BY [F(R)) = B [MEF (ma(R))

and
RO [F(p)] = WV [ed7 0000 5 200 )]

Same arguments as for Lemma [£.1] give the following result.
Lemma 5.6. The distributions PL® and N¥@ do not depend on the choice of ¢ > q*.

As in Section [}, see Proposition [l., the families of measures (]@%’a, x > 0) and (Nd”“, a>0)
fulfill a compatibility relation. Hence there exists a projective limit (R% a > 0) defined on
the space of W-valued process such that

e For every a > 0, R® is distributed as ]f”f’a,

e For every a < b, m,(R") = R®.
We write PY for the distribution of this projective limit and N¥ for the corresponding excur-
sion measure.

By construction the local time at level a of m,(p?) for b > a does not depend on b, we denote
by Z? its value. Proposition f.d and Property (ii) of Theorem P.3 imply that Z? = (Z%,a > 0)
is under Iﬁ’f a CB with branching mechanism v started at z. Following (B), we define
oy = fooo Z% da. And, when there is no confusion, we write o for og.

Following Corollaries 1.3, .4 and Lemma [, we easily get the following theorem.

Theorem 5.7. Let 1) be a conservative branching mechanism. Let (R*,a > 0) be a W-valued
process under PY (resp. NY).
(1) Ifv) is (sub)critical, then (R®, a > 0) under Py is distributed as ((7q(p?),0 > 0),a > 0)
under P; . .
(2) Let g > 0 such that ¥(q) > 0. Then, the probability measure ]P’fq is absolutely contin-
uous with respect to ]P’f with
Py
APy

The measure N¥4 is absolutely continuous with respect to N¥ with

= MY = e1r=¥(@)o 1 (< too}-

del}q — o VY@
dNV

1{0’<+OO}‘
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(3) On {o < 400}, there exists R™ € W such that R* = n%(R>°) for all a > 0, PY-a.s.
or N¥-a.e.

Without confusion, we shall always write P¥ instead of P¥ and N¥ instead of N¥ and call
them the law or the excursion measure of 1-pruned family of exploration processes, whether
1 is super-critical or (sub)critical. The ¢-pruned family of exploration processes codes for a
-pruned family of continuum random sub-trees.

And we shall write (p?,0 > 0) for the projective limit (R% a > 0), and identify it with
R>® € W when the latter exists, that is when o defined by (B) is finite. Notice that if oy is
finite then the exploration process p’ codes for a CRT with finite mass.

5.3. Properties of the branching mechanism. Let ¥ be a branching mechanism with
parameter («, 3, 7). Let © be the set of 6 € R such that

(41) / e (dl) < +oo.
(1,400)

We set 05, = inf ©’. Notice that we have either @' = [0, +00) or ©' = (0, +00) and that
fs < 0. Notice that 1)y exists for every § € ©" and is conservative for every 6 > 0,,. We set
© = {6 € ©'; 1)y is conservative}. Notice that © C © C O U {0 }.

For instance, we have the following examples of critical branching mechanisms:

i) Quadratic case: ¥(u) = Bu?, © = 6’ = R.
ii) Stable case: ¢(u) = cu® with a € (1,2), © = 0’ = [0, +00).
iii) ¥(u) = (u+e Hlogu+e ) +el: ©=0"=[-e!, +o0). (Notice that 1y (u) =
ulog(u), Py (0+) = —oc and vy, is conservative.)
iv) Y(u) =u—1+ H—Lu is associated with (&, 3,7) where @ = 2/e, f = 0 and 7(dl) =
et Lipsydl: © = ©' = (=1, +00).

For the end of this subsection, we assume that v is CRITICAL and that 8 > 0 or 7 # 0.
Remark that 1 is a one-to-one function from [0, +-00) onto [0, +0c) and we denote by ! its
inverse function. For § < 0 such that § € @', we define § = ¢~ (¥)(6)) or equivalently 6 is
the unique positive real number such that

(42) »(0) = ¥(0).
Since 1) is continuous and strictly convex, if ., € ©’, we have

(43) oo = lim 0.
0100

Notice that in this case O is finite. If 05 & ©’, we define 0o, using ().

Lemma 5.8. Let ¢ be CRITICAL with parameters (&, 3,n) such that 3 > 0 or m # 0. If
Oso & O then Oy = +00.

Proof. We assume that 0 ¢ ©'. It is enough to check that limgg () = +oo to get
éoo = +400.

We first consider the case 6., = —oo. Since ¢’(0) = 0 and 1) is strictly convex, we get that
limglgw 1/)(9) = +400.

