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A VANILLA RAO-BLACKWELLISATION OF
METROPOLIS-HASTINGS ALGORITHMS

By RANDAL Douc AND CHRISTIAN P. ROBERT

Telecom SudParis, Evry, France
CEREMADE, Université Paris Dauphine, and CREST, INSEFE, Paris

Casella and Robert (1996) presented a general Rao-Blackwellisa-
tion principle for accept-reject and Metropolis—Hastings schemes that
leads to significant decreases in the variance of the resulting estima-
tors, but at a high cost in computing and storage. Adopting a com-
pletely different perspective, we introduce instead a universal scheme
that guarantees variance reductions in all Metropolis—Hastings based
estimators while keeping the computing cost under control. We es-
tablish a central limit theorems for the improved estimators and il-
lustrate their performances on toy examples.

1. Introduction. As its accept-reject predecessor, the Metropolis—Has-
tings simulation algorithm relies in part on the generation of uniform vari-
ables to achieve given acceptance probabilities. More precisely, given a target
density f wrt to a dominating measure on the space X, if the Metropolis—
Hastings proposal is associated with the density ¢(x|y) (wrt the same domi-
nating measure), the acceptance probability of the corresponding Metropolis—
Hastings iteration at time ¢ is

(t)
®, ) = min 4 1, ") a@ly:)
oz, yt) mm{ Tr(z®) mw(@®)g(y]x®)

when y; ~ q(y;|z®) is the proposed value for z(**1). In practice, this means
that a uniform u; ~ U(0,1) is first generated and that z(*+1) = y, if, and
only if, uy < a(z®, y,).

Since the uniformity of the u;’s is an extraneous (albeit necessary) noise,
in that it does not directly bring information upon the target f (but only
through its acceptance rate), Casella and Robert (1996) took advantage of
this flow of auxiliary variables u; to reduce the variance of the resulting
estimators while preserving their unbiasedness by integrating out the w;’s
conditional on all simulated y;’s. Unfortunately, this strategy has a non-
negligible cost of O(N?) for a given sample of size N. While extensions have
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be proposed in the literature (Casella and Robert, 1998, Perron, 1999), this
solution is not often considered in practice, in part due to this very cost. The
current paper reproduces the Rao—Blackwellisation argument of Casella and
Robert (1996) by a different representation that allows to reduce the variance
at a fixed computing cost. Section 2 exposes the Rao—Blackwellisation tech-
nique and validates the resulting variance reduction, including a derivation of
the asymptotic variance of the improved estimators, while Section 3 presents
some illustrations of the improvement on toy examples.

2. The Rao—Blackwellisation solution. When considering the out-
come of a Metropolis—Hastings experiment, (a:(t))t, and the way it is used in
Monte Carlo approximations,

1 t
M 5=~ Do h(®),

t=1
alternative representations of this estimator are

t

1 Y 1 <
)= N ;; h(yj)ﬂx(‘):yj and 0 = N ;nlh(az)a

where the y;’s are the proposed Metropolis-Hastings moves, the 3;’s are the
accepted y;’s, M is the number of accepted y;’s till time N, and n; is the
number of times 3; appears in the sequence (z(®));. The first representation
is the one used by Casella and Robert (1996), who integrate out the random
elements of the outer sum given the sequence of 1;’s. The second represen-
tation is also found in Gasemyr (2002), Sahu and Zhigljavsky (1998, 2003)
and is the basis for our construction.
Let us first recall the basic properties of the pairs (3;,n;):

LEMMA 1. The sequence (3;,n;) satisfies

1. (3i,n); is a Markov chain;

2. 3i+1 and n; are independent given 3;;

3. n; is distributed as a geometric random wvariable with probability pa-
rameter

@ p(s) = [ aiy) atyls) dy

4. (3:)i is a Markov chain with transition kernel Q(3,dy) = G(y|3)dy and
stationary distribution T such that

q(-[3) o< (3,-) q(-[3) and  7(-) occw(-)p(-).
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PROOF. We only prove the last point of the lemma. The transition ker-
nel density ¢ of the Markov chain (3;); is obtained by integrating out the
geometric waiting time, namely §(-|3;,) = «(3i,) ¢(*|3:) / p(3:) - Thus,

m(x)p(z)  alz,y)q(ylz)
m(u)p(u)du  p(z)

