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Abstract

This article investigates the long-time behaviour of parabolic scalar conservation laws of
the type dwu + divyA(y,u) — Ayu = 0, where y € R™ and the flux A is periodic in y. More
specifically, we consider the case when the initial data is an L' disturbance of a stationary
periodic solution. We show, under polynomial growth assumptions on the flux, that the
difference between u and the stationary solution vanishes for large times in L' norm. The
proof uses a self-similar change of variables which is well-suited for the analysis of the long
time behaviour of parabolic equations. Then, convergence in self-similar variables follows from
arguments from dynamical systems theory. One crucial point is to obtain compactness in L'
on the family of rescaled solutions; this is achieved by deriving uniform bounds in weighted
L? spaces.

Keywords. Long time asymptotics; parabolic scalar conservation law; asymptotic expansion;
moment estimates; homogenization.

AMS subject classifications. 35B35, 35B40, 35B27

1 Introduction
The goal of this article is to study the long time limit of solutions of the equation
O+ divy Ay, u) — Ayu =0, t>0, yeR"Y, (1)

where the flux A : RY x R — R¥ is assumed to be TV -periodic with respect to its first variable.
Here and in the rest of the article, TV denotes the N-dimensional torus, i.e. TV = (R/Z).

Classical results on scalar conservation laws (see for instance [[Ld, [L4]) ensure that the semi-
group associated with equation ([l]) is well-defined in L'(RV) 4 L>°(RY). The case when the initial
data belongs to U(y) + L*(R) (when N = 1), where U is a viscous shock profile of equation (fl]) has
already been dealt with in a previous article, see [ﬂ] In the present paper, we restrict our study
to the case when the inital data belongs to v(y) + L*(RY), where v is a given periodic stationary
solution of (fl)).

When the flux A is linear, say

Ay, uw) = aly)u,
this study coincides (at least for some particular functions «) with the one led by Adrien Blanchet,

Jean Dolbeault and Michal Kowalczyk in [E} on the large time behaviour of Brownian ratchets, as
we will explain in Remark [J. Tt is proved in [[f] that if the flux A is linear and if
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for some velocity ¢ € RN which will be defined later on (see (f])), then there exists a constant C'
and a number x € (0,1/2) such that
Mfoly) ( y—ct

/RN 1+ 2t)N/2 V142t

where fy is the solution of an elliptic equation in TV (see (E)), F' is a Gaussian profile, and M is
the mass of the initial disturbance, i.e.

o) = o)~ )‘dy <o, 3)

M = (uj4=0 — V).
RN

Unfortunately, as we explained in @], the above result does not imply that the same convergence
holds in the nonlinear case. Moreover, the proof of @], which is based on entropy dissipation
methods together with Log-Sobolev Poincaré inequalities, can hardly be transposed as such to a
nonlinear setting, although attempts in this direction have been made, see for instance [@] Hence
we have chosen here a slightly different approach, which enables us to extend some of the results
of [f] to a nonlinear context. Additionally, we recover a weaker version of the convergence (f), but
without the need for assumption (). In fact, we prove that () holds for a large class of initial
data in v + L*(RY).

The present work is also embedded in the broader study of the long time behaviour of conser-
vation laws. We refer the interested reader to the review paper by D. Serre [@] (and the references
therein) for a thorough description of the homogeneous case, in which the author investigates
the stability of stationary solutions of scalar conservation laws in various models (parabolic and
hyperbolic settings, relaxation models...)

Before stating the main results of this paper, let us now recall a few properties of equation ()
First, according to a result of [E], periodic stationary solutions of (EI) exist, provided the flux A
satisfies some growth assumptions. In fact, several different growth regimes were studied in [E], we
only recall one of them here, which is the most relevant with regards to our purposes. In the rest
of the article, we assume that A belongs to W2 (TN x R)Y, and that

loc
Jpo €R, Yy € TV, div,A(y,po) = 0. (4)

We also assume that there exists n € (0, (N + 2)/N) such that

VP >0, 3Cp >0, Y(p,q) € R*, |p| < P,

{ 10p Ay, p +q) — 3pAly, p)| < Cr(|al + g™, 5)
|divy A(y,p + q) — div, A(y, p)| < Cr(lql + lg]")-

These assumptions were introduced in [ﬂ, E] They ensure that for any ¢ € R, there exists a unique
periodic stationary solution of () with mean value ¢; we refer to [E] for a discussion of the optimality
of conditions (), (f). Moreover, if u is a solution of (EB with initial data uj,—q € v+ L' NL>®(RY),
where v € W1L°°(RY) is any stationary solution of ([f), then u € L®([0,00) x RY). This result
will be used several times in the article, and its proof is recalled in Appendix A.

We now introduce the profiles which characterize the asymptotic behaviour of the function w;
first, the function fy occurring in (f]) is the unique solution in H'(TV) of the equation

= Ay fo+divy(aifo) =0, (fo) =1, (6)

where a1 (y) = (0,A)(y,v(y)) € L=®(TN)N. Above and in the rest of the article, the notation (-)
stands for the average on the torus TV, that is



The drift velocity c is then defined by
C = N <041f0> . (7)

The last function which will appear in the asymptotic profile of u is the equivalent, in the non-linear
case, of the Gaussian profile F' occurring in (E), it is the unique solution, in a suitable functional
space, of an elliptic equation of the form

— Y 000y — diva(xFar) + a- Vo Fiy = 0in RY, with / Fy =M €R,
1<ij<N RN

where the coefficients 7; ; and a are constant, and the matrix (7; ;)1<i j<n is coercive. Unfortu-

nately, giving the precise definition of 7; ; and a would take us too far at this stage. We merely

recall that thanks to a result of J. Aguirre, M. Escobedo, and E. Zuazua (see [ﬂ]), the above
equation has a unique solution for all M € R, and we refer to the next section for more details.

The main result of this paper is the following:
Theorem 1. Let A € W) (TN x R)N, and assume that A satisfies ®. f-

Let v be a periodic stationary solution of ([l), and let uin; € v+ L'(RN). Let u be the unique
solution of (EI) with initial condition uj;—g = Win;. Set

M = /(uim- — ) dy.
R

Then as t — oo,

/.

Remark 1. In fact, the regularity assumptions on the flux A are not as stringent as stated in
the Theorem above. In particular, the conditions on the derivatives with respect to the space
variable y can be considerably reduced. When looking closely at the proof, the correct regularity
assumptions on A are

1 —ct
u(t,y) —v(y) — Wfo(y)FM (f//ﬁ) ’ dy — 0.

A LS. (TN xRN vk e{0,1, - ,4},
divy A, div, 95 A € LS. (TY x R).

Remark 2. Let us now make precise the link between brownian ratchets and equation () in the
linear case. In [E], A. Blanchet, J. Dolbeault and M. Kowalczyk study the long time behaviour of
the solution f = f(t,y) of the equation

atf = Ayf + ley(V1/)(y - Wt)f)a t> Oa Y € RN, (8)
with ¢ € C*(TV), w € RY. Setting
u(t,y) = f(t,y +wt) Vt>0, Vy € RY,

we see that u satisfies
Oyu + divy (a(y)u) — Ayu =0,

where the drift coefficient « is given by
ay) = —w = Vy(y). (9)

Hence the study of (§) and that of () in the linear case are closely related; they are strictly
equivalent in dimension one, since any function o € C!(T) can be decomposed as

oz_/Ta+<a—/Ta) :/Toz+8y¢, for some ¢ € C*(T).



The equivalence does not hold when N > 2, but in fact, all the results of [@} remain true for an
arbitrary drift o € C*(TV) (using exactly the same techniques as the ones developed in []). This
will be a consequence of the analysis we will perform in the next sections. The choice for a function
o with the structure (§f) stems from physical considerations (see [{]): equation (§) describes the
evolution of the density of particles in a traveling potential, moving with constant speed w.

In the course of the proof of Theorem m7 we will also prove that condition (E) holds for a large
class of initial data. The precise result is the following:

Proposition 1.1. Assume that the flur A is linear, and that wi,; € v+ L*(RY) is such that
B> N8, [ i) = o) P+ ) dy < o,
]RN

Let u be the unique solution of () with initial data w.n;. Then (P) is satisfied. As a consequence

(see {}]), @) holds.

Hence for linear fluxes and for a large range of initial data, a rate of convergence can be
given. The derivation of convergence rates in the non-linear case goes beyond the scope of this
article; in fact, the standard methods to derive convergence rates rely on the use of entropy-entropy
dissipation inequalities (see [E] in the case of the Burgers equation), which we have chosen not to
use here.

Another consequence of Theorem [I] is the stability of stationary shock profiles of equation ()
(see [[f]) in dimension one: a stationary shock profile is a stationary solution of () with N =1,
which is asymptotic as y — +00 to periodic stationary solutions of () It was proved in [ﬂ] that
the stability of shock profiles is a consequence of the stability of periodic stationary solutions. Thus
we have the following

Corollary 1.1. Assume that N = 1, and that the hypotheses of Theoreml] are satisfied. Let
U € L*®(R) be a stationary shock profile of (). Let win; € U + LY(R) such that

/R(uz‘m'—U):O,

and let u be the unique solution of (m) with initial data uin;. Then

i fu(t) = Ull L@y = 0.

The strategy of proof of Theoremﬂ is close to the one developed in [@]7 in which M. Escobedo
and E. Zuazua study the long time behaviour of a homogeneous version of (EI), we also refer the
interested reader to [@], in which M. Escobedo, J.L. Vazquez and E. Zuazua extend the analysis
performed in [[1J] to the case when the flux has sub-critical growth. The first step of the analysis
consists in a self-similar change of variables, which helps us to focus on the appropriate length
scales; this will be done in the next section, in which we also derive the equations on the limit
profiles fo and Fj;. Then, in section E, we obtain some compactness on the rescaled sequence
by deriving some uniform L? bounds in weighted spaces. Eventually, we conclude the proof in
Section | by using semi-group arguments inherited from dynamical systems theory.

Throughout the article, we will use the following notation: if ¢ € L2 (RY), we set, for all
p € [1,00),

LP(¢) == {u e L} (RY), /RN lu|Py < —I—oo} ,

1/p
o Julsy = [ tupw)

H'(¢) = {ue L*(¢), Vue L*(¥)},
and [[u|F1 ) = lullF2gg) + [ VullFagy)-



Sobolev spaces of the type W*P(y), H*(¢), with s € N arbitrary and p € [1, 00), are defined in a
similar fashion. When we write |lul|p, or ||ul|L», without specifying a weight function, we always
refer to the usual LP norm in RY with respect to the Lebesgue measure (i.e. 1 = 1).

