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Abstract. We show that the maximal Nevanlinna counting function and the
Carleson function of analytic self-maps of the unit disk are equivalent, up to
constants.
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1 Introduction

Carleson measures and Nevanlinna counting function are two classical con-
cepts in Complex analysis. Carleson measures appeared when L. Carleson ([],
[) characterized measures p on the closed unit disk D for which there is a
constant C' > 0 such that || f||zr(u) < C || f]|u», for every f in the Hardy space
HP, 0 < p < oo: pissuch a measure if and only if supj¢j—y u[W (&, k)] = O (h),
where W (&, h) is the Carleson window of size h centered at . This supremum
is called the Carleson function p, of u. If ¢ is an analytic self-map of D and
p = m,, is the image by ¢*, the boundary values function of ¢, of the Lebesgue
measure on the circle, p, = p,, is said to be the Carleson function of ¢. Nevan-
linna counting function traces back earlier, and Littlewood ([H]) used it when
he showed that, for every analytic self-map ¢ of D, the composition operator
f— f o is continuous on H? (which means that m, is a Carleson measure).

Compact composition operators on H? have been characterized in terms of
the Carleson function of their symbol ¢: p,(h) = o (h), as h — 0, by B. McCluer
([Lq]), and in terms of the Nevanlinna counting function N, of this symbol:
Ny(w) = o(1 — |w|), as |w| — 1, by J. Shapiro ([[[J]). There should therefore
exist a link between these two quantities. Some results in this direction had been
given: B. R. Choe ([]) showed that lim sup;,_,(p,(h)/h)'/? is equivalent, up to
constants, to the distance of Cy, to the space of compact operators on H 2 since
J. Shapiro proved ([lJ]) that this distance is lim sup|w|_}1(Ng,(w)/1og|w|)1/2,
one gets that limsupy,,_; Ny(w)/log|w| ~ limsup,_, p,(h)/h. Later, J. S.



Choa and H. O. Kim ([ff]) gave a somewhat direct proof of the equivalence
of the two above conditions, without using the properties of the composition
operator, but without giving explicitly a direct relation between them.

In this paper, we show that the Nevanlinna counting function and the Car-
leson function are equivalent in the following sense:

Theorem 1.1 There exist some universal constants C,c > 1, such that, for
every analytic self-map ¢: D — D, one has:

(L1) (1/C)po(hfe) < sup Ni(w) < Cpp(eh),

for 0 < h <1 small enough.
More precisely, for every & € D, one has:

(12)  (1/64)m [W(E,h/64)] < sup  Ny(w) < 196 my[W(E,24 )],
weW (&,h)ND

for 0 < h < (1—]¢(0)])/16.

2 Notation

We shall denote by D = {z € C; |z| < 1} the open unit disc of the complex
plane and by T = 9D = {z € C; |z| = 1} its boundary; m will be the normalized
Lebesgue measure dt /27 on T, and A the normalized Lebesgue measure dxdy /7
on D. For every analytic self-map ¢ of D, m,, will be the pull-back measure of
m by ¢*, where ¢* is the boundary values function of ¢.

For every £ € T and 0 < h < 1, the Carleson window W (&, h) is the set

(2.1) W h)={2€D; |2/ >1—h and |arg(zf)| < h}.

For convenience, we shall set W (&, h) =D for h > 1.
For every analytic self-map ¢ of D, one defines the maximal function of m,,,
for 0 < h <1, by:

(2.2) po(h) = sup m({C eT; ¢"(¢) e W(E, h)}) = supmy, (W({,h)).
£eT €eT

We have p,(h) = 1 for h > 1. We shall call this function p, the Carleson
Junction of ¢. For convenience, we shall often also use, instead of the Carleson
window W (¢, h), the set S(§,h) = {z € D; |z—&| < h}, which has an equivalent

measure.
The Nevanlinna counting function N, is defined, for w € ¢(D) \ {¢(0)}, by

1
(2.3) N«p(w) = (; log ma
w(z)=w

each term log |17| being repeated according to the multiplicity of z, and Ny (w) =
0 for the other w € D. Its maximal function will be denoted by

(2.4) ve(t) = | ng)_th(w)-



3 Majorizing the Nevanlinna counting function
by the Carleson function

The goal of this section is to prove:
Theorem 3.1 For every analytic self-map ¢ of D, one has, for every a € D:
(3.1) Ng(a) <196 m, (W (E, 12h)),

for0 < h < (1—¢(0)])/4, where { = & and h =1 — |al.

la]

In particular, for 0 < h < (1 —|p(0)])/4:

(3.2) vy(h) = | ls;11p hNS(,(a) < 196 py(12h).