T (x)q(ylz) = 7 = 7(x)q(z(y)

where we have used the detailed balance property of the original Metropolis—
Hastings algorithm, namely that 7(z)q(y|z)a(x,y) = 7(x)q(z|y)a(y, z). This
shows that the Markov chain (3;); also satisfies a detailed balance property
with respect to 7, thus that it is T-reversible, which concludes the proof. [J

Since the Metropolis—Hastings estimator ¢ only involves the 3;’s, i.e. the
accepted y;’s, an optimal weight for those random variables would be the im-
portance weight 1/p(3;), leading to the corresponding importance sampling
estimator

1 L h3i)

= (i)

but this quantity is usually unavailable in closed form and needs to be es-
timated by an unbiased estimator. The geometric n; is the obvious solution
that is used in the original Metropolis—Hastings estimate, but solutions with
smaller variance also are available, as shown by the following results:

LEMMA 2. If (y;); is an iid sequence with distribution q(y|3:), the quan-
tity
(e}
=1+ [[{1—aGiy)}
i=1i<;

is an unbiased estimator of 1/p(3;) which variance, conditional on 3;, is lower
than the conditional variance of n;, {1 — p(3:)}/p*(3:)-

PROOF. Since n; can be written as
o
ng =14+ [1T{ue > ali, o)}
J=14<5

where the u;’s are iid U(0, 1), given that the sum actually stops with the
first pair (u;,y;) such that u; < a(3;,y;), a Rao-Blackwellised version of n;
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consists in its expectation conditional on the sequence (y;);:

&=1+ iE TT1{uwe > a3, 90} (yt)t21]
=1 <)
=1+4> JIP(ue>alive)l (ye)e=1)
=165
S+ ST - G}
i=11<;

Therefore, since &; is a conditional expectation of n;, its variance is neces-
sarily smaller. ]

Given that a(3;,y;) involves a ratio of probability densities, «(3;,y;) takes
the value 1 with positive probability and the sum éz is therefore almost surely
finite. This may however requires far too many iterations to be realistically
computed or it may involve too much variability in the number of iterations
thus required. An intermediate estimator with a fixed computational cost is
fortunately available:

PROPOSITION 1. If (y;); is an iid sequence with distribution q(y|3;) and
(uj); is an iid uniform sequence, for any k > 0, the quantity

@ E=1+Y [ {l-aGuy)} T[] Iw>aGny)

=1 1<¢<kAj k+1<6<j

is an unbiased estimator of 1/p(3;) involving an almost sure finite number
of terms. Moreover, for k > 1,

31} _1-pGi) 11— (1= 2p(i) +7(5:)" (2 —p(3)

P2Gi) 2p(3i) — r(3:) p*(3:)

where p is defined in (2) and r(3;) = [ (i, v)q(yl3:) dy. Therefore, we
have

v [éF

) () =62,

v [&

Zn} <V [éf

31} <V {é?

Zn} =V [n] 3] -

The truncation at the k-th proposal thus allows for a calibration of the
computational effort since computing ff costs on average k additional simu-
lations of y; and computations of a(3;,y;), when compared with the regular
Metropolis—Hastings weight n;.
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PRrROOF. Define y = (y;)j>1 and ug:0o = (u¢)e>k. Note that é = n; and
therefore, the conditional variance of 50 is the variance of a geometric vari-
able. Now, obviously EkH E [5 3iy Yy Uk+2: OO} thus, we have

vV [EF|a] =V €45 +E [V [€ i -
To get a closed-form expression of the second term of the rhs, we first intro-
duce a geometric random variable T} defined by

35 Y, uk+2:oo}

[ee)
T =1+ [T {wnre = (i yrre)} -
i=1e<;

Then, by straightforward algebra, fzk may be rewritten as

F=C+ (H {1- 317113)}) Ty ol{ury1 > o3, Yrs1)}

where C' does not depend on uy, ..., ugr+1. Thus,

\Y {éﬁ@k 3> Y, uk+2:oo} = <H {1 —a(,v)} >T13+2a(3i,yk+1){1 — o3, Yrt1)}

Taking the expectation of the above expression, we obtain
: 2 —p(3)