2 The homogenized system

The goal of this section is to analyze the expected asymptotic behaviour of the solution wu(t) of
equation (m)7 to that end, we change the space and time variables and introduce a parabolic scaling,
which is appropriate for the study of the long time behaviour of diffusion equations. Then, using
a two-scale Ansatz in space and time which was introduced in @], we construct an approximate
solution of the rescaled system. Eventually, we recall and derive several properties of the limit
system.

2.1 Parabolic scaling
Consider the solution u € L{2 ([0, 00) x RY) of (l]), with uj;—g = uin; € v+ L* N L®(RY). Tt is a

loc
classical feature of scalar conservation laws that the semi-group associated with (m) is contractant

in Ll(RN). Hence, for all ¢ > 0, u(t) € v+ L1(RJ\/)7 and
lu(t) —vll1 < [|wini —v|1.

Thus it is natural to compute the equation satisfied by f(t) = u(t) —v € LY(RY): since v is a
stationary solution of (), there holds

of +divyBy, f) —Ayf =0, t>0,ycRY,
where the flux B is defined by
By, f) = Aly,v(y) + f) — A(y,v(y)), V(y,f) € T xR.

The flux B(y, f) vanishes at f = 0, for all f. Moreover, if the flux A satisfies the assumptions of
Theorem [l there exists a; € C*(TN) and By € C(TV x R) such that

B(yuf) :al(y)f+-§1(y7f)u

and the flux Bl is such that

VX >0, 3Cx >0, Vf € [-X,X], Vy € TV,

Bu(y. /)| < CxIfI*.

At some point in the proof, we will need a more refined approximation of B in a neighbourhood
of f = 0; we thus also introduce ag, a3 € L>®(TV), By € L>(T" x R) such that

By, f) = a1(y)f + a2(y) f* + as(y) f* + Bs(y, f),

and the flux Bs is such that for all X > 0, there exists a constant Cx > 0, such that for all
fe[-X,X], forall y e TV,

|Bo(w. )| < oxli 1,
[divy By(y. )| < OxlfI"
0 Bay. )| < Cxlf1

The existence of «; (i = 1,2,3) and the bounds on El, B are ensured by the assumption that
A € W5 (TN x R). Notice in particular that

a1(y) = By, f)jj=0 = (0pA)(y, v(y)), Vye TV



As explained in [@], the interplay between the diffusion and the drift a; induces a displacement
of the center of mass. In the linear case, that is, when By = 0, the evolution of the center of mass
can be computed as follows: since the function f satisfies

O f + divy(alf) —Ayf =0,

there holds

% e yf(ty)dy = N/RN ar(y)f(t,y) dy.

Now, for t > 0,y € TV, set

fity)= > flt,y+k).

kezN

Since the function «; is periodic, f satisfies

Of +divy(arf) —A,f=0, t>0, yeTV,

[t [ .

Using Lemma 1.1 of [@] together with a Poincaré inequality on the torus T¥, it can be easily

and we have, for all ¢t > 0,

proved that as t — oo, f(t) converges with exponential speed in L*(TV) towards < f > fo, where fo
is the unique solution of (fj). Additionally, notice that

()= Ut+m=] f=m.

keZN RY
Consequently, setting
c:=N <a1 f0>
we infer that in the linear case,
d .
pn (y—ct)f — 0 exponentially fast.
R

In fact, it turns out that the nonlinearity has no effect on this displacement, although this is
not quite clear if we try to include the quadratic term B; in the above calculation. We will justify
this result by formal calculations in the next paragraph. Nonetheless, it can be proved in the case
N =1 (see for instance [[) that when || fo||1 is not too large,

/
5@ < O g5 0

and more generally, the L norm of f(t) vanishes for all p € (1,00]. This somehow explains
why the quadratic term does not modify the motion of the center of mass for large times: the
term Bj(-, f(t,-)) vanishes in L'(R) as t — oco. Hence, hereinafter, we choose to make in the
general case the same change of variables as the one dictated by the linear case. Precisely, let
U € L ([0,00) x RY) such that

loc
y—ct
V1+2¢

This change of variables is classical in the study of long-time parabolic dynamics, see for instance
[@] In the present case, our change of variables is exactly the same as in [@], straightforward
calculations lead to

1
flt,y) = WU <10g\/1+2t, ), t>0, yc RN, (10)

0:U — div,(zU) + Rdiv,((a1(z) — o)U) — AU = —RN*div, B, (z, %) , (11)



with 7 > 0, z € RY, and where

R? -1
R=¢" and z2=Rx+c 5

Studying the long time behaviour of f amounts to studying the long time behaviour of U. Now,
as 7 — 00, the quantity R becomes very large, and thus the variable z is highly oscillating.
Hence, as emphasized in @], the asymptotic study of equation (DI) somehow falls into the scope
of homogenization theory; the small parameter measuring the period of the oscillations is then
e = R~! = e~". However, one substantial difference with classical homogenization problems is that
the small parameter depends on time, which sometimes makes the proofs much more technical.
We refer to [ for more details.

Let us also mention that the homogenization of equation (EI) with a “fixed” small parameter,
and when the quadratic flux By vanishes, has been performed by Thierry Goudon and Frédéric
Poupaud in . As a consequence, the formal asymptotic expansions which will be performed in
the next section are in fact very close to the ones of []E]

2.2 Formal derivation of the limit system

As usual in homogenization problems (see [E] for instance), the idea is now to assume that the
solution U of () admits an asymptotic development in powers of the small parameter measuring
the period of the oscillations; in the present case, the small parameter is e™7, so that we expect
the approximation to be valid for large times only. Hence, assume that when 7> 1,

U(r,2) = Uo (,2,2) + ¢ UL (1,2, 2) + e *TUa (1,2, 2) + -+ (12)

where 2z = €7z + ¢(e?” — 1)/2 stands for the fast variable and where for all (7,z) € Ry x RY the
function
z—Ui(T,x,2)

is TN -periodic. Plugging the Ansatz ([[J) into equation ([LI]) and identifying the powers of R = e7
leads to a cascade of equations on the terms Uy, Uy, etc. Notice that according to Lemma A.1 in
the Appendix, f € L°°([0,00) x RY), and thus U/RY is bounded in L.

e Terms of order R?: Identifying the highest order terms in equation (@) when U is given by

(L) leads to
c-V.Up+div,((a; — e)Up) — AUy = =AUy + div(a1Up) =0, =z TV,

We recall the following result, which is a straightforward consequence of the Krein-Rutman Theo-
rem (see [f]):

Lemma 2.1. Let a € L=(TV). Consider the vector space
Elo] == {we H(TY), —A.w + div.(aw) = 0} .

Then dimE[a] = 1, and there exists a unique function m € E[a] such that (m) = 1.
Moreover, m € WYP(TN) for all p < oo, and

inf m > 0.
zeTN

In the present case, Ela;] = Rfy, where fy is defined by (). Hence there exists a function
F = F(7,x) such that

Uo(r,2,2) = fo(2)F(1,2) V(r,2,2) € [0,00) x RN x TV, (13)



e Terms of order R': Concerning the terms of order R' = €7, the case when the space dimension
is equal to one has to be treated separately. Indeed,

RN*div, B, <z, %) = R Ndiv,(aeU?) + R* 2N div,(a3U?)
+RN*'div, B <z, R%) ,
and using the bounds on Bs,

o= U - U - U
RN*1div, Bs <z W) = RN(div.Bs) <z R—N) + RV,U - (Ou Bs) (z R—N)
_ O(R73N) + O(R73N+2) _ O(Ril).

We infer that if U is given by ([12),

. U
RN*div, B, (zﬁ) = R* Ndiv,(auU}) (14)
+ RN [divy(aeUs) + 2div. (asUgUy)] (15)
+ R*Ndiv,(a3Ud)
+ O(R™).

Consequently, we obtain that when N > 2, the term U; solves the equation

N

2
— AUy +div,(a1U1) = —=div,((a1 — ¢)Up) + 22 "o
i=1

(16)

Since Uy (¢, x,z) = fo(2)F(t,x), we have
((ar = )Uo(t,w,)) = F(t,x) ({ea fo) —¢) =0

by definition of ¢. Hence the right-hand side of (E) has zero mean value, and the compatibility
condition is satisfied. Thus for all (£,z) € [0,00) x RV, ([[d) has a unique solution in H!(TM).
Moreover, using the linearity of () together with the expression (E), we infer that U; can be
written as

Ur(t, @, z) = f1(z) - Vo F (2, 2), (17)
where f; € H'(TN)V satisfies

- Azfl,i + din(Oélfl,i) = —fo(Oél,i - Ci) + 23zif0, Vi € {1, t aN}' (18)

Notice that according to the regularity assumptions on the flux A, the function a; belongs to
Whee(TN); thus fo € W2P(TV) for all p < oo, and therefore f; € W2P(TV) for all p < co. In
particular, fi, fo € WHo(TV).

If N =1, on the other hand, the corrector U; solves the equation

92Uy

- 0,,U; + ZL(alUl) = —893((041 — C)Uo) + 2(91[:(92 —

0. (axU?). (19)

Notice that the compatibility condition is satisfied, for the same reason as before. Hence in this
case,

Ui(t,z,2) = f1(2)0.F(t,x) + g1(2)F(t, z)?, (20)

where g; € H(T) solves
_Azgl + 8z(algl) = _8Z(a2(f0)2)'



The fact that the compatibility condition is satisfied in all cases justifies the use of the change
of variables (@) in the nonlinear case. This means that, at least on a formal level, the displacement
of the center of mass of the function f is unaffected by the presence of the quadratic term Bj.

e Terms of order R’: As we identify the terms of order one in equation (@), we obtain

_AZU2+diV(OélU2) (21)
82

= —0;Up+ div,(2Up) + AUy — divy((aq — ¢)Uy) +2Zax-8 :

+Anr,

where the term Ay, stems from the expansion of the nonlinear term El. According to (E)7 we

have
AN = O (2UZ) 4 20, (aaUpUy) + 0, (a3U3) if N =1,

Ay = div, (aUZ) if N =2,
Anp, =0 if N > 3.

The evolution equation for the function F' follows from the compatibility condition; precisely, we

obtain
o F — lem(,TF) — AL F +div, <(041 - C)U1> - <~ANL> =0.

We now distinguish between the cases N > 2 and N = 1.
>If N > 2, (Anz) = 0; using ([17), we infer that F satisfies

0-F — divy(xF) — Y nw@ =0, 7>0, z€RY with N >2, (22)
T

1<i,j<N

8333

where the coefficients (1; ;)1<; j<n are given by

Mij = 0ij — (@i = ¢i)fij)-
The following Lemma entails that equation (RJ) is well-posed (see also Lemma P.1)):
Lemma 2.2. The matriz 1 := (1;,;)1<ij<N 1S coercive.