If 6, > —oo0, then using that ([) does not hold for 6., and monotone convergence theorem,
we get that limgg__ () = +o0. O
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6. A TREE-VALUED PROCESS

Let ¢ be a branching mechanism. We assume 0, < 0. We write R, = (p779,v > 0).

We deduce from Corollary .4 that the families of measures (P¥¢,0 € ©) and (N¥¢,6 € ©)
satisfy the following compatibility property: if @ < 6, ' € ©, the process Rg_g under P¥e’
(resp. N¥¢') is distributed as Ro under P¥¢ (resp. N¥¢).

Hence, there exists a projective limit R = (p7,v € ©) such that, for every § € ©, the
process (p?7, v > 0) is distributed as (p?,y > 0) under P¥2. We denote by P the distribution
of the projective limit R, and by NV the corresponding excursion measure. We still write Ry
for (p?+7,~v > 0) for all 6 € ©.

The process R = (p?,0 € ©) is Markovian, thanks to Lemma [.4. Tt codes for a tree-
valued Markov process, which evolves according to a pruning procedure. At time 6, p? has
distribution P¥?. Recall oy is the mass of the CRT coded by p?. It is not difficult to check
that ¥ = (0¢,0 € ©) is a non-increasing Markov process taking values in [0, +o00] and we
shall consider a version of R such that the process ¥ is cad-lag. From the continuity of v,
we deduce that the Laplace transform of oy given in Lemma [L.§ is continuous, and thus the
process . is continuous in probability.

See [[4] for the distribution of the decreasing rearrangement of the jumps of (ag,6 > 0).
We deduce from the pruning procedure that a.s. limg_, 1, 09 = 0. Notice that by considering
the time returned process (p~%, 0 < ), we get a Markovian family of exploration processes
coding for a family of increasing CRTs.

Remark 6.1. Recall ¢* is the unique root of ¢’(¢) = 0 and that )4+ is critical. Using a shift
on 0 by ¢*, that is replacing 1) by 1+, one sees that it is enough, when studying R, to assume
that ¢ is critical.

Lemma 6.2. Let ¢ be a critical branching mechanism with parameter (o, 3,7). For any
0 € ©, and any non-negative measurable function F defined on the state space of Ry, we
have

W) N (PR gyy] = N [F(ROL(gy )] = N [P(Rp) 0],

Proof. The first equality is just the ’compatibility property’ stated at the beginning of section.
For § > 0, the second equality is a direct consequence of (ii) from Theorem [5.7.
For 6 < 0, let ¢ = 6 — 6. Notice that ¥(q) = () — ¥(q) = 0 and (1), = V5. We deduce
from (ii) of Theorem [.7 that

NY [F(Ro)] =N [F(Ro)Liz<oc)] -
Since 6 > 0 and ¥(6) = ¥(f), we get from (2) of Theorem [.7 that
N’ [F(Rq)] = N” [ F(Rg) 0| = N* [F(Rg) e~ .
This ends the proof. O

We deduce directly from this lemma the following result on the conditional distribution of
the exploration process knowing the total mass of the CRT.

Corollary 6.3. Let ¢ be a branching mechanism with parameter (o, 3,7) such that (f1)
holds. The distribution of (p?T7,~v > 0) conditionally on {og = r} does not depend on 6 € ©.

We assume from now-on that v is CRITICAL and that 6., < 0. The first assumption is
not restrictive thanks to Remark [6.].
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Notice that p? codes for a critical (resp. sub-critical, resp. super-critical) CRT if § = 0
(resp. 6 > 0, resp. 0 < 0). In particular, we have oy < +o0 a.s. if § > 0.
We consider the explosion time

A =inf{f € O, gy < +00},

with the convention that inf() = 6.. In particular, we have A < 0 ]Pf,f—a.s. and N¥-a.e.
Moreover, since the process (0p, 0 € ©) is cad-lag, we have, on {A > 0}, 09 = +oo for every
0 < A and oy < 400 for every # > A. For the time returned process, A is the random time
at which the tree gets an infinite mass.

We first give a lemma on the conditional distribution of .

Lemma 6.4. Let g € O, ¢ < 0. We have, for A > 0,

Nw [e—)\crq |p9] —_ e—09¢9(w;1(A))

and N¥[o, < +00|p”] = e~ 7% (09 where g = 4~ (¢(q)).

Proof. Let A > 0 and F be a non-negative measurable function defined on W. We write Z¢
for the local time at level a of the exploration process p?. Using ([Lf]), we have

(45) NY[e™*7s F(pf)] = lim NV[e o 27 p(of)].

a—0o0

We set
Lo = NV[e Mo 224 p ().

