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Abstract. We show that the maximal Nevanlinna counting function and the
Carleson function of analytic self-maps of the unit disk are equivalent, up to
constants. We give some applications to composition operators on Hardy spaces
and on Hardy-Orlicz spaces.
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1 Introduction

Carleson measures and the Nevanlinna counting function are two classical
concepts in complex analysis. Carleson measures emerged (under the initial
form g = >2°° (1 — |2,])d5,) when L. Carleson ([}, [f]) tried to characterize
the interpolation sequences (2, )n>1 of the open unit disk D, and showed at this
occasion his famous embedding theorem: For any positive finite measure p on
the closed unit disk D, the following two conditions, analytic and geometric, are
equivalent:

(1) There exists a constant C' > 0 such that || f||zr(u) < C'||f]| e, for every
f in the Hardy space HP, for some (or all) 0 < p < oc;

(2) The measure y satisfies the geometric condition supj¢j—y u[W (&, h)] =
O (h), where W (&, h) is the Carleson window of size h centered at &.

A measure p satisfying one of those two equivalent properties is now called
a Carleson measure and the supremum in (2) is called the Carleson function
pu of . Later, it was realized that a quite different type of Carleson measures
naturally appears in the context of composition operators: If ¢ is an analytic
self-map of ) and p = m,, is the image by ¢*, the boundary values function
of ¢, of the normalized Lebesgue measure on the circle, then p is a Carleson
measure, whatever ¢ is. One says then that p, = p, is the Carleson function
of .



The Nevanlinna counting function V,, traces back earlier, in connection with
the Jensen formula and the Nevanlinna theory of defect ([P or [[§)). In a
slightly different context, Littlewood used it implicitly ([[3], see Theorem 4)
when he showed that, for every analytic self-map ¢ of D, we have N,(z) =
O (1—|2]) as |z| — 1. This turns out to imply (2], [24]) that the composition
operator f — fo@ = Cy,(f) is continuous on H? (which precisely means, in
present language, that m,, is a Carleson measure).

Later, and till now, the regularity of composition operators C, on H? (their
compactness, or membership in a Schatten class) in terms of their “symbol” ¢
has been studied either from the point of view of Carleson measures or from the
point of view of the Nevanlinna counting function, those two points of view being
completely separated. For example, the compactness of C,: H 2 _ H? has been
characterized in terms of the Carleson function of the symbol p,(h) = o(h),
as h — 0, by B. McCluer ([[l6] — see also [Rd]). In another paper, it was
characterized in terms of the Nevanlinna counting function N, of the symbol:
Ny(w) = o(1 — |w|), as [w| — 1, by J. Shapiro ([H]). A similar situation exists
for the characterization of the membership of C, in a prescribed Schatten class
([L4) and [L5)). There should therefore exist a direct link between these two
parameters (the Carleson measure m, and the Nevanlinna counting function
N,), but results of this type are still very sparse and rather disconnected in the
literature. Let us quote two of them:

- B. R. Choe ([ff]) showed that limsup,,_,(p,(h)/h)}/? is equivalent, up to
constants, to the distance of Cy, to the space of compact operators on H 2: since
J. Shapiro had proved ([P§]) that this distance is exactly

lim sup(Ny, (w)/ log |w])!/?,

|w|—1
one gets, in an indirect way, the fact that

lim sup N, (w)/ log |w| = limsup p,(k)/h.
h—0

|w|—1

- Later, J. S. Choa and H. O. Kim ([f]]) gave a somewhat direct proof of
the equivalence of the above two conditions, without using the properties of the
associated composition operator. But they did not give any explicit relation
between the two functions p, and N,.

The aim of this paper is precisely to establish, on the basis of Green’s formula
(under a form due to Stanton) and of Orlicz functions, a general equivalence be-
tween those two functions, from a “complex variable” point of view which seems
to have an independent interest, and without help of the associated composition
operator. More specifically, the main result of this work is that the Nevanlinna
counting function and the Carleson function of an analytic self-map ¢: D — D
are “equivalent” in the following sense:



Theorem 1.1 There exist some universal constants C,c > 1, such that, for
every analytic self-map ¢: D — D, one has:

(1.1) (1/C) py(h/c) S‘ \Sff)_hN“’(w) < Cpy(ch),

for 0 < h <1 small enough.
More precisely, for every & € D, one has:

(1.2)  (1/64)m [W (&, h/64)] < sup  Ny(w) <196 my[W(E,24h)],
weW (£,h)ND

for 0 < h < (1—1p(0)])/16.

Actually the above explicit constants are not relevant and we did not try to
have “best” constants. It can be shown that for every a > 1, there is a constant
Cq > 0 such that m, (S({, h)) < CoUyp(&, ah) and 7,(€, h) < Cy mw(S(f,ah))
for 0 < h < (1 — |¢(0)])/a, where S(& h) is defined in (R.J) and (¢, h) =

SUPyes(g,h)ND Ny (w) (see (B-29)-

We end the paper with some applications to composition operators on Hardy-
Orlicz spaces (which were introduced in [[[(]): we give generalizations of results
known in the classical case of Hardy spaces HP, 1 < p < 0o, some of which have
already been mentioned in this introduction. We shall see that in the general
case of Hardy-Orlicz spaces, new difficulties occur with regard to the classical
case.

First, we characterize their compactness with the Nevalinna counting func-
tion and show the necessity of a boundary condition, analogous to the angular
derivative criterion of McCluer and Shapiro ([L7]), which is sufficient when the
symbol is finitely-valent. We construct then a “slow” Blaschke product (gen-
eralizing [@], § 10.2 and [IE], Proposition 5.5) showing that this condition is
not sufficient in general. We also construct a compact composition operator
C,: HY — HY with surjective symbol ¢, generalizing a result of B. McCluer
and J. Shapiro ([[7, Example 3.12; see also the survey [RI], § 2). We show
directly the equivalence of Luecking’s and Luecking-Zhu’s criteria ([[I4], [L])
for the membership of C,: H?> — H? in the Schatten classes. We finally give
a characterization of composition operators C,: H? — HP, 1 < p < oo, with a
closed range, simpler than the former ones (see [ff] and Rg)).

2 Notation

We shall denote by D = {z € C; |z| < 1} the open unit disk of the complex
plane and by T = 0D = {z € C; |z| = 1} its boundary; m will be the normalized
Lebesgue measure dt /27 on T, and A the normalized Lebesgue measure dxdy /7
on D. For every analytic self-map ¢ of D, m,, will be the pull-back measure of
m by ¢*, where ¢* is the boundary values function of ¢.



For every £ € T and 0 < h < 1, the Carleson window W (&, h) centered at &
and of size h is the set

(2.1) W h)={2€D; |2/ >1—h and |arg(zf)| < h}.

For convenience, we shall set W (&, h) =D for h > 1.
For every analytic self-map ¢ of D, one defines the maximal function of m,,,
for 0 < h < 1, by:

(2.2) po(h) = zggm({é eT; ¢*(¢) e W(§,h)}) = Sup (W(E,h)).