Lemma @ is proved in [@] in dimension N, and its proof is recalled in [@] when N = 1. For the
reader’s convenience, we sketch the main steps of the proof here, and we refer to [@], Proposition
4.6 for details.

Proof. Let L be the differential operator
Ly =—-A.¢+div, (a1¢)'
The idea is to introduce, for all j € {1,---, N}, the function yx; which solves the adjoint problem

L*x; = —Doxj — o1 Vaxg =y — ¢, (x5) =0

Since the right-hand side satisfies ((a1,; — ¢;)¥) = 0 for all ¥ € ker L = Ry, the function x; is
well-defined. For all £ € RY, we have

Z (i —ci)fijn&& = (L'(x-9f-8)
| = € (ol — ) €42V fo )
= —(fox &L (x - &) + (2x-&Vafo- &)
= —(L(fox - &x &) —2(fo& - Va(x-€)).



Expanding L(fox - ) and using the identity Lfy = 0 leads to

(L(fox - €x &) = (Fol V-0 O ).
Hence

S mabts = KR+ (foIVa(xOP) +2(fof - Talx-6))

1<i,j<N
= (fole+V.(x-0F).

We deduce that
> omi&g >0 VEeRY.

1<4,j<N

Now, let £ € RY such that > n; ;&€& = 0. Since fo(z) > 0 for all z, we infer that
E+V.(x-6)=0 VzeTV.

Taking the average of the above inequality on TV leads to & = 0. Hence the matrix (n; ;) is
coercive. O

> If N =1, we have
(AnL) = 0p (@2UG) = (aaf3) 0, F*.

Moreover, in this case U; is given by (R(); hence
(div,((c1 — e)U1)) = (o1 — €) f1) OpuF + (a1 — €)g1) 0. F2.
Consequently, the compatibility condition reads
0;F — 0p(xF) + a0, F? — 0y F =0, 7>0, z €R, (23)

where the coefficients a,n are given by

a:=(a2f§) + (a1 = )g1)

ni=1-{(la1—c)f1).

Lemma E states that the diffusion coefficient 7 is positive.

This completes the formal derivation of an approximate solution. In the following paragraphs,
we recall or prove several results concerning the well-posedness and the long time behaviour of
equations (@) and () We will often refer to the equation on F' as the “homogenized equation”;
this term denotes equation (RJ) when N > 2, and (R3) when N = 1.

2.3 Existence and uniqueness of stationary solutions

This paragraph is concerned with the existence and uniqueness (in suitable functional spaces) of
stationary solutions of the homogenized equations (RJ) and (2J). In the case when N = 1, or when
(mi,5)1<i,j<n = Al for some A > 0, such results are stated in [[l]. In the general case, we merely use
a linear change of variables, and the problem is then reduced to the case of an isotropic diffusion.

Lemma 2.3. Assume that N > 2. For v > 0, set 1, : & € RN — exp(vy|z|?). Then there exists
v > 0 such that for all M € R, there exists a unique function Fay € H'(¢.,) satisfying
— Z ni,j(?iajFM — lem(LL'FM) = O, / FM = M. (24)
1<i,j<N RN

Furthermore, the following properties hold:

10



(i) For all M € R, Fry = Mhq;
(i) ha € W2PNC®(RYN) for all p € [1,00), and hy € H?(¢),);
(iii) hi(z) > 0 for all z € RN,

Proof. The idea is to perform an affine change of variables in order to transform the diffusion term
into a laplacian. Precisely, set

1<i,j<N.

Then the matrix S = (s; ;) is symmetric and positive definite (see Lemma P.9); hence there exists
an orthogonal matrix O € M, (R) and positive numbers A; such that

S = OTDiag(Ai,---,An)O.
Let us change the variables by setting
x =Py, with P:=0TDiag(A[/%,---, AN?), (25)
and for any function F € L1(RY), define
F(y) = F(Py).

It can be readily checked that for all 2 € RV,
9*F O*F
E ii A A () = E 7] p!
- Mi,j 01,0z (z) . "’”aykayl( x)

where the coefficients 7, are given by

g = > (P ea(P igsiy = (PTHS(P™H) )k

2%

Using the definitions of the matrices P and S, we infer that
=P lS(PHT =Iy.

Thus the diffusion term is transformed into a laplacian with this change of variables.
Let us now compute the drift term. We have

and, denoting by (eq,--- ,exn) the canonical basis of RV,
oF(x) 0 ~ .

= (Ple)-V,F(P '),

Thus, always setting x = Py,

N
- VeF(@) = Y (Py)(Pe) -V, F ()
=1 N )
= |p! (Z(RM&) VyF(y)

11



Notice that this property is in fact independent of the definition of the matrix P. Consequently,
Fir is a solution of (P4) if and only if Fi, satisfies

—AyFM - dlvy(yFM) = 0, / FM = (det S)il/zM.
RN

The only solutions of the above equation in H!(R¥) are Gaussian functions. Hence there exists a
unique solution of (24) in H'(RN) for all M, and this solution is given by

1
Fy(x) = CM exp (§|P1x|2) ,
where the positive constant C' is a normalization factor. Moreover,
2
|P~z|? = ‘Diag (A;1/2, e ,)\;,1/2) Oa:’ ,

and thus, since |Oz|* = |z|?,
~1/2 —1/2
( max )\i> lz|?2 < |P71z)? < ( min )\i) |z|2.
1<i<N 1<i<N

All the properties of the lemma follow, with

—-1/2

v<2 ( max )\i> .
1<i<N

O

In the case when N = 1, the existence of a stationary solution is treated in ] Hence we merely

recall the main results of [EI] in that regard.

Lemma 2.4 (Aguirre, Escobedo, Zuazua). Let M € R be arbitrary, and let a € R, n > 0. Let

v= (27"
Then there exists a unique function Fyy € Hl(wy) which satisfies

—N0peFrr — Ou(xFyr) + ad, Fyp = 0, / Fy = M.
R

Moreover, Fa; enjoys the following properties:
(i) Fap € W2PNC®(R) for all p € [1,00), and Fa € H?(1,);
(i) If M > 0, then Fpr(z) > 0 for all z € RV.

We deduce from the above Lemma that if v/ <, then there exists a constant C./ such that
Far(@)], 0. Far ()| < C exp(—v'a%) Va € R.

Indeed, since Fiy € H?(¢).), it can be easily proved that Fatp, € H*(R) for all v/ < . Sobolev
embeddings then imply that Fprep,, € WH(R).
The existence of stationary solutions of (é) and (@) is now ensured. We now tackle the study
of the properties of equations (@) and (E), focusing in particular on the long-time behaviour and
on regularity issues.
We begin with a definition of the weight function K € C>(RY), which plays a central role in
the theory of existence. We use the change of variables (E), which was introduced in the proof

12



of Lemma P.3. This allows us to transform the matrix (1; ;) into the identity matrix. For ¢ > 0,
y € RN, set F(t,y) = F(t, Py). If F is a solution of (PJ), then F solves

O, F — div, (yF) — A,F = 0.

Consequently, the results of [@] can be directly applied to F, for which existence is proved in the
functional space L?(Kj), where Ko(y) = exp(y?/2). Performing the inverse change of variables, it
is clear that the relevant weight function is given by

K(z) = Ko(P~'z) = exp ('P_;”'Q) .

Notice that by definition of the matrix P, there exist positive constants ~y,~’ such that
1,.2 2 N
exp(Yz?) < K(z) < exp(yz®) Vo e RY.

When N =1, the weight function K is given by

K(z) = exp <%) .

We immediately deduce from ] the following Proposition:

Proposition 2.1. Let F;,,; € L®°(RY) N L3(K). Then the homogenized problem has a unique
solution

F € C([0,00), L*(K)) N C((0,00), H*(K)) N C'((0, 00), L*(K))

such that Fiy—g = Fin;.
Moreover,
Jim ([ F(#) = Fl| 22 vy =0,

where Fyy is the unique stationary solution of the homogenized problem with mass M = fRN Fini.

Consequently, the homogenized equations (P3) and (29) are well posed. We conclude this section
by stating a result on the construction of an approximate solution:

Definition 2.1. Let F € C([0,00, L?(K))NC((0,00), H*(K)). We define the approzimate solution
of (IA]) associated with F by

UP[F|(r,z;R) = Uy (1,2,2) + R™'U; (1,2,2) + R™2Us (1, 2, 2)

with >0, 2 €RY, R>0 and z := Rr + CR22_1, and where
o Uy is defined by ([L3);
o Uy is defined by ([7) if N > 2 and by (RQ) if N = 1;
o U, is defined by

—AZUQ + diV(OélUg) = (fQ(Z) — 1) [—67—F + lem(LL'F) + AmF]
+ <diVm((041 - C)U1)> - diVm((Oél — C)Ul)
+2i 82U1 + AN — <ANL> .
= 81?1821

13



Notice that we do not require, in the above definition, that F is a solution of (R3) or (B3); hence
the right-hand side in the equation on Us is slightly modified, so that the compatibility condition
is satisfied and Uy is well-defined. Of course, if F is a solution of (R3) or (B2), the equation on U,

becomes (PI]).

We then have the following result:
Lemma 2.5. 1. Let M € R be arbitrary. Define the function U € L>=([0,00) NRY)) by

U(r,x) := UPP[Fp] (1,2;€7).
Then U is a solution of

0:U — divy (2U) — AyU + Rdiv,((aq(2) — )U) =

~ U
= —RN+1disz1 <z, R—N> + U™,

where the remainder term U™™ is such that there exist C > 0, v > 0 such that

10| s ooty + 10 () | ey < Ce™ ¥ 2 0.

2. Let Fypi € L¥(RYN) N LA(K), and let F € C([0,00), L?(K)) be the unique solution of the
homogenized equation such that Fy—o = Fin;. Let p € C5°(RY) be a mollifying kernel (p > 0,
Jp=1), and let Fs := F , ps, where ps =6~ p(-/4), for 6 > 0.

Let (Tp)n>0 be a sequence of positive numbers such that lim 7, = +00. Forn € N;d > 0,

n—oo

define the function uS by
up (@) = UPP[Fs] (1, ;¢™%7), z €RY, >0,

2
R2—1

Then ufl satisfies, with R, = ™" and z, = R,z + ¢ —

87.qu - divz(:zrufl) + Rpdive (a1 (zn) — c)u‘s) - Axufl =

6
= —Rg-ﬁ-ldiszl <Z, R—Z) + ri,
where the remainder term 10 satisfies, for all T > 0,
HTZHqumTLLwRN» <wr(d) + Csre ™,

where wr : Ry — Ry is a function depending only on T such that limg+ wr = 0.

