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Abstract

In this paper we study the controllability of an artificial advection-diffusion system through the
boundary. Suitable Carleman estimates give us the observability on the adjoint system in the one
dimensional case. We also study some basic properties of our problem such as backward uniqueness
and we get an intuitive result on the control cost for vanishing viscosity.

Introduction

Artificial advection-diffusion problem In the present paper we deal with some advection-diffusion
problem with small viscosity truncated in one space direction. Our interest for the linear advection
diffusion equation comes from the Navier-Stokes equation, but it arises also in other fields as, for example,
meteorology. For a given viscosity € > 0, the incompressible Navier-Stokes equation can be written as

{ fe+ (fV)f —eAf+Vp=0
div(f) =0

where f is the velocity vector field, p the pressure, V the gradient and A the usual Laplacian. Considering
the flow around a body, we have that f is almost constant far away from the body and equal to a (see
[10]). Linearizing the equation, we get the following equation for the vorticity

uy + a.Vu — eAu = 0.

In the sequel, we assume for simplicity that a is the nth unit vector of the canonical basis of R".

When one computes the solution of this problem, one can only solve numerically this problem on a
bounded domain. A good way to approximate the solution on the whole space may be given by the use of
artificial boundary conditions (see [6]). For any T' > 0, we hence consider the following control problem
on Q=R""! x (—L,0) (L some positive constant)

U+ Opu—eAu=0 in (0,7)
e(uy + Opu) =v on (0,7) x Ty,
e(ur + Opu) +u=0 on (0,7)
u(0,.) = ug in Q,

(Sv)

where I'g := R"™! x {0} and 'y := R"~! x {—L} forms a partition of the boundary 9. Here we have
denoted 0,, the partial derivative with respect to x,, and 0, the normal derivative.
We are interested in the so-called null controllability of this system

for given ug, find v such that the solution of (S,, ) satisfies u(7") = 0.

Using classical duality arguments, we will be interested on the observability of the adjoint system through
Ty.



Let us first introduce the adjoint system:

ot + 0 +eAp=0 in (0,T) x
(") e(pr —0vp) — =0 on (0,T) x FOa
wr — Oy =0 on (0,T)><F1

in Q.

—-

SD(Ta ) = @T
The observability inequality corresponding to the previous controllability property is:
there exists C' > 0 such that [|©(0,.)||x < Cllollr2(0,m)xre) Yor € X, (1)

where the space X will be defined below.

One can notice that, when the viscosity € vanishes, our heat system (.5,) tends to a transport system
with Dirichlet boundary condition on I';. This phenomenon of degeneration of a parabolic problem to an
hyperbolic one has been studied in several papers: see, for instance, [2] (one dimensional heat equation)
and [5] (Burgers equation). Similar results of interests can also be found in [1].

1
Main results We define X as the closure of D(Q) for the norm |ul|x := (HUH%Z(Q) + EHUH%Z((%Z)) ‘)

We will denote by Cops(e) the cost of the null-control, which is the smallest constant C' which fulfills
the observability estimate (1). Our main result of the paper is the following:

Theorem 1 Assumen =1 and T,L > 0.

o There exists C > 0 such that the solution of problem (S’) satisfies (1). Consequently, for every
ug € X, there erists a control v € L*((0,T) x T'y) with

[l L2((0,7) xT0) < Clluollx
such that the solution of the problem (S,) satisfies u(T) = 0.

e Furthermore, if T/L — 1 is large enough, the cost of the null-control Cops(€) tends to zero exponen-
tially as € — 0.

Remark 1 One can in fact obtain an observability result for the adjoint system on 'y, that is

(0, )llx < CllellL2wox 0.1

for any ¢ solution of (S"). This provides some controllability result for the direct system on T'y: one can
find a function v depending continuously on ug so that the solution of

U + Oz — €0pzu =0 in (0,T) X £,

U+ 0yu =0 on (0,T) x T,
e(ug +Oyu) +u=v  on (0,T)xTy,
u(0,.) = ug in £,

satisfies u(T,.) = 0.

Remark 2 The fact that the control cost vanishes tells intuitively that the state is almost null for T/L—1
big enough. This is to be connected with the fact that, for € = 0, the system is purely advective and then
that, for T > L, ils state is null.

In some context of inverse problems (be able to know the origin of a polluted river for instance), it
can be interesting to know if the observation of the solution of the direct problem on the boundary part
I’y or 'y can allow us to recover the initial data. The corresponding result is presented now and will be
proved at the end of the first section.

Proposition 2 If n =1 and T > 0, if the solution of (Sp) with initial data ug € X satisfies w = 0 on
(0,T)x Ty, then ug = 0. However, there is no constant C' > 0 such that the following estimate holds true

uollx < Cllullpz(0,r)xr)) Vuo € X. (2)



Remark 3 Using Remark 1, one can also obtain similar result for Ty.