Let G(mq(p?)) = EY[F(p?)|ma(p?)]. We have, with 6/ =0 — ¢ > 0,

I, = NY[e™ o 204 G, (7))]
= NY[e 20 200 Q7o (p7))]
N[t Z ) A G ()]

— NV[e—0Z8 —W@N) f5 22 dr= 5 K 2] dh e (,9)),

where for the first equality we conditioned with respect to o(m,(p?)), used Girsanov formula
for the third equality and Theorem [5.§ for the last equality with

+/ m(du)(1 — e ")EY [1 — o= Za—n—W@+N) 5" 2 dr] .
(0,+00)
We set

K¢ = 280'NY [e‘qzafh—df(q) " Zrdrq oA 2 dr)}

+ / m(du)(1 — e~ "YEY [~ tZan =@ TN 2 dr (oA 2
(0,+00)
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Using again Theorem .5 and Girsanov formula, we get
I, =NY [e—qu—w(q) Jo 20 dr o= [S(Kp+NZf dh Gra(p”))]
NV Je&a+N) 20" dh G(ra(p”))]
= NY[e= Jo (KiANZi dh G (p9))]
(46) _ qu;[e— Jo(Ka+0) 28 dh F(pe)].
Notice also that, thanks to Girsanov formula,

Kj = 2B0'NVs [1 —e M d?”] + /
(0,400)

= 230'N¥ [1 e M ez dr] + / m(du) (e — e IRV [1 oA T2 d’"} .
(0,4-00)

m(du) (e — e EL" 1 e 2]

Using Lemma .6, we get

Jim. K¢ = 260'NY [1 —e—*‘ﬂ + /( o)

= o (10g " (V) — (¥ ' (V)
= (P ' (N) = A
We deduce from (f§) and (§), that
NY[e™ 270 F(pf)] = NV [e V(0" D70 (o))
Letting then A goes down to 0, we deduce, with § = ¥~ (¢(q)), that
NY[1(5, < 100} F ()] = NV[em #0007 1 ()],

m(du) (e — e "*)EY [1 _ e_,\gq}

The next theorem gives the distribution of the explosion time A under the measure N¥.

Theorem 6.5. We have, for all 0 € [0, +00),

(47) NY[A>0)=6-6
and
: /
NA=p =] V070,
+oo  iffy € 0.

Proof. We have for all § > 0,
NY[A > 0] = N¥[0y = +0)
=N%[o = +oq]
= Jm N [1 - 7]

— Tim =1
—)1\135?% (A)

=y 1 (0),
where we used ([[.q) for the fourth equality. We get, for ¢ > 0,
Pe(t) =0 = Yt +0)=90) — t+0=0,

O
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and thus v, 1(0) = 6 — 0, which gives the first part of the theorem for 6 > 6. Making 0
decrease to 0, gives the result for 6.,

For the second part of the theorem, we apply the second assertion of Lemma 6.4 with
0 = 0. We have, for every g < 0,

NY[0, < +oolp] = e %@,
Then, we have
NY[A = O|p] = NY[Vq > 000, 04 < +00|p]
= hm N[0, < +o0|p]
q— 0

— lim e~ °%@—9)

q—0c0

o ) if 0o, & ©
B e_C’w(@oo—eoo) if 900 S @/7 with /l/}(éoo - 600) < +OO’

where the last equality is a consequence of Lemma [.§. Then, integrating with respect to p
gives the theorem. O

Remark 6.6. Since 1~! is smooth, we deduce that the mapping g — ¢ is differentiable with
dg _ ¢'(q)
dg  ¥'(q)
Thus, when 6, & O, we have that the law of A under NY has a density with respect to the
Lebesgue measure on R given by

v (- 52)

Theorem 6.7. (i) Let 0 € (As,0). Under N¥, conditionally on {A = 6}, we have for
any non-negative measurable function F

(48) NY [F(RA)|A=0]= Qﬁ/(é)Nw[F(Ro)ao e—w(e)ao]’
and the law of o4 is given by: for X >0

P —Aoa ¢/(é) .
N A =00 = S0 o)

(ii) If 0 € ©, we have for any non-negative measurable function F
(49) NY [F(Ra)1{a=0..3] = N [F(Ro)].