Let us note that, since W(¢,s) C W(E,2t) whenever 0 < s < ¢ and ¢ €
W (&,t) N OD, we get from (B.1) that

(3.3) sup  Ny(w) < 196 my, (W (€,24h)) .

weW (&,h)ND

We shall first prove the following lemma.

Lemma 3.2 Let ¢ be an analytic self map of D. For every z € D, one has, if
w=¢(z), {=w/|lw| and h=1—|w| <1/4:

|w|

(3.4) s (W(E 121)) 2 ms (S(E 60) = S (1= |2)).
Proof. We may assume, by making a rotation, that w is real and positive:
3/4<w< 1.
Let:

au + 1
3.5 T(u) = )
(35) () = 2
where

2

a=w——<-—1,
w

so that T: D — D is analytic, and T'(w) = w/2.
If P, is the Poisson kernel at z, one has:

5 =Tl = [(Tog) Podm= [ Se((Top)|P.dm.
T T
Hence, if one sets:

E = {Re(Top") > w/4} = {Re[(T0 )] > w/4},



one has:

Eg/Pzdm+9 Pzde/Pzdm—l—g/Pzdm:/Pzdm—i—g;
2 E 4 Ec E 4 D E 4

therefore:
w
P,dm > —
IR
Since . )
+ |z
Pz co — S ’
we get:
(3.6) m(E) = < (1- ).

On the other hand, (B.5) writes

aU —1
3.7 =T7YU) = ;
(3.7) w=T0) = S
hence: 1l 2| 1|
a—+
1 —u|=la+1] <
la—Ul ~ la—U|

But a < —1 is negative, so Re U > w/4 implies that

la—U|>Re (U —a) >

Ms
@

I

|

|
=~ w
S

(Y4

Moreover, for w > 3/4:
2 11
1= (1- (— 1)<—1— .
at1/=0-w (2 1)<l w

We get hence |1 —u| < 6 h when (B.7) holds and Re U > w/4.
It follows that:

(3.8) ©*(E) CT Y ({MeU > w/4}) C S(1,6h),
giving my, (W (1,12h)) > my(S(1,6R)) > m(E).
Combining this with (@) that finishes the proof. O

Remark. Theorem B.1 follows immediately when ¢ is univalent since then, for
|w| > 3/4 and p(z) = w:

1
Ny (w) =log B ~ (1—|z]) S me(W(1,12h)).
z
When proving the equivalence between the conditions p,(h) = o(h), as

h — 0, and N,(w) =0 (1 — |w|), as |w] — 1, J. S. Choa and H. O. Kim proved



(see [f], page 112) the following inequality, for every analytic self-map ¢: D — D
and every w € D, close enough to 1:

(1 — |w[*)? / 1
3.9 N, (w) < — dm(z).
39 S TR o TP )
This result follows from an Hilbertian method, viz. Littlewood-Paley’s iden-
tity:

(3.10) I1f o @ll3 =1f o (0)]* + 2/D |f/(w)|*Nop(w) dA(w)

for every f € H?. With (B.9), one cannot go beyond the order 2; for instance,
we can deduce from (B.9) (see the proof of Theorem B.1 below), that, for 0 <
h<1/2:

1/h? 1 1
pe(u)
3.11 sup Ny, (w Shz/ Pol — dt§h2—|—h2/ 22 du.
G s N Sk () e

This is of course interesting only when the second term in the last sum is at most
of order hZ?, so, when the integral is bounded. Nevertheless, this result suffices
to show that Shapiro’s criterion of compactness for Cy,: H?> — H? is implied
by McCluer’s one. Moreover, when the pull-back measure m,, is an a-Carleson
measure (i.e. py(h) < Ch® for some constant C' > 0), with 1 < a < 2, we get

1, «
Nw(w)§h2+h2/ L du SR+ hPRO? S b
h u

Recall (@], Corollary 3.2) that, when m,, is an a-Carleson measure, the compo-
sition operator C,, is in the Schatten class S, on the Hardy space H?, for every
p > 2/(a—1), and that m,, is a-Carleson for every a > 1 when Cy,: HY — HY
is compact, if ¥ is an Orlicz function satisfying the growth condition A2 ([E],
Theorem 5.2).

