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SPECTRAL DEVIATIONS FOR THE DAMPED WAVE EQUATION
NALINI ANANTHARAMAN

ABSTRACT. We prove a Weyl-type fractal upper bound for the spectrum of the damped
wave equation, on a negatively curved compact manifold. It is known that most of the
eigenvalues have an imaginary part close to the average of the damping function. We
count the number of eigenvalues in a given horizontal strip deviating from this typical
behaviour; the exponent that appears naturally is the ‘entropy’ that gives the deviation
rate from the Birkhoff ergodic theorem for the geodesic flow. A Weyl-type lower bound
is still far from reach; but in the particular case of arithmetic surfaces, and for a strong
enough damping, we can use the trace formula to prove a result going in this direction.

1. RESULTS AND QUESTIONS ABOUT THE SPECTRUM OF THE DAMPED WAVE EQUATION

Let (M, g) be a smooth compact Riemannian manifold without boundary. Let a be a
C* real valued function on M. We study the “damped[] wave equation”,

(1.1) (07 — &+ 2a(2)0) v =0

for t € R and x € M. We shall be interested in the stationary solutions, that is, solutions
of the form v(t,z) = e""u(xz) for some 7 € C. This means that u must satisfy

(1.2) (— A —7% 4 2iat)u = 0.

Equivalently, 7 is an eigenvalue of the operator

0 I
-\ 2ia

acting on H*(M) x L?(M). For a = 0 this operator is the wave operator, an anti-selfadjoint
operator; but for a # 0 the operator is not normal anymore. It is known that its spectrum
is discrete and consists of a sequence (7,,) with Sm(7,) bounded and |Re(7,,)| — +oo (see
Section ). One sees easily that Sm(7,) € [2min(inf a,0), 2 max(sup a,0)] if Re(r,) = 0,
and Sm(r,) € [inf a,sup a] if Re(7,,) # 0 [BF]. One can also note, obviously, that —7, is an
eigenvalue if 7,, is : the spectrum is symmetric with respect to the imaginary axis.

1.1. Background. Motivated by questions from control theory, Lebeau [[[7] was interested
in the so-called “stabilization problem” : define
p=sup {3, 3C, E(u;) < Ce " E(uy) for every solution u of (1)}
IThe term “damped” applies to the case when a > 0, that is to say, when the energy is decreasing. In

this paper the sign of a will be of no importance.
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2 N. ANANTHARAMAN

where the energy functional is E(u) = [,,|Vul|?>. The stabilization problem consists in
finding some damping function a (necessarily nonnegative) such that p > 0. Lebeau
identified
p = 2min {D(0), C(c0)}
where D(0) is a sort of “spectral gap” :
D(0) = inf {Sm(r,), 7, # 0}
and C'(00) is defined in terms of the Birkhoff averages of a along the geodesic flow
G':T*M — T*M,
1 t
C(oc0) = lim inf —/ a(G®p)ds.
t———+o00 peT*M t 0
Lebeau also showed, on an example, that it is possible to have a spectral gap (D(0) > 0)
but no exponential damping (p = 0) : this surprising phenomenon is typical of non normal
operators.
Markus and Matsaev [[9 proved an analogue of Weyl’s law, also found independently
later on by Sjostrand 2] :

A

(1.3) £{n,0 < Re(r,) <A} = <%)d (/pl]o,”dzdf - O(A‘l))

where d is the dimension of M, p is the principal symbol of —A, namely the function
p(z,€) = g.(§, &) defined on the cotangent bundle T* M, and dzd¢ is the Liouville measure
on T*M (coming from its canonical symplectic structure).

It is a natural question to ask about the distribution of the imaginary parts Sm(t,)
in the interval [inf a,supa]. For non normal operators, obtaining fine information on the
distribution of the spectrum is much harder than for normal operators — one of the reason
being the absence of continuous (or even smooth) functional calculus. Another related
difficulty is that there is no general relation between the norm of the resolvent and the
distance to the spectrum. Some techniques have being developed to obtain upper bounds
on the density of eigenvalues, but lower bounds are notoriously more difficult.

Assuming that the geodesic flow is ergodic with respect to the Liouville measure on
an energy layer, Sjostrand proved that most of the 7, have asymptotically an imagi-
nary part Sm(7,) ~ a, where a denotes the average of a on the energy layer S*M =
{(z,8) € T*M, g,(&,&) = 1} with respect to the Liouville measure :

Theorem 1.1. [P§] Assume that the geodesic flow is ergodic with respect to the Liouville
measure on S*M. For every C > 0, for every e > 0, we have

E{n, A < Re(r,) <A+ C,Sm(r,) € [a—e,a+ €} =o(X)
as \ goes to infinity.
Remark 1.2. If C is not too small, one sees from ([3) that there exists C' > 0 such that
f{n, A\ < Re(r,) <A+ C} > O

for large A\. Thus, the theorem does say that a majority of the 7,, have Sm(r,) € [a—¢, a+¢].
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Remark 1.3. More generally, without the ergodicity assumption, [B§] proves the following
results. Introduce the functions on T* M,

1 T/2
(a)r = = / a o G®ds,
Sy —1/2

<a>00 = Tin—l];oo<a>T’

and the real numbers

= gplal

_= i inf .
“ e SIPM<CL>T

The function (a), is well defined Liouville-almost—everywhere, by the Birkhoff theorem.
Lebeau [[7] proves that for any € > 0, there are at most finitely many n with 7,, ¢
l[a_ — €,ay + €], and Sjostrand [Bg] proves that

${n, A < Re(r,) < A+ C,Sm(r,) € [essinf(a)s — €, esssup(a)os + €]} = o( A1),

1.2. Semiclassical formulation. As in [B§] we reformulate the problem using semiclas-
sical notations. In doing so, we also generalize a little the problem. We introduce a
semiclassical parameter 0 < h < 1 and will be interested in the eigenvalues 7 such that

ht — 1. If we put 7 = 2 with A close to 1, then equation () can be rewritten as
RPN N2
(14) (—T - 7 + zh)\a) Uu = 0,
or
(1.5) (P—2)u=0
if we put z = ’\;, and
: AN
(1.6) P =P(z) =P+ ihQ(z), P = — 5 Q(z) = ayz

The parameter z is close to £ = %
More generally, we will consider a spectral problem of the form ([[.J) where
AN

z € = ei]_SO’SO[]Emin,Emax[, with 0 < By, < % < Enax < +00, 0 < 59 < 7. We will
assume that Q(z) € WDO! is a pseudodifferential operator that depends holomorphically
on z € Q, and that @ is formally self-adjoint for z real (the definition of our operator
classes is given in Section ).

We denote

Y=%,={2€Q, Ju, (P(z) — z)u=0}.
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The operator P has principal symbol p,(x, &) = @, and ((z) has principal symbol
q.(x, ), taking real values for z real. In these notations, the previous results read as
follows : for any Fui, < By < Ey < Fhax,

1

(uniformly for all ¢ > 0 and for all Fy, Ey such that |Ey — Ey| > 2ch, F; and E, staying

away from Epi,, Enax). One can show that C“\MT(Z) (for z € X)) has to stay bounded if £y, s

stay in a bounded interval. Fix some ¢ > 0, and take £y = E — ch and Ey = F + ch. Let
us denote

qg = lim inf (gg)r,
b T—+to0 prH{E}
+ .
gp = lim sup (gm)7,
Tﬁ+°°p31{E}
then we have 2§
B Sm(z
(1) i +o() < ) < g o)

for all z € 3 such that E — ch < Re(z) < E + ch. Finally, denote ¢r the average of g on
the energy layer p; ' {E}. Assuming that the geodesic flow is ergodic on p;! {E}, then for
any € > 0, any ¢ > 0,

Sm(z) - - 1—d
(1.9) tz€ X, E—ch<Re(z) < E+ch, - Zlqe —€,qr +€ p =o(h 7).

The method of 2§ allows to treat the case of a more general P (and thus a more general
Hamiltonian flow than the geodesic flow), and also to deal with the case when the flow is
not ergodic. However, in this paper we will stick to the case of an ergodic geodesic flow;
we will add even stronger assumptions in the next paragraph.

1.3. Questions, and a few results. We try to give (partial) answers to the three natural
questions :

(Q1) (Fractal Weyl law) Let I be an interval that does not contain gg. Can we
describe in a finer way the asymptotic behaviour for

o~
ﬂ{z,E—chﬁ%e(z)gEchh, \m’;i(z) 6]}?

For instance, can we find

logﬁ{z eX,E—ch< ﬂ?e(z) < E + ch, %rr%(z) c I}
?

hlino log h
(Q2) (Inverse problem) Suppose we know everything about P and about the dynamics
of the geodesic flow, but that ) is unknown. To what extent does the knowledge of the
eigenfrequencies {z € ¥, F — ch < Re(z) < E + ch} determine gg ?
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Replacing P by B~'PB, where B is an elliptic pseudodifferential operator with positive
principal symbol b, amounts to replacing ¢ by ¢ — {p,,log b}, where {.,.} stands for the
Poisson bracket on T*M. Two smooth functions f and g on T%M are said to be cohomolo-
gous (with respect to the geodesic flow) if there exists a third smooth function h such that
f =g+ {po, h}. This defines an equivalence relation, we write f ~,, g.