The proof of the above Lemma follows the calculations of the first paragraph; the proof is
lengthy but straightforward, and is therefore left to the reader. The fact that U™ has exponential
decay is a consequence of Lemmas @7 @

3 Weighted L? bounds for the rescaled equation
As explained in the previous section, we choose to work with the rescaled equation (Il—_]l) rather

than with the original one (m) In fact, it can be easily checked that Theorem m is equivalent to
the following Proposition:

14



Proposition 3.1. Let Uin; € LY(RY), and let M := [x Uini.
Let U € C([0,00), LY(RN)) be the unique solution of (L)) with initial data Uj,—g = Uin;. Then

2T__1
lim U(r,z) — fo (eT;v + S ) Fy(x)

dx =0,

where the speed c is defined by (), and Fyy € LY(RYN) is the unique stationary solution of the
homogenized equation (R9), (B) with total mass M.

In turn, since the function fo € L>°(TY) is such that infp~x fo > 0, the above statement is
equivalent to
Jim [[V(7) = Full 22 vy =0,

where the function V = V (1, z) is defined by

U(r,x)

1% y = T )
(r,) fo (eTx + el 2_1)

>0, z€RY. (26)

The proof of Proposition @ consists of essentially two steps: first, we prove compactness
properties in LY(RY) for the family (V(7)),>0. To that end, we derive uniform bounds with
respect to 7 in weighted L? spaces; this step will be achieved in the current section. Then, we
prove in the next section, using techniques inherited from dynamical systems theory, that the limit
of any converging sequence V' (7,,) is equal to Fs. As emphasized in the introduction, the proof of
convergence relies on rather abstract arguments, and thus does not yield any rate of convergence
in general. However, when the flux A is linear, the weighted L? bounds allow us to prove that the
family U(7) has uniformly bounded moments of order four, and thus (fJ) holds. As proved in [],
the convergence stated in Theorem [l then takes place with algebraic rate.

The main result of this section is the following:

Proposition 3.2. Let U;,; € L*N L2 (RY), and let U € C([0,0), L*(RY)) be the unique solution
of (@) with initial data Uj;—g = Uini. Let m > 2(N + 1) be arbitrary, and assume that

[ i@ 1+ o272 ds < 4.
RN
Then there exists a constant C,, > 0 (depending only on m, N, and on the flur A) such that if

Uinillzr < Con, then
sup/ |V(7-,x)|2(1+|x|2)m/2 di < 400,
RN

T7>0

T+1
sup/ / V.V (s, ) dr ds < +oo.
>0Jr RN

(27)

As a consequence, there exists a sequence (1,,) of positive numbers such that 7, € [n,n + 1] for all
n, and such that the sequence (V (7, ))n>0 is compact in L*(RY).
Moreover, if the flux A is linear, then Cp, = 400 for all m > 2(N + 1).

Before proving the bounds (R1), we explain how they entail the existence of a converging
sequence. Thus we admit that (R7) holds for the time being. First, for any X > 1, 7 > 0, we have

/ V(r )| do
|z|>X

1/2 1/2
(/ |V (T, :E)|2(1 + |x|2)m/2 d:c) </ 1+ |x|2)7m/2 dI)
|z|>X 2| >X

1/2
CXxX(N=m)/2 <sup/ |V (r,2)*(1 + |a:|2)m/2 da:> )
7>0 JRN

IN

IN
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Since m > N, we infer that the family {V (7, x)},>0 is equi-integrable.
Moreover, let K C RY be an arbitrary compact set, and let h € RY be arbitrary, with |h| < 1.
Let
K:={zecRY, d(z,K)<1}.

The set K is clearly compact. Then

/ [V(r,z+h) —V(r,x)| dx
K

IN

1
|h|// VV|(r, 2 + AR) dA da
K J0o

IN

. 1/2
|h|/ YV (7, 2)| dz < |h]|K]/2 (/ |V1V(T,x)|2d:z:> .
K RN

Now, for all n € N, there exists 7,, € [n,n + 1] such that

n+1
/ VoV (T, z)|* dz < / / V.V (s,2)|* dz ds.
RN n RN

Consequently, there exists a constant C, depending only on K and on the bounds on V in
L2 ([0,00), H'), such that

loc
Vn € N, / [V (tn,x + h) = V(m,z)| de < Clh|.
K
Hence the sequence {V (7, ) }n>0 is equi-continuous in L!(RY).
Notice also that

| Uinillx
infTN fo n>0 - infTN fo.

sup ||V ()| 12 < sup [|U (7)1 <
n>0

Thus the sequence {V (7, %) }n>0 is bounded in L(RY).
According to classical results of functional analysis (see for instance [[f]), we infer that the
sequence (V(7,,))n>0 is compact in L.

The rest of the section is devoted to the proof of the bounds (P7). We first prove that
V € L2 ([0,00), L2((1 + |x|?)™/2)). Then, using the construction of approximate solutions of ([
performed in the previous section, we derive an energy inequality on the function V. Carefully
controlling the non-linear terms appearing in this energy inequality, we are led to (7).

Before addressing the proof, we recall a result which will play a key role in several arguments:
since U;p; € L= N LY(RY), there exists a positive constant C, depending only on the flux A and
on ||Uinill1, ||Uinillco, such that

JU() | ey < CeM™. (28)

Indeed, performing backwards the parabolic scaling ), it turns out that this inequality is equiv-
alent to the boundedness of u in L>°([0,00) x RN), where u is the solution of () with initial data
v 4+ Ujps. And the L bound on u follows from Lemma A.1 in the Appendix.

First step: the family V(7) is locally bounded in L?((1 + |z|?)"/?).
This amounts in fact to proving that U € L ([0, 00), L2((1 + |z|2)™/2)). Hence, multiply ([L1))

loc

by U(r,z)(1 4 |z|?)™/? and integrate with respect to the variable z. Always with the notation
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R=¢",2=Rx+ 0322,17 this leads to

1d
2d7’ RN

= —/ |VmU|2(1—|—|x|2)m/2d:c—m/ (z -V U U1+ |z|2)~H™/2 dz
RN RN

U, 2)] (1 + [«f*)™/ 2 d (29)

1
! / (- Vo UP)(A + 22y dx — m / ORI+ af) 2 da
RN RN

2
U(r,x) U(r,x)
N+1 ’ ’ 2\m/2
—RNT /RN [B(z, 7N )—c v | VUL + o) 2 dy
o [ (- 252) - L e

Since U(7)/RY is bounded (see (RJ)), there exists a constant C' such that

U(r, )]
<O

’B (Rx+CR2—1 U(T,:E)) U

2 ' RN RN

Moreover,
o1+ J22) 772|221+ J2f2) 72| < (L4 22"/ Ve e RY.

Hence, using the Cauchy-Schwarz inequality, we infer that the last two terms in (E) are bounded
by
1
4 / [VaUP (1 [af?)™/2 do + CR? / U2(1+ [af)™/2 da.
4 RN RN

On the other hand,

/ (- Vo |UP) (1 + |22)"/? da
RN

- ’/ |U|2(N(l—i—|x|2)m/2+mx2(1+|x|2)_1+m/2> dz
]RN

IN

c/ UL+ |af*)™/? da.
RN

Gathering all the terms, we obtain

4
dr RN

< —/ |VwU(T,x)|2(1+|x|2)m/2dx+Ce2T/ U (r,2) (1 + |2[2)™ 2da.
RN RN

U (r,2)P(1+ |2*)™/?de

Using Gronwall’s Lemma, we deduce that

U € Lz (0,00), LA((1 + o)™2),  V,U € LE([0,00), LA(1 + af2)™/2)).

Second step: The energy inequality.

The idea here is the following: assume momentarily that the flux B is linear, that is, B; = 0.
Let ¢ € L>([0,00) x RY) be a solution of ([L]) such that ¢(r,z) > 0 for all 7, z. Then, according
to [[[7), for any convex function H € C%(R), we have

i fveon (G e== [ (o) 7

2
dx.

17



Taking H : z € R — 22, we infer that

dz
su U(r,z)]?—— < +o0.
awp [ W)
Hence, if 1(x) behaves like (1 + |z[%)~™/2 for |z| large, the L? bound in ([B7) is proved.

Thus, the goal of this step is to build a positive function U, which behaves like (1 + |z|?)~™/?
for |x| large, and which is an approximate solution of the linear part of (@), with remainder terms
of order one. Using calculations similar to the ones led in [@], we then derive an inequality on the

U(r,z)

energy
/RN U(r,x)

From now on, we no longer assume that B, =0.
The definition of U is inspired from the construction of an approximate solution in the previous
paragraph. Precisely, we set

2 ~
U(r,x).

627'

0(7’, ) = fo(2)hm(z) + e f1(2) - Viehm(z), 720, z€ RN, z=¢"z+4¢ 5

where the function f; € W2 (TN)N is defined by ([l), and where

hn () = (L + [af) /2.
Remember that infr~y fo > 0; since

x
Vaihm = —m——-="hpy, RN,

@) = —mi ve

we deduce that there exists 79 > 0 (depending on m), such that
1 .
0< §f0(z)hm(:v) <U(r,2) < 2f0(2)hm(z) Yy eRY, 7> 7. (30)

We now compute, for 7 > 79, the rate of growth (or decay) of the energy [ |U[|2U~". Using equation
(7)) and performing several integrations by parts, we obtain

2

4 [{(T’ 2) Ul(r, x) dz
dr g~ U(T,ZZ?)
2
= —2/ Ve [{(T’ 2) Ul(r, ) dz
RN U(r,x)
U(r,z) | . - - -
+/]RN Tirn) {—&-U—l— AU + div, (2U) — e"div, ((al(z) — c)U)} dx
—|—2€(N+1)T/ Bl (z, ulr, x)) -V, ({(T’ x) dz.
RN eNT U(r,x)

By definition of U, we have
—0,U + AU + div, (zU) — e"div, ((al(z) - c)ﬁ)

Of1i,  0%hm(x)

= divy(zhm)fo(2) + fo(2)Azhm(x) + 2 0z, (2 O0x;0x;

1<ij<N

2hon (2
- ¥ [(al,i—cz-)fm](z)%

1<ij<N

. 0 Php(x)
+e Z fu(Z) la—% (Ijazih’m(x)) + W] )

1<i,j<N
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where
e?m — 1

2

z=¢e x+c

Notice that
m

(1+ |o[)t*5°
and there exists a constant C' (depending on m and N) such that for all ¢,5 € {1,--- , N},

divy (zhm(z)) = (N — m)hp,(z) +

1
1+ |zt
P ()
8961»8:10?