But (B.11)) does not suffice for the compactness of C,: HY — HY on general
Hardy-Orlicz spaces (see [[]).

In order to prove Theorem @, we shall replace the Littlewood-Paley identity,
by a more general formula, deduced from Stanton’s formula (see [, Theorem 2).

Theorem 3.3 (Stanton’s formula) For every analytic self-map ¢: D — D
and every subharmonic function G: D — R, one has:

. 1
312)  tim [ Gler€)dm(e) = GleO)] + 3 [ AG()N(w) dA(w),

where A is the distributional Laplacian.

Proof of Theorem B.1. If a ¢ ¢(D), one has N,(a) = 0, and the result is
trivial. We shall hence assume that a € p(D).



Let ®: [0,00) — [0, 00) be an Orlicz function, that is a non-decreasing convex
function such that ®(0) = 0 and ®(00) = oo, and we assume that @’ is also
an Orlicz function. In other words, ®” is an arbitrary non-negative and non-
decreasing function and ®'(z) = [ ®”(t) dt and ®(z) = [, ®'(t) dt.

Let now f: D — C be an analytic function. We have, outside the zeroes of

f, in writing A®(|f|) = 400® (/| f]?):

(3.13) AD(f]) = |@"(f]) + ‘I)Sglf D g
We shall only use here that:
(3.14) AD(f]) > " (|f]) |/

(this is a not too crude estimate, since, ®’ being an Orlicz function, ®” is
non-negative and non-decreasing, and hence ®'(z) = foz O (t)dt < x®"(x) and
' (z) = fom D" (t)dt > f;/z Q" (t)dt > (x/2) D" (x/2)).

Set now, for a € D:

_l-ld g

(3.15) fa(2)

1-az
Since ®(| f,|) is subharmonic (® being convex and non-decreasing) and bounded,
we can use Stanton’s formula as:

1
(3.10 | asaoeham >3 [ @ (n)17p N, aa
) 2Jp
Let h =1 —|a|. For |z — a| < h, one has
1= as| = (1= o) + a(a — 2)] < (1 — [af) + |a — 2| < 2+ h = 3h

Hence |fq(2)| > 4= = % for |z — a| < h. It follows, since ®” is non-decreasing:

1 1
(3.17) [ altoshan= 50 () [ |ppada
oD 2 37 Jp(a,n)
Now, if ¢a(2) = 52, one has |f4()] = £k [, (2)] > 2 |4 (2)] (we may, and

do, assume that 1 — |a| = h < 1/4); hence:
1 1\ 9
o facpl)dnz 30 () o [ PN,
/811» 2 3749 Jp(a,n) ’

9 1
= 9" / Ny, op dA
98 (3) apa(D(a,h)) Pao®

(because Ny, o0 (¢a(w)) = Ny(w) and @ ! = @q).
But ¢, (D(a,h)) 2 D(0,1/3): indeed, if |w| < 1/3, then w = ¢, (z), with

(1—a]*)w
1—aw

1/3
ol _ o1/

= h.
— |wl| 1-1/3

o-1= | <o)



We are going now to use the sub-averaging property of the Nevanlinna func-
tion ([L3], page 190, [[J], § 4.6, or [[4], Proposition 10.2.4): for every analytic
self-map ¢: D — D, one has

1
Nyun) < 455 /A Ny(w) dA(w)

for every disk A of center wy which does not contain (0).
This will be possible thanks to the following:
Lemma 3.4 For 1 — |a| < (1 —|¢(0)|)/4, one has |(¢q o ¢)(0)| > 1/3.