E (V|68 30,05 whr2ioo| ) = (1= 2p(3i) + (3 k()Pai—TZn' ,

\ vae] ) = (1= 2000 +160)* (=537 ) 060) = 7(52)

which concludes the proof. ]

Using those Rao—Blackwellised versions of § brings an asymptotic im-
provement for the estimation of E;[h(X)], as shown by the following result
which, for any M > 0, compares the estimators (k > 0)

M 2
sk — 2i=1 fzkh(éi)
M M ¢k
=151
For any positive function ¢, we denote C, = {h; |h/¢|ec < 00} the set of
functions bounded by ¢ up to a constant and we assume throughout that

the reference (if unavailable) importance sampling estimator is sufficiently
well-behaved, in that there exist positive functions ¢ > 1 and 1 such that

>l h(a:)/pGi)
i‘il 1/p(3:)

(4) Vh € C<,07 7T(h)

?11 1/p(3:)



6 DOUC, R. AND ROBERT, C.P.

THEOREM 1. Under the assumption that w(p) > 0, the following con-
vergence properties hold:
i) If h is in Cy,, then
5t = a1—o0 (h)

i) If, in addition, h*/p € C,, and h € Cy, then
(6) VM (85 — 7(h)) 5 proe N (0, Vilh — m(h)])

where Vi,(h) := w(p) [ w(d3)V [é@k

3] 2(3)p(3) + T(h).
Proor. We will prove that, for all g € C,,
LA P
(7) MY & g(3:) — m(9) /7 (p) -
i=1
Then, i) directly follows from (7) applied to both ¢ = h and g = 1. Now, de-

note by F; the o-field F; := o (31, - - -, 3i+1, é’f, e ,ézk) Since E [élkg(az) ]—'Fl} —
9(3:)/p(3:), we have

M
Ika 9(3i) = (Z Um;i — E [Uni| Fi- 1]) +M_1Zg(3i)/p(3i)a
i=1 i=1
with Upr; = Mﬁléfg(gi). First consider the second term of the rhs. Since

¢ > 1, the function p is in C,; then, Eq. (4) implies that M/{>M, 1/p(3:)} RN
7(p) > 0 and therefore that

M
(8) VgeCoy M'Y g(i)/0Gi) — w(g)/n(p)

=1

It remains to check that Zij\il Un,i—E [Unr,i| Fi-1] 0. We use asymptotic
results for conditional triangular arrays of random variables established in
Douc and Moulines (2008, Theorem 11). Obviously, since |g| € C,,

M

> _E [[Unrl Fici] 1Zlg )|/p(i) — w(lg])/7(p),

=1

and we only need to show that SM E [|Unri[T{|Unri| > €} Fi1] £50. Let
C > 0 and note that {|Unz;| > €} C {|g(:)| > (eM)/C} U {&F > C}. Using
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again E [££9(3:)| Fi1| = 9(3:)/p(3:), we have

i—1] <

M
9 > E|
=1

15 loG)[HaGo)| > (M)/CY | 1§
MZ p(3:) —

with Fo(3:) = |g(:)[E [€F1{¢} > €}
C,. Then, using again (8),

31} p(3i)- Since Fo < |g|, we have F¢ €

1 % 19G)[Hl9Gi)| > (M)/C} »

M & 2(37) 0
1 U Fe)
27 2 S (Fo) ()

=1

which can be arbitrarily small when taking C sufficiently large. Indeed, using
Lebesgue’s theorem in the definition of Fi, for any fixed 3, limc—o0 Fo(3) =
0 and then, using again Lebesgue’s theorem, lime_,oo m(F) = 0. Finally,
(7) is proved. The proof of i) follows.