It is thus more natural to ask :

(Q2’) Does the knowledge of the eigenfrequencies {z € ¥, E — ch < Re(z) < E + ch}
determine the cohomology class of qg 7

If the length spectrum of M is simple, then one can most probably use a trace formula
and recover from the knowledge of ¥ all the integrals of ¢z along closed geodesics. And this
is enough to determine the cohomology class of qg if M has negative sectional curvature :
the Livshitz theorem [I§, [] says that if two functions have the same integrals along all
closed geodesics, then they are cohomologous. Thus, the answer to (Q2) is probably “yes” if
M has negative sectional curvature and the length spectrum is simple (this last assumption
is satisfied generically, but unfortunately not for surfaces of constant negative curvature).

In fact, it also makes sense to ask whether some knowledge of the imaginary parts alone
{Sm(z),z € ¥, E — ch < Re(z) < E + ch} allows to recover some information about ¢g.
For instance, one can ask the apparently simple question :

(Q3) (Very weak inverse problem) Let C' denote a constant function. As follows from
(L§), we have the implication

Sm(z)

qE ~p, C on p,' {E} =

—
h h—0,z€X, E—ch<Re(z)+ch

Does the converse hold ?

Main assumption on the manifold M : From now on, we assume that M has
constant sectional curvature —1. This implies the ergodicity of the geodesic flow on any
energy layer (with respect to the Liouville measure), and in fact a very chaotic behaviour
of trajectories (see Section f). We will indicate how to generalize our results in the case
of surfaces of variable negative curvature; however, it is not clear what to do in higher
dimension and variable negative curvature.

In the following theorem, hyg stands for the Kolmogorov—Sinai entropy, or metric en-
tropy. It is an affine functional, taking nonnegative values, defined on M, the set of
G-invariant probability measures on T*M : see for instance [[J] for the definition of
hks. We will also denote Mg C M the set of invariant probability measures carried by
p, L {E}. Since p, is homogeneous it is enough to consider, for instance, the case F = %,
and p,' {E} = S*M. For u € M., we have higs(p) < d— 1, with equality if and only if

i is the Liouville measure. We now fix £ = % and we denote g = 915 4 = qy, " =qf,
2

¢ =4q.-
2
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We fix some ¢ > 0 and denote

1 1
Yi=1z€eX - —ch<Re(z) < =+chy.
: 2 2
Theorem 1.4. Assume M has constant sectional curvature —1. Define

H(a) = Sup{hxs(u),u € M%,/qdu = a}-

If a > @, then for any ¢ >0

log f {z € Xy, %";i(z) > a}
lim su < H
hﬁop [log A < H(

If a < q, then for any ¢ >0

y logﬁ{zEE%, -
im sup
h—0 [log A

Remark 1.5. (see [[@], §4, or ], §3 for the argument) The function H is concave and
is identically —oo outside [¢~, ¢™]. It is continuous and strictly concave in [¢~,¢"], and
real analytic in |¢—, ¢*[ (note that ¢~ = ¢* if and only if ¢ is cohomologous to a constant
on S*M). The function H reaches its maximum d — 1 at the point g, and has finite
(nonnegative) limits at the endpoints ¢—,¢*. In particular H is positive in the open
interval |¢—, ¢*[.

= a} < H(a).

Remark 1.6. The key fact in the proof of Theorem [[4 is the large deviation estimate
from [[3],
log Ly {p € S*M,{(q)r(p) € I}

: 2 — J— —
Tl_l)n}roo T =sup{H(a),acl}—d—-1

for any interval I C R — where L1 is the Liouville measure on p;* { } S*M. This result

gives the volume of the set of trajectorles deviating from the Birkhoff ergodic theorem. See
Section [.

On a surface of variable negative curvature, we can generalize the result to :

Theorem 1.7. Assume M is a surface of variable negative curvature. Denote ¢ the
infinitesimal unstable Jacobian (see Section [3). Define

H() :sup{}}K:%:,u € M%,/qdu:a}.

Then the same conclusion as in Theorem holds.

Remark 1.8. For a manifold of variable negative curvature and dimension d we would

expect the same to hold with H(a) = (d —1) sup {thSdu L E ./\/l [ qdp = oz} . However,

our proof does not work in this case.
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One may wonder if the limsup in Theorem [.4 is also a liminf. This question is rem-
iniscent of the fractal Weyl law conjecture asked by Zworski and Sjostrand, but in our
situation we can say with certainty that it is not true. Worse, one cannot expect the lower
bound to hold for a “generic” ¢. In a paper in preparation, Emmanuel Schenckf] is proving
that there exists 0 > 0 such that %mT(z) <qgt—odforall z € Z% , provided a certain criterion

on q is satisfied. The criterion reads Pr(q — d;zl) < ¢*, where the pressure functional Pr
is defined on the space of continuous functions on S*M and is the Legendre transform of
—hys (see Section [J). The functional Pr is lipschitz with respect to the C° norm, and the
condition Pr (q — %) < ¢ defines a non-empty open set in the C° topology. For such a
g we cannot have

log # {z €Y1, g"%(z) > g — 5}
lim inf -
h—s0 llog A

2 H(q+ _6)a

since H is positive in |¢g_, ¢4 [ but the liminf on the left-hand side is —oc.
In Sections [ and [§, we investigate Question 3 in some special cases. We work on compact
hyperbolic surfaces (d = 2), and we study operators of the form

Awf = A.f - 2<wadf> + ||w||if>

called “twisted laplacians” — here w is a harmonic real-valued 1-form on M. Studying the
large eigenvalues of A, amounts to studying a fixed spectral window for the semiclassical
twisted laplacian

A wiiz

A |
Y — 2 2 — K2
I 7 h 5 + h*(w,d.) — h 5

This question falls exactly into the setting of §[.9, with q(z, &) = (w,, £). Since ¢(z, —§) =
—q(x,€), we have ¢ = 0. We will denote Pr(w) = Pr(q) the pressure of the function g,
defined in Section B.2. It will also be interesting to note that ¢* = —¢~ coincides with
the stable norm |w||s defined in Section [.9, that |w||s +1 > Pr(w) > |lw||s and that
Pr(tw) — \t|]|w||stij in the case of surfaces.

h— 0.

Theorem 1.9. Assume M is a compact arithmetic surface coming from a quaternion
algebra. Take w # 0. Fiz § € (0,1], and 0 < € < 3. Then, for every h small enough, there
exists z € Sp(—h*52) with |Re(z) — 3| < ”P, such that
Sm(z) 1 1+4ce€
>P — = — )
R 2Pl =555
FEquivalently, given § € (0,1], and 0 < € < 3, for all T large enough, there ezists r, such
that |Re(r,) — T| < T" and

1 1+4e
3 n > P 5 Toa 0
Sm(r)| = Priw) - 5 = =
where 1, is the “spectral parameter” defined by A, = —(3 +12).

2Private communication.
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Of course, we deduce immediately the following corollary :

Corollary 1. #{n, |Re(r,)| < T,|Sm(r,)| > Pr(w) — 3+ — 1+E} > TP asymptotically as
T — 4o00.

Since Pr(w) — 1 as w — 0 (but Pr(w) — 400 as ||w||s — +o0) this result is only
interesting if ||w||s is large enough (depending on (3). Note also that if ||w]|, is large enough
we have Pr(w) < [lw[|; + 3, so that the work of Emmanuel Schenck mentioned above will
show that there is a strip {Sm(z) > ||w||s — d} (6 > 0) that contains no r,,.

The arithmetic case is special, in that the lengths of closed geodesics are well separated :
we can write a trace formula, find a lower bound on the geometric part (despite of its
oscillatory nature) and deduce a lower bound on the imaginary parts of eigenvalues. The
ideas are borrowed from [f.

Remark 1.10. Another way of defining the twisted laplacian is to write M = I'\H, where
H is the universal cover of M and I is a discrete group of isometries of Hl; to fix an origin
o € H, and to write

Baf@)= el on (e H2f():
this operator preserves I'-periodic functions, hence descends to M. The case where w takes

purely imaginary values is self-adjoint, and analogous to the study of “Bloch waves”. The
case where w takes real values is no longer self-adjoint.

Remark 1.11. Our motivation for working with twisted laplacians on hyperbolic manifolds
was that it is a case where the trace formula is exact. There was, a priori, hope to prove
finer results than in cases where the trace formula is not exact (in the latter case the space
of test functions to which the formula can be applied is more limited). A posteriori, we
never use any wild test function that wouldn’t be allowed in the general case. So, one can
think that the same result holds for our general operator ([[.d) — provided one proves a
semiclassical trace formula first.

If we don’t assume arithmeticity, we can only treat the following operator :
Dotyw _ 12 o llwll?
2 2 2
where 6(h) > |logh| and hf(h) — 0. In other words the non-selfadjoint perturbation is

stronger than in the previous cases.

+ R*0(h){w,d.) — h*0(h) . h—0,

Theorem 1.12. Assume M is a compact hyperbolic surface. Take w # 0. Take any
function f(h) > 0(h)*?loglog h'/2. Then there is a sequence h, — 0 such that

%m(z) 2A9(ﬁn
— <
sup{hne(hn),ZGSp( h;, 5 , | Rez | P f (P o l|lw]|ss

the stable norm of w.

See Section for the definition of the stable norm. Note that with our previous
notations, ||w|s = ¢t = —¢~, and Pr(tw) — \t|]|w||st—> 0 on a hyperbolic surface.
—00
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2. NOTE ON THE DEFINITION OF THE SPECTRUM AND ITS MULTIPLICITY.

By the term “spectrum”, we mean the set ¥ of z € Q such that P(z) — z is not bijective
H?(M) — H°(M). 1If it is bijective, then the inverse must be continuous, by the closed
graph theorem.