2R ()
8xi8xj
hon ()
6:101-6:1%»

|Vahm ()] + ‘|x| < Chp ().

Hence we infer (remember that N —m < 0 and that inequality (B() holds)

—0,U + AU + div, (2U) — e"div, ((al(z) - c)ﬁ)
1

< (N =m)fo(2)hm(x) + Ce™ Thm(x) + CW

N—m
4

1

< L | oL m
: 1+ P %

U(T, z)+C

for all 7 > 79, provided 79 is chosen sufficiently large.
On the other hand, since the flux B; is quadratic near the origin and U/e

have
e(N+1)T/ B (Z, U(]T\; x)) v, ({(T, ) d:v’
RN eNT

N7 is bounded, we

U(r,x)
< Ce(l_N)T/ \U(r,z)|? Vw({(T’x) dx.
RN U(T,.I)
Gathering all the terms, we obtain
d Ul? - - N Ul® - Ul? -
B O e e U+2/ V| U (31)
dT RN U 4 RN RN U
2
- C/ ([{(,x)) dx L (32)
v \U(z) /) (L [2[?)F72
+Ce(1’N)T/ U (-, )2 vm({("x) dz. (33)
RN U(,.I)

Notice that when the flux A is linear, the term (BJ) is zero.

Third step: control of the term (B2).

Set ¢ := U/U; then according to the first step, ¢ € L ([70,00), L*(hm))NLY, . ([10, 00), H (hm)).
Moreover,

v(¢2hm) =20h, Vo + ¢2th;

since |Vhy,| < mhpy,, we deduce that ¢?h,, € L _([10,00), WHL(RY)), and thus, using Sobolev
embeddings, ¢*h., € LL ([r0,00), LP" (RY)), where p* := N/(N — 1) if N > 2, and p* = +oo if
N = 1. Additionally, the following inequality holds: there exists a constant C', depending only on
N, such that for all 7 > r

16 o (7) | £o* (v

IN

ClIV (¢ b (7)) | L1 ()
Cllo(M) 2 (h) IV S| 22 (1) + Cll(T) 12201,

IN
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We use the above inequality in order to control the term (B3). First, let us write
[ omara+iap) (08 a
RN
a b
= [ (F )" (el
RN

{ 2a+b=2
moym_m
g 05 2
which leads to a = 1 — %, b= %. Notice that a,b € (0,1), provided m is large enough (m > 4,
which is always satisfied if m > 2(N + 1)).
Then, using Holder’s inequality, we infer

where the exponents a, b satisfy

[P+ o) 0+%) do
RN

< SOl o gy 19 Bl 1 ey
where the parameter p is given by

1—
1—

e

p:a(l—b)_lz

3e

Notice that p is always larger than one. In order to be able to interpolate L? between L' and L?",
p must also be smaller than p*; if N = 1, p* = oo, and thus we always have p < p*. If N > 2
this condition amounts to m > 2(N + 1); we assume that m always satisfies this assumption in the
sequel.

Now, let 6 € (0,1) such that

p 1 p
using once again Holder’s inequality, we obtain

[ ot jop) (002 do
RN
a a(l—6
162 R 19416215 | S 1% 1 v

a@-l—al;e a(l—
Cllghml| 70" T 1Vl 5ot N 6P 51 e
+C|6* hun | E1 [ Dhm| 71 v -

IN

IN

If N =1, then # = p~ !, and straightforward computations lead to

1-46 3 2
—1-—, a(l-9)=—.

m

al +a

Hence, using Young’s inequality, we deduce that for all A > 0, there exists a constant C\ such that

[ 16, 0P0 + a2
RN

< MNP (Dhmllr + MV Z2n,.) + CAlS(T) |11 ) (34)
If N > 2, the calculations are similar and lead to
1-6 N+ 2 2N
ab +a =1- + , a(l—0)=—.
2 m m
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Hence @) is also valid in this case.
Using inequality () and choosing the parameter A small enough leads eventually to

U(TH%/RN

2

2 2

m-N 0(r) (35)

® < "

+C<Agﬂﬂﬂxﬂm

U(r)
0(r)

v
U(r)

for all 7 > 7.

Fourth step: control of the term (B3).

Remark 3. We recall that (B3)=0 if the flux A is linear. Hence this step is required only in the
nonlinear case.

Using inequality (), we infer that there exists a constant C' such that

E<c [ W

RN

v Ura)

U(r,z)

From now on, we treat the cases N =1, N =2, and N > 3 separately, and we set ¢ = U/ﬁ

‘ dx.

e If N =1, we have, for all 7 > 7,

[ ot o, 20

dx

N “U(r,z)
< ¢ [ (0u0mmif?) (@) (621
R
e TP T T W
< OI8O n IV Gy [0 (6720hm) |, -
Moreover,
3/2 _ 3.1 3/2
0 (6920 ) = 56" 2 hns6 = 6 20shim,
2
and thus 1o
32 < h 5 - 2 2 .
[0 (62h00)] . gy < BB (W00l 12010 + 1 2201,0)

Eventually, we obtain, using once again (B()),

DI T 11 @2~7’ U(T)2~T
B <ol | [ [v53] 00+ [ |Z3] 0 )] .
Since
Uy < [Uinillr ¥7 20,
we infer that if |Uip,||1 is sufficiently small, then
m-N [ [UD]~ . 1 U@’ 5
B3 < 5 Jon |50 U(r) + 5/sz VU(T) U(r). (36)
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e If N = 2, using the Sobolev embedding W1 (R?) c L?(R?), we obtain, for 7 > 7,

1 U(,z
[t w28 ae < e [ (02 (1900042)
RN R2
O |16 hin| 1928l 2200

U(-,x)
el (7

A

IN

IN

1 IVadllzzn,)-

As is the case N =1, we have
[¥ (o128 )]

Hence we are led to

< Cll¢hm 1757 (1020 2y + 0]l L2(hrn) ) -

2 ~
/ } ) + / U (7‘)]
R2
Following exactly the same argument as in the case N = 1, we deduce that if ||Upnil|1 is
sufficiently small, then (Bg) holds.

L1(R?)

U(r)

U(r)

(B < ClU)II, gy

e If N > 3, we have, for 7 > 79,
[tk |v, 2
RN

—| dx
U(,x)

< C/ 6154 [Vl ¥
< o el (19.0imy2) (loln?)
S Py o .

where the parameter p is such that
1 1 1

N + 2 + P
i.e. p=(2N)/(N — 2). Using the Sobolev embedding H'(RY) C LP(RY), we have
1/2 < H 1/2 ‘
H|¢|hm ‘ s CfVe (|¢|hm ) L2(RN)
C(IVellz2h) + 18ll2(r,0)) -

2 ~
+ U(T)] ,
R2
and thus (Bg) holds as long as ||Uspil|: is not too large.
Gathering inequalities (B)), () and (B{), we infer that if ||U;,]|1 is sufficiently small, then for

Lr(RN)

IN

Thus, once again, we obtain

1/N U(r) 2
D < CIUE I, l/ Vi

U(r)
b(r)

all 7 > 1,
L YO gy s N [T gy 4 [T g <
dr Jev |U(7) 8  Jen|U(7) wy | U(7) -

2
<C (/ |U(T, $)| de‘) < CHUiniH%l- (37)
RN
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Fifth step: Conclusion.

Let C1 := (m — N)/4, Cy := C||Unil|?. Using a Gronwall type argument, we deduce that for
all 7 > 7, we have

2

U(T) 7 T Te—Cl(‘r—s) U(S) : 7 s S
/RN U(r) U H/TU (/RN VU(S) Ul )> a
e~ C1(r—70) U(TO) ? - - %
< © /]RN U(TQ) U( 0) + C,

G

< C’/ |U(To,x)|2(1—|—|x|2)m/2—|— )
RN ol

Using (B0), we infer

sw [ UaP+ Bl <0 [ Wm0+ B+ O

T>To JRN RN C1
T+1 2

Sup/ / w2 s < c/ U (ro, )21 + [2]2)™2 + C 2.

T27T0 JT RN U(s) RN Ci

Hence U € L>([0,00), L2((1 + |x|?)™/?)). Since fy is bounded away from zero, the L? bound on V'
follows.
Concerning the bound on V.V, notice that

et fi1(2)

i V).

and thus

V.V (7, z)| < Chpy () (

Consequently, for all 7 > 0

7, z)|? z|2)™? dg @2
[ 9V ey s < o | 20

which leads to the bound on V,V. (Notice that we even retrieve that V,V € L ([0, 00), L?((1 +
[[?)™/2))).
Hence Proposition @ is proved.

H (hm)

Let us now conclude this section by explaining how the bound () on the moments of order four
follows from (R7). Let Usni € L2(h;;}), with m > 2(N + 2) sufficiently large. Then we have proved
that U € L>°([0,00), L?(h,,!)). Now, for all 7 > 0, using a simple Hélder inequality, we infer that

1/2
[ 0@ lelt de < 10Oz ([ 10+ lafy 2 )
RN RN
Hence, if m > N +8, we deduce that U € L*([0,0), L (|z|*)); going back to the original variables,

this entails that () is satisfied. Thus the convergence result () holds if the flux A is linear, and
Proposition is proved.

4 Long-time behaviour

This section is devoted to the rest of the proof of Theorem EI The idea is to use the L' compactness
proved in the previous section (see Proposition @) together with techniques from dynamical
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systems theory. This type of proof was initiated by S. Osher and J. Ralston in [B], in which
the authors proved the L' stability of travelling waves for a quasilinear parabolic equation. Their
arguments were then adapted successfully to various kinds of problems in the context of scalar
conservation laws (see for instance the review in [@])

In the present study, our scheme of proof is in fact closely related to the one of M. Escobedo and
E. Zuazua in [@], indeed, the idea is to apply the dynamical systems tools to the rescaled parabolic
system (@) rather than the original conservation law (m) The main difference with [@] lies in the
presence of highly oscillating coefficients in (IE), thus it is necessary to work simultaneously with
the homogenized equation (P2)-(RJ) and with the oscillating one.