We now consider 4i). Without loss of generality, we assume that 7(h) = 0.
Write

/M(Sﬂ _ M_1/2 Ziwl ék (31) )
MLy M £k
By (7), the denominator of the rhs converges in probability to 1/7(p). Thus,

by Slutsky’s Lemma, we only need to prove a CLT for the numerator of the
rhs. Set Upr; = M_l/foh(z,i) and write:

M
1/225""“ (3i) = (Z Uni = E [Uni| Fie 1]) + MY 03 /pGi) -

=1 i=1

Since h € Cy and M~ M 1/p(3:) RN 1/m(p), the second term, thanks
again to Slutsky’s lemma and Eq. (5), converges in distribution to N'(0,T'(h)/
72(p)). Now, consider the first term of the rhs. We will once again use
asymptotic results on triangular arrays of random variables (as in Douc and
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Moulines, 2008, Theorem 13). We have

1] = (B [Unsil Fica])®

M
> E [Uﬂa F
=1 y A
= MY (R2GV |
=1

5] pG)) /p(i) = 7w [V |€F

RECLCINEF

by (8) applied to the non negative function 3; +— h?(3;)V [éf

&} p(ji) which
is in C,, since it is bounded from above by h?/p € C,. It remains for us to
show that, for any ¢ > 0,

M
(10) ZE [|UM7i|2H|UAI,i|>6
=1

;Q_l] 0.

Following the same lines as in the proof of i ),Anote that for any C' > 0, we
have {|Upri| > €} C {|h(3:)] > (e M)/C} U {€F > C}. Using that

5]) < 2/G0),

E [(éfﬂfi_l} — v [¢&

we have

ifl]
=1

% ()HI()| > («VM)/C} | 1 K Fe
im1 p?(3i) M~ p(3:)

M

N2
with Fe(3:) = h*(3:)E {(ﬁf) I{¢f 31} p(3:). Since Fo < (2h?%)/p and
h?/p € C,, we have F¢ € Cy,. Then, using again Eq. (8),

i% (h*(3:)/P(i)){|R(3:)| > (eVM)/C} ®
Ml. - p(3:)

m(Fe)/m(p),

0,

which can be arbitrarily small by taking C sufficiently large. Indeed, as in the
proof of i), one can use Lebesgue’s theorem in the definition of F so that for
any fixed 3, limeo_,o Fo(3) = 0. Then, using again by Lebesgue’s theorem,
lime_oo m(F¢) = 0. Finally, (10) is proved. The proof of i) follows. O
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The main consequence of this CLT is thus that, asymptotically, the cor-
relation between the &;’s vanishes, hence that the variance ordering on the
&’s extends to the same ordering on the d;/’s.

It remains for us to link the CLT of the usual MCMC estimator (1) with
the CLT expressed in (6) with & = 0 associated with the accepted values. We
will need some additional assumptions, starting with a maximal inequality
for the Markov chain (3;);: there exists a measurable function ¢ such that
for any starting point z,

(11) VheC, P, (

%
@)
N————
A
=
&

where P, is the probability measure induced by the Markov chain (3;)i>0
starting from 3¢ = x.

Moreover, we assume that there exists a measurable function ¢ > 1 such
that for any starting point z,

A P .
(12) VheCs, Q(x,h) — 7(h) = m(ph)/m(p),
where Q is the transition kernel of (3;); expressed in Lemma 1.

THEOREM 2. In addition to the assumptions of Theorem 1, assume that
h is a measurable function such that h/p € Cc and {Cy,, h?/p*} C Cy.
Assume moreover that

VM (8 = w(h) =5 N (0, Volh — x(R)).

Then, for any starting point x,

N pi®
i (21@” . 7r(h)> L N(O,Volh = (0],

where My is defined by

Mpy+1

My
13 Yoane S e
i=1 i=1

Proor. Without loss of generality, we assume that w(h) = 0. In this
proof, we will denote by P, (resp. E,) the probability (resp. expectation)
associated to the Markov chain (.CU(t))tZ() starting from a fixed point z. Using
(7) with g = 1, one may divide (13) by My and let N go to infinity. This
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yields that My /N x, m(p) > 0. Then, by Slutski’s lemma, Theorem 2 will
be proved if we are able to show that

N ()
N <2t=1]$() _ ﬂ(h)> s Moo N0, Vo[h — m(R)] /(D)) -

To that purpose, consider the following decomposition:
N
N7V23 " n(a®) = Ay + Ano + Aps,
t=1

where M} := | N7(p)],
Mn )
AN,l = N71/2 N — Z f? h(Z?MNJrl) )
My My )
Ang = N2 (S Ehizi) =Y &EhGi) |
i=1 i=1
My
Ay = N2 > &n(s) .
=1