If 2 is restricted to a compact subset of €, it is easy to see that G(z) = [+ A"}(P(2) — 2)
is invertible for A > 0 large enough. The inverse G(z)! is then a compact operator on
H°(M). Besides, one sees that P(z)—z is not bijective H?(M) — H°(M) if and only if 1 is
in the spectrum of G(z)™!, if and only if there exists u € H*(M) such that (P(z)—2)u = 0.
This shows, in particular, that the “spectrum” is discrete and corresponds to the existence
of “eigenfunctions”.

To define the multiplicity of 2y € X, we proceed the same way as in [B§]. By the
density of finite rank operators in the space of compact operators [B4], one shows that in a
neighbourhood of z there exists a finite rank operator K(z), depending holomorphically
on z, such that P(z) — zo + K(20) is invertible. The multiplicity of zy is then defined as
the order of 2y as a zero of the holomorphic function

2z det[(P(2) — 2 + K(2)) Y (P(2) — 2)] = det[I — (P(2) — z + K(2)) 'K (2)].

It is shown in [2§] that this definition does not depend on the choice of K(z), and coincides
with other usual definitions of the multiplicity. Besides, the argument can be extended to
the case where K (z) is trace class.

3. A FEW FACTS ON THE GEODESIC FLOW ON A NEGATIVELY CURVED MANIFOLD

3.1. Anosov property. If M has negative sectional curvature, then the geodesic flow
on S*M has the Anosov property [B]. This means there are C, A > 0 such that for each
p € S*M, the tangent space T,(5*M) splits into

T,(S"M) = E"(p) ® E*(p) ® R X (p)

where
— the vector field X generates the geodesic flow GY;
— E* is the stable subspace : for all v € E(p), and for t > 0, [|[DG}.v|| < Ce™||v]|;
~ E" is the unstable subspace : for all v € E*(p), and for t <0, | DG%.v]| < CeMfv]|.

If M has constant negative curvature —1, any A < 1 will do. We take A =1 — ¢, with ¢
arbitrarily small. One also has an upper bound || DG!.v|| < Ce 9l |[v|| for any € > 0 and
any t € R.
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3.2. Pressure, entropy, and large deviation. The pressure is defined on C°(S*M), as
the Legendre transform of the entropy :

Pr(f) = sup {th(,U) +/fdu,u € M;} :

If f is Holder, then the supremum is attained for a unique u, called the equilibrium measure
of f. The functional Pr is analytic on any Banach space of sufficiently regular functions
— for instance, a space of Holder functions [, BG]. Besides, the restriction of Pr to any
line {f + tg,t € R} is strictly convex, unless g is cohomologous to a constant [BJ. If ¢
is sufficiently smooth, we recall that this means that ¢ = {p,,h} + ¢ for some smooth
function h and a constant c. If ¢ if Holder, it is better to use the integral version of the
notion. If () is a periodic trajectory of the geodesic flow on S*M (equivalently, a closed
geodesic), we denote [, its period (equivalently, the length of the closed geodesic). We
denote dvy the measure [ gdy = fol7 g(v(t))dt on S*M, and dp., the probability measure
[gdu, = L5 ' [gdy. One says that g is cohomologous to the constant function c if
[ gdvy = cl, for all periodic trajectories of the geodesic flow (the Livschitz theorem says
that both notions are equivalent for smooth functions).

Let us now fix a smooth function ¢ on S*M, not cohomologous to a constant. For a € R,
define

H(a) = Sup{hxs(u),u € M%,/qdu = a},

f%ﬂ)ZPNBQ=:wp{hKﬂu%+ﬂ/ﬁduwufﬁg}=:&ma6+fﬂa)

The function H is concave, continuous on the interval [¢_, ¢, ] defined earlier :

ERURTNR
¢t =_lim sup (q)r

)

In the case of a negatively curved manifold, this definition coincides with

q‘zinf{/qdu,MEM;},
Q+:sup{/qd,u,,u€./\/l%}.

The function H is real analytic and strictly concave in ]¢_,q.[. The function P is real
analytic, strictly convex on R. Clearly, P(3) > (¢, for 8 > 0, and it is not very difficult to
show that the limit limg_, o, P(3)— (3¢, exists and is nonnegativef] Similarly, P(3) > Bq_
for 8 <0, the limit limg_,_ o P(f) — Bq- exists and is nonnegative.

3This limit is equal to H(g").
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The pressure and the entropy appear naturally when studying large deviations for the
Birkhoff averages of the function q. Denote J;(p) the Jacobian of DG' going from E*(p)
from E“(G'p). Define ¢ (the infinitesimal unstable Jacobian) by

dJ,
o) = 55 )
On a manifold of dimension d and constant negative curvature —1, the function ¢ is
constant, equal to d — 1. In general one can only say that it is a Holder function. The
function ¢ is not necessarily positive, but it is cohomologous to a positive function, for
instance (@) for T large enough. In what follows, we will assume without loss of generality
that ¢ > 0.
The two following large deviation results are due to Kifer [[J.

Theorem 3.1. [[3], Prop 3.2. Let M be a compact manifold of negative sectional cur-
vature. Let q be a smooth function on S*M. For T > 0, define the function {(q)r =

%f_T%% qo G*ds on S*M. Denote Ly the Liouville measure on S*M.
Then

) 1og fS*M 6T<Q>T(p) dL% (p)
lim
T—+o00 T

=Pr(g—¢).

As a consequence, one also has :
Theorem 3.2. [13], Thm 3.4 (i) Let M be a compact manifold of negative sectional cur-
vature. Let q be a smooth function on S*M. For T > 0, define the function {(q)r =
%fTﬂ qo G%ds on S*M. Denote L1 the Liouville measure on S*M.

—T/2
Then, for any closed interval I C ]QR, we have

log Li{p € S*M,(q)r(p) € I}
lim sup ? 8 Ssup{hxs(u)—/wdu,uGM;,/quEI}-

T—+o00 T
For any open interval I C R, we have
log L1 {p € S*M,(q)r(p) € I}
lim inf 2 Zsup{th(,u)—/apdu,,ué/\/l;,/qdu6]}.

T—+o0 T
(ii) Let M be a compact manifold of dimension d, with constant sectional curvature —1.

Then (i) can be rephrased as follows. Let q be a smooth function on S*M. For T > 0,
define the function (q)r = %f_Tﬁz qo G®ds on S*M. Denote Ly the Liouville measure on

S*M. Then, for any closed interval I C R, we have
, log L1 {p € S*M,{q)r(p) € I}
lim sup 2

T—+o00 T

<sup{H(a),a€l}—(d—1)

where H is the function H(«) = sup {th(,u), pe Mi, [qdu= a}. For any open interval
I C R, we have
.. dog Li{pe S*M, (q)r(p) € I}
lim inf 2
T—+o T

>sup{H(a),a€l}—(d—1).
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The pressure and entropy functions also appear when counting closed geodesics v with
a given g-average :

1
Pr(¢) = lim -log Z el adr,

t——+00
¥, Iy <t
and as consequence
lim sup — logﬁ {7, l, < t,/q dp, € I} <sup{H(a),a €1},
t—+o00
(for a closed interval [ ),

1
lim inf — logﬁ{% lvgt,/q duyel} >sup{H(«a),a €1},

t—s 400

(for an open interval I). See [[4].
In negative variable curvature, we will also need the following variant of Theorem B.3] :

Theorem 3.3. Let M be a compact manifold of negative sectional curvature. Let q be a
smooth function on S*M. Let ¢ be a smooth positive function Denote L1 the Liouville

measure on S*M. For p € S*M and t € R, define T,(t) by f p)ds = (d—1)t. For

t > 0, define the function
Tp(t/2)

D700 = FE 78 O

on S*M
Then, for any closed interval I C R, we have
) log L1 {p € S*M, (q>7(_t/2),7(t/2) (,0) S [}
lim sup 2

t—4o00 t

S(d—l)sup{}}Kgillu) fZ;ZZ GM%,/qd,uEI}.

For any open interval I C R, we have

- log Li{p € S* M, (q)1(—t/27¢/2)(p) €I}
lim inf 2

t—s 400 t

d
Z(d—l)sup{?Kggl:j —‘}Zdz,ue./\/l%,/qduel}.

Proof. Define a flow G on S*M that has the same trajectories as G but different speed :

G(p) = GTW(p). For the new flow, the infinitesimal unstable Jacobian is equal to (d —
1)%;3;? . If p is an invariant probability measure of G, then djii = f¢¢d5 is an invariant

probability measure of G. Besides, their entropies are related by the Abramov formula :

his(p) = (d—1) st
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where the entropies of i and p are computed with respect to G and G respectively.

_ The theorem is then again an application of Theorem 3.4 in [[J] for the Anosov flow
G. O

4. AVERAGING

We are now ready to start the proof of Theorem [4. We will work in dimension d and
constant negative —1. The changes to make in order to get Theorem [[.7 are indicated in

Remarks 1.3 and [.1].
The following proposition is proved in [2g], §2 :

Proposition 4.1. Let T' > 0, there exists an invertible selfadjoint pseudodifferential oper-
ator Ay € DO such that

AZN (P +ihQ(2))Ar = P +ih Opp(q” (2)) + R*Ry(2)
for z € Q; with Ry € WDOO depending holomorphically on z € Q, and with ¢%(z) € S!
depending holomorphically on z € ), equal to {q)7 — q + q. in a neighbourhood of p;* (%)

The definition of our symbol classes S™ and operator classes WDO™ is given in Section

B

We recall that the operator Ar constructed by Sjostrand is A = Opy,(e97), where

1 (T2 /95 1 /0 2s
- | Gsds + — 4 sd
g7 2/0 (T )qo 8+2/_T/2(T+ )qOG i

on p,! (%) The function gr solves {p,, gr} = ¢ — (¢)r. Exactly the same proof yields :

Proposition 4.2. Assume M has constant curvature —1. Let € > 0 and T = (1—4¢)|log h|.