We have p,(h) = 1 for h > 1. We shall call this function p, the Carleson
function of ¢. For convenience, we shall often also use, instead of the Carleson
window W (&, h), the set

(2.3) S h) ={z€D; |[¢ =& < h},

which has an equivalent size.
The Nevanlinna counting function N, is defined, for w € (D) \ {¢(0)}, by

1
(2.4) Ny (w) = (; log EE
@(z)=w

each term log ﬁ being repeated according to the multiplicity of z, and Ny (w) =
0 for the other w € . Its maximal function will be denoted by

(2.5) ve(t) = | Tg?ftN“"(w)'

3 Proof of the main theorem

3.1 Majorizing the Nevanlinna counting function by the
Carleson function

The goal of this section is to prove:
Theorem 3.1 For every analytic self-map ¢ of D, one has, for every a € D:
(3.1) Ny(a) <196 m@(W(g, 12h)),

for 0 < h < (1—=1p(0)])/4, where { = % and h =1 — |al.

|a]

In particular, for 0 < h < (1 — |p(0)])/4:

(3.2) vo(h) = sup Ny(a) <196 p,(12h).

la|>1~h



Let us note that, since W(¢,s) C W(E,2t) whenever 0 < s < ¢ and ¢ €
W (&,t) N OD, we get from (B.1) that

(3.3) sup  Ny(w) < 196 my, (W (€,24h)) .
weW (&,h)ND
We shall first prove the following lemma.

Lemma 3.2 Let ¢ be an analytic self map of D. For every z € D, one has, if
w=¢(z), {=w/|lw| and h=1—|w| <1/4:

|w|

(3.4) s (W(E 121)) 2 ms (S(E 60) = S (1= |2)).
Proof. We may assume, by making a rotation, that w is real and positive:
3/4<w< 1.
Let:

au+1
3.5 T(u) = )
(35) () = 2
where

a=w——<-—1,
w

so that T: D — D is analytic, and T'(w) = w/2.
If P, is the Poisson kernel at z, one has:

Y = Tlp(z)] = / (T o ) P. dm = / %e (T 0 0)*]P. dm.

Hence, if one sets:

E={Re(Top") =zw/4} ={Re[(T o p)"] = w/4},

one has:
Eg/Pzdm+9 Pzde/Pzdm—l—g/Pzdm:/Pzdm—i—g;
2 E 4 Jge E 4 Jp E 4
therefore:
w
P,dn > —
RS
Since . )
+ |z
HPznoo: _ < — ’
1—1[z] 7 1—[¢]
we get:
w
(36) m(B) 2 % (1-|2))

ot



On the other hand, (B.5) writes

P _aU—ll
(3.7) u="T (U)—T_U,

hence:
1-U| < 2]a+1|
la—U| = |a—U]|

But a < —1 is negative, so Re U > w/4 implies that

1—u|=]a+1|

2 3 )
|a—U|Z%e(U—a)Z%—aza—ZwZZ-
Moreover, for w > 3/4:
2 11
|a+1|=(1—w)(;+1) S?(l—w).

We get hence |1 — u| < 6 h when (B.7) holds and Re U > w/4.
It follows that:

(3.8) ©*(E) C T ' ({ReU > w/4}) C S(1,6h),

giving my, (W(l, 12h)) > my (S(l, 6h)) > m(E).
Combining this with (@), that finishes the proof. O

Remark. Theorem @ follows immediately when ¢ is univalent since then, for
|w| > 3/4 and p(z) = w:

Ny (w) = log% ~ (1 —|2]) S me(W(1,12h)) .

When proving the equivalence between the conditions p,(h) = o(h), as
h — 0, and N,(w) = o(1 — |w|), as [w| — 1, J. S. Choa and H. O. Kim proved
(see [{], page 112) the following inequality, for every analytic self-map ¢: D — D
and every w € D, close enough to 1:

(1 = )’ |
(39) Netw) < S [ )

This result follows from an Hilbertian method, viz. Littlewood-Paley’s iden-
tity:

(3.10) 1f o ll3 = |f o p(0)]* + 2/]D |f/(w)|*Nop(w) dA(w)

for every f € H?. With (@)7 one cannot go beyond the order 2; for instance,
we can deduce from (B.9) (see the proof of Theorem B.1 below), that, for 0 <
h<1/2:

1/h? 1 1
pe(u)
3.11 sup N, (w §h2/ Pl — dt§h2+h2/ £ du.
( ) lw|=1—h 90( ) o W(ﬂ) b u3



This is of course interesting only when the second term in the last sum is at most
of order h2%, so, when the integral is bounded. Nevertheless, this result suffices
to show that Shapiro’s criterion of compactness for Cy,: H> — H? is implied
by McCluer’s one. Moreover, when the pull-back measure m,, is an a-Carleson
measure (i.e. py(h) < Ch* for some constant C' > 0), with 1 < a < 2, we get

1, «
Nw(w)§h2+h2/ L du S B+ R S b
h U

Recall ([@], Corollary 3.2) that, when m,, is an a-Carleson measure, the compo-
sition operator C,, is in the Schatten class S), on the Hardy space H?, for every
p > 2/(a—1), and that m,, is a-Carleson for every o > 1 when Cy,: HY — HY
is compact, if ¥ is an Orlicz function satisfying the growth condition A2 ([LLd],
Theorem 5.2).

But (B.11)) does not suffice for the compactness of C,: HY — HY on general
Hardy-Orlicz spaces (see [[L0]).

In order to prove Theorem @, we shall replace the Littlewood-Paley identity,
by a more general formula, deduced from Stanton’s formula (see [, Theorem 2).

Theorem 3.3 (Stanton’s formula) For every analytic self-map ¢: D — D
and every subharmonic function G: D — R, one has:

312 tim [ Gler€)dm(e) = GleO)] + 5 [ AG(IN(w) dA(w),

oD

where A is the distributional Laplacian.

Proof of Theorem B.1. If a ¢ (D), one has N,(a) = 0, and the result is
trivial. We shall hence assume that a € p(D).

Let ®: [0,00) — [0, 00) be an Orlicz function, that is a non-decreasing convex
function such that ®(0) = 0 and ®(c0) = oo, and we assume that @’ is also
an Orlicz function. In other Words ®” is an arbitrary non—negative and non-
decreasing function and ®'(z) = [ ®”(t)dt and ®(z) = [;

Let now f: D — C be an analytlc functlon. We have, out81de the zeroes of

f, by writing A®(|f|) = 400® (/| f]?):
(1 f])

(3.13) AR(|f[) = ["(If) + 7] T

We shall only use here that:
(3.14) AD(|f]) = @"(|f)|f']?
(this is a not too crude estimate, since, ¥’ being an Orlicz function, ®” is
non—negatlve and non-decreasing, and hence ®'(z fo O (t)dt < 29" (x) and
'(z) = [y ®"(t dt>f O (t)dt > (x/2) fI)”(x/Q))



Set now, for a € D:

_1-ld 2eD

(3.15) fa(2)

1-az
Since ®(| f,|) is subharmonic (® being convex and non-decreasing) and bounded,
we can use Stanton’s formula as:

1
(3.10 | asaoehdm >3 [ @ (n)1rp N, da
oD 2/
Let h =1 — |a|. For |z — a| < h, one has
1 —az|=|(1—l|a]*)+a(a—2) < (1 —|a*) +|a—z| < 2h+h = 3h;

Hence |f,(2)] > & = 1 for |z — a| < h. It follows, since ®” is non-decreasing:

= 3n =
1 1
(3.17) [ ollfaoehdn= 0 (5) [ |fiPN,da
oD 2 33/ Jpam
Now, if pq(2) = ==, one has |f;(2)| = lflal loh(2)] = 2 |¢l(2)] (we may, and

do, assume that 1 — |a| = h < 1/4); hence:
1 1\ 9
¥(lfacphdn > 50(3) 5 [ lel N, da
/8]1)) 2 3749 Jp(a,n) v

1
_ 9_98 @(3) / Nopoop dA
pu(Daih)

(because Ny, o0 (gpa(w)) = Ny(w) and o, = ¢,).
But ¢, (D(a,h)) 2 D(0,1/3): indeed, if |w| < 1/3, then w = ¢, (z), with
|w 1/3

< (1—la?) <2h

(1~ Ja)w .
1 — |wl 1-1/3

1—aw

o — 2| =

We are going now to use the sub-averaging property of the Nevanlinna func-
tion (@], page 190, [@], § 4.6, or [@], Proposition 10.2.4): for every analytic
self-map ¢: D — D, one has

Ny(uwo) < ﬁ) /A Ny(w) dA(w)

for every disk A of center wp which does not contain (0).
This will be possible thanks to the following:
Lemma 3.4 For 1 — |a| < (1 —|p(0)|)/4, one has |(¢q o ¢)(0)| > 1/3.