Using that 0 < N — Zi‘i T 520 < éR/IN 41 and Markov’s inequality,

Eo (&1 41lhGauy+0)l) — QY+ (x, |hl/p)
evV/'N a evV'N

which converges in probability to 0 using that |h|/p < h?/p? + 1 and
{h2/p? 1} C Cs. Thus, Ay, 2. 0. We now consider An 2. Note that

Pa([An] >€) <

(14)  P.(|Ana| > €) < P.(|Ax| > eV N/2) + P.(|By| > eV N /2)

with
MN\/MXI MN\/MX,
Av= Y h()/p(3:) and By = > (& —1/p(3:)h(3) -
i=MnAMY, i=MNAM,

Now, pick an arbitrary a € (0,1) and set M := M¥(1 — «) and My =
Mp (14 «). Since My /N N 7(p), for all n > 0, there exists Ny such that
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for all N > No, Po(My < My < My) > 1—n. Then, obviously for N > Nj,
the first term of the rhs of (14) is bounded by

(15)
P.(|An| > eV N/2) <n+P, ( sup i h(35)/p(35)| > e\/ﬁ/2)
MR <isMy |j=M3,
My
+Px( sup | h(3;)/p(35) >€\/N/2) :
My <isMy | j=i

Using (11), the second term of the rhs is bounded by 4 (M y—M})E, [ChypGa,)]/
€2N, which converges to 4ar(p)7(C), )/ €2 as N goes to infinity using that
Ch/p € Cp. The obtained bound can thus be arbitrarily small as a goes to 0.
Similarly, one can bound the third term of the rhs of (15) and let N go to

infinity. Letting again o go to 0, we obtain that A/ VN .o Similarly,
the second term of the rhs of (14) is bounded by

(16) P.(|By| > eV'N/2) < n+

L 1
Py sup_ | Y (f? - ()> h(3;)
My <i<My |j=M} P3j

My, Y 1
+ Pm sup g ——|h 3j
MA<i<MP ; ( p(?)j)) ( ])

>€\/N/2)

Denote Ry = Y0, (é? - ﬁ) h(3¢). Clearly, (Ry) is a F-martingale where

F = (Fi)i>1 and F; is the o-field F; := 0(31,...,3i11,£0, ..., £€%). Then, by
Kolmogorov’s inequality, one can bound the second term of (16) in the
following way:

E, [(Rarg, — Bary)?]
2N

P, ( sup  |R; — Rary| > 6\/ﬁ/2) <4

M%<i<My

i _ M =i 1—
_ 4y ]‘f 1 - p() 20| = A(My — M3 +1) Zichr, @', 2h?)
&N ° i P2) ! N My — Mf +1

4o (%hz)

€2 ’

P
—

which can be arbitrarily small as a goes to 0. Similarly, one can bound the
third term of (16) and let N go to infinity. Finally, letting o go to 0, we
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obtain that By/v/N — 0. Thus, Ay — 0. Finally, by Slutsky’s lemma,

My 2o,
Ao 1= (/)220 £ x50, Yl = () ).

The proof now stands completed. ]

3. Illustrations. We first consider a random walk Metropolis—Hastings
algorithm with target the N(0,1) distribution and with proposal ¢(y|z) =
o(r — y;7), i.e. a normal random walk with scale 7 = 10. The acceptance
probability is then the ratio of the targets and Figure 1 illustrates the gain
provided by the Rao—Blackwellisation scheme by repeating the simulation
250 times and by representing the 90% range as well as the whole range
of both estimators. The gain provided by the Rao—Blackwellisation is not
huge wrt to the overlap of both estimates, but one must consider that the
variability of the estimator ¢ is due to two sources of randomness, one due
to the n;’s and the other one to the 3;’s, and that the Rao—Blackwellisation
only impact the first one.

Our second example is an independent Metropolis—Hastings algorithm
with target the A/(0,1) distribution and with proposal a Cauchy C(0,.25)
distribution. The outcome is quite similar to the first example, although
producing a slightly superior improvement, as shown on Figure 2.