In particular, the law of o4 on the event {A = 0.} is given by
NTZ’ |:(1 — e_)‘C’A) 1{A:900}] = ¢_1 ()\ + 1/1(900)) - éoo-

Proof. Let F be a non-negative measurable function defined on the state space of Rg. Using
Lemma [.4, we get for every 0, < ¢ <6 <0,

NY[F(Rg)1iasq)) = NY[F(R )1{0 —+00}]

= NY[F(Rg)N’[0, = +o0|p’]]
— Nw[F(Rg)( e—o0v0(q— q))]
= NY[F(Ry)(1 — e o0 0+a-0)=v(0))]
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Thus, we get that the mapping
q— NY[F(Rg)1{asq)]
is differentiable if it is finite. As dg/dq = ¢¥'(q)/¢'(q), we get

d d I
—NYIF(Ro)1iasq)] = ¥/(7— g +6) (d_q - 1) N [F(Rg)og e~ W I=0t0)=v(0)]

dq q
- Q)WNW (F(Rg)org o0 a—a+0)—b(0)]
q
Finally, using that o is right continuous, we have
NY[F(Ra), A€dO]  d [\
p7] = (N [F(RG)I{A>q}])‘q:9

= (¢¥'(0) = ¢'(0)) N¥* [F(Ro)001 {5 < o0}
We deduce from Lemma that
NY[F(Ro)ool{sy<to0)]  NY[F(Rp)oge @]
N (001 {5o<+oo}] NY[og e~ ¢ (®)o0]
This proves (f§) but for the normalizing constant. It also implies that
e —Ao
NY[e 74 [4 = ] = — o]
N (015 to0}]
Notice that ¢6_1(T) =~ Hr +1(0)) — 0 for r > 0. We get from Lemma [[.§ that, for r > 0,
d 1
N¥[ge ] = —N¥[1 —e "] = (¢; 1) (r) = .
oo =t e = W = e )

In particular, we deduce the value of the normalizing constant:
NV[og e *07] = N[0y oy] = 1/0(9).

NY[F(RA)|A = 0] =

We also get -
we)
Y (A +4(0)))

NY[e™94 |4 = ¢] =

This ends the proof of the first part.
For the second part of the theorem, we consider the case 0, € ©. Let us first remark that,
since the process (0g,0 € ©) is continuous in probability, we have

{A=0s}={0os, <+o0}.
We then apply Girsanov formula ([4) twice to get
NY [F(Ra)1{azp.}] = NY _F(Rew)l{aemqm}}
— NY —F(Ro) e_w(eoo)o'():|

=N’ [ F(Rg) e~V (0]

=N"= [F(Ry)].

where we used for the last equality that o5 < +o00 N%-a.e. and 9.
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For F(R) =1 —e™*?, we obtain
Nd} |:<1 — e_)‘UA> 1{A:900}:| = Nwéoo |:1 — e_)\JO]

O

We deduce the next corollary from ([g).

Corollary 6.8. Let 0, < 0 < 0. The distribution of Ry = (pAt7,v > 0) conditionally on
{oa =1, A =0} does not depend on 6.

7. PRUNING OF AN INFINITE TREE

7.1. Bismut decomposition of a Lévy tree. Let ¢ be a (sub)critical branching mecha-
nism. Recall definition of mark process M (™%%) of Section p.1.3. For a marked exploration
process (p, M™*) recall that 7 is defined by (P§) and notice that (M(o—t)—> Mgffrk),t € [0,0])

is distributed as (p, M(™%%)) under the excursion measure thanks to Corollary 3.1.6 in [[Iq]
and definition of M (mark),
We recall that the family of pruned exploration processes R = (pe, 6 > 0) is constructed
from the exploration process p (which is equal to p") and the measure-valued process M (mark)
Let T > 0. We define under N¥ the processes (p? —, Mm@k T=Y and (p=T, M (mark).—T)
by: for every t > 0,

( T— M(mark),T—>) _ M(mark)

(p(T—i-t)/\m (T_Hg)/\g)

—T M(mar’k) ‘_T) M(mm’k)

(pt (n(T—t)\/O7 (T_t)\/())

where p is the canonical exploration process and 7 its dual process.

Bismut decomposition describes in terms of Poisson point process the former processes
when T is “uniformly distributed” on [0, o].

First we must extend the definition of the measure MY (dy, dv) of (B9) and (B() to get into
account the marks. Let

N(dz,dl,du) =Y 6z, 0,00 (de, dl, du)
el
be a Poisson point measure with intensity
dx b (dl) 1 1) (u)du.

Conditionally on NV, let (T;,i € I) be a family of independent exponential random variables of
respective parameter £;. Finally, let N'(dk, db) = 3", ; 0(x; »;)(dk, db) be an independent Pois-
son point measure on [0, +00)? with intensity 23dk db. We then define the spine (jtq, Va, mq)
which are three measures given by

Ma dI‘ Z 1[0 a] Uze 5xl(dx) +1 [0,a] ( )ﬂdﬂl‘

el
dx) = Z Lj,q) () (1 — u;)€;i6y, (d) + 1j0,q] (x)pBdx,
iel
o(dw,dg) =" 1o, (1), (d)d7, (dq) + > Lo o) (k})0k, (dz)by, (dg).