Proof. One has [1—ap(0)| < (1—lal?) +[a] |a — (0)] < (1—[af?) +]a—»(0)];
hence:

ja — ¢(0) _ L~ |af?
|<Pa(90(0))| > (1 — |a|2) + |a _ (p(())l =1 (1 — |G|2) + |a - (P(O)l
_Azal o, L=l
la — o(0)] = la —¢(0)]



But when 1 — |a|] < (1 — |¢(0)])/4, one has:

la —¢(0)] = [a] = |@(0)] = (1 = l(0)]) — (1 —[a]) > 3(1 — |al),

and the result follows. [l
Hence: ) .
[ NawedAz § Npea(0) = § V(o)
D(0,1/3) 9 9
and
(3.18) / B(|fa 0 ) dm > — @"(E) N, (a)
' AL =98 ¢ \3) el

We now have to estimate from above [p ®(|f, o ¢|) dm. For that, we shall
use the following easy lemma.

Lemma 3.5 For every & € 0D and every h € (0,1/2], one has:

(3.19) 11— az|> > —(h? + |z — &%), Vz € D,

g

where a = (1 — h)¢.

Proof. The result is rotation-invariant; so we may assume that £ = 1 (and
hence a > 0). Write z = 1 — re?. Since |z| < 1 if and only if » < 2cos#, one
has cosf > 0 and hence |0| < w/2. Then:

1—az> =1—a(l —re?)|? = |1 —a+ are®)?

=(1—-a)*+a*r*+ 2ar(1 —a)cosf
1
> (1—a)*+a*r? > (h2 r?) = Z(h2+|z—1|2). O

Then:
IR dm:/m‘l’(|1—|aaz||>dm“’<z)
/D‘I’( h2+|z—5| )1/2>dm“’<z)’ b &1

+oo 2h
>
[ o) 2

/+OO ((h* + ]2 — €H)V2 < 2h/D7 (1)) dt
0

IN

(=)

3(2)
[ e+ e = € < 2o o) ar,
0



since h < (h? + |z — £]?)Y/? < 2h/®~1(t) implies t < ®(2). We get:

D(2)
/ <1>(|faosol)dm§/ my (|2 — €| < 2h/@71(t)) dt .
oD 0

We obtain from (B.1§), by setting u = 2h/®1(¢):

Mol < s [ m(sten) 2o (2 au

u
Since ®'(z) < z®"(x), we get:

98 [ 4n? _, (2h
B2) N0 < g [ melS(Ew) o (ﬂdu.

We are going now to choose suitably the Orlicz function ®. It suffices to
define ®”, for a € D given (with ¢ = a/|a| and h = 1—|a| < 1/4). By Lemma .3,
since a € ¢(D), there is a constant ¢y > 0, such that my(S(&, coh)) > 0; we can
hence set (note that my,(S(&,u)) < 1):

1 f0o<v<h,
1
. ifh<v<?
(3.21) o (v) = m@(S(fl, onjvy) T /0,

— ifv>2/c.
o (SEam) U E

It is a non-negative non-decreasing function, so the assumptions made on ® at
the beginning are satisfied. One has, since m,, (S(f, u)) O (2h/u) < 1:

>0 An% _, [ 2h >0 4p?
T2 du< | S du=2.

Since ¢g < 6, one has h < 1/3 < 2/cy and hence ®”(1/3) = 1/my,(S(€,6h));
therefore (8.2(]) gives, for h < (1 — |p(0)])/4:

(3.22) Ny(a) <196m,(S(€,6h)),

finishing the proof since S(&,6h) C W (&, 12h). O

3.2 Domination of the Carleson function by the Nevan-
linna function

We cannot expect to estimate individually from above the m,-measure of
Carleson windows centered at & = w/|w| by Ny (w), as in Theorem B.J]. In fact,
consider a conformal mapping ¢ from D onto D \ [0, 1[. One has N,(¢) = 0 for
every t € [0,1[, though my, (W (1,h)) > 0 for every h > 0 (because W(1,h) D
W (e"/2, h/2) and m, (W (e"*/2,h/2)) > 0 by Lemma B.2).

10



Let us give another example. Let ¢(z) = (1 + 2)/2. Then:

a) One has @(e?) = (cos/2) ¢?/? (with |0 < 7). Hence p(e'?) € W (e, h)
if and only if cos(0/2) > 1—h and |(8/2) — 6| < h, i.e. 2(0p—h) <0 < 2(6p+h).

Now, 1—cos(f/2) < 6%/8, so the modulus condition is satisfied when §? < 8h;
in particular when |0 < 2v/h.

For 6y = Vh, m,, (W (e', h)) is bigger than the length of the interval

[—2vh, 2VR] N [2(Vh = h),2(Vh + h)] = [2Vh — 2h,2VR]

that is 2h. Therefore my (W (e’ h)) > 2h.

b) Let now w = ¢(z). Write w = § + re’® with 0 <7 < 1/2. Then, writing
r =4 —s, one has [z]| = |2w— 1| = 2r and

1

1 1
N, =log— =log— =1 ~
p(w) = log |z o T 8T s T °

Now, |w|* = £ 4+ r? + rcos( and

2

hal—|w?= (1—cos§)+s(1+cos§)—s2z%—i—%.

N | =

Writing ¢ = s'/29, one gets:

(i) for “small” ¢ (i.e. 0 < <1): h~s, and so Ny(w) = h;

(i) for “large” (i.e. o >1): ha s*/ and so N,(w) ~ h®.

On the other hand, w = ¢“/2[(1 — s) cos(¢/2) — issin(¢/2)]; hence, when s
goes to 0, one has

ssin(¢/2)
=) cos((/2)
For o > 1, we have h ~ s/* = (2, i.e. ( ~ v/h. Then, choosing o > 1 such
that ¢ = 6y, we obtain my, (W (w/|w|, h)) ~ h, though Ny (w) ~ h® < h.

One cannot hence dominate my, (W (w/|wl|, h)) by Ny(w).

We can remark that, nevertheless, in either case, one has p,(h) ~ h and
vy (h) = h.

S o
|~5=¢

Oy = argw = g + arctan [

We shall prove:

Theorem 3.6 For every analytic self-map ¢: D — D, one has, for every £ €
oD:

(3.23) my (W (€, h)) < 64 sup Ny(w),
weW (¢,64h)ND

for 0 < h < (1—1p(0)])/16.

11



Proof. We shall set:

(3.24) vo(§,h) = sup  Ny(w).
weW (&,h)ND

Note that
V@(h) = Sup V%’(gv h) )
l¢l=1
where v,, is defined in (2.9)

If for some hg > 0, one has v,(&, ho) = 0, then (D) C D\ W (&, ho),
and hence my, (W (&, h)) = 0 for 0 < h < hg. Therefore we shall assume that
v,(€,h) > 0. We may, and do, also assume that h < 1/4. By replacing ¢ by e,
it suffices to estimate my, (S(1,h)) (recall that S(1,t) = {z € D; [1—z| < t}).