Let us now introduce some notation and definitions. First, we denote by S; (7 > 0) the semi-
group associated with the homogenized equation, that is equation @) if N =1, and equation (@)
if N > 2. According to Proposition P.1, the semi-group S, is well-defined in L*>°(RY) N L?(K);
additionally, the L' contraction property holds, namely

||S7-F1 — STFQHLI(RN) < HF1 — FQHLI(RN) V7T >0, VI, 5 € LOO(RN) N L2(K)

Hence S, can be extended on L!(RY).
We also define the w-limit set associated with a given function U;,; € Ll(RN ): recalling the
definition of the function V (see (B)), we set

QUini) :={V € LYRY), 37, - 00, V(m,) =V in Ll(RN)}7

where the function U in (Rf) is the unique solution of ([L1)) with initial data Uy,;. When there is
no ambiguity, we will simply write 2 instead of Q[U;p;].
Notice that V(7,,) converges towards V in L' if and only if

lim dr = 0.
n—oo JpN

2T _ _
Utrwa) = fo (7o 2 ) 70

This equivalence will be used repeatedly throughout the section.

The organisation of this section is the following: we first introduce a “quasi-Lyapunov function”
for the semi-group associated with equation (@) We then prove that Proposition @ holds when
the initial data Uj,; has a sufficiently small L' norm. Eventually, we prove Proposition @ in the
general case.

4.1 A quasi-Lyapunov function

Let us introduce the notion of quasi-Lyapunov function:

Definition 4.1. Let X be a Banach space, and let H : [0,00) x X — R. Let {u(t)}i>0 be a
trajectory in X. We say that H is a quasi-Lyapunov function for the trajectory u if the following
properties hold:

(i) The family H(t,u(t)) (t > 0) is bounded in R;
(ii) There exists a function v : [0,00) — [0,00) such that lim; oo ¥(t) =0 and
vt >0, sup(H(s,u(s)) = H(t, u(t))) < ¢(t).
s>t
We then have the following result:

Lemma 4.1. Let X be a Banach space, and let {u(t)}1>0 be a trajectory in X. Let H : [0,00) X X —
R be a quasi-Lyapunov function for the trajectory u. Then H(t,u(t)) has a finite limit as t — oo.
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Proof. First, since H(t,u(t)) is bounded for ¢ € [0, 00), the quantities

H:= litmian(t, u(t)), H :=limsupH(t,u(t))

t—o0

are well-defined and belong to R, with H < H.
Let € > 0 arbitrary. There exists ¢, > 0 such that

Y(t) <e Vt>t..
By definition of H, there exists s, > t. such that
|H(se,u(se)) — H| < e.

Since H is a quasi-Lyapunov function, for all s > s, we have

H(se,u(se)) + ¥(se)
H + 2¢.

H(s,u(s))

IAIA

Hence o
H<H-+2s Ve>0,

and H = H. Thus the quantity H(¢,u(t)) has a finite limit as t — oc.

We now apply this notion to the present context:

Lemma 4.2. Let M € R be arbitrary, and let U;,; € L*(RY). For 7 > 0 and u € L*(RY), define

the function 'H by
H(T,u) ::/ |u(x) — UPP[Fp] (7, x;€7)| de,
RN

where the function UP was introduced in Definition @

Let U € C(|0,00), LY(RY)) be the solution of ([LI]) with initial data U.—o = Usp.

Then H is a quasi-Lyapunov function for the trajectory {U(7))}r>0 in L*(RY). As a conse-

quence, the function

62T

7 € [0,00) — |U(7,z) — fo(2)Fum(x)| doe, with z=¢"z+ ¢
RN

converges as T — OQ.

Proof. This property is an easy consequence of the first point in Lemma @; indeed, according to

Lemma E, there exists a constant C', depending only on N and M, such that

d d a -7
EH(T;U(T)) = EHU(T) -U pp[FM](T)”Ll(RN) < Ce™ .

Consequently, for all 7/ > 7 > 0, we have
H(r',U(T)) = H(r,U(1)) < Cle ™ —e ™) < Ce.
Thus property (i) of Definition [.]] is satisfied. Additionally, notice that
0SHEUE) < NUE s + Lfoll e ey 1Pt e
e (IVFurllzr vy + I FarlZaga

e (| Futllwe ey + I Far sy + IV Far o) )
|Uinill L1 vy + C.

N+ +
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Whence H(7,U(7)) is bounded for 7 € [0,00). Consequently H is a quasi-Lyapunov function
for the trajectory U(7). According to Lemma [L.1], H(7, U(7)) admits a finite limit as 7 — oo.
Furthermore, we have

1U(7) = fo(2)Full = ||U(T) = UP[Far)(r) + e U + e > Us |,

where Uy and Uz are defined by ([[7)-(2]) and (R1)) respectively. Hence for all 7 > 0, there holds
H(r,U(7)) = Ce™ ™ < ||U(7) = fo(2)Famllpr < H(T,U(7)) +Ce™ 7,
where the constant C' depends only on W*? bounds on Fj;. Thus the function
r e [U() = Fol2) Farll e,
converges as T — 00, and
Jim V() = fof)Farlls = Jim H(r,U(r),
O

Definition 4.2. Let U;,; € LY(RY) be arbitrary, and let M = fRN Uini. Let U be the solution of
(E) with initial data Up—g = Usp;.
We define the number £(U;n;) by

627'

L(Uin;) == lim |U(,x) — fo(z)Frm(x)| de,  with z =€z + ¢

Notice that Proposition EI is equivalent to
K(Uim‘) =0 VU € Ll(RN).
Classically, we now derive a continuity property for the function ¢:

Lemma 4.3. The function
UeL'RY)—4U)eR

1s Lipschitz continuous.

Proof. Let Ui(i37Ui(Zg € LY(RY), and let M) = Jan Ui(z)i for i = 1,2. We denote by U® ¢
C([0,00), LY(RN)) the solution of ([1]) with initial data Ui(z)i. Then for all 7 > 0, the L! contraction
principle ensures that

v _ @

ini int

HU<1>(T) - U<2>(T)‘

<|

L1(RN) L1RN)

Hence, for all 7 > 0, we have

/RN }U(l)(T, x) — fo(2)Fyro) (:c)} do — /

o ‘U@)(T, x) — fo(2)Far (:v)‘ dx

< HU(l)(T) - U(2)(T)‘

e [ foll oo (omy 1Far@) = Fagea [l vy -

According to Lemma A.2 in the Appendix,

ini

||FM(1) — FM(2) ”Ll(RN) = ’M(l) _ M(?)‘ < HUi(iz? _ U(2)

LI(RN)
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Eventually, we obtain, for all 7 > 0,

/ 0D (r,2) = fo=) Fagon (w)| da — / U@ (7,2) = fo(2) Fagen ()| da| <
RN RN
1) _ 7@
< (1 + HfOHLOO(TN)) } Uini = Upn; LiRN)’
and thus, passing to the limit,
(1) (2) (1) (2)
’é (U““) -t (U““)’ = (1 + ||f0||L°°(1rN>) ’ Uini = Uini LY(RN)

Hence ¢ is a Lipschitz continuous function.

4.2 Analysis of the w-limit set
Proposition 4.1. Let U;,; € L*(RY), and set
RN

Assume that the w-limit set  associated with Usp; is non-empty. Then the following properties

hold:
(i) For all V € Q,
/ V= M;
RN

(ii) S-Q CQ for all 7> 0;

(iii) For all V € Q, we have B
HV - FMHLI(RN) = K(Umz)

Proof. Throughout the proof, we denote by U the unique solution of equation (EI) with initial
data Uml

Property (i) is quite straightforward: indeed, conservation of mass for the equation (@) implies
that

/ U(r)=M V1 >0.
RN

If V € (, then there exists a sequence (7,,),>0 such that

lim 7, = oo and lim |U(n,2) = fo (2n) V(z)| dz =0,

n— o0 n—oo JpN

827'n -1

5— . According to a result of G. Allaire (see B,

where z, = e™x + ¢

i [ hG V@ =) [ V= [ v

n—oo [pN

gathering the three equalities, we obtain property (i).

~ We now address the proof of propertyi(ii), which relies on the second point in Lemma E; let
V € Q be arbitrary, and for all € > 0, let V. € L2(K) N L= (RY) such that

Ve = Vip@sy <e.

27



Let (75, )n>0 be a sequence of positive numbers such that 7,, — co and

[ 0G0~ o)V @) do— o
RN
where z, = e™x + 0&271.

Let p € C3°(RY) be a mollyfing kernel; for § > 0, set ps := d~Vp(-/§), and define the function
Up* by

U (7, x) := UPP [(S7V2) #4 ps] (Tn + T, 2;€™7F7).

Then Lemma E ensures that U2 satisfies equation with an error term, the latter being
bounded for all T' > 0 in L>°([0, 7], L}(RY)) by

(%% (6) + CT,E,éeiTn

where wr : [0,00) — [0,00) is such that limy+ wr . = 0, and where the constant Cr . s depends
only on ,d, N and T'.

Using the L! contraction principle for scalar conservation laws, we infer that for all T > 0, and
for all 7 € [0, T,

/ ‘U(Tn +7,x)— US’E(T, :C)’ dx
]RN

< wre(0) + Crese” ™ —|—/ ‘U(Tn,JJ) — Uz"izo(x)‘ dx
RN
< wre(0)+Crese™™ +/ ’U(Tmfﬂ) - fo(Zn)V(x)‘ dx

RN

n|T=0

)
RN

Now, according to Definition @,

U (a) — fo(zn)f/(:z)‘ de.

_ 2mmt7) _q
U () = (Vs o (e )
2(Tn+7) _ 1
+ e (Mt <T,{E, e tTpp el — T 5 >
2(tn+T1
+ e 20mAny, (T,I,BT"Jrbe TR . ( 5 i 1) .

Hence for all 7 € [0, T], we have

/.

2(Tn+T7) _ 1
€7> da

2

USE(r,x) — S,V fo <e7'"+7x +c

< Nfolle sup 12V = (S7Ve) *a psll iy
T€[0,T]
+e~ ™ (U1l Lo (o, 7y x1y , L1 @) + 1020l Loo (0,77 %8 , 11 (RY)) )
< ol IV = Vel + sup [1S:Ve = (S:V2) #, p5||L1(RN)‘|

T€[0,T]

e (“Ul||L°°([01T]XTQV7L1(R¥)) + ||U2||Lw([o,T]x1r;V,Ll(Rg)))
< Ce+ wTﬁs(é) + Crese ™.
Gathering the two inequalities, we deduce that for all 7 € [0, 7], for all n,d, e,

/.