1€l jeJ
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~ ~ +oo ,
We denote by MY the law of the triple (jtq, Va, ma) and we set MY = / dae ¥ 0 MY,
0

Let us denote by ]P’}f;,"1 the law of the pair (p, M(™*k)) starting from (u,m) where p is an
exploration process associated with ¢ and stopped when it first reaches 0. It is easy to adapt
Lemma 3.4 of [[[7 to get the following theorem.

Theorem 7.1 (Bismut decomposition). For every non-negative measurable functionals F
and G,
(50)

NY U dsF(ps_’,M(m“’“’f)vs_’)G(p‘_s,M(mm’k)"_s)} = /W(duadvy dm)E} [FIES[G].
0

Let us now state the Poisson representation of the probability measure IP’ﬁ)fn Let (o, Bi)ier
be the excursion intervals of the total mass process ({p¢, 1), > 0) above its minimum under
Pﬁfn Let (U;,i € I) be a family of independent random variables, independent of p and
uniformly distributed on [0,1]. For every i € I, we set x; = H,,. Then we define u; by

{mAhﬂVM@&)ﬁuHmD>0

;=

Ui if u({z;})=0.

Finally, we define the measure-valued process p’ by: for every t > 0 and every f € B, (R, ),

Gty = [ e, (@)

and the measure valued-process M("97k):i by: for every t > and every f € By (Ri),
<M(mark),i’ f> _ / f(:E — i, Q)M(;r.bark) (d$, d@)
! (zi,+00) xR (s +6)AB;

It is easy to adapt Lemma 4.2.4 from [[[§] to get the following proposition.

Proposition 7.2. The point measure Z&(mi’uhpi’M(marls),i) s under Pﬁfn a Poisson point
el
measure with intensity
p(dz)dulpg g (w)NY (dp, dMTH)).

7.2. Reconstruction of the exploration process from a spinal decomposition. Con-
versely, given the spinal decomposition of Bismut theorem, we reconstruct the initial explo-
ration process, but we must add the time indices of the excursions at the node (which in the
previous Section are called u;). We shall also add the mark process (see its definition (BY)).

Let p and v be two finite measures such that Suppu = Suppr = [0, H] and m a point
measure on [0, H] x Ry. Let {(p*, Mm@k)3) i ¢ J 1 and {(p’, MMa™k)2) i € J4} be two
families of marked exploration processes (see Section p.1.3). Let {(z;,u;),i € J, U Jy} be a
family of non-negative real numbers. The measures p and v must be seen as the measures
pi~ and py® of Theorem [(1], the x;’s are the heights of the branching points along the
chosen branch, the p’’s are the exploration processes that arise from the decomposition of
the processes p*~ and p~* above their minimum, and the u;’s are additional features that
order the excursions that are attached at the same level. The measure m and the processes
M(mark).i g1l allow us to reconstruct the mark process.
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For every i € J, U Jg, we set o' the length of the process p'. We define
(51) Ly=> 0", Lyi=)» o and L=Ly+ L
i€Jy i€Jg

The variable £ represents the total length of the excursion whereas £, plays the same role
as s in the left hand-side of (7.1). For every i € J,, we set

t = Z ol + Z ol
J€Jg,mj<z; jedg,mi=z; and u;>u;
and, for every ¢ € Jy, we set
t=Ly+ > o+ 3 ol
J€Jaxi>w; jedgzi=z; and u;>u;
which is the time of the beginning of the excursion p'.
For every t > 0, we define the measure p; by
Pi_yi (@i + dz) + pp(da) L 2, (z)
+(uiv({xi}) + pu({zi}))os, (dx) ift< Ly t'<t<t' 40,
1 ift =1L,
pi_ti (z; + dx)
+u(da) L oy (2) + uip({2i}) 00, (da) i Lo <t < L, t' <t <t'+0,
0 ift> L.

pi(dz) =

We also define the mark process M (™%%) (dz, dv) by

M gy 4 di, do) + m(d, do)Lig e (2) it < Lgor Ly <t <L, t8 <t <t 40,
m ift =1L,

0 ift> L.

We say that the process (p, M(mok)) = ((pt,Mt(mark)),t > 0) is the marked exploration
process associated with the family

(52) g - (N7 v,m, (‘Th Ug, (pi7M(mmnk)7i)7Z‘ S Jg)7 (xiu Uy, (piaM(mark)7i)7i S Jd))

From Bismut decomposition, Theorem [f.1, Proposition [{.3 and the construction of the
mark process, Section [.1.3, we get the following reconstruction corollary.

