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Universal isomonodromic de_formations of
meromorphic rank 2 connections on curves

Viktoria Heu !

Abstract

We consider tracefree meromorphic rank 2 connections over compact Riemann sur-
faces of arbitrary genus. By deforming the curve, the position of the poles and the
connection, we construct the global universal isomonodromic deformation of such a
connection. Our construction, which is specific to the tracefree rank 2 case, does not
need any Stokes analysis for irregular singularities. It is thereby more elementary than
the construction in arbitrary rank due to B. Malgrange and I. Krichever and it includes
the case of resonant singularities in a natural way.

32G34 ( 34Mb5, 53B05, 32540, 32G15 )

1 Introduction

We consider a meromorphic and tracefree connection Vi on a holomorphic rank 2 vector
bundle Ej over a compact Riemann surface X of genus g. In local trivialization charts for
FEy, the connection V is defined by d — Ay, where Ag is a 2 X 2-matrix whose entries are
meromorphic 1-forms such that tr(Ap) = 0. Such a connection (Ey, V) will be considered
up to holomorphic gauge-transformations of the vector bundle (see section 2.1).

Roughly speaking, an isomonodromic deformation of the initial connection (Ey —
Xo, Vo) is an analytic, topologically trivial deformation (F; — X, Vi)er such that the
monodromy data are constant. By topologically trivial deformation we mean that the
analytic family 7 : X — T of Riemann surfaces with fiber 771(t) = X; has contractible
parameter space T and is provided with disjoint sections D* : T' — X for i € {1,...,m},
which correspond to the polar locus of the family of connections. With the notations
D =" D" and D = (Dy)ser, the family (X; \ Di)ier (resp. (Xi, Di)ier) can be seen
as a family of marked punctured Riemann surfaces (resp. m-pointed marked Riemann
surfaces).

In the non-singular or logarithmic case (poles of order 1), the monodromy data reduce
to the monodromy representation 71 (X \ Do) — SL(2, C), where Dy is the polar locus of
the initial connection. In this case, a deformation (E; — X, V¢)er of the curve, the fibre
bundle and the connection is called isomonodromic if it is induced by a flat logarithmic
connection (€ — X, V). In the general meromorphic case (poles of arbitrary order), one
usually adds Stokes matrices to the monodromy data (see papers of B. Malgrange, J. Palmer
and I. Krichever), therefore needing a non-resonance condition. In the non-resonant case, a
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deformation (E; — X, Vy)er is called isomonodromic (and iso-Stokes) if the order of the
poles is constant along the deformation, and it is induced by a flat meromorphic connection
over X whose connection matrix A satisfies

(dA)se < (A)os, (1)

where () denotes the (effective) polar divisor. If (x1,...,zx) are local coordinates in
which the polar locus is given by {z; = 0}, then condition (1) means that the connection
matrix A takes the form

dx al dx;
A=yt
T i=2 T
where M;, for i € {1,..., N}, is a holomorphic 2 x 2-matrix whose entries are holomorphic

functions, and [ is the order of the pole. It turns out (see section 2.2) that if we consider the
s[(2, C)-case and if the order of the pole does not vary along {x; = 0}, then condition (1) is
equivalent to the existence of local coordinates in which the connection is gauge-equivalent

to a constant one: d
T1
A= Ml(xl)—l.
Ly

Our definition of isomonodromic deformations shall be this latter one, which is specific to
the sl(2, C)-case and which also takes sense in the s[(2, C)-resonant case (see section 2.2).

This paper is devoted to the construction of the global universal isomonodromic defor-
mation (€ — X, V) over X — T of the initial connection, which is carried out in section 3.
It is universal in the sense that any other isomonodromic deformation of the same initial
connection can be obtained by inverse image under some classifying application from the
universal objet (see the theorem 1 below for a more precise statement). It is global in the
sense that this universal property does not hold only for germs of isomonodromic defor-
mations. In the non-singular or logarithmic case (see sections 3.1 and 3.2), the parameter
space 1" of the universal isomonodromic deformation is the Teichmiiller space 7 associated
to the marked curve Xy with the set of distinguished points Dy which corresponds to the
polar set of V. Then (£,V) is the unique flat logarithmic extension of (Ey, V) over the
universal Teichmiiller curve. In the case of irregular poles there are non-trivial isomon-
odromic deformations of the initial connection, which are fixing the curve and the poles.
The parameter space T of the universal isomonodromic deformation in the general case
(see section 3.3) is the product of the Teichmiiller space 7 of the m-pointed curve, with
spaces of convenient jets of diffecomorphisms at the poles. The dimension of this parameter
space T is

max{0,3g — 3+ n},

where n is the number of poles counted with multiplicity, except for the special case (g,n) =
(1,0), where we have dim(7") = 1. The universal property of the universal isomonodromic
deformation (£ — X, V) states as follows :



Theorem 1 (Universal property). Let (5 — X V) be an isomonodromic deformation of
(Eo — Xo, Vo) with contractible pammeter space T and initial parameter ty. Suppose there
is an isomorphism Fy : (XO,DO) (X0, Do) of marked curves and an isomorphism ¥y :
(Eo, %0) 5 (Eo, Vo) of connections given locally by holomorphic gauge transformations 1)
conjugating (Eo, Vo) to F(Eo, Vo) :

v
(Eo, Vo) - (Eo, Vo)

| |

(X0, Do) (Xo, Do)

[

fo {to)

Then there is a triple (f, F, V) extending (fo, Fo, ¥o) to a commuting diagramm

(E,V) v (£,V)

| |

(X,D) L (X,D)

T T,

~ /

where (f, F') are holomorphic maps such that F; is a biholomorphism of marked Riemann
surfaces for each parameter te T and ¥ is given locally by holomorphic gauge transfor-
mations v conjugating (5 V) to F*(E,V). For each choice of such maps (f,F), there is a
unique such isomorphism .

In the non-singular or logarithmic case, the maps (f, F)) above will be given by Te-
ichmiiller theory. In the general case, the maps (f, F') factorize by the Teichmiiller classi-
fying maps. Moreover, the maps (f, F) (and thus the triple (f, F, ¥)) are unique except
when there exist non-trivial automorphisms of the marked m-pointed base curve, that is
in the special cases (g,m) = (0,0),(0,1),(0,2) or (1,0). Otherwise, the uniqueness can be
restored by means of a quotient in the construction of the universal isomonodromic defor-
mation by these automorphisms, provided that (g,n) is different from (0,0), (0,1), (0,2)
and (1,0) (¢f. section 4.4). We notice that the remaining cases are undeformable, i.e.
dim(T") = 0, except for the special case (g,n) = (1,0). The following corollary is an imme-
diate consequence of the construction and the proof of the universal property in section 4.

Corollary 1. The universal isomonodromic deformation (€ — X,V) of (Ey — Xo, Vo) is
also the universal isomonodromic deformation of each of the connections (Ey — X, V) it
contains for a parameter t € T.



Such a construction of the universal isomonodromic deformation has been done in the
non-resonant case for arbitrary rank, using Birkhoff normal form and Stokes matrices, in
[Mal83b] (see also [Mal04]), [Mal83c] and [Pal99] for g = 0, and in [Kri02] for g > 0. Our
construction does not use Stokes analysis, and is in this sense more elementary, but clearly
iso-Stokes in the non-resonant case. Based on the observations in [Mal83a] on pages 10-11,
B. Malgrange also gave a construction of a germ of a universal isomonodromic deformation
for resonant singularities, if the leading term of the connection matrix has only one Jordan
block for each eigenvalue (see [Mal86] and [Mal96]). In the sl(2, C)-case, each resonant
singularity is clearly of that type. Our elementary geometric approach unifies all these
constructions in the special case of tracefree rank 2 connections.