Define 6 = % There exists an invertible selfadjoint pseudodifferential operator Ar €

UDOY such that

AZN(P +ihQ(2))Ap = P+ ih Opy(qh(2)) + W2 Rp(2)
for z € Q; with Ry € h=2UDOY depending holomorphically on z, and with q*(z) € S}
depending holomorphically on z, equal to (q)r — q + q. in a neighbourhood of p;* (3)

In what follows, we will restrict our attention to a region where |z — 1| = O(R). As a
consequence, we can write

(4.1) P +ihOp,(¢"(2)) + B*Ry(z) = P+ ih Op,(¢") + hRr(2)

with ¢” = ¢” (1) = (¢)r in a neighbourhood of p;* (3), and Ry (2) is a pseudodifferential
operator depending holomorphically on z € €, tending to zero when & — 0 and |z — %| =
O(h). More precisely,

Bae) = (- 3 ) Q)+ hitn o),

Ry € h"*¥DOY depending holomorphically on 2, and Q'(z) € YDO} depending holomor-
phically on z.
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Remark 4.3. To treat the case of variable curvature, we should modify Proposition [.9
as follows. Fix ¢ a smooth function such that ¢ > ¢. Define 7,(1), 7,(—%) as in Theorem
B-3, in a neighbourhood of p;* (%) We have to choose ¢ smooth because we want 7, to
depend smoothly on p. In dimension d = 2, we have 7,(%) € S with § = 43¢ (which may
not be true for d > 2 since the unstable Jacobian no longer controls the derivatives of the

geodesic flow). In Proposition .4, we now define Ay = Op,(e97) where

( ) 1/%(T/2)( s ) oo 1 [° s o
== S—— o 85—1——/ <7—|—1) o G°ds
I =5 ), T2 )1 2 ) \T,(T2) )1

on p, ( ) In the last sentence of Proposition [L.3, we replace (q)r by <q)T(_€),T(%) +7rr
where rr = q—{po, gr} = (¢) 7(_ 1) 7 (7 satisfies rr € |logh|~ 159 and {p,,rr} € |logh|~1S}.
For d = 2, all the operators Ar, Ry etc stay in the same class as stated in Proposition [L.2.

5. PERTURBATIONS WITH CONTROLLED TRACE NORM.

In the following sections, we let z vary in a disc of radius O(h) around 5. We will write
22 =1+, ( = O(h). We consider the operator ({.1]), that we write

(5.1) Pr =Pr(z) = P+ihQr + hRr(2),  Qr = Op,(q").

Note that we have )
T — J—
{po.q"} =0 (T)

in a neighbourhood of p;! (%) By Proposition 0.9, this implies
h 1
5.2 1P, Qelul < € (1 + O ) ul + 0P - 3)ul,

We now want to make a small perturbation P of P with a good control over the resolvent
(P(z) — z)~', and over the trace class norm -]l of P—P.

We construct a pseudodifferential operator Qp = Op,(¢7) € WDOL such that 7 < ¢7 on
! (%) and {po, g’ } =0 (%) In addition, we fix some ¢ > 0 and introduce an arbitrarily
small 6 > 0, and we want q =" on p;l(]% — €, % +e€))N {qT <a-— 39} and ¢7 < a 20
everywhere on p;'(]3 —¢, 5 +¢[). For instance we can take ¢* = a(q”) on p;'(]3 —¢€, 1 +¢])
where a is real and smooth, a(E) < E, |d'| < 1;a(F)=FEif E<a—30,and a < o — 260

everywhere.

Remark 5.1. At this stage it is convenient to choose a positive quantization scheme Opy,
in order to have Op,(q”) > Op,(q7).

Let 0 < f € S(R), with f € C5°, where f(t) = [ ¢ f(E)dE is the Fourier transform.
Put
P = P+ ihQr + hRy(2),

QT =Qr+f <2P_ 1) (QT - Qr)f <2Ph_ 1) .

with
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The following proposition is proved in 2§ for fixed 7" (and 6 = 0, that is, with standard
symbol classes). One can follow the proof of [B§] line by line and check that it is still valid
for T'= (1 — 4e)|log h|, € > 0 very small :

Proposition 5.2. Let P = —h2%. Let Q = Q(z) € WDO! have principal symbol q(z)
depending holomorphically on z € Q, and be formally self-adjoint when z is real. Let

, ~ 1 1+
Pr =P +ihQr + hRy(2), Qr = Qr (5) ) z = ?C’ ¢ =0(h),
be the operator defined in (@), with Qr = Opy(q ) € UDO}, and Ry (z) € h1‘25\11D0§ +
(z = H)UDO;. Let Qp = (cj ) € WDO}, with q = a(qT) on p; 1 (13 — €, 1 +¢[), where
a is real and smooth, a(E ) E, |d|<1;a(E)=F if E<a-—30, and a < a — 20.
Put . ) B
Pr = P +ihQr + hRr(2),
with
A 2P —1\ ~ 2P —1
QTZQT+f< )(QT—QT)f< W )
Then
1Pr = Prl| < [ If1% sup (¢" = q") + O(R'™*)
po §
and

IPr = Prll < Cant[20) [ (@~

N-1
—i—ZhHD?kf?(O)‘/ ( )|Dik(qT—qT)\Ll(dp)jL(’)(hN(l_%)) 7
=1 po (% 2

where DF* and D2* are differential operators of degree < 2k, respectively on R and T*M.
If we restrict z by assuming that for some continuous function a(E) > 0, defined on
some bounded interval J containing 0, we have

on p; ! (1) §Re(C € J,
then for h small enough, (z — Pr)~! exists, and we have
S 94 12sup, g (a7 — A el
I(36-7n) 1< - |
a —_—
()

The proof is identical to the proof in [B§]. In Appendix [[J we will give some details, for
the reader’s convenience.
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Corollary 2. Define
. 1 1
QO = {5 — 2 < Re(2) < 5 + QCh} N{(a —0)h < Sm(z) < 4lqllhi} C C.

For z € Qp, the operator z — Py is invertible, and

. C
_ -1 < f,q

Corollary 3. For h small enough, we have

> - (1
PPl < Cagatty (" 2"k {0 (5)})

Cd7f’qh2_d[/% <{qT Z o — 39} N {pgl (%) })

Cd7f7qh2_d€T[H(a_39)_(d_1)+E}

Cd ; qh2—dh[(d—1)—H(o¢—3€)—5}(1—46)

IA

IAIA

for h small enough.

6. JENSEN’S INEQUALITY
We already defined

. 1 1
Q= {5 —2ch < Re(z) < 3 + 2077,} N{(a—0)h <3m(z) < 4q|lh} C C.
To finish the proof of Theorem [[.4, we also introduce the set

Q= {% —ch < Re(z) < % + cﬁ} N {ah < Sm(z) < 3|lqllfi} T Q.

For z € ), we can write

Pr—z=(Pr—2)(1+ K(2))
where K (z) is the trace class operator (Pr — z)~Y(Pr — Pr).
We can bound the number of eigenvalues of Pr in €2; by the number of zeros of the
holomorphic function g(z) = det(1 + K(z)) in Q5. Let us call N(g,) this number of
zeros. Introduce zp = 3 + 2ih/|q||. By the Jensen inequality [PF],

(6.1) N(g, %) < C (logllgll ., — loglg(z0)l) .

where the constant C' does not depend on A (because the rectangles Qh and € can be
transported, by translations and homotheties, to the fixed rectangles Q; and €)).
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On the one hand, for all z € Q,
|det(1+ K(2))] < exp||K(2)|h
< exp (IPr ) I1Pr = Prlh)

exp (%hz—dh[(d—n—ﬂ(a—se)—g}(1—46))

IN

Oh
< exp (Cfgpaht Il A0=30)=d(1~49)
On the other hand, we also know that ||(1 + K(2))!|| < Ch™! : since z has ‘large’

imaginary part, Pr — 2o is invertible, and it is easy to get a bound ||(Pr—29) || = O(A™1).
We use the same calculation as in [Pg] and get

| det(1 4+ K(z)) ! | det(1 — K (20)(1 + K(2))™ )]
expl| K (20) (1 + K (2)) [
expl| K (20) 1 |(1 + K (20)) 7"

exp <C~rf7q70’dhl—dh[(d—l)—H(a—36)—5}(1—46))

IA N

IA

so that
| det(1 4+ K(z0)| > exp (_C'f’qyadhl—dh[(d—l)—H(a—SG)—e](1—45)) '

This, combined to (6.1]), yields
|N(g, Qﬁ)| < Chl—dh[(d—l)—H(a—20)—e](1—45)
Since 6 and € > 0 are arbitrary, we have proved Theorem [.4]

Remark 6.1. Starting from Remark [£.3, the proof of Theorem [[.7 goes exactly along the
same lines. We find

logﬁ{zEE%,%mT(z)Z } .
lim su < H(a),
where H(a) = (d—l)sup{hfd‘fc(lz) — ‘}zjﬁj +1,p€ ./\/l%,fqd,u = a} and ¢ is as in Remark

f.3. Letting ¢ converge to ¢ uniformly, we obtain Theorem [[.7.