We shall use the same functions f, as in the proof of Theorem @, but, for
convenience, with a different notation. We set, for 0 < r < 1:

(3.25) u(z) = ~=7

1z

Let us take an Orlicz function ® as in the beginning of the proof of Theo-
rem @, which will be precised later. We shall take this function in such a way
that <I>(|u(<p(0))|) =0.

Since ®'(z) < 2 ®"(z), (B-1) becomes:
(3.26) A ([uf) < 20" (ful) [u'?,

and Stanton’s formula writes, since @ (Ju(¢(0))]) = 0:
uo m "(Ju(w)]) o' (w)|* Ny (w w).
g2 [ a(uocham < [ 8 (u(w)l) W () Ny (w) dA(w)

In all the sequel, we shall fix h, 0 < h < 1/4, and take r = 1 — h.
For [z <land|l—z| < h,onehas |1—rz| = |(1-2)+hz| < |1—z|+h < 2h,

so:
(1=

Hence:
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We are going to estimate this integral by separating two cases: |1 — z| < h
and |1 — z| > h.
For convenience, we shall set:

(3.29) p(t)= sup Ny(w).

1) Remark first that

, _ rh
u(z) = (1 —rz)? ’
and so: 5 )
!
< = —.
WO T = g

Since |u(z)| < 1, we get hence:

" ! 2 1 1 ~
/1z|<hq) (lu(2)]) [v/ (2)|* Ny (2) dA(2) < / (1) 55 7(h) dA(2),

S(1,h)
giving, since A(S(1,h)) < h*:
(3.30) /|1 - @ (Ju(z)]) Ju'(2)|* Ny (2) dA(2) < @"(1) #(h).
2) For 0 < h < 1/4, one has:
2h 2h
< "2)] € ——5;
W T and )] S

indeed, we have (this is obvious, by drawing a picture):

[1—rz|=r >r|l -z,

1
- —z
r

and hence |1 —rz| > 3 |1 — 2], since r = 1 — h > 3/4. We obtain:
/1 () W PN 44C)
—z|>

2h h2
§4/ @//(_>7N 2) dA(2).
[1—z|>h 1—z) 1 -z o(2) dA(2)

Then, using polar coordinates centered at 1 (note that we only have to
integrate over an arc of length less than ), and the obvious inequality N, (z) <
(|1 — z|), we get:

B30 [ @) PN )
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We now choose the Orlicz function as follows (with a = ¢(0)):

0 if0<v<h/(1-|a]),

1 .
(3.32) o (v) = W if h/(1—la]) <v<2,
Th) ifvo>2.

This function is non-negative and non- decreasmg Moreover, one has ®(z) =0
for 0 <2 < h/(1 - |a|). Hence, since |u(a)| < = |a| , one has @ (|u(a)|) = 0.

Then

(3.33) A@"(2:>%u(t)dt 2(1 ! (%)—3

IN
:\
8
%l

S:
wl}—‘

When h < (1 — |al)/8, one has 1/8 > h/(1 — |a|); hence ®"(1/8) = 1/0(16h),
and ®”(1) = 1/7(2h). We get hence, from (B.2§), (B-30), (B-3]) and (B-33):

(3.34) my(S(1,h)) < % 7(16h) [”((th)) + 2] < 647(16h) .

Since W(1,t) € S(1,2t), we get my,(W(1,h)) < 64 SUPy,es(1,3
for 0 < h < (1 — | (0)])/16, and that ends the proof of Theorem & since
S(1,32h) C W(1, 64h).

Remark. A slight modification of the proof gives the following improvement,
if one allows a (much) bigger constant.

Theorem 3.7 There are universal constants C,c > 1 such that

1
Cm ‘/S(&Ch) NSD(Z) dA(Z)

for every analytic self-map ¢: D — D, every £ € D, and 0 < h < (1—]¢(0)])/8.

14



Proof. We are going to follow the proof of Theorem @ We shall assume that
¢ =1 and we set:

3.35 I(t) = Ny(z)dA(z).
(3.35) = [, Nol1dAC)
Then:
1) When |1 — 2| < h, , we have, instead of (B.30):
" ! 2 " 1
(3.36) /1_Z|<h<1) (|u(z)|) [0/ (2)]"Ny(2) dA(2) < /S(Lh) i} (1)ﬁ N,(z) dA(z)
= (1) 55 1(h).

2) For |z — 1| > h, we write:

/ 8" (Ju(2)]) [t (2) 2N, (=) dA(z)
1—2|>h

}j/’ " (Ju(2)]) [/ (2) 2N, (2) dA(2)

k=1" kh<|1—z|<( k+1)h

< 42@”( ) k424 I((k+1)h)

_4Zq>”( )k4h2 I((k+1)h).

We take, with a = ¢(0):

0 if0<v<h/(1-]a|])
(3.37) W) =9 — ity /(1 a]).
Then
4 = 1 4 w4 5
" 1 il - - .
Since h < (1 —|a|)/8, one has 1/8 > h/(1— |al); hence @”(1/8) = 1(117h) and
(1) = ﬁ Therefore:
64 1 (h) 5
64 6 I(17h)
< = —
<3 I(17h) 2 =128 2
<128 x 17° __farh)
A(S(1,17h))
ending the proof of Theorem @ (|

15



4 Some consequences

4.1 Behaviour of the Nevanlinna counting function

In [i0], we proved (Theorem 4.19) that the Carleson function of an an-
alytic self-map ¢ has the following property of regularity: my(S(&,eh)) <
Kemy,(S(&h)) for 0 < h < 1—[p(0)), 0 <e < 1and¢ e dD, where K is
a universal constant. It follows from Theorem E, (actually Theorem @ and
Theorem B.6) that:

Theorem 4.1 There exist a universal constant K > 0 such that, for every
analytic self-map ¢ of D, one has, for 0 <e < 1:

(4.1) vo(et) < Kevy(t),

for t small enough.
More precisely, for t small enough, one has, for every & € D:

(4.2) vp(§,et) < Kevy(§,1),

where v,(§, 8) = SUPyew (,)nD Ny (w).

Note that the two above quoted theorems give Theorem a priori only for
0<e<1/K;butif 1/K <e<1,onehas v,(§et) <v,(€,t) < Kevy(&,t).

4.2 Compact composition operators

We shall end this paper with some consequences of Theorem for compo-
sition operators. Recall that if ¥ is an Orlicz function, the Hardy-Orlicz space
is the space of functions f € H! whose boundary values are in the Orlicz space
L¥ (0D, m). We proved in @], Theorem 4.18 that, if Ye@) _, 00, the compo-

sition operator Cy,: H ¥ — HY is compact if and only if, for every A > 0, one
has p,(h) = 0 [1/¥(A¥~1(1/h))] when h goes to 0. This remains true when
HY = H'. Hence Theorem [L.] gives:

Theorem 4.2 Let ¢: D — D be an analytic self-map and ¥ be an Orlicz func-
tion. Then the composition operator C,: HY — HY is compact if and only if

1
(43) Iw‘IS;l}f)_hN<p(w) =0 (W) N as h — O7 VA > 0.

It should be noted, due to the arbitrary choice of A > 0, that (JL.3) may be
replaced by
1

(4.4) ‘w‘s;f)_h]\ﬁa(w) < W , VA >0,

16



for h < ha, and this condition also writes, setting vy,(h) = sup|,>1_5 Ny(w)

(see (E))
v(1/h)

) T

It is known that if C,: H*> — H? is compact, then limj,_, 1*1|_%0|(ZZI)|

and that this condition is sufficient when ¢ is univalent, or finitely-valent, but
not sufficient in general (see [[7] and [4], § 3.2). Tt follows from Theorem
that an analogous result holds for Hardy-Orlicz spaces:

= 00,

Theorem 4.3 Let ¢: D — D be an analytic self-map, and ¥ be an Orlicz
function. Assume that the composition operator Cy: HY — HY is compact.
Then:

N
(4.6) tim, \P\IJEl[llcp(»Zj} —0.