The rest of the article is organized as follows: in the first section, we show the well-posedness of
the direct and the adjoint problems using some semi-groups approach. In the second section, we will
adapt Carleman inequality to the case of our one-dimensional problem. The third section is intended to
explain how to get observability in the one-dimensional case and the equivalence between observability
and control.

Notation:
A < B means that, for some universal constant ¢ > 0, A < ¢B.
A ~ B means that, for some universal constant ¢ > 1, ¢c™'B < A < ¢B.

1 Well-posedness and basic properties of systems

1.1 Homogeneous problems

We will use some semi-group results to show existence and uniqueness of the homogeneous direct problem
(that is (Sp)). This will enable to define solutions of the system (Sp) as a semigroup value. We define
H = (X,|.|lx),V = H(Q) endowed with the usual norm |.|| and we consider the bilinear form on V/
defined by

a(uy,us) zs/ Vul.VuQ—i—/ anu1u2+/ U Usg. (3)
Q Q Iy

Using Riesz representation theorem, one can define an operator A such that a(uq,us) =< —Auq,us >x
and D(A) = {u € X;—eAu+ d,u € L*(Q),0,u € L?*(09Q)} equipped with the graph norm

a(u,v
llullpay = lullx + sup u
vex/toy lIvllx

(Sp) might now be written in the following abstract way

= Au in X,
u(0,.) =wup in X.

Proposition 3 A generates an analytic semi-group (e!*);>0 on X.
Proof Using Hille-Yoshida theorem, we will show that A is a maximal monotone operator.

e First, Green-Riemann formula gives

1
< Au,u >x= 75/ |Vul? — —/ u|?,
Q 2 Joa

e Given v € X, we have to solve (I — A)u = v, that is to find u € D(A) such that

so the monotony is proved.

Vu' € X, < (I — Au,u’ >x=<v,u >x .

The left-hand side term of this equation is a continuous bilinear form B on the space V while
the right-hand side term is a continuous linear form L on V. Moreover, using (3), one can easily
compute

1
Blu,u) = [Jul% + / Yl + 1 / fuf? > min{1, e} ul?
Q 2 Joq

which show that B is coercive on V. Consequently, Lax-Milgram theorem shows that there exists
u € V such that B(u,u’) = L(u'), Yu' € V. Using test functions v’ € D(Q) additionnaly gives
u € D(A) and our proof ends.



In particular, for every initial data uy € X, we have existence and uniqueness of a solution u € C(R*, X
to (Sp). We will call these solutions weak solutions opposed to strong solutions i.e. such that ug € D(A
and which fulfill u € C(R*,D(A)) N C(RT, X). One can notice that, using the density of D(A) in X, a
weak solution can always be approximated by a strong solution.

Concerning the dual system, one can show that it may be written in the following abstract way

O
)
)

o+ A'9=0 in X,
o(T,.)=pr inX.

In the same way as above, the adjoint operator A* is shown to be maximal monotone with domain D(A*).
Thus, for every initial data o7 € X, we have existence and uniqueness of a solution ¢ € C(R*, X) to
(8") given by means of the backward semigroup (e =94");5,. We will also speak of weak solutions or
strong solutions in this situation.

1.2 Nonhomogeneous direct problems

We consider a slightly more general system

ur+Opu—ceAu=f in (0,T) x
e(u + dyu) = go on (0,7T) x 1"0,
e(ur + dpu) +u=g¢g; on (0,7) x Ty,

u(0,.) = ug in €,

(Sf,gg,gl)

with f € L2((0,T) x Q), go € L*((0,T) x T'g) and g; € L*((0,T) x T'1). We consider a function g on 0
such that g =g; on I'; (1 =0,1).

Definition 4 We say that v € C([0,T],X) is a solution of (Sfg.q.) if, for every function
¢ €C([0,T],H*(Q)) NC([0,T],X), the following identity holds true

T T T T
/ /U(wt+@n<p+6A<p)+/ / U(E(%—C’?uso)—lrow)Jr/ f<p+/ / gy
0 Q 0 o0 0 Q 0 o0

= [a@om) - [ w0) ¢ [ umyer) < [ uapto)

Proposition 5 Let T > 0, ug € X, f € L2((0,T) x Q), go € L?((0,T) x T'g) and g1 € L*((0,T) x I'y).
Then (S¢,g0,9:) POSsesses a unique solution u. Moreover, one has the following estimate

l[ull oo ((0,1),x) < C(T€) ([luollx + 11 fllL22x 0,1 + 19l L2002% (0,1))) »
with C(T,e) only depending on T and ¢.

Proof Using Riesz representation theorem, we first define F'(t) € X such that

< F(t),u >X=/Qf(rf)u—i-/{)‘Qg(t)u7 Yu € X.

It is now easy to check that u is solution to (Sy,g4,,4,) if and only if
¢
u(t) = eAug +/ e=AR(s)ds, Wt e[0,T].
0

Finally, using classical estimates of the norm of e, this expression is well-defined and we obtain the
required estimate. U

We now focus on some regularization effect for our general system and for some technical reasons we
want to have some explicit dependence of the bounds on . The result is given below.