Corollary 7.3. Let ¢ be a (sub)critical branching mechanism. Let (u,v,m) be distributed
according to MY. Let D icdy O(ws s, pi MCmark)iy a0 Y Sic g O oi ppimarky.iy be conditionally
on (u,v, m) independent Poisson point measures with respective intensity

p(dw) 1 1) (u)du NY(dp, dM ™)) and  v(d) 101y (u)du NY(dp, dM k).

Then the marked exploration process associated with the family G given by (53) is distributed
as (p, M™9k)) under N¥[od(p, M)].

Remark 7.4. If we start with an exploration process p, pick s at random (conditionally on p)
on [0, 0], then the decomposition of p*~ and p~* as excursions above their minimum gives a
family G. The exploration process p associated with G given by the previous construction is
not p. Indeed, each excursion of § “on the left” of s is time-reversed with respect to those of
p. However, the trees coded by p and p are the same.
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We can also reconstruct the pruned exploration process by pruning G. Let 8 > 0. We
define the lowest mark lying on the spine as

(53) §o = sup{z; m([0,z] x [0,0]) = 0}.

We set pf = 110.¢,)5 W= v1o.¢.)s m?(dx,dq) = m(dz,0 + dq)1jge, (), for 6 € {g,d}
JY ={i € Js;x; < &} and

(54) g9 = (:u97 V97 mev (xiv Ug, A@(piv M(mark),i)’ i€ Jg)7 (:Ei’ Uy, A@(pi7 M(mark),i), (RS Jg))a
where the pruning operator Ay is defined in ().

Proposition 7.5. Under the hypothesis of Corollary [7.3, let (pe,M(mm’k)’e) be the marked
exploration process associated with the family Go given by (B4). The process (p?,6 > 0) is
distributed as Ry under N¥[oodR].

Proof. Let us remark that, by construction, (p?, M (mark)’e) = Ag(p, M (mark)). The proposi-
tion now follows from Corollary [/.3 (]

7.3. The infinite tree and its pruning. Let ¢ be a critical branching mechanism.

In [f], another spinal decomposition, called Williams decomposition, of the exploration
process is given where the spine is not chosen randomly as for Bismut decomposition but
corresponds to the highest branch of the tree. Inspired by this decomposition we build a
marked continuum random tree with an infinite spine. Intuitively, if the CRT dies in finite
time (which corresponds to the case H continuous) this infinite CRT can be seen as the CRT
conditioned to non-extinction.

Let

N(dz, dl,du) = 6z, 0,0, (d, A, du)
el
be a Poisson point measure with intensity
dz bm(dl) 11 1) (u)du.

Conditionally on N, let (T;,i € I) be a fiimily of independent exponential random variables
of respective parameter ¢;. Finally, let N (dk,db) = Zje J (5(kj,bj)(dk,db) be an independent
Poisson point measure on [0, +00)? with intensity 23dk db. We define the following random
measures:

w(dr) = Z uili0y, (dx) + fdz,
el
v (dz) = > (1 — u;)lidy, (dx) + Bd,
el
m*(dz,dg) =Y _ 6., (dx)or, (dg) + > _ S, (dx)by, (dg).
il jeJ
The measure (u*,v*, m*) corresponds to the the measure (pg, vy, mgy) of Section [ but for
an infinite spine. Let 3 ;¢ ; 0y, v, pi prmark)iy and 3 e 7 8y i ap(mark).iy be conditionally
on (p*,v*,m*) independent Poisson point measures with intensity
v*(dz) 1p 1 (u)du N¥(dp, dM ™) and  p*(dx) 1p ) (u)du N¥(dp, dM ™).
We set
g* = (/’L*a V*u m*a (xiu Ui, (pla M(mark)7i7z‘ € Jg)7 (xiu Ui, (pla M(mark)7i)7i € Jd))7
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which describes the decomposition of an infinite marked tree as marked sub-trees that are
attached along its infinite spine. Let § > 0. Following the end of Section [7.d, we now extend
the pruning procedure to this infinite tree by letting G; be constructed from G* as Gy given