Another possible approach, that we omit in this work, is the Kodaira-Spencer method.
After projectivization of the fibre bundle &, the flat connection V defines a codimension 1
equisingular unfolding on P(€) in terms of [Mat91], [MN94]. The obstruction space is
given by H'(X,,© x,(Do)), where Dy is the effective polar divisor of V and © is the sheaf
of holomorphic vector bundles. The dimension of ©x,(Dy) is 3g — 3 + deg(Dp). The main
result of [MN94] insures the existence of a local Kuranishi space. This is a germ of our
parameter space.

2 Definitions and elementary properties

In the following, we shall always denote by M a complex manifold and by X a compact
Riemann surface. We denote by O the sheaf of holomorphic functions on M (resp. X) and
by 2 ® M the sheaf of meromorphic 1-forms on M (resp. X).

2.1 Flat meromorphic connections and monodromy

Let E be a holomorphic rank r vector bundle over M. The bundle E is given by a
trivialization atlas (U;) on M with transition maps ¢;;, providing trivialization charts
U; x C" with local coordinates (z;,Y;), and transition maps (®;;) = (pij, ¢ij) satisfying

(2, Yi) = (pij (%)), di5(25) - Yj),

where ¢;; € GL(r,O(U; N Uj)). Later on, we also denote by E the global space of the
vector bundle.

A meromorphic connection V on E associates to each trivialization chart U; x C” of E
with coordinates (z;,Y;) a system

dY; = Ai(zi) - Yi (2)

with 4; € gl(2,Q2 ® M(U;)), such that the connection matrices A; glue together by means
of the transition maps (®;;):

Aj o pij = dij Ao + Aoy



Biholomorphic coordinate transformations Z; = ;(z;) in the local coordinates of M are
conjugating a connection matrix A;(z;) to

Ai(%) = Ao o7l (%)

If the coordinates of M are fixed, we consider connections modulo holomorphic gauge

transformations Y; = ¢;(2)Y; with ¢; € GL(r,O(U;)) on the local charts, conjugating
system (2) to dY; = A;(z;)Y; with

A= ¢i A7t + deigr L

Otherwise we consider connections modulo holomorphic gauge-coordinate transformations,
i.e. combinations of coordinate and gauge transformations. Two connections over the same
manifold are called isomorphic, if there is an isomorphism of vector bundles conjugating
the associated connection matrices.

The poles of the matrices A; are the poles of the connection V. They do not depend on
the chart, and the polar divisor (V) is well defined. We shall denote by D the reduced
polar divisor. The connection V is said to be a non-singular (resp. logarithmic) connection
if it has no poles (resp. if it has only simple poles and its connection matrices A; satisfy
(ddi)oe < (Ai)oo-)

A connection is flat or integrable, if the connection matrices A; satisfy dA; = A; A A;.
Equivalently, the connection is flat if each non-singular point has a small neighborhood
such that there is a gauge transformation (z,Y) = (z,¢(2) - Y) conjugating the connection
matrix to the trivial connection matrix A; = 0.

We can choose a fundamental solution S, that is a basis of the space of local solutions in
some base point in the set of non-singular points M* = M \ D. Then analytic continu-
ation along a closed path v in M* provides another fundamental solution S’ = p~1(v)S,
where p(v) is called the monodromy along the path ~. In that way we get a monodromy
representation p : w1 (M*) — GL(r, C) which will be considered modulo conjugacy of the
image of p by an element of GL(r, C).

Each meromorphic rank r connection V on E induces a trace connection tr(V) on the line
bundle det(E), given by

dyi = tr(Ai(z,-)) *Yi-
We say a connection is tracefree, if its trace connection is the trivial connection dy = 0 on
the trivial line bundle M x C. For tracefree connections, it is possible to choose transition
maps with ¢;; € SL(r,O(U; N Uj)). For tracefree connections we thus will only consider
gauge transformations ¢; in SL(r, O(U;)).

2.2 Isomonodromic deformations

Let (X¢)ier be an analytic family of marked Riemann surfaces (c¢f. [Nag88], page 347)
which is given by a submersion 7© : X — T with contractible parameter space T. Let



(€,V) be a meromorphic connection (not necessarily flat) on X, inducing an analytic
family (Ey — X3, Vi)ier. For each parameter ¢t € T denote by D; the polar set of the
connection (E; — X;,V;). We only consider the case where D = (D) is a smooth
divisor on X, which is transversal to the parameter t. In particular, X \ D — T then
is a family of marked punctured Riemann surfaces and for each parameter ¢t € T the
inclusion map X; \ D;“—— X\ D defines an isomorphism m(X; \ Dy) = 71 (X \ D). We
call (Ey — Xy, Vi)ier a topologically trivial, analytic family of connections.

A topologically trivial, analytic family (E; — Xy, Vi)ier is called an isomonodromic
family, if it is induced by a flat connection over the total space X — T of the family of
curves. Along an isomonodromic family, the monodromy representation is constant. An
isomonodromic deformation is a special case of isomonodromic families, which is induced
by some initial connection (Ey — Xp, Vo), and where the Stokes-data are also constant
along the deformation. Yet Stokes data are well-defined only in the non-resonant case,
i.e. if the leading term of the connection matrix of the initial connection has only
distinct eigenvalues. Usually (c.f. [Mal83b], [Mal83c], [Pal99], [Kri02]), isomonodromic
deformations of tracefree rank 2 connections are defined as follows.

Definition 1. Let (Ey — Xo,Vy) be a non-resonant, tracefree rank 2 connection on a
Riemann surface Xo. A topologically trivial, analytic deformation (Ey — X4, Vi)er of
this initial connection is called an isomonodromic deformation, if

e for each parameter t, the order of the poles of Vi is equal to the order of the poles of
Vo and

o (Ey — X4, Vi)er is induced by a flat connection (€ — X,V), whose connection
matriz A satisfies the following transversality-condition :

(d4)ss < (A)oc- (3)

Remark 1. Consider a flat tracefree connection of rank 2 on a smooth family of vector
bundles over Riemann surfaces with smooth polar divisor D (as a set). Then any irre-
ducible component D' of the polar divisor D not satisfying the transversality condition (3)
s projectively apparent in the following sense : after a bimeromorphic transformation, the
polar divisor of the associated projective connection becomes D\ D' (as a set) (see [LP0O7],
page 736).

Let (€ — X,V) be a flat connection inducing an isomonodromic deformation (E; —
Xt, Vi)er of an initial s[(2, C)-connection (Ey — Xp, V). Locally over each non-singular
point of X', the connection V is given by systems dY = 0. In particular, any local solution in
a non-singular point is automatically transverse to the parameter ¢t € T, i.e. transverse to
{t = const}. We shall see that the transversality condition (3), together with the constancy
of the order of the poles and our initial hypothesis of the divisor D being transverse to



the parameter implies local constancy, which is a certain local product structure of the
connection with the parameter space even at the singular points. Let us now precise the
notion of local constancy.

On smooth families (X¢);er of marked Riemann surfaces we shall always denote by
(t,z) € W x U local trivialization coordinates, with ¢t; € W C T and z € U C Xy,.
By our initial hypothesis, the distinguished points D = (D) can locally be given by
{z = 0} in such coordinates. By gauge-coordinate transformations in such coordinates
(t,z,Y) € WxUxC?with W C T, we will always mean gauge-coordinate transformations
fixing the parameter t:

#,7,Y) = (t, ot z),0(t,z) - Y).

Definition 2. A flat connection ¥V on a smooth family of holomorphic vector bundles
(Ey — Xp)er is called locally constant if locally in each point of the total space X of the
curve deformation, the connection matriz does not depend on the parameter t € T, up to
a convenient gauge-coordinate transformation.

Remark 2. In other words, on open sets as above, there are submersions ¢ : W x U — U
transversal to the parameter, such that V is gauge-equivalent to the pull-back ¢*(V|i=, ).