7. ABOUT QUESTION 3

In this section, we consider a particular case of the problem ([.5) in which the trace
formula is exact. We then try to investigate Question 3 on this example.

Let M be a compact hyperbolic surface : M can be written as M = I'\H, where H is
the hyperbolic disc and I is a discrete subgroup of the group of hyperbolic isometries. Let
[w] € H'(M,C) be represented by the harmonic complex valued 1-form w. Introduce the
twisted laplacian

Nof = Of = 2{w,df) + [|lwllZf.



18 N. ANANTHARAMAN

Studying the large eigenvalues of A, amounts to studying a fixed spectral window for the
semiclassical twisted laplacian

YA A 2 2wl
_hT__h§+h<w’d'>_hT’ h — 0.
The “usual” selfadjoint case is when w has coefficient in iR. We shall instead be interested
in the case when w has coefficients in R. The operator falls exactly into the case studied
in §f[.7, with ¢(z,&) = (w,, &). The geodesic flow is ergodic, and Sjostrand’s result tells us
that “most” eigenvalues of —h2% such that Re(z) € [§ — Ch, 5+ Ch] have imaginary part
Sm(z) = o(h). Equivalently, “most” eigenvalues of —A,, such that Re(z) € [\ — CVA, A+
C'v/A] have imaginary part Sm(z) = o(vV/\).
We rephrase Question 3 as
(Q3’) If w # 0, is it possible to have %mT(z) — 0 as i — 0 and Re(z) € [§ — Ch, 5+ CHh,
z € Sp(—h2%) ?

Conjecture : I conjecture the opposite : if w # 0, then there is a sequence h, — 0,

As is usual in hyperbolic spectral theory, We introduce the spectral parameter r : if A; is
an eigenvalue of —A,,, we denote \; = 3 + 7’ . Yet another way to phrase Question 3 is to
ask whether it is possible to have %m(r]) — 0 as Re(r;) — oo. Sjostrand’s results say
that Sm(r;) is bounded and that Sm(r;) — 0 for a subsequence of density one. But I
naturally believe that it is impossible to have Sm(r;) — 0 for the whole sequence, unless
w=0.

Recall the Selberg trace formula [27], valid for w € H'(M, z']R) :

A Area
7.1 T )r tanh(7r)dr + ,
R WOE Al [ fo z T

for any function f on R, even, smooth enough, and decaying faster than any exponential.
On the right hand side, the sum runs over the set of closed geodesics (equivalently, the
set of conjugacy classes in I'). If v is a periodic geodesic, we denote [, > 0 its length, or
period; and [, is its shortest period.

Proposition 7.1. The trace formula holds, under the same assumptions on f, if w €
H'(M,R).

Recall that the Fourier transform is defined by f = [e" f(u

Proof. Take w € H*(M,R). We consider the operator Azw for z € C. The argument of
Section P shows that this operator has discrete spectrum (eigenvalues).

The right hand side of the trace formula reads
Area(M) [+ . bl
%() f(r)rtanh(zr)dr + Z

1
o0 " sinh o)

(7.2)

= f(l,)
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and clearly is an entire function of z.
The left hand side is ) f(r;(2)). To check that it is an entire function of z, we first
note that f(r), being an even entire function, can be written as g(3+1?) where g is entire.

Thus f(r;(2)) = g(\;(2)), where the \;(z) are the eigenvalues of —A.,.

If z is restricted to a bounded subset €2 of C, we note that the Sm(r;(z)) are uniformly

bounded. To that end, we write —\; = i + 7”]2- with 7, =  + 1y. The eigenvalue equation

— D f =N

with f normalized in L? implies both equations

ew ot [9ar o [lo.anFe @ -t [l

and
2uy = —2ai / (w,df)F - 208 / lwl2I£12

if we decompose z = a+if € R+ iR and r; = v + i1y € R +iR. If a and 3 stay bounded,
it also follows that y must stay bounded.
Besides

A2 {n,0 < Re(rn(2)) < A}

is bounded uniformly for A > 1 and z staying in a compact set of C (the arguments of
BY], §4, or of our Sections [, f, § are locally uniform in z). Since f is rapidly decreasing
in each horizontal strip, it follows that the sum }; f(r;(2)) is the uniform limit of the
partial sums Zme(rj ()< f(r;(2)). But for a given A, this is a holomorphic function of z
(in the open set {z, Re(r;(z)) # A for all j}), since A, depends holomorphically on z and
D et (ol<n I (13(2)) can be defined by holomorphic functional calculus.

This shows that >, f(r;(2)) is also an entire function. Both sides of ([Z.2) coincide for
z € iR (by the usual trace formula), thus they must coincide everywhere. O

Introduce some parameters o, R, T" > 0, and take

u—T 2 . u+T 2 .
1 6_—2_( oy ) ezuR 4 6_—2_( o ) e—zuR

so that
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This yields :
O- 2 2 .
2 e~ T (rj— zTrJ e %G (ri+R) ezTrj

+00
= 7AT6Q(M) / rtanh 7r [e_é("_RFe_iTT + e‘é(”R)QeiT"] dr

4
+Z

We want to bound from below the rlght hand side. We hope that this bound will tell us
that exp(£i7'r;) cannot be too small on the left hand side, giving some information on the
imaginary part of r;, for Re(r;) ~ R. On the right, the idea is that the main contribution
should come from the geodesics with [, ~ T". We want to choose R so as not to be bothered
by the oscillatory terms e*®%. For that purpose, R and T will be related in the following
manner :

Lemma 7.2. [P1], Lemma 3.3, [L1].
For any M > 1, there exists R € [M, M exp(exp(5T))] such that cos(RL,) > 3 for every
closed geodesic vy with 1, < 5T.

o0

(1ly=T)2 (y+T)2
[ e——WM ilyR +e VQUQ e—leR:|
smh 2ro

In the sequel we take M = exp(exp(cT)), (¢ > 0 arbitrary) to ensure that 7" is of order
log log R. We note that this relation between R and 7' is independent of w. This will allow
us to modify slightly our initial problem by extending it to the case where w can depend
on R (or T'). More precisely, we want to consider the case when w = O(R)w,, where w, is
fixed and ©(R) > 1 is allowed to go to infinity with R at a reasonable rate.

This means that we consider a slight generalization of ([.LJ) (the motivation should
become clearer in §[.2):

7.1. A more general problem. We consider a spectral problem of the form
(7.4) (P—2u=0
where
A
2
where z € Q = el E s Epaf, with 0 < B, < % < Fhnax < +00, 0 < 59 < 7.

We will assume that Q(z) € WDO! depends holomorphically on z € Q, and that 6(h)
is some real valued function such that #(h) > 1 and h@(h) — 0. We have in mind

O(h) = |log(h)|. Finally, we assume that @ is formally self—adJmnt for z real. Again, we
call X the “spectrum” the set of z for which the equation (P(z) — z)u = 0 has a solution.
The results of §[.9 can be generalized as follows : for any Fui, < By < Fy < Fyax,

1
@rhy [/pol[El,Ez} dxdé + O(hO(h)) | .

P=P(z) = P+il0(h)Q(z), P=-—

(75) Jj{Z - Z, El S %6(2) S EQ} =
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One can show that > ( ) has to stay bounded for z € X. Taking 6(h) = |log(h)|, By =
— chf(h) and Ey = E + chf(h), one has

CQ

m(z)
= Tho(n)

qp +o(1) < < qp +o(1)

for z € ¥ such that E; < Re(z) < FEy. Assuming that the geodesic flow is ergodic on
p ' {E}, and for O(h) = |log(h)|, then for any € > 0, any ¢ > 0,
(7.6)

ﬁ{z € X, E — chf(h) < Re(z) < E + chb(h), m(z)

ho(h)

Remark 7.3. The paper [Pg] only treats the case §(h) = 1. But the method of 2g], §5 can
be adapted in a straighforward way to show the following : consider the spectral problem

(7.7) (P —2)u=0

g —6,qe + E]} = O(h)o(h*™7).

where
P =P(z) =P+ ihdQ(z), P=———

where z € Q = el =050 B 1 Foag], with 0 < B, <
some € > 0. Then

1 < Bax < 400, 0 < 59 < Z. Fix

ol
1 dud + O(10) | .
(27Th)d { po ' [E1,Bs) ( )

uniformly in all # > 1 such that A < e and E;, E5 such that E;, < Ey—2¢, Es+2¢ < Eay,
|Ey — Eq| > 0. .

For ([7.4) (and 6(h) = |loghl), the generalization of the proof in [B§] is without surprise,
but requires some rather technical changes : we will not prove it here, but still feel allowed
to ask about Question 3 in this generalized setting. We note that to extend ([.§]) to more
general §(h), some analyticity assumptions would be required, as in [{].

(7.8) t{z €2 FE; < Re(z) < By} =

We will focus our attention on the operator

A JAN
—K? 92(h = 5 + W0(h){w,d.) — 0 (h)
when w has coefficients in R.

We generalize Question 3 as
(Q3”) If w # 0, prove that there exists a sequence kA, — 0, and z, € Sp(—h> %)
with Re(z,) € [§ — Chnb(hn), § + Chnb(By)], such that 252 /- 0.

2wl
2 )

7.2. Heuristic discussion of the parameters o, R,T. We start again from the trace
formula ([23), considering the case where w = O(R)w,, O(R) = §(R™') > 1. Here R™! is
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going to play the role of the small parameter A. The form w, is fixed, and we normalize it
to have stable norm ||w,||s = 1.