Proof. One has |1 —ap(0)| < (1—|al?)+|a| |a—(0)| < (1 —|a|?) +|a— ¢(0)];
hence:

ja — (0) B L~ Jaf?
lea((0))] > 1 — [af?) + Ja — @(0)] 21 (1 —lal?) + |a — (0)]
>1_ 1—7|a|2 >1-29 1_7M|-
= T la—9(0)] ~ la — ¢(0)]

But when 1 — |a| < (1 — |¢(0)|)/4, one has:

la —@(0)] > |a] = [(0)] = (1 = [¢(0)]) = (1 —[a]) > 3(1 — |a]),
and the result follows. O
Hence:

1 1
/ NSDaOSD dA Z §N§gao§a(0) = § Ng,(a),
D(0,1/3)

and
1 /1
(3.18) /(?D¢(|faogp|)dm2 %rb”(g) N,(a).

We now have to estimate from above [, ®(|f, o ¢|) dm. For that, we shall
use the following easy lemma.

Lemma 3.5 For every £ € 9D and every h € (0,1/2], one has:

(3.19) 1 —az|> > —(h* + |z — &%), Vz € D,

|

where a = (1 — h)¢.

Proof. The result is rotation-invariant; so we may assume that £ = 1 (and
hence a > 0). Write z = 1 — re?. Since |z| < 1 if and only if » < 2cos#, one
has cosf > 0 and hence |0| < 7/2. Then:

I1—az> =1—a(l —re?)? = |1 —a+ are®)?
=(1—a)*+a*r* +2ar(1 — a) cosf

1 1
2(1—@)2+a2r22Z(h2+r2)zz(h2+|z—l|2). O



< /‘I’(W e 5|2>1/2> dme (). by B19

+o0
= (g =)

= [ 02 1 g < omje)
0

o(2)
_ / mo((h + |2 — €)% < 20)07 (1)) dt ,
0

since h < (h? + |z — €]?)Y/2 < 2h/®~1(t) implies t < ®(2). We get:

(2)
/ q’(lfaosal)de/ my (|2 — & < 2h/@71(t)) dt .
oD 0

We obtain from (B.1§), by setting u = 2h/®1(t):

Ny(a) < % /hoo my(S(&,u)) i—z @’(%) du -

u
Since ®'(z) < x®"(x), we get:

98 [ 4n? _, (2h
B2) N0 < g [ melS(Ew) o (ﬂdu.

We are going now to choose suitably the Orlicz function ®. It suffices to
define ®”, for a € I given (with £ = a/|a| and h = 1—|a| < 1/4). By Lemma .9,
since a € ¢(D), there is a constant ¢y > 0, such that my(S(&, coh)) > 0; we can
hence set (note that my,(S(&,u)) < 1):

1 fo<v<h,
1
. ifh<v<?
(3.21) o (v) = m@(S(fl, ohfvy) /0,

—mv (S({, coh)) ifvo>2/¢.

It is a non-negative non-decreasing function, so the assumptions made on ® at
the beginning are satisfied. One has, since m, (S(¢,u)) ®”(2h/u) < 1:

00 2 o] 2
/ mw(S(f,u))%®/'<%> dug/ ﬂdu:l
h u u h

u3

Since ¢g < 6, one has h < 1/3 < 2/cy and hence ®”(1/3) = 1/my,(S(€,6h));



therefore (B.2() gives, for h < (1 — |p(0)])/4:
(3.22) Ng(a) <196m,(S(€,6h)),

finishing the proof since S(&,6h) C W (£, 12h). O

4 Domination of the Carleson function by the
Nevanlinna function

We cannot expect to estimate individually from above the m,-measure of
Carleson windows centered at & = w/|w| by N,(w), as in Theorem B.1. In fact,
consider a conformal mapping ¢ from D onto D \ [0, 1[. One has N, (t) = 0 for
every t € [0,1], though m, (W (1,h)) > 0 for every h > 0 (because W(1,h) D
W (e"/2, h/2) and m, (W (e?/?,h/2)) > 0 by Lemma B.9).

Let us give another example. Let ¢(z) = (1 + 2)/2. Then:

a) One has ¢(e'?) = (cos6/2) e?/? (with |0 < 7). Hence p(e'?) € W (e'%, h)
if and only if cos(6/2) > 1—h and |(0/2) — 6| < h, i.e. 2(6p—h) < 0 < 2(6p+h).