Lemma 6 Let e € (0,1), f € L?((0,T) x Q), go € L*((0,T) x I'g) and g1 € L*((0,T) x T'y).

o Letug € X. Then if u is the solution of (Sf.g0.1), u belongs to L*((0,T), H'(2))NC([0,T], X) and

51/2HUHL2((O,T),H1(Q)) + llullpo 0,1y, x) < Clluollx + I fllz2c0,)x) + lgllz2(0,7)x00))  (4)
for some C' > 0 only depending on T.
o Let now ug € HY(Q). Then u € L?((0,T),D(A)) NC([0,T], H(2)), dyu € L*((0,T),X) and

61/2||U||Loo([o,T],H1(Q)) +e(|Aul| 20,1y x 22()) + 10wt L2 0,1y x09))) + 10wl L2 (0,77, x)
(5)

C
< m(HUollHl(Q) + 120,y <) + 191l 20,1y x09) )5

where C' > 0 only depends on T.
Proof

e First, we multiply our main equation by v and we integrate on €. An application of Green-Riemann
formula with use of the boundary conditions gives the identity

1 1
—3t|\u|\§(+—/ |u|2+€/ Vul? :/fU+/ gu,
2 2 Jaa Q Q o9

which immediately yields

Oullul’k + /6 2 / IVl < [lull% + 11220 + 1912200

Finally, Gronwall’s lemma yields (4).

e Now, we multiply the main equation by 0;u and we integrate on €2, which, using Green-Riemann
formula and the boundary conditions provide the identity

1
|\atu||§(+/anuatu+§at (/ |vu|2) + 50 (/ |u|2) :/f&tu—i—/ g0h,
Q Q Q Q oN

1 1
—/anuatug —/ IVl + 2l|oull%
Q 2 Ja 2

and, using again Young’s inequality, we have

1
[ ot [ gdu< 10l + LTIy + lolon):
Q o0

We have thus proven the following inequality

foval + 20 [ (9u) +200 [ uP <2 [ (9uP +C (lolsom + I1Er) - (©
1

Gronwall’s lemma and (4) provide

C T
/Q VuP < 5 ( / (||f(t)||%2(n)+||9(t)|%2(an))dt+|U0||§11(Q)>a (7)

for t € (0,7). We now inject this into (6) to get the second part of the required result

T T
C
/0 |atu<t>||§(dt<;( / <||f<t>||%z<m+|g<t>||%z<am>dt+||uo|%p<m>-



Writing the problem as

—Au=<(f — 0w —0pu) in (0,T) x £,
a,/u = !]E_U — Gtu on (O,T) X Fo,
auu:%—atu—%u on (0,7) x T'y,

we get that u € L2((0,7), D(A)) and the existence of some constant C' > 0 such that

|AullL2(0,1yx0) + [0vullL2((0,7)x802)

C
< ;(||f||L2((0,T)xsz) +l9ll2(0,1)x00) + lullL2(0,1), 821 () + 10sullL2(0,7),x))

which gives the last part of the required result (5).

Remark 4 Working on the mon-homogeneous adjoint problem and wusing the backward semigroup
eT=DA" "one is able to show that the estimates of Lemma 6 hold true for the system
or+ o +elAp=f in(0,T)xQ,
(Sl ) E(wtfav )*50:90 on (OvT)XFOa
Fg0.1 e(pt — D) = on (0,T)
o(T,.) = pr in Q.

1.3 Backward uniqueness
We will show here the backward uniqueness of systems (Sp) and (S”), thanks to the well-known result of

Lions-Malgrange ([8]) and the regularization effect.

Lemma 7 Let ug € X and § € (0,T). Then, the solution u of (So) satisfies u € C([6,T], D(A).

Proof Our strategy is to show that v € L?((t,T); H*>(Q)) and dyu € L2((t,T); H?(Q2)). This easily
implies that u € C([t, T]; H*(2)).

We first select some regular cut-off function 6, such that 61 =1 on (6/2,7) and 61 = 0 on (0,6/4). If
u1 = f1u, we have that

8tu1 + 8nu1 — EAUl = 9/111, in (0, T) X Q,
e(Owur + dyuy) = ebiu on (0,7) x Ty,
e(Opur + Opur) +up =ebju on (0,7) x Ty,
ul(O, ) =0 in Q,

that is u; satisfies (Spyy,co1u.co0u). An application of Lemma 6 gives that u; € L*((0,T),D(A)) and
Oyuy € L*((0,T), X). This implies in particular that u € L*((5,T), D(A)).