This means that up to an appropriate gauge-coordinate transformation on W x U x C2,
the system dY = A(z)Ydz defining V|;—;, over U defines V over W x U as well. In this
sense, V can locally be seen as the product of an initial connection with the parameter
space.

Proposition 1. Let (£ — X,V) be a flat tracefree rank 2 connection on (X,D) — T,
such that the leading term of the conmection matriz A has no zeros along the polar divisor.
Then the connection (€ — X,V) is locally constant if, and only if, its connection matriz
satisfies the transversality condition (3).

Remark 3. The transversality condition is strictly weaker to the condition of local con-
stancy, if we consider connections of rank greater than 2 or rank 2 connections with non-
trivial trace.

In order to prove proposition 1, we will use the following lemma.

Lemma 1. Let (£ — X,V) be a flat tracefree rank 2 connection on (X,D) — T which
satisfies the transversality condition (3 ) and whose order of the poles is constant. Then for
each point t1 of T there is a neighborhood W of t1 and for each point of the polar divisor
in the fibre over t1, there is a neighborhood W x U x C? with coordinates (t,z,Y) where
the connection V is given by systems of normal form

de%(C&)é>Ym (4)

not depending on t, where ¢ is a holomorphic function on U.



Proof: On a local chart W x U x C?, let V be given by a system

dY = A(t,z)Y with A= < a b >
c —a

If V; has a pole of order [ at {x = 0} for each parameter ¢ in a neighborhood of ¢;, then
at least one of the 1-forms a,b or ¢ has a pole of order | at { = 0}, which remains a pole
of order [ in restriction to ;. We may suppose this is the case for b, otherwise we may
apply a gauge transformation such as Y = (_01 (1]) YorY = (1) Y. If the transversality
condition is satisfied, then b is of the form b = ﬁ(bo(t,x)dx + xby(t, z)dt), where by and
by are holomorphic functions with by(¢,0) #Z 0. By our assumption, by(¢,0) is even non-
zero for each parameter ¢ in a small neighborhood of ¢;. Thus z!b defines a non-singular
(integrable) foliation transverse to the parameter ¢, and there is a coordinate transformation
fixing { = 0} and straightening the foliation given by z!b = 0 to dz = 0.

Remark 4. With the notions of remark 2, the submersion ¢(t,x) defining this coordinate
change is given by a first integral of the foliation x'b = 0.

In other words, up to a coordinate transformation, we make sure that b is of the form b =
%bo(t, x)dx, where by(t, z) has no zeros in a sufficiently small neighborhood of (0,¢;). By a

gauge transformation of the form
Y = <(\/§)71 \/%_O> Y we obtain b = ﬁdx. The integrability condition dA = A A A is
equivalent to

da = bAc

db = 2aAnbd (5)

de = 2cAha

From the special form of b then follows that a is of the form Md:ﬂ. By the gauge trans-

- xT
formation Y = ( alo (1)) Y, which keeps b invariant, we get even a = 0. Then by (5) we have

0 = b Ac. Thus ¢ has the form Lt[gc)dx. Again by (5) we get de = 0. Therefore ¢ does not

xT

either depend on t: we have ¢ = %. O

Example 1. The condition in the upper lemma that the order of the poles has to be constant
is necessary. Consider for example the connection

—Ldx+ Ldt 0
— 2 x
dy = < 0 %d:ﬂ — %dt) Y

on the trivial bundle over (C,0)x (C,0) with coordinates (t,x). It satisfies the transversality
condition, but it can not be locally constant since the order of the poles changes for t = 0.



Proof of proposition 1:  Note first that (3) is satisfied if, and only if, it is satisfied
after a gauge-coordinate transformation. Clearly, systems of normal form (4) are locally
constant. Conversely, if V is locally constant, the local charts can be chosen in a way that
the connection matrices A do not depend on the parameter ¢ :

dY = A(z)Y.

Then dA is zero and has no polar divisor. O

Remark 5. Let (E — X,V) be a meromorphic, tracefree rank 2 connection over a Rie-
mann surface. The upper proof shows in particular that up to an appropriate holomorphic
gauge-transformation this connection is given locally by systems of normal form (4). Then
the rational number max{l + 1 — &,0}, where v is the greatest integer such that 5 is
still holomorphic, is equal to the Katz-rank of the singularity (see [Var96] for a definition
of the Katz-rank). The Katz-rank is invariant under meromorphic gauge transformation.

Moreover, we see that the Katz-rank is constant along isomonodromic deformations.

According to proposition 1, isomonodromic deformations of tracefree rank 2 connections
may be defined alternatively as follows :

Definition 3. A topologically trivial, analytic deformation (Ey — X, Vi)ier of some
initial tracefree rank 2 connection (Ey — Xo, Vo) is called an isomonodromic deformation,
if it is induced by a flat, locally constant connection (€ — X, V).

In this paper, we shall use this latter definition of isomonodromic deformations, which
is specific to the sl(2, C)-case. As we shall see, this definition is naturally valid also in the
s[(2, C)-resonant case.

Two isomonodromic deformations of a common initial connection will be called isomor-
phic, if the associated flat connections are isomorphic. More precisely, two isomonodromic
deformations (£ — &,V) and (£ — &,V) with polar sets D and D respectively and
parameter spaces 1" and T respectively are isomorphic, if there is a biholomorphism f,
an isomorphism F' of marked m-pointed curves and an isomorphism ¥ of vector bundles
extending the isomorphism of the initial connections, such that the following diagramm
commutes

~

(£.V) — (&, V)




Here W consists locally of gauge-coordinate transformations compatible with F' which are
conjugating V to V.

It is clear that an isomonodromic deformation (E; — X, Vy)ier of some initial con-
nection (Ey — Xj, V) can also be seen as an isomonodromic deformation of each of the
connections (Fy — X3, V;) it contains for a parameter t € T'.

Remark 6. We would like to stress that the gauge transformations we defined for these
flat families of connections are not only holomorphic families of gauge transformations, but
global holomorphic gauge transformations of the flat connection on the global bundle £ of
the family.

3 Construction

Let Xy be a Riemann surface of genus g. Let V be a meromorphic tracefree rank 2 con-
nection on Fy — Xg with m poles of multiplicity respectively ni,...n,,, given in local
coordinates z' by {z' = 0}. Denote by n = nj + ... + n,, the number of poles counted
with multiplicity and denote by Dy = Y7 ;{z" = 0} the polar set in X{ of this connection.
By X we denote the set of non-singular points X \ Dy. Let p : m1(X) — SL(2,C) be
the monodromy representation of V. In this section, we construct the universal isomon-
odromic deformation (€ — X, V) of (Ey — Xo,Vy) over a base curve X — T. Consider
the universal curve of marked m-pointed Riemann surfaces X7 — 7, parametrized by
(7, 70) being the Teichmiiller space Teich(g, m) with initial parameter 7y corresponding to
X with the distinguished set Dy, as in [Nag88], page 322.

Remark 7. The dimension of the Teichmiiller space Teich(g,m) is

3g—3+m  ifg>2
max{m,1} ifg=1
max{m — 3,0} if g=0.

We shall denote by Dy = Y| D the submanifold of X7 corresponding to the distin-
guished points and their deformations. Consider the exact sequence of homotopy groups
associated to the fibration X3 — T, where X5 = X7 \ D7. Since the Teichmiiller space 7
is contractible (¢f. [Hub06], page 274), the natural inclusion map of X into X7 induces
an isomorphism between their fundamental groups. In that way, we can consider p as a
representation of 7 (X7) as well.

If the initial connection (Ey — X, Vo) has only logarithmic poles in Dy, we shall see
that it extends in a unique way to an integrable logarithmic connection on X7 with poles in
D7. This will define the universal isomonodromic deformation in the logarithmic case. In
the case of a non-logarithmic initial connection, there still is an integrable locally constant
connection on X7 with poles in Dy extending (Ey — Xo, V), but this connection will no



longer be unique. Indeed, each pole of order [ will contribute [ — 1 degrees of freedom in
the construction. We thereby get a universal isomonodromic deformation of dimension

3g—3+m+(n—m)=3g—3+n

if (g,m) # (0,0),(0,1),(0,2),(1,0). The universal isomonodromic deformation will be
global, due to the existence of tubular neighborhoods Z/{%— of DiT in Xr.