Now, 1—cos(6/2) < 6%/8, so the modulus condition is satisfied when 6% < 8h;
in particular when |0 < 2v/h.

For 6y = V/h, M (W(ew”, h)) is bigger than the length of the interval

[—2vh, 2VR] N [2(Vh — h),2(Vh + h)] = [2Vh — 2h, 2V/R]

that is 2h. Therefore my, (W (e, h)) > 2h.
b) Let now w = ¢(z). Write w = 5 + r¢'® with 0 <7 < 1/2. Then, writing

r =4 —s,one has |z| = 2w — 1| = 2r and
1 1 1
N, =log — =log— =1 ~
o) Og|z| B T BT s T F

Now, |w|* = § 4+ r? + rcos( and

2

h~1-—|w?= (1—cos§)+s(1+cos()—52z%+25.

N =

Writing ¢ = s'/2%, one gets:
(i) for “small” ¢ (i.e. 0 <a <1): h~s, and so N,(w) = h;
(i) for “large” (i.e. a > 1): h~ s'/% and so N,(w) =~ h®.

On the other hand, w = ¢%/2[(1 — s) cos(¢/2) — issin(¢/2)]; hence, when s
goes to 0, one has

ssin(¢/2) ¢
|~5=¢

(1 —5s)cos(¢/2)

0y = argw = 5 + arctan [



For a > 1, one has h ~ s/* = (2, i.e. ¢ ~/h. Then, choosing a > 1 such that
¢ = 0o, one has my, (W (w/|w|, h)) ~ h, though Ny (w) ~ h® < h.

One cannot hence dominate mg, (W (w/|wl|, h)) by Ny(w).

We can remark that, nevertheless, in either case, one has p,(h) ~ h and
vo(h) = h.

We shall prove:

Theorem 4.1 For every analytic self-map p: D — D, one has, for every & €
oD:

(4.1) my (W (€, h)) < 64 sup Ny(w),
wEW (£,64h)ND

for 0 < h < (1—1p(0)])/16.

Proof. We shall set:

(4.2) vo(§,h) = sup  Ny(w).
weW (&,h)ND

If for some hg > 0, one has v,(§, ho) = 0, then (D) C D\ W (¢, ho),
and hence my, (W (€, h)) = 0 for 0 < h < hg. Therefore we shall assume that
v, (€,h) > 0. We may, and do, also assume that h < 1/4. By replacing ¢ by e,
it suffices to estimate my, (S(1,h)) (recall that S(1,t) = {z € D; |1 —z| < t}).

We shall use the same functions f, as in the proof of Theorem @7 but, for
convenience, with a different notation. We set, for 0 < r < 1:

1—1r

(4.3) u(z) =

T 1l—rz

Let us take an Orlicz function @ as in the beginning of the proof of Theo-
rem @, which will be precised later. We shall take this function in such a way
that @ (|u(e(0))]) = 0.

Since &' () < 2 ®"(x), (B.-13) becomes:

(4.4) A ([ul) < 20" (ful) [u'?,

and Stanton’s formula writes, since @ (Ju(¢(0))]) = 0:
uo m "(Ju(w)]) o' (w)|* N (w w).
(4.5) /(91[»(1)(' wl) d S/Dq) (lu(w)]) [ (w)[* Ny (w) dA(w)

In all the sequel, we shall fix h, 0 < h < 1/4, and take r = 1 — h.
For [z <1land|l1—z| < h,onehas |1—rz|=|(1—2)+hz| < |1—z|+h < 2h,

" 1-r 1
> 0 - L

10



Hence:

1
mw(S’(l,h)) < m /S(l)h) <I>(|u(z)|) dm(z)

1
< 577 . 2 dm(2)

1
- WA@(|<uo¢><z>|)dm<z>,

and so, by ([£.3):

1

(46)  me(S0,h) < G / @ (Ju(2)]) [u' () > Ny () dA(2).

We are going to estimate this integral by separating two cases: |1 — z| < h
and |1 — z| > h.

For convenience, we shall set:

(4.7) v(t)= sup Ny(w).