We now focus on d;u and we select another cut-off function 65 such that f2 = 1 on (6,T) and 62 = 0 on
(0,0/2). We write the system satisfied by fou and we differentiate it with respect to time. One deduces
that ug = 0 (f2u) is the solution of

(Soyur 65 w,e(0yur+64u),e(Oyu’+64u))-

Using that 6} is estimated by 61, Lemma 6 gives that us € L2((0,T), D(A)) that is d,u € L*((6,T), D(A)).
g

Proposition 8 Assume that u is a weak solution of (So) such that uw(T) = 0. Then ug = 0.



Proof If 0 <§ < T, then Lemma 7 shows that u(0) € D(A). We will now apply Théoréme 1.1 of [8] to
u as a solution of (Sp) in the time interval (6, T) to show that u(d,.) = 0. The bilinear form a defined in
(3) can be split into two bilinear forms on V' defined by

a(uy, uz) = ao(t,ur,us) + a1 (t, ur, us)
with
ao(t,ul,uQ) :E/ Vui.Vusg, al(t,ul,uQ) :/(')nulug—i—/ ULU.
Q Q IS
The four first hypotheses in [8] (see (1.1)-(1.4) in that reference) are satisfied since u € L?(5,7;V) N
HY(6,T; H) (from Lemma 6 above), u(t) € D(A) for almost every t € (6,T), uy = Au and u(T,.) = 0.

On the other hand,it is clear that ag and a; are continuous bilinear forms on V' and that they do not
depend on time t. It is also straightforward to see that

Vu € V, ao(t,u, u) + [|lul[k > min{1, e}u?
and, for some constant C' > 0,
Yu,v €V, [ax(t, ur, uz)| < Clluglfuz x.

This means that Hypothesis I in that reference is fulfilled. We have shown that «(d,.) = 0, which finishes
the proof since

ug = ;Lr%u(é) =0.

O

Remark 5 The result also holds for the adjoint system: if ¢ is a weak solution of (S") such that ©(0) = 0
then o = 0. The proof is very similar to the one above and left to the reader.

1.4 Proof of Proposition 2

The fact that u = 0 on (0,7) x I'; implies ug = 0 is a straightforward consequence of the backward
uniqueness of system (Sp). Indeed, similarly as (1), one can prove the observability inequality

[T, ) x S Nullz2o.m)xr)s

(see Remark 6 below), which combined with Proposition 8 gives ug = 0.
To show that (2) is false, we first need to prove some well-posedness of (Sp) with ug in a less regular

space. For s €]0,1/2[, we define X? as the closure of D(2) for the norm
1
2
lullxe = (ullre oy + ellulon)

where H?(Q2) (resp. H*®(0f2)) stand for the usual Sobolev space on § (resp. 012). One easily shows that
X? is a Hilbert space. We now denote X ~° the set of functions us such that the linear form

u; € D(Q) —< ug,us >x

can be extended in a continuous way on X®. If u; € X% wus € X°® we denote this extension by
<Up, U2 >_gs-

If ug € X %, we say that u is a solution by transposition of (Sy) if, for every f € L?((0,T) x )

T
/ / Uf+ < anSD(Oa ) >—s,s: 0;
0 Q

where ¢ is the weak solution (see Remark 4) of

or+ o +elAp=f in(0,T)xQ,
(0 0) e(pr —0up) = =0 on (0,T) x Iy,
£,0,0 Sot — aygp — 0 on (O,T) X 1—‘1,

o(T,.)=0 in Q.



Using the Riesz representation theorem and continuity (see Remark 4) of
feL*(0,T) x Q) — ¢(0,.) € H (),
it is obvious that, for any uy € X ~*, there exists a solution by transposition u € L?((0,T) x Q) such that
ull2o.myx0) < lluollx-s-
Moreover, if ug € X = X°, Lemma 6 shows that the solution u satisfies
||U||L2((0,T),H1(Q)) < [Juol| xo.

If one uses classical interpolation results (see [7]), we can deduce that for every 6 €]1/2,1], for any
up € X739 = [X, X °]1_g, there exists a solution u € L%((0,T), H?(Q2)) such that

||U||L2((0,T),H9(Q)) S ol x-sa-e-
Using classical trace result, we have that
lull 20,7y x00) < lluollx-sa-o- (8)
On the other hand, estimate (2) imply in particular that
luollx < llullz2o,myxry) Yo € D(Q). (9)

Finally, (8) and (9) yields the contradictory inclusion X ~5(1=9) < X, [

2 Carleman inequality in dimension 1

In this paragraph, we will establish a Carleman-type inequality keeping track of the explicit dependence
of all the constants with respect to 7" and €. As in [4], we introduce the following weight functions:
C — en@) en@)

¢(t, ) =

= 2L t == P S

where C' > 2L
The rest of this paragraph will be dedicated to the proof of the following inequality:

Theorem 9 There exists C > 0 and so > 0 such that for every e € (0,1) and every s > so(eT + 2T?)
the following inequality is satisfied for every pr € X:

83/ ¢3672sa|<p|2+8/ ¢672sa|¢z|2+83/ ¢3672sa|90|2
(0,T)x(—L,0) (0, T)x(—L,0) (0, T)yx{0,—L}

g CSQ e—4sa+25a(.,—L)¢9|sﬁ|2'
(0,7)x{0}

(10)

Here, ¢ stands for the solution of (S') associated to or.