Our third example is an independent Metropolis—Hastings algorithm with
target the Exp(\) distribution and with proposal the Exp(u) distribution.
In this case, the probability functions p(x)) in (2) and r(z) in Proposition
1 can be derived in closed form as

A— Y 2()‘ — /’L) —px

= — —HT — _—_ —
p(z) =1 ¢ and r(z)=1 2 e

This special feature means that we can compare the variability of the orig-
inal Metropolis—Hastings estimator with its Rao—Blackwellised version 457,
but also with the optimal importance sampling version shown in (4). As
illustrated by Figure 3, the gain brought by the Rao-Blackwellisation is
significant when compared with the reduction in variance of the optimal
importance sampling version.

Our fourth and final example is a geometric Geo(3) target associated with
a one-step random walk proposal:

ﬂmzﬁu—mmwdmwwz{“y=lﬁx>“
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0.3
|

a0 200 400 G600 s00 1000

iterations

Fic 1. Overlay of the variations of 250 iid realisations of the estimates ¢ (gold) and 6°°
(grey) of E[X] = 0 for 1000 iterations, along with the 90% interquantile range for the
estimates 0 (brown) and §°° (pink), in the setting of a random walk Gaussian proposal
with scale T = 10.
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T I I I T T
o 200 400 500 200 1000

iterations

F1c 2. Overlay of the variations of 250 iid realisations of the estimates ¢ (gold) and 6°°
(grey) of E[X] = 0 for 1000 iterations, along with the 90% interquantile range for the

estimates 6 (brown) and 6°° (pink), in the setting of an independent Cauchy proposal with
scale 0.25.
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I I I I I I
0 20 40 60 80 100

iterations

F1c 3. Overlay of the variations of 500 4id realisations of the estimates 6 (deep grey), 6°°
(medium grey) and of the importance sampling version (light grey) of E[X] = 10 when
X ~ Exp(.1) for 100 iterations, along with the 90% interquantile ranges (same colour
code), in the setting of an independent exponential proposal with scale p = 0.02.
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For this problem,

p(z) =1—3/2 and r(z) =1 — g+ 5%/2.
We can therefore compute the gain in variance

p(e) —r(z) 2-px) _, BA-PH)2+0)

2p(x) —r(x) pa) T (2-p7)2-p)

which is optimal for § = 0.174, leading to a gain of 0.578 while the relative
gain in variance is

p(x)—r(x) 2—plx) _ (1-pF)2+0)
2p(x) —r(x) 1

—-plz)  (2-p5%)
which is decreasing in (.

Acknowledgements. Both authors are grateful to Elke Thonnes and
Gareth Roberts for organising the MCMC workshop in Warwick, March
2009, that led to the completion of this work. They have been supported by
EPSRC and by the Agence Nationale de la Recherche (ANR, 212, rue de
Bercy 75012 Paris) through the 2009-2012 project Big MC.

References.

Casella, G. and Robert, C. (1996). Rao-Blackwellisation of sampling schemes. Biometrika,
83(1):81-94.

Casella, G. and Robert, C. (1998). Post-processing accept-reject samples: recycling and
rescaling. J. Comput. Graph. Statist., 7(2):139-157.

Douc, R. and Moulines, E. (2008). Limit theorems for weighted samples with applications
to sequential Monte Carlo methods. Ann. Statist., 36(5):2344-2376.

Gasemyr, J. (2002). Markov chain Monte Carlo algorithms with independent proposal dis-
tribution and their relation to importance sampling and rejection sampling. Technical
Report 2, Department of Statistics, Univ. of Oslo.

Perron, F. (1999). Beyond accept-reject sampling. Biometrika, 86(4):803—-813.

Sahu, S. and Zhigljavsky, A. (1998). Adaptation for self regenerative MCMC. Technical
report, Univ. of Wales, Cardiff.

Sahu, S. and Zhigljavsky, A. (2003). Self regenerative Markov chain Monte Carlo with
adaptation. Bernoulli, 9:395-422.

TELECOM SuDPARIS CEREMADE
91011 EVRY CEDEX, FRANCE UNIVERSITE PARIS DAUPHINE
E-MAIL: Randal.Douc@it-sudparis.eu 75775 PARIS CEDEX 16, FRANCE,

CREST-ENSAE, INSEE
92245 MALAKOFF CEDEX, FRANCE
E-MAIL: xian@ceremade.dauphine.fr