1) Remark first that

, _ rh
w(z) = (1—rz)2’
and so: " .
i
< ——
WO T = g

Since |u(z)| < 1, we get hence:

" / 2 " 1 ~
/1_z|§hq) (lu(2)]) [v/ (2)|* Ny (2) dA(2) < / (1) 55 7(h) dA(2),

S(1,h)

giving, since A(S(1,h)) < h*:

@s) [ (@) PN dAR) < @) o(h).
1—2|<h

2) For 0 < h < 1/4, one has:

2h 2h
d / P —
T and |u'(2)| < T

u(2)] <
indeed, we have (this is obvious, by drawing a picture):

[1—rz|=r >r|l -z,

1
- —z
r

11



and hence |1 —rz| > 2|1 — 2|, since r =1 — h > 3/4. We obtain:

/ 8" (Ju(2)]) [t (2) 2N, (=) dA(z)
[1—z|>h

2h h?
§4/ @”(—>7N 2)dA(2).
on T T2 T Nel2) dAG)

Then, using polar coordinates centered at 1 (note that we only have to
integrate over an arc of length less than ), and the obvious inequality N, (z) <
(|1 — z|), we get:

as) [ () W EPN) A

2
<4 q>” CUAN p(t)dt.
h B

We now choose the Orlicz function as follows (with a = ¢(0)):

1 .
(4.10) (v) Y o
4.10 (I)N v) = i —la v

0 if0<v<h/(1-—]ld]).

This function is non-negative and non- decreasmg Moreover, one has ®(z) =
for 0 <z < h/(1— |a|). Hence, since |u(a)| < one has ®(|u(a)|) = 0.

Then

(4.11) A@"(2:>%u(t)dt 2(1 ! (%)—3

1- Ial’

IN
:\
8
%l
S:
wl}—‘

a1y [Pt 3 (1
=@ (g)/1/4 3% =5 %(5):
When h < (1 — |al)/8, one has 1/8 > h/(1 — |a|); hence ®"(1/8) = 1/0(16h),
and (1) = 1/7(2h). We get hence, from ([.6), (£§), (£9) and ([E11):
v(h)
7(2h)

(4.12) my(S(1,h)) < ?4 ﬂ(16h)[ + 2] < 640(16h) .

12



Since W(1,t) € S(1,2t), we get my,(W(1,h)) < 64 SUP e 5(1,320) Nep (W)
for 0 < h < (1 — | (O)|)/16 and that ends the proof of Theorem W.1), since
S(1,32h) C W(L, 64h). O

Remark. A slight modification of the proof gives the following improvement,
if one allows a (much) bigger constant.

Theorem 4.2 There are universal constants C,c > 1 such that

1
<C 714(8({, ch)) /s(g,ch) N,(z) dA(2)

for every analytic self-map p: D — D, every £ € D, and 0 < h < (1—|p(0)])/8.

Proof. We are going to follow the proof of Theorem @ We shall assume that
¢ =1 and we set:

(4.13) 1) = /S | Vo))

Then:
1) When |1 — 2| < h, , we have, instead of ([.§):

"(lu(2)]) |’ (2)|2 N, (= z 1)~ z z
a1y [ () WEPNEAR) < [0 N dAC)

1

— @//(1) h2

I(n).
2) For |z — 1| > h, we write:

/ 8" (Ju(2)]) [t (2) 2N, (=) dA(z)
1—2|>h

- /’ 8" (Ju(2)]) [t (2) 2N, (=) dA(z)
kh<|1—z|<(k+1)h

42@”( )k424 I((k+1)h)
—42@”( )k4h2 I((k+1)h).