Remark 6 One can in fact obtain the following Carleman estimate with control term in I’y
83/ ¢36—25a|(‘0|2 4 82/ ¢€_2sa|(,01|2 + 83/ ¢3€—23a|(p|2
(0,7)x(=L,0) (0,T)x(—L,0) (0,7)x{0,—L}
< CSQ/ 6745a+25a(.70)¢9|¢|2.
(0,7)x{-L}

simply by choosing the weight function n(x) equal to x — —x + L. The proof is very similar and the
sequel will show how to deal with this case too.



T := eT, §(t,xz) = ¢(t/e,xz) and the weights a(t,z) :
following system:

In order to perform a Carleman inequality for system (S’), we first do a scaling in time. Introducing
= a(t/e,x), ¢(t,x) = ¢(t/e,x); we have the

Gt + € Pp + Pre =0 in ¢,

e2(pr —e10,p) —@ =0 on oy,

LT Ly (11)
or—e 0,0 =0 on oy,

Pli=T = PT in (—=L,0).

if ¢ := (0,T) x (—L,0) , 0 := 9N x (—L,0), 59 := I'g x (—L,0) and o1 := I'; x (~L,0). We will now
explain how to get the following result.

Proposition 10 There exists C > 0, such that for every e € (0,1) and every s > C(T+T?+e7'T% +
51/3T2/3), the following inequality is satisfied for every solution of (11) associated to o € X :

53/&3672S&|¢|2+S/§£€72S&|¢I|2+53/&3672S&|¢|2
q q o

(12)
gCSQ/ 674sd+2s&(.,7L)(59|¢|2.
oo

Observe that Proposition 10 directly implies Theorem 9.
All along the proof we will need several properties of the weight functions:

Lemma 11
o & ST, || S TP?, o] S T2¢°,
° Gy =—¢, Gup = —0.

There are essentially two steps in this proof: the first one consists of doing a Carleman estimate very
similar to that of [4]; in the second one, we will study the boundary terms appearing in the right hand
side due to the boundary conditions. We will perform the proof of this theorem for smooth solutions, so
that the general proof follows from a density argument.

We will first estimate the left hand side terms of (12) like in the classical Carleman estimate (see [4]).
We obtain:

Proposition 12 There exists C > 0, such that for every e € (0,1) and every s > C(T+T?+e'T? +
51/3T2/3), the following inequality is satisfied for every solution of (11) associated to o € X :

53/&3672Sd|¢|2+S2/¢;672Sd|cﬁm|2+871/&716725&(|¢II|2+|¢,5|2)
q q q
+83/ (536_25d|g5|2 5 55/ (556_28&|¢|2+(S+€)/ &e—2sd|¢t|2.
o1 g0 go
Proof B
Let us introduce 1 := @e~*%. We state the equations satisfied by 1. In (0,T) x (—L,0), we have the

identity
Py + Py = Psy,

where
P =y + 280,90, + 5_1wz; (14)
PZ"/) = "/’mm + 5264;23"/) + S&t"/) + 57156496"/)7 (15)
and
P3vp = 82

On the other hand, the boundary conditions are:

52(1/115 + saup — 5_1(1/11 + s@,1)) —1Y =0 onx =0, (16)
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e(r + sas)) + gy + sa,0 =0 on x = —L. (17)
We take the L? norm in both sides of the identity in ¢:
P17 () + 1P 720q) + 2(P1tb, Pot) 12g) = | Pstl 2 )- (18)

Using Proposition 11, we directly obtain
5 -
I Pl S 5° [ @Iof
q

We focus on the expression of the double product (Piv, Pa1)12(q). This product contains 12 terms
which will be denoted by T;;(¢) for 1 <i <3, 1< j <4. We study them successively.

e An integration by parts in space and then in time shows that, since 9(0,.) = ¢(T,.) = 0, we have

To) = [ =5 [Wel)et [ v [ vony

= [ v [ v
Now, we use the boundary condition (16). We have

/wmtzs/ |2 — T2 / Flyl - Ts/ Pl

Thanks to the fact that (0,.) = ¥(T',.) = 0, the same computations can be done on & = —L using
(17) so we obtain the following for this term:

Tu(w) 2 —<1% [ @l - Ts [ &luf
e Integrating by parts in time, we find

2
Tra(w) = & / &2 (), = —? / Gt 0P,
q q

S|~ 2
2/Oétt|¢| )
18

Tia(2p) = 571; /qdz(|1/1|2)t =—¢ /qatm|¢|

=
w
E
|
N »