(7.9) lwlls = sup{/ wd,u,uEM%}
S*M
w
(7.10) = supr—.
vy

The first line can be considered as a definition of the stable norm (valid for a general
compact riemannian manifold M), whereas the second line holds on negatively curved
manifolds because of the density of the closed geodesics. Using the definition Pr(w) =

sup {hKS(u) + [gep wdp, p € M%}, it is not difficult to show that

lim Pr(tw) — |¢t|||w]|s = sup {th(,u),,u € ./\/ll,/ wdp = ||w]|s} :
o0 * Jsm

On a surface, the right-hand side vanishes [JJ]. Besides, for any 7" one can find a closed

geodesic vy with [, € [T'— 1,7, and such that
J, .
Ly
where op(1) goes to 0 as T' approaches +o00. Simply recall that for any 0 < § < 1,
logt {70, € [T = 1,7), 522 > (1- )}
T

(7.11) 2> [Jwolls(1 + or(1)) = (1 4 or(1)),

(7.12) lim = H(1-6)>0,

where
H(a) = sup {hxs(u),u € M;,/ wo dp = a} :
S*M

The function H is continuous, concave on [—1, 1], real-analytic on | — 1, 1[ [[l]. And again,
H(—1) = H(1) = 0 on a compact surface [J].

In ([[33), we have not said yet how ¢ will depend on R and T'. For the moment, let us
decide a priori that o should be such that the term

Area(M) [T o2 , o2 :
Tef( ) / rtanh 7 e_T(T_R)Ze_ZTT + e_T(H'R)zeZTT] dr
m —00

is negligible compared to the sum Z'y' Remember that R and T" are chosen so as to satisfy
Lemma [/-3. Then, fixing 1 > § > 0, the right hand side of () should be bounded from
below by

(7.13) o 1TH(1=8)=T/2 O(R)(1-0)T ;=515

We want to use the fact that this grows quite fast with 7. On the other hand, looking at
the left hand side of (.3), we cannot hope to do better than to bound it from above by

02 o o
(7.14) ﬁ{j’ |Re(r;) — R| < 0—1} ¢ 5up; Sm(r;)? (T sup, [Sm(ry)|
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where each time the sup; should be restricted to the indices j such that |Re(r;) —R| < o~
This heuristic argument would give an inequality
(7.15)

4 {5, [Re(r;) — R| < o) eésupj Sm(r)? T sup; [9m(r))| > ;=1 TH(1=0)~T/2 O(R)(1-0)T ,=3%3

Y

obtained by comparing the lower bound (f.13) and the upper bound ([.14). Again, the
hope is to compare the powers of e on both sides to prove that sup; [Sm(r;)| cannot be
arbitrarily small.

Consider the case ©(R) = 1, which is the case we were originally interested in. If we
take o to be a constant, then by Weyl’'s law we have f{j,|Re(r;) — R| <o~ '} ~ R >
exp(exp(cT')). In this case ([[.1§) cannot bring any useful information. On the other
hand, if we want to choose o such that §{j, |Re(r;) — R| < o'} is bounded, we are led to

2
. . o_
take 0 ~ R; in this case the term e= %"PJ Sm(r;)®

information.

We see that the method only has a chance to work if TO(R) > log R. From now on we
take ©(R) > log R, and always such that R~'O(R) — 0. We also take 02 = CO(R) with
C' large. We must note that the parameters r; correspond to the eigenvalues of —Agg)
and thus they also depend on R.

will be too large to yield any interesting

7.3. Proof of Theorem [[.TZ. The right hand side of ([3) is easy to understand. The

term

+0o0 o2 2 . 52 5 .
(7.16) / rtanh 7r [6—7(7’—3) e T 4 o= T+ R) ezTr] dr

o

is O(c~'R), whereas the ) has modulus greater than

(7.17)
1 ey l 1 (y=T)> (y+T)? el 1 (y=T)? (y+7)?
- ’ { T4 e_#r] + Z ;70— [6_%2_ + e_%r] cos(l,R)
2 1,<5T smh V2no LSer sinh 3 V270
1 ef “I 1 (1y=T)? (y+T)? el vl 1 (y=T)? (y+1)?
> 5 'W 7: [6_727 + €_ET:|+ Z '7 7;’ [6_727 +e 57 } cos(l,R)
Tl <T sinh 3 v2mo ST sinh 3 v2mo

1 [eTH(l—é)—T/2e®(R)(1—6)T6—ﬁ + (’)(1)} ,

8ro

(using ([[.12)), and thus is much greater than the integral (7.16). To get the last O(1) we
have used the exponential growth of the number of closed geodesics. The left hand side of
([-3) is more complicated to bound from above, since the r; now depend on R.

Proposition 7.4. Take ©(R) > log R, and such that R"'©(R) — 0. Take o2 = CO(R).
Let f(R) be such that o*f(R)?> > TO(R). Then

. 0'2 (93 . 3 .
|Z€ (rj —ZTTj| < ﬂ{], m%e(rj) _ R| < f(R)}67 sup; \S'm(T‘J)ZeTSupj |Sm(r;)] + O(l),
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where the sup; are taken over the set of indices j such that |Re(r;) — R| < f(R).
Proof.
Lemma 7.5. We have an a priori bound |Im(r;)| < cO(R), where ¢ depends only on w,.

Indeed, let 7; = x + iy and f € L?*(M) be such that ||f]|z2 =1 and

— A f420(R)(wo, df) — O(R)?*||w, |2 f = (i + 7"]2) f.

Taking the scalar product with f, we get

(7.18) et vt = [ 952 e [ulisr?
and
(7.19) 22y = —20(R)i / (w,, df) f.

Equation ([19) yields |zy| < ¢O(R)+/ [ |V f|?. Equation ([.1§) implies that 2% > [ |V f|*—
PO(R)?. If |z| > 54/ [ [V f|? then we are done, by ([19). If |z| < 21/ [ |V f]2, then (FI3)

implies that [ |V f]|? < 2¢?©(R)? and that y* <  + 5¢?0O(R)?. The lemma follows.

o2 . .
We now break the sum )~ e~ T 1i=R)’e=iTri into three parts : [ = D i Re(ry)<R—f(R)

IT =3 metry-ri< sy A0 TIT =3 45 eir > R i)
The last sum I11 is bounded by

€§CQG(R)260T®(R) Z e—";(é)%e(rj)—R)Q'

3 Re(rj)= R+ f(R)

We decompose this sum into >~ X" p. r(r)sn<ie(r) <Rt s(r)tnt1> a0d by Weyl's law in the
form (7.§), this is dominated by

“+oo
2,2

oTO(R) Z(R +n+ f(R))@(R)e—%Q(nJrf(R))? < 6cT@(R)@(R) / (R + gg)e—"de

=0 F(R)-1

and with our relations between T, R, f(R) and o, this last quantity is O(1).
Concerning the first sum I, we bound it by

o2

(7.20) eTAOR T Y o~ (Re(r))—R)?
J.Re(r;)<R—f(R)

The subsum Zjﬁe(rj)S_RJrf(R) can be treated as above and shown to be O(1) (using Weyl’s
law in the form ([.§)), and we only need to concentrate on Zj,me(rj)\ <Rr—f(r)- 1o bound
this sum, we first need a control the number of terms.

Lemma 7.6. £ {j,|Re(r;)| < R} = O(R*O(R)).
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To that end, we use again the trace formula and write :

r2 A M +oo 2
Z e aE = L()/ rtanh(7r).e” 287 dr + Z ‘
oo "

O(R Wo
®h l,, R o R/2
- 47

sinh % V2T

On the right, the term }__ is clearly o(1) whereas the J term is of order R%. On the left,
we break the sum into >° n < and 32 n. g As above, we can use Weyl’s law in

I 2
) _ (R+n)?

the form ([.§) to show that the Zj,\é)%e(rmzR e~ s O so(BR+n+1)O(R)e” 2r2 =
O(R?*O(R)). Thus we have

_ ??e(rj)zfgm(rj)z _ i??e(rj)gm(r'j)

Z e 2R? e R2 = O(R?O(R)).
J:|Re(rj)|<R
Remember that |Sm(r;)| < ¢O(R) and that R'O(R) — 0. Thus, for |Re(r;)| < R we
i%e(rj)%m('rj)
can write e~ &2 =1+ O(R'O(R)). This yields
Re(r;)2—Sm(r;)?
e 28 {5, |Re(r;)| < R} (1 + O(RT'O(R))) < Z e = (1+O(R'O(R)))
| Rerj|<R
= O(R*O(R))

and finishes the proof of Lemma [/.G.
) Now, we go back to the sum Zj,me(rj)\SR—f(R) in ([":20), and we see that it is bounded
y
R2@<R)ef’;c2®(3)2ecT@(R)e—azf(RF/z — 0(1).

This ends the proof of Proposition [7.4 O

We can now come back to ([-3). Noting that o sup,; Sm(r;)*> = O(1), Proposition [(]
shows that the left-hand side of the trace formula ([.3) is bounded from above by

Ct{j. [Re(r;) — R < f(R)}e"*Ps B0l - O(1) < CRF(R)O(R)e™ s Sm(rs)

where the sup is taken over all j such that |Re(r;) — R| < f(R), and where we have used
again ([-§). We can of course assume, without loss of generality, that f(R) = O(R).

On the right hand side of (73), the [ is O(RO(R)"?), and the }_ is bounded from
below by

1 eTH(l—cS)—T/26®(R)(1—6)T€—ig7
V8mo
as in ([-I7). Writing
CRf(R)@(R)eTsupj |Sm(r;)] > 0_—1eTH(l—é)—T/26®(R)(1—6)T6—ﬁ’

remembering that ©(R) > log(R), ©(R) = o(R), 072 = ¢O(R) and T < loglog R, we see

that necessarily a

Sup [Sm(ry)| > (1 —20)0(R).