Conversely, if ¢ is finitely-valent, then (@) suffices for C,: HY — HY to be
compact.

Recall that the assumption “p is finitely-valent” means that there is an
integer p > 1 such that each w € (D) is the image by ¢ of at most p elements
of D.

Proof. To get the necessity, we could use Theorem @ and the fact that
1

1—|z] <log Bl < N%,(gp(z)); but we shall give a more elementary proof. Recall
that HY is the bidual of HMY, the closure of H>* in HY. Since C,,(H*>) C H>,
C, maps HMY into itself and Cy,: HY — HY is the bi-adjoint of Cy,: HMY —
HMY. We know that the evaluation d,: f € HMY — f(a) € C has norm
SRV (1+WI) ([[0), Lemma 3.11). This norm tends to infinity as |a| goes to 1;

hence d4/||04]| ||—>10 weak-star (because |0q(f)| = |f(a)| < ||fll for f € H*®).
If C, is compact, its adjoint C; also; we get hence ||C7(0a/||dall) | ||—>1 0. But
C%0a = 0p(a)- Therefore

gl K|
v

Conversely, assume that ([L6) holds. For every A > 0, one has, for |z|

close enough to 1: ‘P_l(l%‘z‘) > A\Il_l(m% in other words, one has:

1/U(AV~1(1/1 - |p(2)])) = 1 — |z|. But, when ¢ is p-valent, and if w = ¢(z)
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with [z| > 0 minimal, one has N, (w) < ploggl‘ ~ 1—|z|. Since |z| — 1 as
|w| = |p(2)] — 1 (otherwise, we should have a sequence (z,,) converging to some
zo € D and ¢(z,) would converge to ¢(z9) € D), we get sup|,>1_, Np(w)

1/ (AV=(1/1 = |w])) < 1/¥(A¥~Y(1/h)), for h small enough. By Theo-
rem .2, with (@), that means that C,, is compact on HY. O

4.3 Slow Blaschke products

Without the assumption that ¢ is p-valent, condition (@) is no longer suf-
ficient to ensure the compactness of Cy,: HY — HY. Indeed, we are going to
construct a Blaschke product satisfying (@), but whose associated composi-
tion operator is of course not compact on HY, as this is the case for every inner
function.

Theorem 4.4 Let §: (0,1) — (0,1/2] be any function such that lim;_o §(t) =
0. Then, there exists a Blaschke product B such that:

(4.7 1—|B(z)| = 0(1—|2|), for all z € D.
Corollary 4.5 For every Orlicz function ¥ there exists a Blaschke product B

which satisfies
1
e
lim L= 1BGI .

|z]—1 1 -
gl
[1 - |Z|]

though the composition operator Cp: HY — HY is not compact.

Proof. Cp is not compact since every compact composition operator should
satisfy |¢*| < 1 a.e. (see [Id], Lemma 4.8). It suffices then to chose §(t) =
1/¥(\/U=1(1/t)), which satisfies the hypothesis of Theorem 4. Moreover:

asm) v
A/t JUI(Ljh) o

and condition ([L.7) gives the result. O

Proof of Theorem [.4. We shall essentially construct our Blaschke product
B as an infinite product of finite Blaschke products

IIB.:

where each finite Blaschke product B,, has p, zeros equidistributed in the cir-
cumference of radius r,. That is, we will have, writing 6, = 27k/p, and
2 =rnef% fork=1,2,... pn:

Pn n —10
|z 21 — 2 ry —e Wk
(4.8) B,(z) = I I — — = | |

2k 1 -2z 1—rp ey’

We shall need the following estimate for the finite Blaschke product in ([£§).

18



Lemma 4.6 Let p € N, and 0 < r < 1. Consider the finite Blaschke product

P r—e Wy
(4.9) G2) =] ————

—re—i0r5
bt 1 —re ez
where O = %T”, fork=1,2,...,p.
(a) Then, for every z € D with |z| =,
2rP (1—1rP)?
4.10 G < =1- .
(4.10) GG < o =1- G20

(b) If besides we have ph < 1/2, where h = 1 —r, we also have, for every
z € D with |z] =r,

(ph)*

(4.11) G) < 1- 2

Let us continue the proof of the theorem. Define x: (0,1) — (0,1] by:
(4.12) x(z) = sup [max{25(t), Vt}] .

t<zx
Then x is non-decreasing, lim, o x(x) = 0 and lim,_,; x(z) = 1. We can find a
decreasing sequence (hy,)n>0 of point hy, € (0,1), such that x(h,) < 27™. This
sequence converges to 0; in fact, v/h,, < x(h,) < 27" by (), and hence:

(4.13) h, <272,
We now define, for every n € N, a positive integer p,, by:
2h2
(4.14) pn, = min{p € N; p2 L>27"
e

We have p, > 1 because h2/2e < h2 < 274", So, for every n, we have
4(pn — 1)? > p2, and then:

4 n — 1 2h2 2h2
2e 2e
This yields, for n > 7, that (p,h,)? < 8¢2™™ < 1/4. Therefore p,h, < 1/2,
and we can use the estimate in part (b) of Lemma [L.6.

Now, for n > 7, let B, be the finite Blaschke product defined by ([.§), where
7n = 1—hy,. Using (b) in Lemma [£.6, the Maximum Modulus Principle and the
definition of p,, in (.14)), we have:

p2h2
(4.16) |Bn(2)] <1-— % <1-=27" for |z] < ry.
e

Consider then the Blaschke product D defined by:

(4.17) D(z) = [] Bn(2)-
n="7
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This product is convergent since, by (), we have
D opa(l=rn) = pahn <Y VBe27" < foo.
Finally, take N € N big enough to have r}’ < 1/2, and define
(4.18) B(z) = 2V D(2).
Thus B is a Blaschke product, and, if |z] < rg, we have, since §(t) < 1/2:
(4.19) IB(:)] < 2N < 1 < 1/2< 1 - 5(1  [2]).

If 1 > |z| > 7¢, there exists k > 7 such that rp > |z| > rg—1. Therefore,
thanks to (4.16),

(4.20) B(2)| < ID(2)] < |B(2)| < 127",

On the other hand ry > |z| > ri—1 implies hy < 1 —|z| < hg—1, and so

(4.21) S(1—lz)) < zx(1—|z]) < %X(hk—l) <27k,

N | =

Combining ([4.20) and ([:21)) we get |B(2)| < 1—6(1—|z]), when 1 > |z| > rg.
From this and (§.19), Theorem @ follows. (]

Proof of Lemma @ It is obvious that, for all a, z € C,

p
H(z—aei‘g’“) =2zP—aP.

k=1
Using this we have:
P —e kg P2 — et 2P —rP
12 G = [[ L e
1—re iz rz—e%  (rz)p—1
k=1 k=1
Now, if |z| = r, we can write 2P = rPu, for some w with |u| = 1. Then

|G(2)| = |T(u)|, where T is the Moebius transformation

P(u —1)
2Py — 1

T(u) =

This transformation 7" maps the unit circle 0D onto a circumference C. As T'
maps the extended real line Ry, to itself, and 0D is orthogonal to R, at the
intersection points 1 and —1, C' is the circumference orthogonal to R, crossing
through the points T'(1) = 0 and T'(—1) = «. It is easy to see that |w| < |af,
for every w € C; consequently:

2rP
< = —_ = ——
G:)| < sup [T(w)] = T(-1)| = {5
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This finishes the proof of the statement (a).
To prove part (b), observe that, 1+ r? < 2 and so, for |z| = r,

(1—1rP)2 (1—1rP)2
4.23 G <l—-—— 2 <1—-—-—"7 .