S
HS?:
=
\.53
I

2

and using Proposition 11, we get
Ta(w) 2 -5 [ 3P,
q
Tua(w) 2 ~T% [ Fluf
q

Tia() 2 — T / 3P,
q

e Now, integrating by parts in space, we have

T21(1P) :S/dz(lwm|2)z = _3/d11|wz|2+s/ (d1|wz|2_3/ dzl"/}m|2
q q o) o1

Thanks to Proposition 11 (the choice of 1 is important here), the last term is positive. Using the
boundary condition (16) and Proposition 11, we finally get

T > 2 [ Glp. |2 — 3310|2223 75012
NORY /q¢|w| s /UO¢|1/J| 2 /0_0¢|w|
—528/ ol



An integration by parts in space provides

() = 5° / & (6P). = —35° / o] + 5° / &P

q q a0

753 / &ElP.
o1

This readily yields
Ta@) 25 [ Fuf+s [ Fop -5 [ P,
q o1 oo

Again an integration by parts in space gives
Toa(0) = [ @b (0)s =~ [aaulof +5° [ dalof
q

q g0
—32/ aReMITIES
g1
Using Proposition 11, we obtain
Ta(w) 2 21 [ FP =21 [ PP -7 [ Sl
q g0 o1
The last integral concerning the second term in the expression of P is

Tos() = —1s? / & ([6P).

q

After an integration by parts in space, we get
Ta(w) 2= [ @p -t [ Pl
q go

We consider now the third term in the expression of Pyv. First, we have

! 2 e”! 2
a0

3

T31() = 5

Using the boundary condition (16), we get

() 2 — / ]2 — 2T / Fpf? — e 1s? / 52

e / i

Now, we integrate by parts with respect to  and we have

—1
Toa(w) =~ T35 [ @W0P 2 [ Qunaluf - 0 [ @lp
q q 90
22 [ Fup
g0

Then, using another integration by parts in  we obtain

To) =~ S [ @i 2 < 'sT [t = s [ -t | g

q

11
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e Finally, arguing as before, we find
e? ~ 2 €2 5 [ 2 —2 T2
Ta(®) = s | @([$l%)e 2 =57 [ O[T = Ce™ s | o[y
q q 90
2% [ dl.
oo

Putting together all the terms and combining the resulting inequality with (18), we obtain
| Pul2a gy + [Pty + L) + Lo(2) S J1 () + Ja(ibn) + Ja(r) + L(¥) (19)
where the main terms are
@) = [ FWe st [ Sl b = o
o1
the right hand side terms are

Ji() = (s + sT? + e 'T's) / G| + (s°T + sTQ)/s?IwI2
q q

5T / P + (ST +esT?) / P2 + (T + e ' Fs) / PP,
and
J: x) = z2; J. = +e+ 2 5 2a
2 (46s) /q|w| S = (s +e es>/ao¢|wt|

and the control terms are

L) = (T + e (Ts + ) / P2 + (T2 + 85 1 T + eT2) / P2

tes2T? / P2 + (T2 + e253T2) / Pl +e7? / (1 +eso) ||

Let us now see that we can absorb some right hand side terms with the help of the parameter s.

e First, we see that the distributed terms in J; (1) can be absorbed by the first term in the definition
of I1 (1) for a choice of s > T + (1 4+ &~ 1/2)T3/2.

e Then, we use the second term of I1(¢)) in order to absorb the integrals in the second line of the
definition of Jy(¢)). We find that this can be done as long as s > T + T2 + (=1/2 + 1)T3/2,

e Next, Jo(¢),) can be absorbed by I»(1),) by just taking s > T2.

Then, we observe that all the control terms can be bounded in the following way:
LWl [ Sl
oo

as long as ~ ~ B ~
s> T(1+e+TY3Y3 T34 VA L T2(1 4735 4 e7V2 4 c71/3),

Since € < 1, it suffices to take s > T(1 + &~ 'T).

Next, we use the expression of P11 and P21 (see (14)-(15)) in order to obtain some estimates for the
terms 1y and ., respectively:

—1 &717/)252 Qg’l/}z2+7172 Q;il'l/)x2+ —1 J)*le;Q
/ e /||/ ||s/q P

< / Bl + / Pryf?
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for any s > (1 +¢~1)T? and

T 0
—1 T—1 o 2 5 3 73 2 T? 73 N 2 -2 2 "t 2
s/q<z> e s/O/L¢|w|+s /q¢|w|+es/q¢>|w|
+571 [ oTHPw 2 <8 | QPP + 57 | plval? 4 [ | Par?,
s/q|2|s/q||s/q||/q|z|

for s > T+ e 'T2
Combining all this with (19), we obtain

[ SPP 4 Wa) 457 [ (nal + )+ 5 [ Bl
q q o1
< 35/ Pl + (s +e+ 623)/ el
ao g0
for s > T(1+e'T).
Finally, we come back to our variable ¢. We first remark that ¥, = e~ (@, + s¢@) and so
# [ae ol 55 [+ s [ S,
q q q
Then, we have that 1, = e~ *%(p; — sd4(), hence
s [Grenap gt (Gl ST [ S
q q q
St [l st [ Bl
q q

for s 2 T. Analogously, one can prove that
T ~ ~ ~ ~ ~
A K Rl IR e T
0 Jq q q q
for s > T2,