by (b4) from G given by (F2):
& = sup{z;m*([0,2] x [0,0)) =0}, J!={ie Js;z; <&}y for 6e{g,d},
ptf = 1o g5y, vl = V1o g5)s m*?(dz, dq) = m*(dz,0 + dq)1p e (@),
g; - (M*’gv V*ﬂ) m*ﬂy ($i7 Us, AG(Pia M(mark)7i)7 1€ Jg)y ($i7 Uq, A@(pi7 M(mark)’i)v 1€ Jg))
We have the following lemma.
Lemma 7.6. Let 0 > 0. The probability distribution of the spine (u*?, 5% m*?) is ) (9)M¥?.
Proof. As 1 is critical, we deduce from () that
V'(0) =260 + / (1 —e %) er(de).
(0,400)
We deduce from the theory of marked Poisson point measure that
NO(dw, de, du) =Y 1(7,56)0(a,,0,us) (dx, O, du)
i€l
is a Poisson point measure with intensity dx ¢e~% 7(df) 1jp1)(u)du. Notice then that &; is
the minimum of 77 = inf{x;; T; < 6,7 € I} and T = inf{k;;b; < 0,5 € J}, which are two

independent exponential random variable, which are also independent of N¥. The exponential
distribution of 7 has parameter f(o +OO)(1 — e %) ¢r(dl) and the exponential distribution of

T, has parameter 230. Thus & has an exponential distribution with parameter ¢'(#). Since
&; is independent of N % we get the result. U

Let (pe’*, M (mark)’e’*) be the marked exploration process associated with G;. We set R} =
(p?T9* ¢ > 0) and denote by EY its law. The next proposition tells us that R, under EY is,
up to a normalizing constant, the size biased “distribution” of Ry under NY.

Proposition 7.7. Let v be a critical branching mechanism. For every positive measurable
functional F' and every 6 > 0, we have

¥ (0)NY[0pF(Rg)] = EV[F(R})].

Proof. Let F be a positive measurable functional. As R is constructed from (p, M(me7k)),
there exists a positive measurable functional G such that

F(R) = G(p, Mmeh)).
Moreover, there exists an other positive functional G such that, for every s > 0,
G(,O, M(mark)) — G«((ps—>7 M(mark),s—>)7 (p<—57 M(mark)g—S))'
Then by Bismut decomposition, we have

¥ (0)N?[09F(Rg)] = ¥/ (0)N" [0 F(R)]

= Vo [/0 ds G((p*, MU=, (p=s, MUmerh)—s))

_ / & (OO (dps, d, dm)ELes* @ EYe(G.
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Then we conclude using Lemma [7.§ and the fact that N¥¢(dp, M(™@%)) is the distribution of
Ag(p, MmarR)) under N¥ (dp, dM ("e7k)), O
8. DISTRIBUTION IDENTITY

Let 1 be a critical branching mechanism with parameter (a, 3, 7). We assume that 6, < 0.
Recall R = (Ry, 0 € ©) is defined in Section fff and R} in Section [.3.

Theorem 8.1. Let 0 € (00, 0). Conditionally on {A =0}, Ry is distributed as R.
Proof. Let F' be a non-negative measurable function defined on WW. We have, for 6 < 0,
NY[F(Ra)|A = 6] = ¢/ (N [F(Ro)ag e~ 7]
= ¢/ (0)NY [0 F(Ro)]
='(0 )Nw[aeF(Re)]
=E’[F(R}))],

where we used (fi§) for the first equality, Girsanov formula (fi4) (with  replaced by ) for
the second, the invariance of the distribution of R by the shift for the third and Proposition
[[.7 for the last one. O

If u € (0,040), let % be the unique negative real number such that
U = u.
We deduce from Theorem [.5 and Remark f.G the following corollary.

Corollary 8.2. Let us suppose that 0o, & ©.
Let U be a positive “random” wvariable with (non-negative) “density” w.r.t. the Lebesgue

measure given by
PmY,
() {re(0,600)}"

Assume that U is independent of G*. Then R4 is distributed under N¥ as Ry

This corollary can be viewed as a continuous analogue of Proposition 26 of [L{].

9. THE QUADRATIC CASE

We consider 1(\) = A2 for some 3 > 0. We have © = ©' = R, see definition in Section
-3, and 1s()\) = BA\% + 20\. Recall § is defined by (). So we have § = |#|. From Theorem
b3, we get NY[A > 0] = § — 0 = 2|A|. Thus under N¥, the explosion time A is distributed
as 2 times the Lebesgue measure on (—00,0). We deduce from Theorem [6.7 the Laplace
transform of the total mass of the CRT before explosion: for A > 0,

NY[e 4 |A = 0] = _ VB
[e | ] \/W

In particular the distribution of o4 conditionally on {A = 0} is the gamma distribution with
parameter (36%,1/2).
Very similar computations as those in the proof of Theorem p.7 yield that for all s,¢ > 0,
<0, \k>0
VB(10 12 A (16
(55) Nw[e_AO'A+s_KUA+s+t ‘A — 9] _ | | + S /3 + + ﬁ | | + S)

VAFBOT+ )\ v (/5P + ST
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We denote by o} the total mass or length (see definition (F1)) of £) of the pruned infinite
tree Gy. Notice that, thanks to Proposition 71, o, has the size biased distribution of oy (the
total mass of the CRT with branching mechanism y) under N¥. More precisely, we have for
any non-negative measurable function: for 6 > 0,

(56) 260NY (09 F (04.14,9 > 0)] =E¥[F(0},4,q > 0)].