3.1 Non-singular case (arbitrary rank)

In the non-singular case, the existence of the universal isomonodromic deformation follows
immediately from the classical Riemann-Hilbert correspondence recalled by P. Deligne in
[Del70].

Theorem 2 (Riemann-Hilbert correspondence). Let M > zy be a complex manifold. The
functor of monodromy with respect to the fibre over zy defines an equivalence between the
category of non-singular integrable rank r connections on M and the category of represen-
tations from w1 (M, zg) to GL(F), where F is an r-dimensional C-vector space. At the
left side, the homomorphisms we consider are isomorphisms; at the right side, we consider
isomorphisms between the vector spaces which identify two representations.

Proof: Let us prove the essential surjectivity first. For a given representation p : w1 (M, zo)
GL(F), we can construct an associated connection over M by suspension. We choose an
isomorphism F' = C". The induced representation (M, zp) — GL(C") shall also be de-
noted by p. Let M be the universal cover of the complex manifold M. Let v be the trivial
connection dY = 0 on the trivial bundle M x C" with coordinates (Z, Y) over M. Now the
fundamental group 71 (M) is naturally acting on M. We may further define an action on
M x CT in the following way :

v (2Y)=(v-%p(7) V).

Since the monodromy matrices p(+y) are constant, the connection dY =0 can naturally be
pushed down to the quotient of this action. Thereby we define a non-singular connection
on an implicitely defined vector bundle F over M. This connection has monodromy p with
respect to the fibre over z. o
In order to prove the full faithfulness of the monodromy functor, let (E, V) and (E, V)
be two non-singular integrable rank r connections over M with fibres F' and F respectively
over zy. We suppose that there is an isomorphism 1y : F = F which induces an isomor-
phism of their monodromy representations p and p. We have to show that there is a unique
isomorphism 1 : (E,V) = (E V) wich induces g in restriction to the fibre over zp. We
may choose a common atlas of M for both connections. Let U be a small neighborhood
of zo € M. Then up to gauge transformations ¢(z) - Y and ¢(z) - Y respectively, the con-
nections V and V are defined in the trivialization charts over U by dY = 0 and dY =0



respectively. Horizontal sections are constant in these coordinates, and thus ¢y induces a
unique isomorphism 1 = ¢! o0 1y o ¢ between the connections in restriction to U. This
isomorphism can be continued analytically and since the analytic continuations of g o ¢
and ¢ give rise to the same monodromy representation p, the analytic continuation of
has trivial monodromy. Thus 1y defines a unique isomorphism v over M. O

Under the notations of the beginning of this section, recall that the natural inclu-
sion map Xo———= X7 defines an isomorphism of the fundamental classes 71 (X, zg) =
1 (X7, 20). We thus get the following corollary from the classical Riemann-Hilbert corre-
spondence.

Corollary 2. If (Ey,Vy) is non-singular over X, then this connection extends to a flat
non-singular connection (£,V) over the universal Teichmiiller curve Xy — T, provided
with an isomorphism

(5 — X’]’, V)‘T:TO = (E() — )(()7 Vo)

This object is unique, up to unique isomorphism, i.e. given another flat connection over
X1 together with an isomorphism of (Eg, Vo) to its restriction to the initial parameter, the
latter isomorphism extends in a unique way to an isomorphism of the connections over Xr.

In the non-singular case, the flat connection (€ — X7, V) of the above corollary defines
the universal isomonodromic deformation of (Ey — X, V). Remark that for each param-
eter 7 € 7, this universal object induces the unique (modulo isomorphism) non-singular
rank 2 connection (E, — X,,V;) over X, having monodromy p (modulo conjugacy).

3.2 Logarithmic case (arbitrary rank)

There is also a Riemann-Hilbert correspondence for flat logarithmic connections on a com-
plex manifold M with a given normal crossing divisor D, if we fix the residus in each pole,
i.e. the eigenvalues of the polar part of the connection matrix. If there is no resonance,
i.e. if the residues in each pole do not differ in non-zero integers, then the monodromy
functor establishes an equivalence between the category of flat logarithmic rank r con-
nections over M with polar divisor D and the given residues (modulo holomorphic gauge
transformations) and the category of representations of w1 (M \ D) in GL(F), where F'
is an r-dimensional C-vector space (see [Del70], [Kat76], [Bri04]). In the rank 2 case, it
is even possible to avoid the non-resonance condition if one considers some more precise
monodromy data (indicating the position of special lines). Together with the observation
that the residues and the special lines can not change along an isomonodromic deformation,
this Riemann-Hilbert correspondence immediately provides the universal isomonodromic
deformation as it did in the non-singular case. Yet we prefer to follow the more elegant
construction B. Malgrange gave in his article [Mal86] in order to prove the following theo-
rem, which remains valid even in arbitrary rank (the notations are those of the beginning
of the section).



Theorem 3. If (Ey, Vo) is logarithmic over Xo with simple poles in Dy, then this connec-
tion extends to a flat logarithmic connection (£,V) with polar set Dy over the universal
Teichmiiller curve X+ — T, provided with an isomorphism

(& = X1, V) |r=r, = (Eo — Xo, Vo).

This object is unique, up to unique isomorphism and shall be called the universal isomon-
odromic deformation of (Ey — Xo, Vo).

Proof: Let us start with the construction of (£ — X7,V). As usual, we denote by p
the monodromy representation of the initial connection (Ep, V(). Since we can identify
m(Xg) = m(X5F), the classical Riemann-Hilbert correpondence provides a non-singular
integrable tracefree rank 2 connection (£* — X7,V*) over the punctured curve X7 =
X7 \ D7 having monodromy p. Recall that this connection extends (Ey, Vo)| x; and it is
unique up to unique isomorphism.

From the Bers construction of the universal Teichmiiller curve (see [Hub06]) follows the
existence of tubular neighborhoods Z/{% of DiT. In other words, there are global coordinates
of Dy in Uk, ie. holomorphic functions & : Uy — C such that div(§;) = Diy. We
may suppose that the function induced by &; on Z/{% N Xp is the coordinate function z; on
Ué = L{% N Xo. In order to complete the connection (£*,V*) at the polar set, we define
an integrable connection V* on the trivial vector bundle £ over the germification of such
a tubular neighborhood U% by V' = £V Ui\D} - In other words, if V is defined by a
system dY = A(z;)Ydxz; over U}, which has a pole in {z; = 0}, then V' shall be given
over L{% by the product connection dY = A(&;)Y d¢;, having a pole in DiT. In restriction
to the punctured chart U = U\ D' both (€7, V?) and (£*, V*) have local monodromy p.
According to the classical Riemann-Hilbert correspondence, there is an isomorphism gluing
them into a connection (€, V) over X7 such that (£ — X7,V)|;=, = (Eo — Xo, Vo).