We combine this with (20) and we obtain the required result

53/$3672s&|¢|2+52/&672sd|¢x|2+871/$71672s&(|¢xx|2+|¢t|2)+83/ (536725d|¢|2
q q q o1

(21)
< / Fe G2 4 (s +2) / Fe=%| 5,2,
oo a0

for s > T(1 + e 'T) + &'/3T?/3 and using that
(S+€+€2S>52T2/ (556725&|95|2§S5/ &5672Sd|¢|2
oo a0

which is true for s > T + £!/3T2/3 (recall that ¢ < 1). O

With this result, we will now finish the proof of Proposition 10.

Estimate of the boundary term In this paragraph we will estimate the boundary term

(5+2) / G255, 2.
oo
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First, we observe that this integral can be estimated by
52/ Q;2€_28&|(,Z?t|2,
oo
for s > (T + T?). After an integration by parts in time, we get

~o oex 1 ~o oox - ~o  oem
82/ ¢2€ 25a|90t|2 —_ 552/ (d)2€ 25a)tt|<P|2 o 52/ d)2€ QSQQOQOtt
g0 (o)1) (o)1) (22)
584/ é66‘25d|¢|2+82/ FPe” %@ |Gul
oo a0

In order to estimate the second time derivative at x = 0, we will apply some a priori estimates for the
adjoint system. Indeed, let us consider the following function

((t,x) = 0(t) @y := e *¥=LIG=5/2(t L)y (¢, x).

Then, this function fulfills the following system:

gt + E_ICJE + CII = 9,5(,515 in (OvTL) X (7La 0)7
e2(¢ —e10,0) — ¢ =205+ on (0,T) x {0},

G —e19,¢ = 0ip on (0,T) x {—L},
Q= =0 in (—L,0).

Using Remark 4 for (¢,2) — ((et, z) we find in particular

 [16P 5 [P0 +e [ @21
o q o

: / 0\5ul? < / 6. 215 + < / ORER
o q o

Integrating by parts in time in the last integral, we have

~ ~ ~ —9 ~ € ~
e [Pieal s ([10P10 e [0ieR ve [@0'2162) + 5 [ @il
o q o o o

From the definition of #(¢) and multiplying the previous inequality by s~!, we find that

This directly implies that

es™! /(6725%75)(-, —L)|@ul* ST <S/<51625&|¢t|2 +e(l +T~2)53/(¢~>3625d)(-7L)|¢I2> - (23)
o q o
Using Cauchy-Schwarz inequality in the last term of the right hand side of (22), we obtain

52/ 927726725&|¢||95tt| 557272871/(6725&&75)(.,7L)|¢tt|2+€71T2S5/ 674s&+2s&(.,7L)¢~59|¢|2
(o)1) (e

g0

Combining this with (23) and (21) yields the desired inequality (12). O

3 Observability and control

In this section, we prove Theorem 1.
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3.1 Dissipation and observability result

Our first goal will be to get some dissipation result.

Proposition 13 For every e € (0,1), for every time t1,ta > 0 such that to —t1 > L and for every weak
solution ¢ of (S7), the following estimate holds true

(to —t; — L)?

t < —_
et < exp { -0

} lo(t2)]lx-

Proof We first consider a weight function p(t,z) = exp(Zz,) with r € (0,1) some constant which will
fixed later. We will first treat the strong solutions case and, using a density argument, we will get the
weak solutions case.

We multiply the equation satisfied by ¢ by pyp and we integrate on 2. We get the following identity:

i ([ ote) =5 [[oontel < [
S =—= [ pb, —¢ Ao.
5 7 ( Qplsﬁl 5/."° (lel*) e

We then integrate by parts in space, which due to Vp = Zpe,, provides

1/ 2 r o 1 2 2
=5 [ ooutiery =5 [ olel =5 ([ olel = [ slel?).
2 Ja 2e Jo 2 \Jr, r,

—€/P<PA90=5/P|VSD|2 /pa (lel*) — (/ psoanw—/ pwanw)
0 To Iy
2
=< [ ool = [ oot 5 ([ ool [ olel) —e ([ pvone [ peone).
Fo Fl F0 F1

Using now the boundary conditions for ¢ and summing up these identities, we finally get

d r(l —r
o (/ p|<p|2) > ri=r) )/prIQ +(1 —r)/plwl2 —2E/p<ptso-
Q € Q r r

On the other hand, it is straightforward that

i (¢ o) =2 |
dt € FPSD =€ FP%%

and, consequently, using that r € (0,1), we have obtained

L (IV0en%) 2 =21 /aem -

Gronwall’s lemma combined with exp(—ZL) < p(-) < 1 successively gives

VA0l < exo (== - ) ) IVETToenl

and

and
1
et < exp (=2 (=it = 1) =71 ) ot
We finally choose
to—ti— L
2(te — t1)
which gives the result. 0

€ (0,1),

We will now use this dissipation estimate with our Carleman inequality to get the desired result.
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Proposition 14 If n = 1 and for % — 1 sufficiently large and e sufficiently small, the observability
constant Cr(g) is bounded than
k
Cexp <—)
€

where C, k are some positive constants.
Proof

e We begin by estimating both sides of the Carleman inequality obtained above. We use the same
notations as above and we define m = C' — 2 and M = C — e”. We first get

T B T
[ et O D) 0) £ ) e (f£%§§§5gﬁfl) | erco.