26 N. ANANTHARAMAN

This finishes the proof of Theorem [.12.

8. THE ARITHMETIC CASE.

Let p > 3 be a prime, p = 1 (mod 4), and A > 1 be a quadratic non-residue modulo p.
We set

VA \/]3+y3VAp
F:FA, — Yo + U1 Y2 Y05 U1, U, VA
(4, p) {(yg\/ﬁ—yg T g /A Yo, Y1, Y2, Y3

It is a discrete cocompact subgroup of SL(2,R) which contains only hyperbolic transfor-
mations [§]. We consider the hyperbolic surface M = I'\H. In M, the lengths of the closed
geodesics are the log z,,, where

Ty =2m* — 14+ 2mvm?2 — 1, m € N.

We define
pm) = > b,
v, ly=log zm
We now follow very closely the approach of [§], pp. 304-314. We introduce an even function
k on R, whose Fourier transform is nonnegative and compactly supported in [—1, 1]; we

also assume that & > 1 on [—3,1]. We define

Ko(r) = k(r)[e + 7).
We write again the trace formula : for all ¢ > 0,

Area(M)

Z Kalry = 1) + Kolry +1) = 20 / rtanh () [Ka(r — £) + Ka(r + )]dr

+2 Z ", Ko ) cos(tl,).

1
sinh o

We will bound from below the right-hand side (averaged in t) to obtain information on the
left-hand side. Denote

Sy .
Sa(t) = Z ‘ Z%K (1) cos(tly) =2 Z %Ka(log Tm) cos(tlog x,,).

l'V
y Slnh €a71§x77L§5a+1 _I_ Lm

Proposition 8.1. Let a =20logT — C, 0 < 8 <1 and C large enough. Then,

2T+T5 ~
/ (1 _ |T72T‘) |S.(1)|2dt > CTPAPr(w)-1)
2

T—T8

2T+T178

p_7s |Sa(t)[?dt, the reason for intro-

Although we are really interested in the quantity f

|t—2T|
T8

R

) is exactly the same as in [}, p. 315.

ducing the regularizing factor (1 —
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Proof. Introduce the notations

p(m) -
nim) = ————=K,(log z,,),
=

~

v(m) = p(m)Kq(log z).
Divide the integral I = 2T (1 — |t_2T|) 1S, (t)|?dt into I = I; + I, where

2T-T8 5

L= ) ﬁ(m)2/

ea—lgmmge(wrl 2118

2T +178

|t — 27| 5
<1 ~ 5 | cos (tlog x,,)dt
and

2T+T1% It — 27|
L =2 Z n(m)n(k)/ <1 ~ 7% ) cos(t log x,,) cos(t log x, ) dt.

e 1<gp <zm<eatl 277

The idea is that the x,,, zy, with z,, # x5, are well-spaced, implying that the oscillatory
integral I, is small compared to I;.

Lemma 8.2. ForT > 1 and A € R,

2T+T16 |t o 2T| 1
_ it . . G
/2T—Tﬁ (1 5 ) eMdt = O |:II111’1 (T , >\2Tﬁ)] .

Let us first consider I;.

2T+T7 2T+T7

t—oT t—2T|\ 1 2t log T,
/ <1_| = |)cos2(tlog:):m)dt :/ (1_| |) + cos(2t log x )dt
2 2

T_T8 T_T8 18 2

T8
= 5+ O(T P logx,?).
Hence,
T8
(82) hoz (Gaew) X g
ea—lgxmge(wrl
5 v(m)?
(83) > (% o) -
2 60‘1<§<60‘+1 (1’%2 l’ml/2)2

(8.4) > o TPe™™ Z v(m)?.

ea—1 Swmgea+1

The right-hand side of (B.4)) will be estimated later. We now turn to /5, and want to show
that it is much smaller than 7. The integral

2T+T18
t—2T
/ (1 _ |) cos(tlog x,,) cos(tlog x.)dt
2 Ts

T—T58
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1
TF(log zm—log xr,)

5. We can ensure that

L < cT?
llog x,,, — log x| —

is smaller than

for e*~! <z, < z,, < €L, by choosing « in an appropriate range : writing

T — Ton—1 2 4
logx,, —log @1 ~ — T~ — ~

Tom m\Tm
we see we have to take a < 2@logT — C' (C large). More generally, we have by the
intermediate value theorem
|log z,, — log x| > Ce™/2|m — k.
The analysis done by [f], pp. 310-311, can be applied verbatim to show that

(8.5) |I2|§% S um)

ea71§x7rL§50+1

Comparing (B-4) and (B-5), we see that

provided a < 281logT — C' with C' sufficiently large. Thus,
99
I>—1I.
100
To complete our estimate for I, we must return to equation (B.4). Clearly,
> wvm)= > p(m)?.

er—1<g,, <ex+l ea—1/2§xm§ea+1/2

We write the Cauchy-Schwarz inequality,
2

> um)| < oo > um)

ea—l/QSmeea+1/2 ea—l/QSmeea+1/2 61:171/2Swmgea+1/2
But
Yoo wm= Y ek > 0emw,
ea71/2§xm§ea+l/2 7,a—1/2§lwga+1/2

see [20], p. 117. On the other hand,
Z 1= 0(e?).
ea—1/2§x7n§ea+1/2

We obtain this way
Z ,u(m)2 > C€2aPr(w)—a/2.

ea71/2§x7n§ea+1/2
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We have proved

2T+T7

t—2T ~

/ (1 - g) 1S, (8)[2dt > CTAPH)-1)
2T—-T58 Tﬁ

This implies
Sa(t) > Ct,@(2Pr(w)—1)
for some t € [2T — T%,2T + T¥).

Now consider the integral [ rtanh(mr)K,(r — t)dr or [rtanh(7r)K,(r 4+ ¢)dr in (B1).
We write

/rtanh(m“)Ka(r —t)dr = /7’ tanh(7r)k(r — t)[em(’“—t) + e—ia(r—t)]dr‘

To evaluate [(r + ¢) tanh(m(r + t))k(r)e’ dr, we shift the integral over R to an integral
over (3 — €)i+ R, and we find that the integral is O(te 1G9 for any € > 0.

Lemma 8.3. [rtanh(mr)K,(r — t)dr or [rtanh(rr)K,(r + t)dr = O(te oG9 =
O(t*H<=P) for any e > 0.

We finally turn to -, Ko(r; —t) + Ka(r; +t). Fixing a small € > 0, one sees using

Weyl’s law, the fact that k is rapidly decreasing in any horizontal strip — and the fact that
the Sm(r;) are bounded — that

Y Ka(ri—t)= Y Eu(rj—t)+0(™).
j JRe(ry)—t|<te
Similarly,
D Ka(rj+t)= Y Ku(rj+t)+0(t™).
j Ry )+t|<te
We see that

|2Ka(rj _ t) + Ka(rj + t)| S Ceasupj|9m(rj)|t1+e S Ct2ﬁsupj|9m(rj)|tl+e
J

where the sup; is taken over the j such that [Re(r;) £ ¢| < t°.
We have proved that there exists t € [T’ — T°,T + T7], and r; with |Re(r;) — t| < t¢,
such that
t2ﬁsupj \%m(rj)\tl-l-e > étﬁ(ﬂ)r(w)—l).
In particular, if 7" is large enough, this implies
1 1
sup {[9m(r;)|. Re(r) £ 7| <77} > Pr() - 5 = -,

and this proves Theorem [.9.
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9. SYMBOL CLASSES

Following [f], for any 0 < 6 < 1/2 we introduce the symbol class
(9.1) sp 0 La e 0T M), [020a] < Cog 9 (gm 11

If 6 = 0 we will just denote S™. We will denote Opy(a(z,€)) = Op(a(z, hE)), where Op
is a quantization procedure on M. The quantization of any a € S? leads to a bounded
operator on L?(M) (the norm being bounded uniformly in %), see [f]. We will denote
UDO = Opy (57,

We use :

Proposition 9.1. Let a € S, b € S% with 0 < § <6 < 1/2. Then
(i) Opy(a) Opy(b) — Opy(ab) € B =2~ Op, (S5 1),
(ii) [Opp(a), Op,(b)] — 2 Op,({a,b}) € A21=0=9) Op,,(S7+"~2).