We now have to show the uniqueness of this construction. Let (£/, V') be another flat
logarithmic connection extending (FEy, V) over X7. Consider the rank 4 vector bundle &”
over X7 defined by Hom(&’, £). Since V/ and V are flat logarithmic connections, the natu-
ral connection V” on £” is clearly logarithmic. According to the classical Riemann-Hilbert
correspondence, the isomorphism 1y between the initial connections extends in a unique
way to an isomorphism ¢ : (£, V')|xx — (€,V)|xz over X7 \ Dr. This isomorphism
can be seen as a horizontal section of (£, V' ,)|vi\’D§r , where V' is a small neighborhood of

Dé in X7. In particular, the section ¢ is uniform, i.e. it has no monodromy on V*\ DiT.
On the one hand, the fact that V” is a flat logarithmic connection (and thus V” |vi\D%_
is regular singular) implies that this uniform section ¢ can be continued analytically at
Di-. Tt is clear from the Cauchy theorem that the zero set of a horizontal section of a flat
logarithmic connection is either trivial, or it defines a divisor of codimension 1 on the base
curve which has to be a subset of the polar divisor, i.e. it is equal to the polar divisor.
By consequence, the analytic continuation of our horizontal section v on V" \D’T to V' is



either holomorphic on V' N DiT, or for each 7 € 7 it has a pole on V' N {7 = 71}. On the
other hand, the restriction 1 of ¢ at Xy is holomorphic at Dj. Thus 1 is holomorphic over
V% and can be continued holomorphically along DiT. In using the same argument for 1)1,
we see that (€', V') and (€, V) can be identified over X7 by means of a unique isomorphism
which extends . a

Remark 8. It is clear from the upper proof that the polar set of a flat logarithmic connec-
tion on a family of marked Riemann surfaces is closed. Moreover, if the polar divisor is
contractible and transverse to the parameter (as in our case), it follows from proposition 1
that such a flat logarithmic connection is locally constant in the sl(2, C)-case.

3.3 General case

We are now going to construct the universal isomonodromic deformation in the general
meromorphic s((2, C)-case. Like in the logarithmic case, we get a non-singular connection
(€*,V*) over the punctured universal curve X’ over the Teichmiiller space 7 = Teich(g, m),
which is unique up to unique isomorphisms. We may also construct local connections
(€%, V") over germs of tubular neighborhoods U of Di- in order to stuff the gaps. These
are unique only up to gauge- and coordinate-transformations. Again, both connections are
non-singular over the punctured neighborhood Z/{%—* = Z/{%\D% and they have the same local
monodromy. The classical Riemann-Hilbert correspondence thus provides an isomorphism
gluing (£*,V*) and the (£%,V?) into a connection over X7. Yet the gluing will not be
unique in general : it depends on the chosen gluing of the coordinates on the germ U%-.
Thereby we get additional parameters in the construction.

3.3.1 Freedom in the gluing construction

Let us now see in detail why the resulting connection might not be unique. Since both
(£*,V*) and (£%, V) are constant in appropriate local coordinates, it makes sense to con-
sider firstly a similar situation without parameter (and forget the condition of extending
the initial connection for a while). In spite of the tublar neighborhood Z/{%, let us consider
a germ (C,0). Let V! be a connection on E' = (C,0) x C? given in coordinates (z,Y")
by dY = A(x)Ydx with a pole at {z = 0}. Let (E*, V*) be a non-singular connection
over (C*,0) and suppose there is a gluing isomorphism between the two connections. Let
V x C? be a simply connected chart of E* where V* is given by dY = 0. Denote by
Y — ¢(z;)Y be the gauge transformation on V x C? defined by the restriction on V of
the gluing isomorphism from (E?, V') to (E*,V*). Let ¢ be any diffeomorphism of the
germ (C,0). Now the gauge-coordinate transformation (¢(x),¢(x)Y) will also conjugate
the two systems. We thus have constructed another gluing isomorphism on (C*,0).
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We will get the same connection for this second gluing if, and only if, p*V?, given by
the system dY = Ao ¢ !(2)Ydp!(z), is conjugated to V*, given by the system dY =
A(z)Y dz, by a holomorphic gauge transformation ¥ — ¢(z)Y :

z),p(x)Y
(x,¢(x>Y>T o T(:cwm
z,p(x)Y
Vi< - — - ,( ,(,),), _ 7(70*vz

Or equivalently, we get the same gluing construction if there is a holomorphic gauge trans-
formation ¢(z) such that (¢(x), ¢(p(x))Y) is conjugating V* to itself :

VZ -€ — — — — e — — —_— — — —_ -
(¢(2),6(p(x))Y)
\Y

We saw that there is a unique connection resulting from such a gluing in the logarithmic
case. In the general case, we have the following result.

7

Lemma 2. Let V' be a connection on the trivial vector bundle E* over a germ (C,0) with
coordinate x, having a pole of orderl at {x = 0}. Let () be a holomorphic diffeomorphism
of (C,0) such that

o(z) =id(z) mod .

Then _there is a  holomorphic  gauge  transformation <;~5(x) such  that
(o(x), p(p(x))Y) is conjugating V' to itself.

Proof: Choose coordinates (z,Y) such that (E% V') is given by dY = A(x)Ydz with

connection matrix 1 fa(x) b(x)
Al@) = - (c(x) —a(w)> ’



which has a pole of order . In order to prove this lemma, we shall use the path method of
J. Moser (see [Mos65], see also appendix 1 in [DZ05]). Our starting point is the connection
(E§,VE) = (B, V') on (C,0). We want to prove that it is conjugated to the connec-
tion (B!, Vi) = ¢*(E*, Vi) on (C,0) by a gauge-transformation ¢. By (¢s())sefo,1) With
vs(z) = sp(x)+ (1—s)id(z), we define an analytic isotopy of holomorphic diffeomorphisms
on (C,0) joining ¢ to the identity. It defines an analytic path of connections (EL, Vi) seo)
by (EL, VL) = ¢i(E',V"). We want to find an analytic path of gauge-transformations
(¢s(x))sefo,1) such that (EL, Vi) is conjugated to (Ej, V) by ¢s. Note that the analytic
isotopy of diffeomorphisms (¢s(z))sejo,1) defines the flow of a vector field v(s, ) such that
v(s, ps(x)) = % + [%cps(a:)] %. Indeed, v is given by

0
v(s,2) = 5+ ¢lo(),

where vo(z) = (¢(z) — 2) 57

Figure 1: Vector field v associated to the isotopy of diffeomorphisms

By assumption, vy has a zero of order [ at x = 0. Then

0

v(s,z) = % +a:lf5(x)a—x, (6)

where (fs) se[0,1] is an analytic isotopy of holomorphic functions. Recall that the connection
matrix A of the initial connection has a pole of order I. By consequence, a holomorphic
vector field on Ej tangent to the connection V§ is a holomorphic multiple of

W= 2+ (o + ) s+ (o — ool 5

By (6), for each time s; € [0, 1], the vector field v|s—s, thus lifts to the vector field Vs, =
fs(x)W on Ej, which is tangent to the connection V. The flow of the vector field

V(s,z) = % + fs(x)W

defines an analytic isotopy of holomorphic gauge-coordinate-transformations of the form

(@Y)sef0,1] = (@5, Bs)sefo,1)-



They are indeed gauge-transformations with respect to the Y-coordinate, since we are inte-
grating in the Lie-algebra of gauge-transformations. By construction, we have (®¥)*(Ej, Vi) =
(B, Vi) for each time s € [0,1]. In other words, for each time s € [0,1], the gauge-
transformation ¢ = @*¢, then conjugates the connection (E%, V%) to (B8, Vi), as desired.

In particular, we have found a gauge-coordinate transformation of the form

Oy (2,Y) = (p(2), $(2)Y) = (¢(2), 6((2))Y)
such that (®Y)*(E}, Vi) = (E, V). O

Inversely, if there is an analytic isotopy (¢s(z), @s(2)Y)sejo,1) With (@0, ¢o) = (id, I) of
holomorphic gauge-coordinate transformations on E* keeping V' invariant, then we can
associate a vector field depending on s tangent to the connection, as we will see in lemma
4. This implies ¢,(x) = id(z) mod 2'.

Remark 9. It is possible that there are gauge-coordinate transformations on E° keeping
V' invariant and such that the induced coordinate change is not tangent to the identity.
For example dY = ﬁde is tnvariant under the coordinate transformation x elzzx.
But the set of such coordinate transformations is discrete.