T 3r
R

On the other hand, using that ¢ > on [ }, we have the following estimate from below

1
(eT)?
for the left hand-side of the Carleman inequality (12)

3T
4

e () Lo [ )

4

Consequently we get that

3T

/f|¢m§ﬁ§¢@n*%@<§%%¢@)Aﬂﬂ%mwcﬁﬁﬁ%m»

4

We now choose s « (¢T)? + (T'). The above constant C' is consequently estimated by
e~ 11ec/e < ec’/a
for ¢ > ¢ and ¢ well-chosen.

e We now deduce the result using dissipation estimates. We have just proven

3T

a 9 o T 9
/ wmthﬁ/ P2,
r 0 To

4

T 3T
4

We now use the dissipation property with ¢t = 0 and t; =t € ] 5 [ We easily get, provided

T > 4L,

1 (1 —4L)? 2 & 2
~ 7 <

5 GXP( SeT ) ll(0)[I% < /Z ll()lIxdt,

1 4L T
which gives the result with k = 3 (1 — ?> (T —4L) — ¢’ > 0 provided that 7> 8+ 32¢’.

3.2 Proof of Theorem 1

To show the controllability result for (S,), we will adopt some minimization strategy inspired by the
classical heat equation.

Proposition 15 A necessary and sufficient condition for the solution of problem (S,) to satisfy u(T) =0
is given by:

T
Vor € X, < ¢(0),uo >x:/ / Pu.
0 To

where @ is the solution of problem (S’) with final value or.
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Proof We apply the definition of solution to u against ¢ strong solutions of (S”), which gives

/OT /FO Qv = E/(m ©(0)ug — 5/@9 oru(T) + /Q ©(0)ug — /Q oru(T)

and we get the desired equivalence by approximation of weak solutions by strong solutions. O

Theorem 16 The following properties are equivalent
e 301 > 0,Vor € X; [|e(0)[[x < Cillelln2(0,1)xr) where @ is the solution of problem (S’),

e 30y > 0,Vug € X, 3w € L*((0,T) x Tg) such that |[v]| L2(0,1)xT) < Calluol|x and the solution u of
problem (S,)satisfies u(T) = 0.

Moreover, C; = Cs.

Proof (=) Let up € X. We define H as the closure of X for the norm defined by

T 3
lerlly = </ / |<,0(t,:r)|2dodt> ,
o Jro

where ¢ is the corresponding solution of (S”). Using the observability assumption and backward unique-
ness (Proposition 8), one sees that it is indeed a norm on X.
We define a functional J in the following way

T
J(pr) = %/0 /F0 ©*(t, x)dodt — /Q uo(x)p(0, x)dx — 5/ uo(2)p(0,x)do.

o0

J is clearly convex and our assumption imply that J is continuous on H. Moreover, thanks to our
observability assumption, J is coercive. Indeed, one has:

1
J(pT) = §H<PT||%1 — Cller|la

for o € H.
Thus J possesses a global minimum @ € H, which gives, writing Euler-Lagrange equations,

Vor € H, /OT/FO W:/Q uosa(O)JrE/muw(O)- (24)

According to Proposition 15, we have shown the existence of an admissible control defined by v =
@|(0,1)xT,- Moreover, choosing ¢ = @r in (24), we obtain the following estimate

< (4 ([0) (1, 4) (] 7o)’

Using our hypothesis, we are done.
(<) If v is an admissible control with continuous dependence on ug, Proposition 15 gives us, for every

YT € X,
T
/W(OHE/ W(O):/ / @v.
Q o0 0 T'o

Choosing now ug = ¢(0) gives us the estimate

leO)I% < Celler|mlluollx

that is
le(0)||x < Caller| a-
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Conclusion and open problems

The question of controllability in higher dimension is open and seems to be hard to obtain using Carleman
estimates. Another approach to obtain the observability estimate in the n-dimensional case could be
similar to the one of Miller (see [9]) but it seems that our problem is not adapted to that framework (one
can check that the link between the one-dimensional problem and the general one is not as simple as it
may seem).

If n = 1, one can wonder what is the minimal time to get a vanishing control cost when the viscosity
goes to zero. The intuitive result would be L, but it seems that Carleman estimates can not give such a
result.
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