We also use a local form of the Calderon-Vaillancourt estimate [f :

Proposition 9.2. There exists K € N depending only on the dimension of M, such that
the following holds. Take A = Opy(a) where a € WDO?. Let I be an open interval of R*
and let X belong to I. Then, there exists C > 0, and C(a, \) depending on a finite number
of seminorms of a (uniform in X if it stays inside a compact subset of I), such that, for
allu € L*(M),

K
[Aul| < C ( sup [a| +) K" sup ID%GI) [ullz2 + Cla, MII(P = Mull 2.

po () =1 po (D)

a
Po—A

In fact C(a, \) is controlled by the supremum norm of and a finite number of its

derivatives outside p,*(I). Similarly we have

K

(u, Au)| < € ( sup [a| + Y A sup |D2ka|> Jullz2 + Cla, NP = el

po (1) =1 po (D)

10. APPENDIX : SJOSTRAND’S PROOF OF PROPOSITION

In order to prove Proposition p.9, we first want to bound the norm and trace norm of

() @r-anr (B

We write a Calderon-Vaillancourt type estimate,

ptjl} % _57%+6[

(@r — Qr)ull < < sup (¢ —q") + O(fil‘%)) [ull + OM(2P = 1)ull,
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where § is as in Proposition [[.J. Besides, ||(2P — 1) f (23-1)|| = O(h). It follows that

Hf<2ph_1)(@T—QT)f<2Ph_1)H§||f||§o< sup @T—f)w(hl—%)).

pgl]%—57%+5[

For the trace class norm, we need to be even more careful than in [P§]. Instead of using
the Garding inequality, we use the existence of a positive quantization. If we choose such,
we have directly that f (L{l) (Qr — Qr)f (2P—1) > 0 in the operator sense. Thus,

(5 ) @ -anr (257)

- ﬂf(?PgJ)(@T—Qﬂf(zigl)

2
= Tl"f<2ph_1> (@T—QT)

= T [ PO (Gr - Qri

1

Writing the expansion of et*5 as a Fourier Integral Operator, writing the trace as the in-
tegral of the kernel, and applying the stationary phase method in the time-energy variables,
we obtain an asymptotic expansion

2P—-1
h

ﬂ%/ﬂm“<@—@m

- O [f2<o> [ =Tk = SRR [ o -

o

(dp) + O(R™=27)

1
2

where D?* and ng are differential operators of degree < 2k, respectively on R and T*M.
Note that the term /i* D2t £2(0) fpgl(%) D2(q" — jr)L%(dp) is a O(hk(l‘%))L%(ch £ q") =
o(1)L 1 (g # q"). This proves, in particular, Corollary [.

To finish the proof of Proposition .3, there remains to study the invertibility of z — Pr.
Recall the identity

I(A+iB)ull® = [|Aul® + || Bul|* + i{u, [A, Blu),



32 N. ANANTHARAMAN
if A, B are bounded self-adjoint operators. Thus,
2/|(Pr — 2)ull® 2 (P +ihQr — 2)ul* = O ) (||(2P — Lyull* + [|u®)
> P = Reull + 121 (S5 = Qr )l + i, P Qrlu
= O ) (12P — Dyl + [Jul?)

— 1P = el + 121 (25 - 0r ) ul?

(OO -+ I12) + O )l + OW) (P = ReC:

We have used (5-3) (or Proposition P-g), and the same for Qp. We find that

(10.1) V3II[(Pr — 2)ul| = [[(P — Re(2))ul| — (0(%) O(h=="))fu].

On the other hand, we have

(10.2) Sm <%(z — Pr)u, u>

< e @T) > + O ) (Jull + [[(Re(z) — Pyul)]jul

<(%”'§Z> Qe S (QP,; 1) @r— Qo) (2Ph‘ 1)) uu>

+ O 2)([lull + [|(Re(z) — Pyul)llu]

_ < <$”;(Z) Ot f (%)2 (Or @T>> uu>

+ O ) ([lull + [|(Re(z) — Pyul)llu]

P — Re(z
i (2 - (qT—ciT)IlfHoon’Hoo+O(hl_25)> T
pil}é—E %-i—s[

° =

by the same trick as in [P§], (3.19). Recall that we are interested in a region where
z—2=0(h).
2

Let a(E) > 0 be a continuous function defined on a bounded interval J containing 0,
and restrict z by assuming that

%737;20 —q" + f <§RQT(C))2(QT—CIT) > a (gﬁe}_ﬁo) :
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Re(()

near p, (%) , € J (where ( =2z —1). It follows from the Garding inequality that for

such z

<<—“m<)—QT+f(me ! QT—QT> >

> (o (P52 - o)l = o2 - eyl
Using this in ([0.2), we get

103) sm (3~ Priwa) > (a (P4L) - 0=}

. , _ P —%e
- (z sup (g — @) Flloll oo + O 26)) o[£
ptjl]%_‘f’%'ﬁi[
Reasoning as in [2g], (3.25) and (3.26), we find finally
s {3z~ Prywa) > (o (F2D) — o)) e
T AT / 1-26 75T —Z
~-V3 (2 sup  (¢° = G )| fllscllf'lloc + O(R )) lull || ——u
pgl]%—e,%-i-s[
- (0(— =)+ O(h2™"))]ul|*.

3\

(o (B52) + 017 + 0

1+2v3  sup  (¢" = @")l|fllooll fllee + O(R )

Po 1} 572""6[

which finishes the proof of Proposition .2

REFERENCES

[1] Anantharaman, Nalini Precise counting results for closed orbits of Anosov flows. Ann. Sci. Ecole
Norm. Sup. (4) 33 (2000), no. 1, 33-56.

[2] Anantharaman, Nalini Counting geodesics which are optimal in homology. Ergodic Theory Dy-
nam. Systems 23 (2003), no. 2, 353-388

[3] Anosov, D. V. Geodesic flows on closed Riemannian manifolds of negative curvature. Trudy Mat.
Inst. Steklov. 90, 1967.

[4] Babillot, Martine; Ledrappier, Frangois Lalley’s theorem on periodic orbits of hyperbolic flows.
Ergodic Theory Dynam. Systems 18 (1998), no. 1, 17-39

[5] Bowen, Rufus; Ruelle, David The ergodic theory of Aziom A flows. Invent. Math. 29 (1975), no
3, 181-202.



N. ANANTHARAMAN

[6] Dimassi, Mouez; Sjostrand, Johannes Spectral asymptotics in the semi-classical limit. London
Mathematical Society Lecture Note Series, 268. Cambridge University Press, Cambridge, 1999.
[7] Guillemin, V.; Kazhdan, D. On the cohomology of certain dynamical systems. Topology 19 (1980),
no. 3, 291-299.
[8] Hejhal, Dennis A. The Selberg trace formula for PSL(2, R). Vol. I. Lecture Notes in Mathematics,
Vol. 548. Springer-Verlag, Berlin-New York, 1976.
[9] Hitrik, Michael; Sjostrand, Johannes; Vil Ngoc, San Diophantine tori and spectral asymptotics
for nonselfadjoint operators. Amer. J. Math. 129 (2007), no. 1, 105-182.
[10] Jakobson, Dmitry; Naud, Frédéric Lower bounds for resonances of infinite area Riemann surfaces.
preprint.
[11] Jakobson, Dmitry; Polterovich, losif Estimates from below for the spectral function and for the
remainder in local Weyl’s law. Geom. Funct. Anal. 17 (2007), no. 3, 806-838.
[12] Katok, Anatole; Hasselblatt, Boris Introduction to the modern theory of dynamical systems. With
a supplementary chapter by Katok and Leonardo Mendoza. Encyclopedia of Mathematics and
its Applications, 54. Cambridge University Press, Cambridge, 1995.
[13] Kifer, Yuri Large deviations in dynamical systems and stochastic processes. Trans. Amer. Math.
Soc. 321 (1990), no. 2, 505-524.
[14] Kifer, Yuri Large deviations, averaging and periodic orbits of dynamical systems. Comm. Math.
Phys. 162 (1994), no. 1, 33—46.
[15] Lalley, Steven P. Renewal theorems in symbolic dynamics, with applications to geodesic flows,
non-Euclidean tessellations and their fractal limits. Acta Math. 163 (1989), no. 1-2, 1-55.
[16] Lalley, Steven P. Closed geodesics in homology classes on surfaces of variable negative curvature.
Duke Math. J. 58 (1989), no. 3, 795-821.
[17] Lebeau, G. E’quation des ondes amorties. Algebraic and geometric methods in mathematical
physics (Kaciveli, 1993), 73-109, Math. Phys. Stud., 19, Kluwer Acad. Publ., Dordrecht, 1996.
[18] Livsic, A. N. Certain properties of the homology of Y -systems. (Russian) Mat. Zametki 10 (1971),
555-564. Math. Notes 10 (1971), 758-763].
[19] Markus, A. S.; Matsaev, V. I. Comparison theorems for spectra of linear operators and spectral
asymptotics. Trudy Moskov. Mat. Obshch. 45 (1982), 133-181.
[20] Parry, William; Pollicott, Mark Zeta functions and the periodic orbit structure of hyperbolic
dynamics. Astérisque No. 187-188, 1990.
[21] Phillips, Ralph; Rudnick, Zeév The circle problem in the hyperbolic plane. J. Funct. Anal. 121
(1994), no. 1, 78-116.
[22] Pollicott, Mark; Sharp, Richard Asymptotic expansions for closed orbits in homology classes.
Geom. Dedicata 87 (2001), no. 1-3, 123-160.
[23] Ratner, Marina The central limit theorem for geodesic flows on n-dimensional manifolds of neg-
ative curvature. Israel J. Math. 16 (1973), 181-197.
[24] Reed, Michael; Simon, Barry Methods of modern mathematical physics. 1. Functional analysis.
Second edition. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, 1980.
[25] Rudin, Walter Real and complex analysis. Third edition. McGraw-Hill Book Co., New York, 1987.
[26] Ruelle, David Thermodynamic formalism. Encyclopedia of Mathematics and its Applications, 5.
Addison-Wesley Publishing Co., Reading, Mass., 1978.
[27] Selberg, A. Harmonic analysis and discontinuous groups in weakly symmetric Riemannian spaces
with applications to Dirichlet series. J. Indian Math. Soc. 20 (1956), 47-87.
[28] Sjostrand, Johannes Asymptotic distribution of eigenfrequencies for damped wave equations. Publ.
Res. Inst. Math. Sci. 36 (2000), no. 5, 573—611.

CMLS, EcoLE POLYTECHNIQUE, 91128 PALAISEAU CEDEX, FRANCE
E-mail address: nalini@math.polytechnique.fr