3.3.2 Explicit construction

In order to construct the universal isomonodromic deformation in the case of multiple
poles, consider for each pole of order n; > 1 the set J* = Jets<"i(Diff(C,0)) of (n; — 1)-jets
of biholomorphisms of (C,0). We identify J* to C* x C"~2 where s = (s1,...,5,,-1) is
associated to pg(x) = S1T+S9x2 . . .—I—Sni_lx"i_l. For a simple pole z; = 0 we may consider
JJ being the singleton of the identity. Let J be the universal cover J = J Ly ..o x Jm
of the space of jets, where J! = C* x C"~2, Our parameter space 1" for the universal
isomonodromic deformation will be

T=JxT.

Remark 10. This parameter space is contractible. In particular, we avoid monodromy
phenomena along the parameter space.

Our universal curve (X, D) — T shall be the product of the the space of jets J with
the universal Teichmdiller curve :

(X,D) = (J x Xr,J x D7).

This curve will be the base curve of the universal isomonodromic deformation of (Ey —
Xo, Vo). As before, denote by X* the universal curve minus the distinguished points and



their deformations D! = J x DiT. Let V* be the unique non-singular integrable connection
over X* having monodromy p. For ¢ty = ((id,...,id),70) € T, we have V*|;—, = V.

We have again tubular neighborhoods U* = J x Z/{% of D' on X and functions &; : U* — C,
identical to the Teichmiiller coordinate, but seen on the bigger space, satisfying D' =
div(&;). On Ué = L{i]t:to with coordinate z;, the initial connection induces a local connec-
tion V}§ on the trivial bundle Ej = U} x C? defined by a system

Vi dY = A(z;)Yda.

Then on the tubular neighborhood U, we define an integrable, locally constant connection
V¢ on the trivial bundle £ = U* x C? with polar set D’. Firstly, we define the connection

Vi dY = A()Ydg
on the trivial vector bundle Sé over U' = J x Z/{% as a product from the initial connection
E o o

(&0: Vo) = & (Eg, V).

Then for coordinates (¢1,...,¢0m) € J =%, J i, we define V* on the trivial vector bundle
E' over U by (E4, V") = @i (&L, VE). Namely, we define

Vie o dY = A((p) TN E))Y () T (&)

We then have (E}, Vi) = (€%, V) |i=t,- We now have to glue (€%, V%) with (€%, V*). Let ¥}
be the gluing isomorphism from (E§, V) to (Ef, V).

(EOv VO) :

(&%, V) |i=to (&, V) 1=t

(E5, Vi)

On the base curve, we choose the natural, i.e. the identity gluing from X* to U’ on the
intersection U*" = U*\ D*. According to the classical Riemann-Hilbert correspondence and
its corollary, there is a gluing isomorphism v° given by gauge transformations over U
from (£*,V*) to (€%, V) and which extends the initial gluing isomorphism :

’lzz)i |t:t0 = TJZ)(Z]

Gluing in this manner each of the local connections (£%, V?) with (£*, V*), we have con-
structed a flat integrable, locally constant tracefree connection (£ — X, V) over X — T
with polar set D =Y, D' which satisfies

(€ — X, V)li=t, = (Eo — Xo, Vo).



We remark that the so-defined universal isomonodromic deformation is global in reference
to the Teichmiiller space as well as in reference to the space of jets.

If the Teichmiiller space 7 has dimension 3g — 3 + m > 0, then the dimension of
the parameter space T' of the universal isomonodromic deformation constructed above is
3g—3+m+>." (n; —1). Thus

dim(7) =39 —3 +n.

4 Proof of the universal Property

Let us now prove the universal property theorem 1 for the above constructed universal
isomonodromic deformation (£ — X, V) over X — T with polar set D. Let (E — X, %)
be another isomonodromic deformation of the initial connection. Let n (resp. m) be the
number of poles counted with (resp. without) multiplicity, as before. We will denote
by Y7, n;D' (resp. D) the divisor (resp. the reduced divisor) of (E — X,V). The
reduced divisor of V will be denoted by Dy, as usual. Using the product structure of
the parameter space T' = J x 7, we will construct holomorphic maps (f, F') extending the
initial isomorphism (fo, Fp) of marked Riemann surfaces, such that the diagram

(X,D) r (X,D)

|

7 ! T

commutes and such that in restriction to each parameter ¢ € T, the map F' induces an
isomorphism of marked Riemann surfaces. Therefore we will firstly consider the universal
curve respective to the deformation in the Teichmiiller space, secondly the deformation
respective to the jets. Afterwards we will define an isomorphism ) : (g , %) = F*(E,V),
which extends the given isomorphism g : (Ep, Vo) = Fi(Eo, Vo). Here 9 (resp. 1)) are
isomorphisms between connections on the same base curve X, (resp. )Z'o) and will thus be
given by local gauge transformations. The maps ¥ (resp. W¥y) then are obtained via F
(resp. Fpy). The triple (f, F, ¥) will be unique if (g,m) is different from (0,0), (0, 1), (0,2)
and (1,0). Finally we will study the default of uniqueness in the special cases.

4.1 Classifying map and lift to the base curve

Denote again by X7 — 7 the universal Teichmiiller curve respective to Xy, and by X — T
the universal curve underlying the universal isomonodromic deformation of (Ey — Xo, Vo).
Consider the Teichmiiller classifying map h from (T, %) to (7, 7). The map h is holomor-



phic and induces a holomorphic map H, making the following diagramm commute

(X, D)

|

T " T

(X1, D7)

and such that H defines an isomorphism of marked Riemann surfaces in each fibre (see
[Nag88], page 349).

Remark 11. The cases g = 0, m = 1,2 are not explicitly treated in [Nag88], but the
result remains true in our context since any analytic fibre space whose fibres are all holo-

morphically equivalent to one compact connected complex manifold is locally trivial (see
[FG65]).

From the tubular neighborhoods Z/{'T in the Teichmiiller curve, via F' we get tubular
nelghborhoods {Z U' — C of D' and thus the connection (EO, \W 0), induced by the initial
connection (Eo, Vo) on N Xp, can be considered as a product connection on Ui. We will
now construct a classifying map in the space of local jets. From the point of view of the
product connection (€, VE) = f*(EO,VZ) the gluing isomorphism between (€1, V') and
(E%,V*) = (€, )lx* will only depend on the gluing of 2’ to X* in the base curve. From
now on, we Will forget the variable Y in the sense that we only indicate whether or not
there are gauge-transformations conjugating two given connections.

Let (£,z;) be a local coordinate on U' defined in a small neighborhood of #. Assume
that D' is given in these coordinates by {z; = 0}.

Lemma 3. There is a coordinate-transformation (t,1;) — (t,@;(t,x;)) fizing D' such that
locally on the considered open set of U", we have

id = 951”5:50 -
where ~6 is considered as a connection on the trivial bundle gé = Ef) x T over U'.
Proof: According to the local constancy, there are local gauge-coordinate transformations

(t,x3,Yi) — (£, 0i(t, 2;), ¢s(t, 2;) - Vi) trivializing the connection V* in the parameter ¢ and
fixing D;. Then

(t,2:,Y;) = (&, (00) (o, @i (£, 20)), (5) " (B0, 1) - ¢i(E, 1) - V)

satisfies the conditions (7). O
Now let us consider ; (%, z;) as a holomorphic family of holomorphic diffeomorphisms @ (x;)
of (C,0).



o~
Lemma 4. Let ¢! and @; be two holomorphic families of biholomorphisms satisfying (7).
Then they are equivalent modulo x;".

~F - ~ ~

Proof: Consi(:}fzr the biholomorphism ¢; = (¢ )~' o @!. Then ©;Vo = Vp for each
parameter ¢ € T. This means there is a gauge transformation Y; — ¢i(z;) - Y; such that
the gauge-coordinate-transformation (¢z, ¢;) conjugates the system

7
1
defining %6 to itself.