(423) Gl <1- S < 1= 5
Remember that r =1 —h, sor < e_h7 and 7P < e PP, Thus 1 — 7P > 1 —e Ph,
Now, if « € [0,1/2], we have, by the Mean Value theorem:

1—e*>

Sl=

Since ph < 1/2, we can apply this last estimate to () to get, as promised,
(1 _ efph)Q p2h2
G <]l—-— = <1-
G(2)] < <122
and ending the proof of Lemma @ O

Remark. The key point in the proof of Theorem Q is the inequality (.10
in Lemma @ This inequality may be viewed as a consequence of the strong
triangle inequality (applied to a = 2P, b =r? and ¢ = 0):

< d(a,c) +d(c,b)

3

4.24 d(a,b) < ———————
(424) (@.5) < T o die.b)
for the pseudo-hyperbolic distance d(u,v) = % on D. Let us recall a proof

for the convenience of the reader: by conformal invariance, we may assume that
¢ = 0; then

Zal2) (1 — b2 —1al2)(1 — b2
1~ i = E P 2 Eghie?) = 1 il
so that

la| + [b]

d(a,b) < d(la|, —[b]) = m ’

proving (}.24)), since d(a,0) = |a| and d(0,b) = |b].

4.4 A Compact composition operator with a surjective
symbol

A well-known result of J. H. Schwartz ([RJ, Theorem 2.8) asserts that
Cy: H® — H® is compact if and only if ||¢||sc < 1. In particular, the com-
pactness of C,: H> — H prevents the surjectivity of ¢. It may be therefore
to be expected that, the bigger ¥, the more difficult it will be to obtain both
the compactness of Cy,: HY — HY and the surjectivity of . Nevertheless, this
is possible, as says the following theorem, and the case H*° appears really as a
singular case (corresponding to an “Orlicz” function which is discontinuous and
can take infinite values).
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Theorem 4.7 For every Orlicz function U, there exists a symbol p: D — D
which is 4-valent and surjective and such that C,,: HY — HY is compact.

In the case of H? (U(z) = 22), B. McCluer and J. Shapiro ([I7], Exam-
ple 3.12) gave an example based on the Riemann mapping theorem and on the
fact that, for a finitely valent symbol ¢, we have the equivalence:

1—|o(2)|

(4.25) C,: H*> — H? compact <= lim — > = o0
lz] S1 1- |Z|

A specific example is as follows. Take
. 1 1
(4.26) R={z=z+iyeC; z>0and - <y < —+4r},
x T

let g: D — R be a Riemann map and set ¢ = e™9. Then, ¢ is 2-valent,
¢©(D) = D* (where D* = D\ {0}), and the validity of (}£.29) is tested through
the use of the Julia-Carathéodory theorem (see [RI] for details). To get a fully
surjective mapping 1, just compose ¢ with a Blaschke product B of length 2:

Z—

1_52), aeD\ {0}

p1(z) = Boy, with  B(z) = z(

Since Cyp, = Cy, 0 Cp, we see that C,, is compact as well and we are done.
Here, we can no longer rely on the Julia-Carathéodory theorem. But we shall
use the following necessary and sufficient condition, in terms of the maximal
Carleson function p,, which is valid for any symbol, finitely-valent or not (see
[E], Theorem 4.18, where a different, but equivalent, formulation is given):

-1
(4.27) Cp: HY — HY compact <= lim M =
20 Y1/ pp(h))

For the sequel, we shall set:

-1
(4.28) Ay = 2 _Wh)
U1(1/py(h))

Our strategy will be to elaborate on the previous example to produce a
(nearly) surjective ¢ such that p,(h) is very small (depending on ¥) for small
h. The tool will be the notion of harmonic measure for certain open sets of the
extended plane C = C U {oo}, called hyperbolic (see [f, Definition 19.9.3); for
example, every conformal image of D is hyperbolic (see [ﬂ], Proposition 19.9.2
(d) and Theorem 19.9.7). If G is a hyperbolic domain and a € G, the harmonic
measure of G at a is the probability measure wg(a, . ) supported by OG (in this
section, the boundaries and the closures will be taken in C) such that:

u(a) = /aG u(z2) dwg(a, z)
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for each bounded and continuous function u on G, which is harmonic in G (see
[, Definition 21.1.3). The harmonic measure at a of a Borel set A C G will
be denoted by wg(a, A). Clearly,

WD(O; ) =1m,

the Haar measure (i.e. normalized Lebesgue measure) of 9D.

R. Nevanlinna (see [E]7 Proposition 21.1.6) showed that harmonic measures
share a conformal invariance property. Namely, assume that G is a simply
connected domain, in which the Dirichlet problem can be solved (a Dirichlet
domain), and that there is 7: D — G which maps conformally D onto G and
maps 0D onto G, one has, if 7(0) = a:

(4.29) wg(a, A) = m(r7'(A))

for every Borel set A C dG. This explains why harmonic measures enter the
matter when we consider composition operators C,, for which my, = ¢*(m): my,
is, by )7 nothing but the harmonic measure of G at a.

A useful alternative way of defining the harmonic measure, due to S. Kaku-
tani, and completed by J. Doob (see [@], page 454, and [H], Appendix F,
page 477) is the following: Let (B:)i>o be the 2-dimensional Brownian motion
starting at a € G (i.e. Bg = a), and 7 be the stopping time defined by

(4.30) T=inf{t > 0; B, ¢ G};
we have:
(4.31) wg(a, A) =Py (B; € A),

i.e. the harmonic measure of A at a is the probability that the Brownian motion
starting at a exits from G through the Borel set A C dG. The following lemma
will be basic for the construction of our example. We shall provide two proofs,
the second one being more illuminating.

Lemma 4.8 (Hole principle) Let Gy and Gy be two hyperbolic open sets and
H C 0Gy a Borel set such that

GoC Gy and 0Go CO0G1UH.
Then, for every a € Gy, we have the following inequality:
(4.32) wa, (a,0G1 \ 0Gy) < wg,(a, H).

Proof 1. From [fj], Corollary 21.1.14, with A = dGoNIG1, one has wg, (a,d) <
wa, (a, A). But 0G1 \ A = 9G; \ Gy, and hence, since harmonic measures are
probability measures, wg, (a, 0G1 \ 0Gy) = wg, (a,0G1 \ A) =1 — wg, (a, A) <
wa, (a, A); we get the result since Gy = HUA, which implies 1 < wg, (a, H) 4+
en (A) [l
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Proof 2. Let us define

(433) T0 = 1nf{t >0; By ¢ Go}, T = mf{t >0; B ¢ Gl}
and
(4.34) E={B, €9G,\ Gy}, F={B, cH)

Inequality (f£.3d) amounts to proving that P, (E) < P,(F), which will follow
from the inclusion £ C F. Suppose that the event E holds. Since Gy C G1,
one has 79 < 7. The Brownian path (B;s)o<s<r, being continuous with By =
a € Go, one has B, € 0Gyg C 0G1 U H. If we had B, € 0G;, we should have
B;, ¢ G4, since G is open, and hence 79 = 7, since we know that 79 < 7. But
then B;, = B, € 0G), contrary to the definition of E. Therefore, B, € H and
F' holds. O

We also shall need the following result (see [ﬂ], Proposition 21.1.17).