< wre(d) + Crese ™ +/ |U(n, ) = fo(zn)V (2)| dz + Ce.
RN

_ eQ(TTLJ"T) —1
U(rn +1,2) — S;V(2)fo (eT"J”:E + cf) ’ dx

28



In the right-hand side of the above inequality, we first choose € sufficiently small, then § so that
wr(0) is sufficiently small, and eventually n large enough so that the two remaining terms are
small as well; hence

lim inf (wT,E((S) +Crese”™ —|—/ |U (70, 2) = folzn)V ()| do + Cg) =0.
RN

n—oo e>0,>0

Thus we have proved that for all T > 0,

_ e2(tn+7) _ 1
U(ry, +1,2) — (S-V) fo (eT"+Tx + cf) ‘ dx = 0.

lim sup/
n=0 10,1 JRNY

The above convergence entails immediately that S,V € Q for all 7 € [0,7]. Since T' > 0 was
arbitrary, property (ii) is proved.

~ There remains to prove property (iii), which is a variant of the LaSalle invariance principle; let
V € Q be arbitrary, and let 7,, be a sequence of positive numbers such that lim,_, 7, = +00 and

lim |U(7’n,x) — fo(zn)V(:r)| dr =0,

n—oo [pN

e2Tn -1

where z, = ez + ¢ . According to a result of G. Allaire (see [f]]), we have, since (fo) = 1

and fo € C(TVN),

HV_FMHLl(RN) = nhﬂn;o BN fO(Zn)|V(I)_FM($)|d:C
. . 5 _ U(tn,x) | UlTn, ) .
= nh_)rr;o o fo(zn) |V () Folon) Folo) Fuy(x)| de
= Jim [ e |G Fu)]
= L(Uini)-
Consequently,

||V — FM”LI(]RN = K(Uzm) VV c Q.

Corollary 4.1. Let U;,; € LY(RY), and set

M = Uml
RN

Assume that the w-limit set Q[U;ni] is non-empty. Then £(Uin;) = 0, and thus the result of
Proposition @ holds.

Proof. Let V € Q be arbitrary. Then

lim ||S7-V - FMHLI(RN) = 0;

this property is stated in Proposition .1 in the case when V € L*(RY) N L*(K), but can be in
fact easily generalized to an arbitrary function V & L' by using the contractivity of the semi-group
Sr: indeed, let € > 0, and let V. € L°°(RY) N L*(K) such that [V. = [V = M, and

Ve = Vipiwyy <e.
Then for all 7 > 0,

15:V = Farlly < 187V = S Velly + 187 Ve = Furlly < IV = Vel + [19- Ve — Fu |-
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Hence, using Proposition @, we infer that

limsup [|S-V — Fylly <e Ve >0,

T—00

and thus ||S,V — Fy||1 vanishes as 7 — oo.
On the other hand, property (ii) in Proposition @ ensures that S,V € Q for all 7 > 0, and
thus, using (iii),

Consequently, ¢(U;,;) = 0. Going back to the definition of £(U;,;), we deduce that

2T 1
lim ¢ dx = 0.
T—00 JpN

Ulr,z) — fo (m +e > Fa(z)

O

Thus the proof of Proposition @ is complete provided we are able to show that the set Q[Uy;]
is non-empty for a sufficiently large class of functions Us,; € L*(RY). In the case when ||U;p; |1 is
small, this result follows from Proposition @ and from a contraction principle. The proof in the
general case is more involved, and in fact, an analysis similar to the one performed in Section E
has to be conducted once more.

4.3 Proof of Proposition B.1] when ||U;,;||; is small

We now complete the proof of Theorem when ||Ujpn;||1 is small. Let U;,,; € LY(RY). Assume that
Uin; satisfies the following assumptions

Im > 2(N + 1), ”UiniHLl(RN) < Chm, (38)
and U € LP((1+|af*)™?) N L= (RY), (39)

where the constant C), was introduced in Proposition @ Then according to Proposition B.9, the
w-limit set Q[U;n;] is non-empty, and consequently Proposition @ is true (see Corollary {.1]).

Let us now prove that Proposition@ holds when Uj,,; merely satisfies () this fact is a direct
consequence of the density of L2((14 |z|?)™/2)NL>®°(RY) in L*(RY), together with the continuity
of £. Indeed, for all € > 0, let UZ,; € L*((1 + |z|?)™/?) N L=(RY) such that

mi

1Uini = Unillr@wyy <&, Uil prwyy < G

Then ((Ug

) = 0. Since ¢ is Lipschitz continuous (see Lemma [[.J), there exists a constant C such
that

f(Uml) = |£(Uml) — K(UV8 )l < C”Uzm - U; ||L1(]RN) < Ce.

Since the above inequality holds for all € > 0, we deduce that ¢(U;,;) = 0. Recalling the definition
of ¢, we infer that Proposition B.J holds for all initial data U;,; € L'(R") satisfying (Bg).

4.4 Proof of Proposition B.1] in the general case

The case when ||U;p;||1 is large follows from the following Lemma:

Lemma 4.4. There exists a constant Cy, depending only on N and on the flux A, such that for
all Uiy € Ll(RN),
f(Uml) < CQ = K(Uzm) =0.
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Before proving the above Lemma, let us explain why the result of Proposition follows. If
(Uini) < Cy for all Us,; € LY(RY), then the above Lemma states that £ is identically zero on
LY(RY), and thus Proposition @ is true. Thus we assume by contradiction that there exists
Uini € LY(RY) such that £(U;y,;) > Co. Consider the function

We have proved in the previous paragraph that ¢ vanishes in a neighbourhood of zero. Moreover,
¢ is a continuous function according to Lemma . Now, it is obvious that ¢(0) = 0, and ¢(1) =
£(Uini) > Co. Hence there exists to € (0,1) such that

o(to) = &%

2
But according to Lemma [L.4, ¢(to) = €(toUsn;) = 0, which is impossible. Thus £(Usp;) = 0 for all
Uini € LI(RN).
There remains to prove Lemma @ According to Corollary @ and using by now standard
arguments, we only have to prove that there exists a set A C L'(R"Y), which is dense in L*(RY),
and such that

In the following, we will take A = L2((1 + |z|>)™/?), for some m > 0 sufficiently large.

The scheme of proof of the implication (@) is very similar to the one of Proposition @; indeed,
we have to prove that if ¢(U;,;) is small enough, then there exists a sequence (7,) of positive
numbers, with lim, . 7, = 400, such that (V(7,,"))n—c is a compact sequence in L'(RY).
Notice that this is obviously equivalent to the compactness of the sequence V(7,,-) — Fas, whose
L! norm is of the order of £(Uj,;) as n — oo. Thus our strategy is the following: rather than
using directly the equation on U, we consider the equation on the function U — U?PP[F)/]. We
prove that for an appropriate function U, an inequality of the type (@) holds, with U replaced by
U — U?P[Fy]. Then, all the occurrences of ||U(7)||; in the proof of Proposition B.g are replaced by
(U —=U?PP[Fy])(7)]]1, which converges towards £(Usy;) as 7 — oo. Thus the same arguments which
led us to compactness in the case when ||U;n;||1 is small show that compactness holds, provided
£(Uini) is small enough.

Let us now retrace the main lines of the proof: first, consider a function Us,; € L*(RY) such
that Uin; € L2((1 4 |#]?)™/2) for some sufficiently large m (to be chosen later). Set M = [;y Uing
and

W(r,z) =U(r,z) — U*PP[F] (7, z;€7).

In the rest of the proof, for the sake of brevity, we will write U?PP(r,z) as a short-hand for
U?PP[Fyr](7, x;€7). Then the following properties hold

W e L ([0, OO),Lz((l + |x|2)m/2)) n L%OC([O,OO),HI((l + |$|2)m/2)),

aC > Oa VT > Oa HW(Tv ')”LOO(RN) < OeNTv
tim [[W(T) |22 @y = €(Uini)-

Moreover, using Lemma @, we deduce that W satisfies

0. W = divy(aW) + Ayw — Rdiv, ((a1(z) — )W)

[ U .y
—RNJFllez |:Bl (Z, W) — B1 (Z, W>:|

+ Ul'el’l’l ,

with R=¢", z = Rr + chz’l, and we recall that the remainder U"*™ satisfies

U™ (D)l Lo @y + 1T ()] g2 erioizy < CeTT (41)
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for some v > 0. R
Then, using the bounds on U, U?PP together with the regularity assumptions on B, it can be
easily proved that

By (z Ug;;”) B (z U%SV”)) — 2as(2) fo(z)% +b(r ),

and the function b is such that there exists C' > 0 such that

W(r,z) 2

V(r,z) € Ry x RN, |b(r,2)| < C <‘ =N

+ RN W (7, :v)|> .

We define a function W by

W(r,z) = Wy(z, z) + e " Wi(x, 2),
with Wo(z, z) = fo(2)hm(z) and
—A Wi +div, (e W1) = 2A,, Wy — divg (o1 — ¢)Wo) — 1n=12div, (e foFaurWo).
Notice that by definition of fy and ¢, the compatibility condition is always satisfied, and
Wiz, z) = f1(2) - Vyhm(2) + In=1w1 (2) Far () hom (1),

with
—Aswy + div.(oqwr) = —2div. (a2 f3).
Let 79 > 0 such that )
W(T, x) > Efo(z)hm(x) V7 > 19, Yy € RY.

For further purposes, we also choose 7y such that
HW( )”1 < 26( ZM) VT > 19.

(Notice that if £(U;,;) = 0 there is nothing to prove).
Using calculations similar to the ones performed in the proof of Proposition , we infer that
for 7 > 79,

2 2 2

d ~ m—N W\ - W\ -
E Y V~V W(T)+ 4 . —_ W(T)+2/RN VW W(T)
2
Cof (M) e

'y \W(r,2)/ (1+z)'*2

+C'e(17N)T/ W (7, 2)|? VyVY(T’x) dx
RN W(r,x)

+ / W@ 2) | \grem(r, 29| da.

RN | W(T, 2)

Using the same arguments as in the third step of the proof of Proposition @, we deduce that if

m>2(N +1),
W(r,x) 2 dx m— N
/RN <W(T,x)> A+ E = 16
W(T

1
32 /RN W (r)
+Cl(Upni)%.