Let us now fix a parameter #; € 7. Let v [0,1] — T be an analytic path with
7v(0) = tg, ¥(1) = t;. Then (©r(s)> Dr(s))sefo,1] 18 an analytic isotopy of gauge-coordinate-
transformations keeping %6 invariant. Moreover, this isotopy contains (id, I') for the initial
parameter s = 0. As in lemma 2, we may associate to this isotopy the vector field

0 0
V(S, Pry(s) ($Z)) = % + |:% ((10’)/(8)7 ¢—y(s)):|

which is tangent to the connection for each time s = s; € [0,1]. We may also consider
the vector field v(s, pq(s) (7)) = % + [%gpﬁ/(s) (zi)] on the base curve. By construction, for
each time s; € [0, 1], the vector field v|s—, lifts to the holomorphic vector field V|s=s, =
V|s=s, + f(s1,2;)AY;, which has to be tangent to the connection V.

> (05)56[0,1}

5

v
(©r(s)s Py(s))sefo,1] ~~~~rrms (Vs)selo,1]

((p’y(s) )56[071} o

By consequence, v(s, ¢, () (%i))|s=s; has to be zero modulo z;* for each s; € [0,1]. Since
v is analytic and ¢, () is the identity, it follows that ¢, () is equal to the identity modulo
x;*. In particular, ¢z =id mod ;" O

Inversely, if @; is satisfying (7) and $; is a holomorphic family of diffeomorphisms with
@i =@ mod ",

then ¢; also satisfies (7), according to lemma 2. N

For each parameter ¢ in a neighborhood Wy of the initial parameter ¢y in 7', we can find
a biholomorphism ;(, ;) as in lemma 4, whose (n; — 1)-jet is uniquely defined according
to lemma 4. The map associating to a parameter in 7' the associated (n; — 1)-jet of



diffeomorphisms can be analytically continued along any path in T. Indeed, choose an
open set W in the germ U*, such that the connection V? is locally trivial on this open set
up to a convenient gauge-coordinate transformation and such that Wy N W; # (). Choose
a parameter t; € Wy N Wy, and let ¢4, be the associated diffeomorphism. Recall that 66
can be seen naturally as a connection on Ui. Like in the above lemmas, we see that on W7,
there is a family of diffeomorphisms ¢; such that

Pt = @‘Ef
8
e o

and the (n;—1)-jet of this family is unique. In particular, it continues analytically the family
of diffeomorphisms on Wy. Since 7" is contractible, we can associate to each parameter
t € T a biholomorphism @;(f, z;) by analytic continuation, such that the following map is
well-defined and holomorphic:

gt T — J
¢; +—— ¢; mod x;".

The map
-~ T 17---7 m . .
g: (T,to)M>(J1 X ..o.ox J™(id, ..., id))
constructed in that way can be lifted to the universal cover J = JUx ... xJm F inally,

denote by G the trivial lift

(X.D) J
T
mapping fibres to singletons. Since T' = J x 7, we obtain a canonical holomorphic mapping
=~ (gvh)
f : (T,t(]) (T7 tO) )
where o = ((id, ... ,id), 79). Recall that the universal curve X" is constructed as a product

(X,D) = (J x XT,J x Dr). The Teichmiiller map H : X — Xr thus lifts via G to a
holomorphic map F: (X,D) — (X, D), such that

~ - F=(G.H)
(X,D)

|

)S f=(g,h)
T

(X, D)

commutes and F' defines an isomorphism of marked Riemann surfaces in each fibre. More-
over, the maps (f, F) are extending (fo, Fp), by construction.



4.2 Lift to an isomorphism of connections

We want to extend the initial isomorphism )y : (Eo, 60) — Fi(Ep, Vo) to an isomorphism
P (5 %) — F*(&,V), both given by gauge transformations in appropriate coordinates
of the common base curve Xo, respectively X. Therefore we decompose ¢y _into an iso-
morphism ) : (EO, Vi) — Fi(Eg, VE) on the punctured base curve X3 = Xg \ Do, and
isomorphisms 9 defined in neighborhoods of the poles via trivial gluing isomorphisms
®! = (id, I) and ®}, = (id, I) respectively :

o s ¥ N
(E(]v%(]) (Ef)k?%a) =4 (E(Zh%?(l))

@5
We may decompose (€, V) (resp. F* (€,V)) into the connections (E%, V%) (resp. F*(£*,V"))

induced on the punctured base curve X™* X \ D, and local connections (E1, V) (resp.

F*(£,V")) on U’, together with gluing isomorphisms ®; = (gpl,gbl) (resp. ®; = (i, ®:)).

According to lemma 3 we may suppose that in a small neighborhood of the initial parameter

in U’ respectively U’ we have

(@i? 5’!)‘{:{0 = (1d7[) resp' ((1027 ¢i)’t:t0 = (1d7[)
Vi=V} resp. F*(V') = F}V},

where Vi (resp. FV}) are seen on the vector bundle Ej x T (resp. Fg(EL)xT) over U'.
Moreover, we may suppose by lemma 2 that ¢; and ¢; are (n; — 1)-jets of diffeomorphisms
with respect to the same coordinates on the base curve. In the new coordinates, the
connection matrices of V¢ and F*(V?) do not depend on the parameter. Thus wé extends
trivially into an isomorphism

{ T/Ji . (gz’%z) -~ F*(gi’vz') (9)

V=i, = V0,

given by gauge-coordinate transformations with respect to the coordinate transformation
@i o (¢;)~1. By lemma 4, we know a posteriori that ¢; = ;. In other words, we are still
considering a common atlas on the base curve, and v’ is given by gauge-transformations.

Moreover, 9 is the unique isomorphism satisfying (9) with respect to our coordinates.
Indeed, the first condition implies that such an isomorphism can not depend on the pa-
rameter. Thus the second condition provides uniqueness. Note that 1)’ is given a priori
only in a small neighborhood of the initial parameter. Yet the uniqueness of v implies



that ¢’ can be continued to an isomorphism over Ui following the analytic continuation of
the diffeomorphism on the base curve.

Since (g*,ﬁ*) and F*(£*,V*) are two non-singular connections defined on the same
base curve and having the same monodromy representation, the Riemann-Hilbert corre-
spondence provides a unique extension t* of the isomorphism j, both given by gauge
transformations, such that

wﬂf:fo = 1/}8
We get a commuting diagramm

X

F*(&*,V*) F* (&, VY F*(&,V)
o* o s ¥
(89— (€.,¥) E.9).

inducing a unique isomorphism %, given by gauge transformations, such that

{ Y (E,V) =5 F*(E,V)
Yli—i, = Yo

4.3 Unicity

The argumentation above showed that the triple (f, F, ¥) is unique if (h, H) is unique.
Now the classifying map h is always unique, whereas H is unique if, and only if, there
is no non trivial isomorphisms of the universal Teichmiiller curve fixing (Xg, Dg). This
is the case precisely when (g,m) is different from (0,0),(0,1),(0,2) and (1,0). In the
cases (0,0),(0,1),(0,2) and (1,0) however, the map H may be composed by untrivial
automorphisms of the marked curve. In the case (0,0), the connection (Ey,Vy) is the
trivial connection on the trivial vector bundle on P! and any isomonodromic deformation
of this connection is trivial. In the cases (0,1),(0,2) with n > 3, it is possible to define
a normalized parameter space J such that there is a unique map H making sure that the
image of the map G is contained in this normalized space (see section 4.4). In the case
(1,0), it is possible to refer to the case (1,1) and thus restore uniqueness, by fixing a section
T — X7 (see section 4.4).

4.4 Special cases with automorphisms

If 3g — 3+ m is negative, then the dimension of the Teichmiiller space is zero. Moreover, in
the special case g = 1, n = 0, the dimension of the Teichmiiller space is one. The parameter



space of the isomomonodromic deformation constructed above then is strictly greater than
39 — 3+ n. On the other hand, there are one-parameter families of automorphisms of the
punctured curve exactly in these cases. Depending on the context, it may be of interest to
take into account those automorphisms.