As the process ¥ = (0p,0 € R) is Markov, we get that ¥* = (0,0 > 0) is Markov. Notice
that a.s. o = +oo. Direct computations or using (5§) and Theorem B.1 yield that for all

97 q7 A? K 2 0
Ew[e—)\az—nangq] _ V 592 V ﬂq2 + A+ 592 .
VAT Jis 1 (VB + /X F 62)?
Let 7 = (79,60 > 0) be the first passage process of a standard Brownian motion (B,,u > 0):
79 = inf{u > 0, B, > 0}. It is a stable subordinator with index 1/2, and more precisely with

no drift, no killing, and Lévy measure (2rz%)~/2dz on (0,00): for A > 0, E[fe=*7] = e—0V2X,
The distribution of 7y has density

We get the following result.

Proposition 9.1. We have:
o Under BV, (280},0 > 0) is distributed as (1/15,0 > 0).
o Under NY, (2B0449,0 > 0) is distributed as (1/(V 4 75),0 > 0) where V is inde-
pendent of T and its “distribution” has density w.r.t. the Lebesque measure given by

V2/(m0) 103 -

The proof of this result is postponed to the end of this Section.
Notice that (fi4) implies that for 6 > 0,

N' |F(04, 2 0) O] =N’ [F(0410,0 2 0)].

In particular, we deduce from this, (b]) and the fact that 7 is a process with independent
and stationary increments the following result (notice that the size bias effect vanish, as we
condition by op = 1).

Corollary 9.2. Let 3 =1/2. Conditionally on o9 = 1, we have that (c9,0 > 0) is under the
excursion measure NV distributed as (1/(1 + 19),6 > 0).

We thus recover a well-known result from Aldous and Pitman [[J] on the size process of
a tagged fragment for a self-similar fragmentation (see [[[J]) with index 1/2, no erosion and
binary dislocation measure v(s; € dr) = (2ra3(1 — 33)3)_1/21{x6(0,1/2)}dx, which correspond
to the the fragmentation of the CRT, see also the end of L], [{] or [L4].

Proof of Proposition [9.]. Let A, k,0,q be positive. As we didn’t find any reference for the
computation of

— E[e—)\/TQ—K/T9+q:|’
we shall give it here. Using that 7 is a subordinator, we have

I = E[eMmo—r/(To+79)],
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where 7/ is an independent copy of 7. We set p = v/2\ + 6% and J = 277%[ . We get

J =gkl / o NMa—n/(oty) =02 2—g2 /2y LTy
" Jey EEE

ZPQ/ o~/ (w+y)—p*/2x—q%/2y dxdy
R

i (xy)3/2

= Dpq / e_’{zu/(1+u)—zup2/2_zq2/2 @

RZ 7
! — du
=pq R4 P22+ u(p2/2+ ¢2/2+ k) + ¢2/2 Vu

_2/ u+1 du
T e, @+ 2R+ 2 Vau

where we used the change of variable zu = 1/z and z = 1/y for the third equality, &’ = 2x/p?
and v = q/p for the last. Let a,b such that a +b =1+ 2 + x’ and ab = 2. Notice that

u—+1 a—1 1 1-5 1

w+u(l+92+w)+~92  a—b wta a—butbd

Then we get

J_9 a—1 du 49 1-0 du
" a0 e, Valuta) T = e, Valu )

1 a—1 1-0b du
-5 () %, Valu T 1)

vab+1 1
=2y T
Vvab  Ja+ Vb
v+1
=2
(L+7)?+

Therefore, we obtain
7 ? y+1 0 q+VH2+2)
PVIEEER VPR hy gy v oy

We deduce that the two processes (280,60 > 0) and (1/79,0 > 0) have the same two-
dimensional marginals. Since they are Markov process, they have the same distribution.
This proves the first part of the theorem.

Let U be a positive “random” variable “distribution” given by 2 times the Lebesgue mea-
sure on (0, +00) which is independent of 7. The “distribution” of V' = 7 has density w.r.t.
the Lebesgue measure given by /2/(mv)1(,>0y- The second part is then a direct consequence
of Corollary B.2. O
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