2
T

W(r)
Wi(r)
)2

Wi(r)

\%

W(r)
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Similarly, the calculations of the fourth step in the proof of Proposition @ yield

e(l—N)T/ |W(T,.”L‘)|2 VIVY(T"%.) dx
RN w

< CIW )y [ / W; W) + / ) vW:) Wir ﬂ
Y W(T) 2 5 . T 2
< ClUini)'™ [/]RN W(T) W( )+/RN T) W ‘|

Eventually, using the Cauchy-Schwarz inequality together with the bound ({1)), we infer that

/RN %3 U7 (7, 2)| da
< U™ (Ol g2 (-1 (/RN % 2W(T)>1/2
< ClU™™ () 2 (evieizy (/RN %i 2W(T>>1/2
< Ce T (/RN m 2W(T)> .
< o8 o gg; W

Gathering all the terms, we deduce that there exists a constant C,,, depending only on N and
m, such that if £(U;,;) < Cpp, then for all 7 > 7,
2 ~
W(r) + /
RN

V(r)
~ [ W(T)

Compactness of a subsequence W (r,) follows. Hence the w-limit set is non-empty, and thus

L(Uini) = 0.

2 VVNV(T) 2
W(r)

d
dr

~ m— N

Wi(r) + T W(r)

W(r)

W(r) <C.

Appendix A

Lemma A.1. Assume that the fluz A satisfies ({]), (f). Letv € W1 (TN) be a periodic stationary
solution of ([l), and let u € L52.([0,00), L>°(RY)) N C([0,00), L, (RY)) be the unique solution of

loc

([) with initial data win; € v(y) + L1 N L>®(RY). Then u € L>([0,00) x RY).

Proof. This result was proved in [ﬂ] in the case N = 1. When N > 2, the proof goes along the
same lines; the only difference lies in the use of the Sobolev embeddings, which depend on the
dimension. Hence we merely recall here the main steps of the proof, with an emphasis on the case
N > 2.

In the rest of the proof, we set f(t,y) = u(t,y) — v(y). Then f solves the equation

and according to (f]) the flux B is such that for all f € R,

|divy B(y, /)l < C(f[+ £,
0By, £l < C(fI+ 1),



where the exponent n is such that n < (N + 2)/N. Moreover,
Hf(t)HLl(RN) < ||Umz - 'U”LI(]RN) vt > 0.

For ¢ > 1 arbitrary, multiply (i) by |f|?, and integrate over RV. Using a few integrations by parts

(see [[), we are led to
soy ([ s [ i) (13)

We then use Sobolev embeddings in order to control the LI*t! and L9"™ norms in the right-hand
side. We distinguish between the cases N = 2 and N > 3, since the space H! is critical in dimension
two.

o If N =2, then H'(R?) C LP(R?) for all p € [2,00). Interpolating LI*t" between L' and LP
for some p sufficiently large, we have

d

q+1
G [ onree [ o
RN RN

1 0 1-46
0 f1|1—6 : _
I llzan@e < IFRIAR with —— = 7+ ——
- 2(1—0)
gt q+1
SV N
FESY
atl 2(1+719)
a2 q
< GfIE |V
Notice that N . X
q n(1—6‘ _ qg+n
¢+1 (q+1)( —l)
and . ,
qTn—
— <1 Vg>1
q+1 1=

since n < (N +2)/N. Thus, we choose p > 1 such that
qg+n—1

(¢+1) (1—%)

Young’s inequality then implies that for all A > 0, there exists a constant C , and an exponent ¢,
such that

<1

n a1 |2 :
L v |+ onalsie (44)

The other term in the right-hand side of (@) can be bounded in a similar fashion: we have, for all
A >0,

at1 |2 )
[ a1 |+ e (45)

for some exponent g which can be explicitely computed. Choosing an appropriate parameter A,
we infer that there exist ¢, g2 > 0 such that

2

d
< Cy(IIFIT + NFI)-

g+1
G Lot [ o

Using (i) one more time leads to

d

G Lt [ < ez i < c.
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Using a Gronwall-type argument, we infer that f € L°°([0, c0), L%( NY) for all ¢ > 1.
L¥ (R

e When N > 3, we use the Sobolev embedding H'(RY) C Ny, where
. 2N
P=N—v
: +n 1 p*(g+1) :
Interpolating L™ between L" and L~ 2 , we obtain
+1 25
qrl q —0
1l < =3 [V
+1 2+91
arlila —
< c|vinE |,
where the parameter 6 € (0,1) is given by
1 20 1-6

= +
g+n p(g+1) 1

It can be checked that
N+2 0(g+n)
<1
N qg+1
Hence ([4) holds when N > 3. Inequality ({J) is proved with similar arguments. As in the two-

dimensional case, we deduce that f € L*°(]0, 00), L4(RY)) for all g. Using Theorem 8.1 in Chapter
IIT of [[if] (see [[f] for details), we infer eventually that f € L>([0,00) x RN).

n <

O

Appendix B
Lemma A.2.Let M > M’ be arbitrary. Then
Fu(y) > Far(y) Yy € RN,

AS a consequence,
|Far — Faprll = M — M.

Proof. The arguments are exactly the ones which lead to the uniqueness of stationary solutions of
(29), (B3), and they can be found in [fl]. We recall the main steps below for the reader’s convenience.
Let F := Fy; — Farr. Then F e L1 ﬂC2(RN), and IRN F > 0. Hence the set

0 :={z e RY,F(x) > 0}

is non-empty. The idea is to prove that F; = F'lg satisfies a linear elliptic equation; since F; > 0,
F cannot vanish anywhere, and thus F, (z) > 0 for all 2 € RV,
Let us now derive an equation on Fy. Substracting the equations on Fj; and Fjy/, we have

Z nmax —l—dlvm(bF)—O
1<i,j<N i0

where
b(z) = a(Fy(z) + Fapr () — 2, = €RY;

notice that a = 0 if N > 2. Since F' € H?(R"), we have

div, (bF)1le = div,(bF})
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almost everywhere. Thus, we obtain

Z ni,51 98% + div, (bFy ) = 0.
1<i,j<N

Integrating the above equation on RY leads to

L >

i
7 (%claxj
1<i,j<N

Let us now perform the change of variables (@), which changes the matrix 7 into identity: setting
F(y) = F(Py), and © := {F > 0}, we infer

/AF O/ Z 77”8:6855

© 1< j<N

Moreover, F' € H2N W2LRY), and thus Lemma 7 in [m] applies. We deduce that
and thus

Eventually, F\y solves the elliptic equation

O2F,
- Y Miir— S, - + div, (bF) = 0,

1<4,57&<N

with b € L (RN ). Using either a unique continuation principle or Harnack’s inequality (see ],
Theorem 8 20) we infer that if F'; vanishes at some point z in RY, then F is identically zero on
RY, which is absurd. Hence F; (z) > 0 for all z € RY, and thus RY \ © = (), which means that
F(z) >0 for all z € RV,

O

Acknowledgements

I wish to thank Adrien Blanchet, Jean Dolbeault, and Michal Kowalczyk, for very fruitful and
stimulating discussions.

References

[1] J. Aguirre, M. Escobedo, and E. Zuazua, Self-similar solutions of a convection diffusion equa-
tion and related semilinear elliptic problems, Comm. Partial Differential Equations 15 (1990),
no. 2, 139-157.

[2] Grégoire Allaire, Homogenization and two-scale convergence, STAM J. Math. Anal. 23 (1992),
no. 6, 1482-1518.

[3] Alain Bensoussan, Jacques-Louis Lions, and George Papanicolaou, Asymptotic analysis for
periodic structures, Studies in Mathematics and its Applications, vol. 5, North-Holland Pub-
lishing Co., Amsterdam, 1978.

36



[4]

[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Adrien Blanchet, Jean Dolbeault, and Michal Kowalczyk, Stochastic stokes’ drift, homogenized
functional inequalities, and large time behaviour of brownian ratchets, SIAM J. Math. Anal.
(2008), accepted.

, Travelling fronts in stochastic Stokes’ drifts, Physica A: Statistical Mechanics and its
Applications 387 (2008), no. 23, 5741-5751.

Haim Brezis, Analyse fonctionnelle, Collection Mathématiques Appliquées pour la Maitrise.,
Masson, Paris, 1983, Théorie et applications.

Anne-Laure Dalibard, Long time behaviour of viscous scalar conservation laws, submitted,
preprint hal-00345324.

, Homogenization of a quasilinear parabolic equation with vanishing viscosity, J. Math.
Pures Appl. (9) 86 (2006), no. 2, 133-154.

Robert Dautray and Jacques-Louis Lions, Analyse mathématique et calcul numérique pour
les sciences et les techniques. Vol. 5, INSTN: Collection Enseignement., Masson, Paris, 1988,
Spectre des opérateurs. , With the collaboration of Michel Artola, Michel Cessenat, Jean
Michel Combes and Bruno Scheurer, Reprinted from the 1984 edition.

Marco Di Francesco and Peter A. Markowich, Entropy dissipation and Wasserstein metric
methods for the viscous Burgers’ equation: convergence to diffusive waves, Partial differential
equations and inverse problems, Contemp. Math., vol. 362, Amer. Math. Soc., Providence, RI,
2004, pp. 145-165.

Miguel Escobedo, Juan Luis Vazquez, and Enrike Zuazua, Asymptotic behaviour and source-
type solutions for a diffusion-convection equation, Arch. Rational Mech. Anal. 124 (1993),
no. 1, 43-65.

Miguel Escobedo and Enrike Zuazua, Large time behavior for convection-diffusion equations
in RN, J. Funct. Anal. 100 (1991), no. 1, 119-161.

David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of second order,
Classics in Mathematics, Springer-Verlag, Berlin, 2001, Reprint of the 1998 edition.

Thierry Goudon and Frédéric Poupaud, Homogenization of transport equations: weak mean

field approximation, STAM J. Math. Anal. 36 (2004/05), no. 3, 856881 (electronic).

S. N. Kruzhkov, First order quasilinear equations in several independent variables, Math.
USSR Sb. (1970), no. 10, 217-243.

O. A. LadyZzenskaja, V. A. Solonnikov, and N. N. Ural’ceva, Linear and quasilinear equations
of parabolic type, Translated from the Russian by S. Smith. Translations of Mathematical
Monographs, Vol. 23, American Mathematical Society, Providence, R.I., 1967.

Philippe Michel, Stéphane Mischler, and Benoit Perthame, General relative entropy inequality:
an illustration on growth models, J. Math. Pures Appl. (9) 84 (2005), no. 9, 1235-1260.

Stanley Osher and James Ralston, L' stability of travelling waves with applications to convec-
tive porous media flow, Comm. Pure Appl. Math. 35 (1982), no. 6, 737-749.

Denis Serre, Systems of conservation laws. 1, Cambridge University Press, Cambridge, 1999,
Hyperbolicity, entropies, shock waves, Translated from the 1996 French original by I. N. Sned-
don.

, L-stability of nonlinear waves in scalar conservation laws, Evolutionary equations.

Vol. I, Handb. Differ. Equ., North-Holland, Amsterdam, 2004, pp. 473-553.

37