Proposition 4.9 (Continuity principle) If G is a hyperbolic open set and
a € G, then the harmonic measure wg(a, .) is atomless.

Proof of Theorem @ It will be enough to construct a 2-valent mapping
¢: D — D such that (D) = D* and Cy,: HY — HY is compact. We can then
modify ¢ by the same trick as the one used by B. McCluer and J. Shapiro. Note
that every point in D* is the image by e™* of two distinct points of R, except
those which are the image of points of the hyperbola y = (1/x)+ 27, which have
only one pre-image.

For a positive integer n, set

and let €, > 0 such that

\I]_l (2/bn+l)

V(1)

1
4.36 —-
(1.36) -
We now modify the domain R, including “barriers” in it (not in the sense of
potential theory, nor of Perron!) in the following way.
Let, for every n > 1, M, be the intersection point of the horizontal line
y = 4mn and of the hyperbola y = (1/z) + 2, that is M,, = m + 47ni.

Define inductively closed sets P and P, , which are like small points of
swords (two segments and a piece of hyperbola), in the following way:

e The lower part of P or P is a horizontal segment of altitude 4nr.

e Those two horizontal segments are separated by a small open horizontal
segment H,, whose middle is M,,.
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e The upper part of P is a slant segment whose upper extremity ¢, lies
on the hyperbola y = 1/z.

e The upper part of P, is a slant segment whose upper extremity c;; lies
on the hyperbola y = (1/x) + 4.

e The curvilinear part of P is supported by the hyperbola y = 1/x.
e The curvilinear part of P, is supported by the hyperbola y = (1/z) + 4.

e One has 4(n+ 1) — Jmc > 27

The size of the small horizontal holes will be determined inductively in the
following way. Fix once and for all a € R such that Jma < 4m. Suppose that
H,,Hs,..., H, 1 have already been determined. Set

(4.37) O ={zeR\ | J(PfUP); Imz < 4nr}.
j<n
We can adjust H,, so small that

(4.38) wa, (a, Hy) < &n.

Indeed, €2, is bounded above by the horizontal segment [b,, + 4inn, b, —1 + 4inn|
of middle, say, M,,, and if H,, = [M,, — §, M, + §], we see that H,, decreases to
the singleton {M,} as § decreases to zero. Therefore, by Proposition @, we
can adjust ¢ so as to realize (4.3§).

We now define our modified open set 2 by the formula

(4.39) a=rR\ @ upr) =] .

n>1 n>1
It is useful to observe that
(4.40) inf Rew = b, .
wEIN,
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This is obvious by the way we defined the upper part of 9€2,.

Now, we can easily finish the proof. Fix h < b;/2 and let n be the integer
such that
b1 <2h < by, .

Let g: D — Q be a conformal mapping such that g(0) = a. Since J,,€ is con-
nected, Caratheodory’s Theorem (see [@]) ensures that g can be continuously
extended from D onto . Set @ =-e"9. It is clear from the remark made at the
beginnig of the proof that (D) = D* and that ¢ is 2-valent. Moreover, ) is
a Dirichlet domain (because each component of 90 has more than one point:
see the comment after Definition 19.7.1 in [f]), so we can use the conformal
invariance. Then by ({:29), ([39), (f:40) and by the hole principle, we see that,
if A= {Reg*(e) < 2h}:

po(h) <my({lz] > 1= h}) = m({e™9" ) > 1 - n})
= m({Reg*(e”) < log(1/1— h)})
< m({%eg*(e“) < 2h}) =wp(0, A)
= wym)(9(0), g(A)) = wa(a, {Rew < 2h})
< wgqla, {Rew < b, })
< wq(a, 00\ 00,) <wq, (a, H,) < &p.

It remains to observe that
UA/R) 0 2/bar)
\I}_l(l/pcp(h)) - \I]_l(l/gn)

in view of (4.3@) and of the choice of n, C' being a numerical constant. We
should point out the fact that we applied the hole principle to the domains
Go = Q, and G; = Q and that this was licit because the assumptions of the
hole principle (in particular the inclusion 992, C QU H,,) are satisfied. We
have therefore proved that:

A(h) =

<—<Ch,

1
n

lim A(h) =0,
hZ0
and this ends, as we already explained, the proof of Theorem @ ([

4.5 Composition operators in Schatten classes

In ], D. Luecking characterized composition operators Cy,: H 2 - H?
which are in the Schatten classes, by using, essentially, the m -measure of Car-
leson windows. Five years later, D. Luecking and K. Zhu ([[[§]) characterized
them by using the Nevanlinna counting function of ¢. We shall see how our
principal result makes these two characterizations directly equivalent.

It will be convenient here to work with modified Carleson windows, namely:

— 27 —1 27+ 1
ij:{zEID); 1—2_"§|z|§1and(327n)w§argz<(j;7n)w}
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(j=0,1,...,2" =1, n = 1,2,...). We shall say that W, ; is the Carleson
window centered at e2™9/2" with size 27".

Theorem 4.10 For p > 0 the two following conditions are equivalent:

N«p(z) _ .
a) — 222 ¢ LPI2(N), where dA\(z) = (1 — |2|)"2dA(z) and A is the
) sy € L) () = (1 - &) 2 dA(:)
normalized area measure on D;
oo 2"—1
b) Z Z [2”m¢(Wn,j)}p/2 < oo .
n=1 j=0

Condition b) in the last theorem yields that lim,,_, ., max; 2"mg (W, ;) = 0,
and it is not difficult to see that this implies that m,(0D) = 0, or equivalently,
that |¢*| < 1 almost evereywhere on dD. In this situation we know ([[LT],
Proposition 3.3) that b) in Theorem is equivalent to Luecking’s condition
in [[4]. In fact the characterization of belonging to a Schatten class in [[[4]
includes the requirement m,(0D) = 0.

Proof. We may, and do, assume that ¢(0) = 0.
1) Assume first that condition b) is satisfied. Let

R, ; = {z eD; 1-27"<|z| < 1—27""1and (2]2_7711” <argz < (2];—#
be the (disjoint) Luecking windows (0 < j < 2" —1, n > 0). One has R, ; C
Wi ;.

By Theorem @, there are a constant C' > 0 and an integer K such that
Ny(z) < Cmy,(W, ;), for every z € R, ;, where W, ; is the window cen-
tered at e?™9/2" as W, ;, but with size 25~". The windows W,_x ;, j =
0,1,...,2" % —1, have the same size as the windows Wn,j, but may have a dif-
ferent center; nevertheless, each Wn 4 can be covered with two windows W,,_ ;:
forn > K, Wy € Wyn_k1UWy_ 141, for some l = 1,2,...,2" K (where [ +1
is understood as 0 if [ = 2"~% — 1), we get (we shall use < to mean < up to a
constant):

(Nsa(Z))p/2 n\B42 /2
L= e < T, @

SY [ @ER ) aac)

S 2(277,):0/2 (,'ns(J (Wn,j))p/2

n,J

< 2(21/)17/2 (mga(Wu,l))p/2 < o0,

v,l

and a) holds.
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2) Conversely, assume that a) is satisfied. We shall use the following in-
equality, whose proof will be postponed (for p > 2, () follows directly from
Theorem B.7 and Holder’s inequality):

m \P/2 # Py p/2 p
A WP S s [ NP aA),

where Wnyj is a window with the same center as W,, ; but with a bigger pro-
portional size; say of size 27", We get

S W S S [N )

n,j n,j Wa.j

:/D(Zn:w(%?)[z ][mj(z)]) [N, (2)]P/? dA(2) .