Assume now 3g — 3+ n > 0. In this case, we may restore the universal property of the
universal isomonodromic deformation due to the automorphisms.

1 (The case g=0). In the case of the Riemann sphere we will be able to diminish the
dimension of 7' by means of a quotient in order to get dimension max{0,3¢g — 3+ n} again.
Let us now consider the universal isomonodromic deformation for

m—3<0, but n—3>0.

Consider a tracefree rank 2 connection V on the Riemann sphere with no poles except 0
and oo, with coordinates x in a neigborhood of 0 and Z in a neighborhood of co, where
1

a) (The case m=1). — Let us consider the case when V has only one pole of multiplicity
n. We may suppose this pole is {z = 0}. Now apply the construction of the previous section,
but in restriction to the following parameter space of local jets fixing zero:

J={1} x {0} x C"3.

The group of automorphisms Aut(P!,0) of the marked surface (P!, 0) acting on our gluing

construction is {7 i\ir | A € C*, u € C}. Such an isomorphism is acting on a jet

T4 8325 4+ ... 4 sp_qx” !

in the following way :

n—1 i .

. -1 . .

A 2 i—1 ? 1, i—1 i

T+ A\px +E <)\u —i—E Sl<l—1 A'p x
i=3 =3

With help of the automorphisms we may thus recover the whole space of (n — 1)— jets

from the previous section
Aut(P',0) x J = C* x C"2

and their universal covers will be naturally identified. Yet this new defined isomonodromic
deformation will have the universal property.

b) (The case m=2). — Let ng (resp. ne) be the multiplicity of the poles of the
connection V at zero (resp. at infinity), such that n = ng+ n.. We suppose again ng > 1.



In this case, we restrict the universal isomonodromic deformation to the universal cover of
the set JO x J* of local jets, where

JU={1} x C™2  J® = C* x C"2,
The group of automorphisms of the marked surface P! fixing zero and infinity then is
{A\x | A € C*}. Such an isomorphism is acting on a pair of jets

1

2 - - =2 ~neo—1
(z+s92% + .. 480 2" ST+ 5T + .+ sp0 @)

in the following way :

o0 o0 o0
Oz + A2s922 + .. 4 Am0—1g0  gmo—1 P15\ 92 g2y oy Snoo—1 Fneo 1y
2 PRPa 'I’Lo—l 5 A A2 e )\noo—l

Again we recover the whole parameter space of the previous section and restore the uni-
versal property.

2 (The case g=1, m=0). Recall that in this case the universal isomonodromic deformation
is constructed by suspension. We obtain a non-singular connection on the universal curve
having parameter space H. Notice that this connection is invariant under the automor-
phisms z — z + A(7) of the universal curve

HxC/ /.,

where (7, 2) ~ (7,2 4+ k17 + k2). As a method to restore the universal property, we may fix
a supplementary point on the base curve. Let us fix the zero-section (7,0) of the universal
curve for instance.

If 3¢ —3+n <0 and (g,n) # (1,0), then the initial connection is undeformable, i.e.
up to a quotient by the automorphisms we get dim(7") = 0 for the parameter space T
of the universal isomonodromic deformation. Yet if 3¢ — 3 + n < 0, then there are still
automorphisms left, and the classifying map £ in the universal property can not be unique.

5 Complements

5.1 Link to the Painlevé equations

If the initial connection is an irreducible, tracefree rank 2 connection with four non-resonant
poles (counted with multiplicity) over P! and the underlying vector bundle is trivial, then
its universal isomonodromic deformation implicitely defines a solution ¢(¢) of the Painlevé
equation with the associated initial parameters. Indeed, the global vector bundle £ under-
lying the universal isomonodromic deformation can be trivialized by bimeromorphic gauge
transformations, which are in fact holomorphic in restriction to the parameter space 7'\ ©



(see paragraph 3 in [Mal83b], for example). The exceptional set © is a strict analytic sub-
set corresponding to the set of parameters ¢, such that the associated vector bundle F; is
non-trivial. Once the vector bundle is trivialized, one obtains ¢(t) directly from the system
matrix, after a normalization. The parameter space on which the Painlevé equations are
defined is the Riemann sphere minus the polar set. Yet the solutions of these equations
are well defined only on the universal cover of this parameter space. We remark that our
construction provides consistent parameter spaces (see [Oka86]).

poles multiplicity | parameter space | Painlevé equation
Tlyee ey T | Nlyeeeym T
0,1,¢,00 1,1,1,1 P\ {0,1,00} =H Py
0,1, 00 2,1,1 C* Py
O, o0 3, 1 C PIV
0, 00 2,2 C* B
0 4 C P

However, our construction also applies to the resonant case (of irreducible tracefree rank
2 connections with four poles on P'). It would be interesting to see which kind of isomon-
odromy equations occur in this case.

5.2 Remarks on connections with trace

In the spirit of [Mal83b], [Mal83c],[Pal99] and [Kri02], one can also consider isomonodromic
deformations of rank 2 connections with varying trace and construct their universal isomon-
odromic deformations. Consider a meromorphic rank 2 connection (Ey, V) over a Riemann
surface Xy with arbitrary trace. On the one hand, the trace of this connection defines a
meromorphic rank 1 connection (Lo, (p) = (det(Ep), tr(Vp)) over Xo. On the other hand,
we get a projective connection (Fy, Fy) = (P(Ey),P(Vp)) over Xy, which is given by a
(singular) Riccati foliation on the ruled surface P(Ey) — X (see [Heu09]).

(Eo, Vo) — { ((JI;O():](%))

Conversely, given a Riccati foliation (P, F), a rank 1 connection (L, () and a vector bundle
E over X such that P(E) = F, we can lift this Riccati foliation to a unique rank two
connection (E,V) with trace (L,(). One can see easily that our construction of the uni-
versal isomonodromic deformation for the tracefree case generalizes to a construction of
the universal isomonodromic deformation for the projective connnection (P, Fp). By com-
pactification of the underlying line bundle, the connection (Lo, {y) defines another Riccati
foliation on a ruled surface, and we can construct the universal isomonodromic deforma-
tion of the trace connection. The universal isomonodromic deformations of (Fy, Fp) and
(Lo, (o) then lift uniquely to a universal isomonodromic deformation of (Ey, Vj), which is



defined over a convenient base curve X — T'. Let us suppose that both {y and Fy have
the same polar divisor (counted with multiplicity) as V. Then the parameter space T
will have a natural product structure : one factor 7 comes from the deformation of the
punctured initial curve and will have dimension 3g — 3 + m. The deformation by local jets
of (Py, Fo) provides a second factor J of the parameter space, with dimension n—m. As for
the deformation by local jets of (Lg, (p), we get a supplementary factor J’ of the parameter
space, with dimension n —m. The parameter space T" then has dimension 3g — 3 4 2n —m.
The so-constructed isomonodromic deformation is the universal object of isomonodromic
deformations of (Ey, V() whose underlying trace-connections and Riccati foliations are lo-
cally constant. It is clear that these are isomonodromic deformations in the usual sense.
Conversely, for any isomonodromic deformation in the usual sense, the underlying trace-
connection and Riccati foliation are locally constant in a neighborhood of generic points
of the polar divisor. Here generic points are those where the order of the poles remains
constant. The flat connection given by

v = (1 )Y

xT

Py

over (C,0)% > (t,z) is an example of an isomonodromic deformation whose trace is not
locally constant at ¢ = 0. In [Pal99], J. Palmer gave a construction of the universal isomon-
odromic deformation for the genus 0 case, provided that the leading terms of the connection
matrices are non-resonant. As a consequence of their respective universal properties, the
construction described above is generically equivalent to Palmer’s construction in the rank
2 case.
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