We take, with a = ¢(0):

(4.15) o"(v) =4 I(E+1D)h) if v > h/(1 ~al),
0 if0 < v < h/(1-a]).
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Then

w16 [ @ () W PN hiz,%hi

Since h < (1—al)/8, one has 1/8 > h/(1 —|al); hence ®"(1/8) = ﬁ and

(1) = ﬁ . Therefore:

hS

<2
=52

©|=1

my(S(1,h)) < L H I(17h) [hi 1(h) + %}

3 1(3h
64 6 (17h)
< —1I(17h) = =12
17h
<128 x 17 & :
A(S(1, 17h))
ending the proof of Theorem @ O

5 Some consequences

In [, we proved (Theorem 4.19) that the Carleson function of an ana-
lytic self-map ¢ has the following property of regularity: my,(S(¢,eh)) <
Kemy(S(&h)) for 0 < h < 1—1]p0)], 0 <e < 1and¢ € 0D, where K
is a universal constant. It follows from Theorem E, (actually Theorem and
Theorem [L.1]) that:

Theorem 5.1 There exist a universal constants K > 0 such that, for every
analytic self-map ¢ of D, one has, for 0 <e < 1:

(5.1) vo(et) < Kevy(t),

for t small enough.
More precisely, for every & € 0D, one has, for t small enough:

(5.2) sup No(w) < Ke sup  Ny(w).
weW (€,et)ND weW (&,t)ND

We shall end this paper with some consequences of Theorem for compo-
sition operators. Recall that if ¥ is an Orlicz function, the Hardy-Orlicz space
is the space of functions f € H' whose boundary values are in the Orlicz space
LY (0D, m). We proved in [ﬂ], Theorem 4.18 that, if @ — 00, the compo-

sition operator C,: H ¥ — HY is compact if and only if, for every A > 0, one
has p,(h) = 0 [1/¥(A¥~!(1/h))] when h goes to 0. This remains true when
HY = H'. Hence Theorem @ gives:

14



Theorem 5.2 Let p: D — D be an analytic self-map and ¥ be an Orlicz func-
tion. Then the composition operator C,: HY — HY is compact if and only if

1
(5.3) |w|s;11p7h]\]¢(w) =o0 (W) , ash—0, VA > 0.

It should be noted, due to the arbitrary A > 0, that (p.3) may be replaced
by

1
5.4 sup Ny(w) < ——————, VA >0,
(54) lw|>1-h o) U (AV-1(1/h))
for h < hy.
It is known that if C,: H* — H? is compact, then lim,_; %ﬁ)' =%

and that this condition is sufficient when ¢ is univalent, or p-valent, but not
sufficient in general (see [[L1] and [[[J], § 3.2). It follows from Theorem .9 that
an analogous result holds for Hardy-Orlicz spaces:

Theorem 5.3 Let ¢: D — D be an analytic self-map, and ¥ be an Orlicz
function. Assume that the composition operator Cy: HY — HY is compact.
Then:

(5.5) lim \Ij_l(l _1'2')

e (=)

Conversely, if ¢ is p-valent, then (@) suffices to C,: HY — HY be compact.

Proof. For the necessity, we could use Theorem @ and the fact that 1 — |z| <
log ﬁ < Ng,(go(z)); but we shall give a more elementary proof. Recall that HY

is the bidual of HMY, the closure of H*. Since Cy,(H*®) C H*®, C, maps
HMY into itself and Ci,: HY — HY is the bi-adjoint of Cy,: HMY — HMY.
We know that the evaluation ,: f € HMY — f(a) € C has norm ~ \I/_l(lj|a|)

([, Lemma 3.11); hence 8,/04| ||—>10 weak-star (because |0,(f)| = |f(a)] <

o for f € H*>). If C, is compact, its adjoint C also; we get hence
» y v g
1C5(0a/ll6al)]] H—»lo. But 84 = 6,(a). Therefore

v (1 - |io<a>|)
— 0
v ()

Conversely, assume that (F.5) holds. For every A > 0, one has, for |z|
close enough to 1: \Il’l(l_;‘z‘) > A\Il’l(m); in other words, one has:

1/U(AV=(1/1 = |p(2)])) = 1 — |z|. But, when ¢ is p-valent, and if w = ¢(z)
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with |z| > 0 minimal, one has N,(w) < plogﬁ ~ 1 — |z|. Since |z| — 1 when
|w| = |p(2)] — 1 (otherwise, we should have a sequence (z,,) converging to some
zo € D and ¢(z,) would converge to ¢(z9) € D), we get supj,>1-, Np(w)
1/U(AV=(1/1 = |w])) < 1/¥(AP~1(1/1 - h)), for h small enough. By Theo-
rem p.2, with (@), that means that C,, is compact on HY. O
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