Let k = 0,1,... such that 1 — 275! < || < 1—27% One has z € W, only

if n < k+ L, and then, for each such n, z is at most in 2* windows Wy It
follows that

S 22D S0 (z) < 20D oL,
n,j -
n J

But |z| > 1 — 275+ implies 2+ L4HDC+3) < € /(1 — |2])%F5; hence:

2)|p/2
D 2 m (W, )P S /D % dA(z) < o0,

n,J
and b) holds.
It remains to show ([.41).

By Theorem @, we can find a window W with the same center as W, ;,
but with greater size ch (h = 27™ is the size of the window W, ;), such that

M (Wh,j) S sup. Ny (w).

There is hence some wy € W such that
M (Wh,j) S Ne(wo).

Take R = |wg| + ch (one has R > 1 since wo € W and W has size ch) and
set wo(2) = ¢(z)/R. One has N, (z) = Ny (Rz) for |z| < 1/R and N, (z) =0
if |z| > 1/R.

Let now u be the upper subharmonic regularization of N, (, Lemma 1,
and its proof page 1140): u is a subharmonic function on D \ {0} such that
u > Ny, and u = N, almost everywhere, with respect to dA.
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A result of C. Fefferman and E. M. Stein ([§], Lemma 2), generously at-
tributed by them to Hardy and Littlewood, asserts that for any g > 0, there
exists a constant C' = C(¢) such that

C

(4.42) [u(a)]* < A(D(ar)

[ weaac)
D(a,r)

for every nonnegative subharmonic function v on a domain G and every disk
D(a,r) C G (see also [15], Lemma 3).

If A is the disk centered at wy/R and of radius 1—|wg|/R (which is contained

in D\ {0} since R > |uwg|), one has, by ([£.49):

[N (@)} = [Ny (w0/ R)IP'? < [u(uo/ R)JP'?
< % J a2 aac)
-4 [ VeGP dae)
a5 /. o Vo AC)

__C_ w) P2 w
= 1) o e A ),

o

where A = D(wo, R — |wo|) = D(wo, ch).

Since the center wy of A is in D, A N D contains more than a quarter of
A (at least for ¢h < 1), and hence A(A ND) > A(A)/4 = ¢2h?/4r. Now,
let W, ; be the window with the same center as W, ; and of size 2ch. Since
2ch > ch + (1 — |wp|), W,,; contains A ND and A(W,, ;) ~ h? =~ A(A) (=
meaning that the ratio is between two absolute constants). We therefore get:

[N ()P < — / N (w)P/? dA(w),

A(Wnu’) Wi s

proving (§.41]). O

4.6 Composition operators with closed range

In [E], J. Cima, J. Thomson and W. Wogen gave a characterization of com-
position operators C,: H? — HP with closed range. This characterization
involves the Radon-Nikodym derivative of the restriction to 0D of m,. They
found it not satisfactory, and asked a characterization with the range of ¢ itself.
N. Zorboska ([Rg]) gave such a characterization, but her statement is somewhat
complicated. We shall give here more explicit characterizations, either in terms
of the Nevanlinna counting function N, or in terms of the Carleson measure
M.
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Theorem 4.11 Let ¢: D — D be a non-constant analytic self map. Then the
composition operator C,: HP — HP, 1 < p < 00, has a closed range if and only
if there is a constant ¢ > 0 such that, for 0 < h <1,

1

Theorem will follow immediately from the next theorem, applied to
p = my, and from Theorem m

Theorem 4.12 Let u be a finite positive measure on D. Assume that the canon-
ical map J: HP — LP(u) is continuous, 1 < p < oco. Then J is one-to-one
and has a closed range if and only if there is a constant ¢ > 0 such that, for
0<h<l,

(4.44) p[W (& h)] >ch, V¢ € OD.

Proof. 1) Assume that J has a closed range. By making a rotation on the
variable z, we only have to find a constant ¢ > 0 such that

(4.45) u(Sp) >ch,

for h > 0 small enough, where S;, = S(1, h).
Since J is one-to-one, there is a constant C' > 0 such that

(4.46) 1£12, > CP I, Vf € HP.

We are going to test ([L44) on

(4.47) fa(z) = (“;)N.

It is classical that there is a constant ¢, > 0 such that

i t pN C
4.48 P = [ at > .
( ) HfNHp ‘/_F‘COS2‘ _\/N

Now, since |z + 1| + |z — 1|2 = 2(|z|> + 1) < 4 for every z € D, one has

— 1|2\ N/2
(=)l < (1 e ) < e F =17
Hence, using |fn(z)| < 1 when |z — 1| < h, one has
1N IEo () < 1(Sh) +/ e PF 117 gy
|z—1|>h
o—PNhZ/8
= 1(Sh) +/ p({e % = S w)) du,

0
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that is, making the change of variable u = e PE ””2,

o0 N _ 1
0o < (S + [ n{le =11 < o) B e ¥ do.

Now, the continuity of J means, by Carleson’s Theorem, that there is a
constant K > 0 such that

(4.49) sup u(S(¢,2)) < Kux, 0<z<1.
lgl=1

We get hence:

> pN _pN 2
HfN”Zzp(#) S,LL(Sh)—I—/h K:che P T dy

Kv8 1 [*
—_— y-e dy .
VP VN Jp/2X

We take now for N the smaller integer > 1/h2 multiplied by some constant
integer a,, large enough to have

,u(Sh) +

K\/g/‘oo 9 2 cp CP

We get then, from (f.46) and ([.49):

which gives ([.49).

2) Conversely, assume that ([L44) holds. Since the disk algebra A(D) is
dense in H?, it suffices to show that there exists a constant C' > 0 such that

[l oy = Cllf[lp for every f € A(D).
Let f € A(D) such that || f||, = 1. Choose an integer N such that

N
Tin/ p 1 4 —1
N @z g [ @ dn© =5

and such that, due to the uniform continuity of f,

_ 2T 1
! / /
z,z2 €D and |Z—Z|§—N - |f(z)—f(z)|§2(p+l)/p'

Then, setting W,, = W (e*™/N 7 /N), 1 <n < N, one has
N
g = [ 15703 [ irpan.
n=1 n

31



If we choose 2,, € W, such that | f(z,)| = min.ew, |f(z)|, we get, using ([.44):

N N
11 2 3 )P (1) > N PILENS

Since AP < 2P~1[(A — B)P + BP], by Hélder’s inequality, one has

|f(2n)|P > 2p_: |f(827rin/N)|:D _ |f(zn) _ f(e27rin/N)|p
and hence
o 1 X .
Hinp(H) Z anl |:2p—1 |f(627rm/N)|:D _ |f(zn) _ f(e27rzn/N)|p:| )

Now, since z, € W,,, one has

Zn

[znl

therefore |f(z,) — f(e2™/N)| < 1/2P*! and we get:

|Zn _ e27rin/N| < +

Zn —

=l

Fn 27rin/N' <
|2n] N

=] =

T
N

P > 1 al 1 27in/N \|p 1
||f||LP(#) ZCcm N Z 2P*1 |f(e )| - 2p+1

n=1
1 1 1 _cm
212 2P+1) T oontl
That ends the proof of Theorem . O
Remark. To make the link with Cima-Thomson-Wogen’s criterion, we shall
see that condition implies that the restriction of y to the boundary T = 0D

of the disk dominates the Lebesgue measure m. In fact, let I be an arc of T. If
m(I) = h, we can write

ch(

=) U W, h/2n),

n>1j5=1
with disjoint windows W (&, 1,h/2n), ..., W(&,.n, h/2n); hence

. - " h ¢
M(I) = nh_)H;OZN[W(gn,jah/2n)] > CZ o = B h.
j=1 j=1
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