N

N
N

HAL

open science

Flatness of Switched Linear Discrete-time Systems

Gilles Millérioux, Jamal Daafouz

» To cite this version:

Gilles Millérioux, Jamal Daafouz. Flatness of Switched Linear Discrete-time Systems. IEEE Transac-

tions on Automatic Control, 2009, 54 (3), pp.615-619. 10.1109/TAC.2008.2009589 . hal-00374998

HAL Id: hal-00374998
https://hal.science/hal-00374998
Submitted on 10 Apr 2009

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00374998
https://hal.archives-ouvertes.fr

Flatness of Switched Linear Discrete-time
Systems

Gilles Millérioux, Jamal Daafouz
Nancy University, CNRS (France)
Centre de Recherche en Automatique de Nancy (CRAN),
gilles.mllerioux@sstin.uhp-nancy.fr

| amal . daaf ouz@nsem i npl - nancy. fr

Abstract

This note is devoted to flatness for switched linear discrete-time systems. For this class of hybrid
systems, algebraic conditions are derived to check whether a given output is flat. Then, a feedforward

flatness-based control strategy for trajectory tracking is proposed.

Index Terms

Switched discrete-time systems, flatness, invertibility

I. INTRODUCTION

In this paper, we address the problem of flat output characterization and feedforward flatness-
based control for switched multivariable linear discrete-time systems. Flatness was introduced
by Fliess and al. [3] in 1995 and a deep insight can be found in the quite recent book [7].
Flatness-based control has been involved in many applications and has a compelling interest
because it is well appropriate for, to mention a few, predictive control, trajectory planning,
constraints handling. From the recent literature, it turns out that flatness-based control can
be especially attractive for switched linear systems as well. For instance [4] and references
therein are interesting papers dedicated to the control of power converters. However, for switched
systems, flatness-based control still remains an open and challenging problem. Indeed, for linear

systems, flatness is merely equivalent to controllability and flat outputs can be easily characterized
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by some so-called defining matrices (see [5]). On the other hand, such a characterization is no
longer valid for switched systems. A simple but special situation occurs when each linear mode
of the switched system is active during a sufficient large time, in others words when a minimum
“dwell-time” is guaranteed. In such a case, we can check for flat outputs for each linear models
and one can then design a hybrid flatness-based control that takes care of each local dynamics.

However, that amounts not only to discard the hybrid aspect but also this strategy may fail if the
minimum “dwell-time” is not guaranteed. In this note, we relax the dwell-time constraint and
thus we really consider the hybrid issue. We derive conditions which enable to check whether a
given output of a switched linear discrete-time system is flat and a flatness-based control strategy

for trajectory tracking is suggested.

Notation : For any integer [, 1, refers to the /—dimensional identity matrix and O, stands for
the [ x [" zero matrix. If irrelevant, the dimension of the zero matrix will be omitted and we shall
merely write O. For a matrix X, X7 stands for transposition. X' stands for the Moore-Penrose
generalized inverse of X, namely the matrix of the same dimension as X7 so that X XX = X,
XTXXT= X" XXTand XTX are Hermitian.

II. PRELIMINARIES AND DEFINITIONS
We examine switching linear discrete-time systems of the form

Thrr = AsyTr + Boyus 1)
ye = Comyxr + Dogoyun
where z, € R", u, € R™ and y, € RP are the states, the inputs and the measurements,
respectively. All the matrices, namely A,y € R™", B,qy € R™™, Cypy € RP*™ and Dy €
RP*™ belong to the respective finite sets (A,)i<j<s, (Bj)i<j<s» (Cjli<j<s and (D;)i<j<y-
At a given time k, the index j corresponds to the mode of the system and results from a
switching function o : k € N — j =o(k) € {1,...,J}. {U}QJFT refers to the mode sequence
{o(k1),...,0(ki +T)}. For a given switching rule o, the set of corresponding mode sequences
over any interval of time of length 7'+ 1 is denoted by X7. This set may contain either all
possible mode sequences (also called paths) if there are not any repetitive switching patterns or
can be reduced if any. We assume that the mode is known, either accessible or reconstructed (see

[1] for this reconstruction issue). A key point lies in that no restriction on the time separation
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between switches (“dwell time”) must be imposed.

Let &/ be the space of input sequences over [0,00) and ) the corresponding output space.

At time k, for each initial state z;, € R", when the system (1) is driven by the input sequence

{u}ys*T = {uy, ..., upsr} € U, for a mode sequence {o}i*7, {z(wk, o, u)}¥ refers to the

solution in the interval of time [k, k + 7] of (1) emanating from z; and {y(vs,o,u)}i*" € Y

refers to the corresponding output sequence in the same interval of time [k, k + T7].

We introduce the subsequent vectors and matrices.

Fori <0 M}y, =0, fori=0 M), = D,g and fori> 0,

Da(k) Opxm
Cokt1)Bor) D11y 0pxm
Mgy =
o (k+i—1) o(k+i—1)
Cotbti)Ag(iiry  Both)  CotbryApiuray Botetr) - Co(eti)Borti-n

with the transition matrix
Ao(kl) = Ao(kl)AU(kl—l) .. .Ag(ko) if k& >k
= 1, if ]{51 < k’o

I, = (1m OmX(m-r))a Ip = (OpX(p-r) 1:0)

Cok)
) C (k+1)A (k) ) . .
7 . a a % - o(k+i—1) o(k+i—1)
Opry = : > Cogry = < Astkrny Bot) Agtera) Botern)
o(k+i—1)
Co(k-ﬁ-z’)Ao(k)
Uk U;C Yk yl/g
i | Uk N U4y N i Yest
Ek; - 9 Qk,‘ - 9 gk 9 I -
Uk Uj Yk+i Ykt
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When (1) is driven by an input sequence {u}:° € U and a mode sequence {c}:°, one has:
Y, = Ok + My gyu, (6)

Definition 1. When the system (1) is square (m = p), it is said to be flat if there exists a set
of independent variables y;, referred to as flat outputs, such that all system variables can be
expressed as a function of the flat outputs and a finite number of its backward and/or forward

iterates. In particular, there exist two functions F and G which obey

T = FYkthr - Yktry) @

U = g(yk+kg7 cee 7yk+k’g)

where kr, ks, kg and kg are Z-valued integers.

Both deriving algebraic conditions to check whether a given output of (1) is flat and providing
a feedforward flatness-based control for trajectory tracking require a central notion namely the

input invertibility.

I11. INPUT INVERTIBILITY

We must distinguish input left and right invertibility. Some recent papers [8][6] have addressed
the input left invertibility for switched discrete-time systems and the results are recalled in

Subsect. I11-A. In Subsect. I11-B, we derive results on input right invertibility.

A. Input left invertibility

Definition 2. The system (1) is input left invertible if there exists a nonnegative integer r» < oo
such that, for all mode sequences in X7, for two any inputs {u}(,{u'}; € U, the following

implication applies:
{y(zo, 0, u)}y = {y(xo, 0, )} = wo=ugy Vg (8)

In others words, by input left invertibility, we mean the ability to recover the input u, from a
finite number of 4+ 1 measurements y; (i = 0, ..., ), the state vector x, at time £ = 0 and the
mode sequences {o}{ being known. The term input has been introduced to emphasize the fact
that only the input u, is expected to be recovered. The least integer r for which (1) is input left

invertible is called the left inherent delay or merely the delay.
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Theorem 1. The system (1) is input left invertible if there exists a nonnegative integer » < oo

such that for all mode sequences in X7,

rank Mygy —rank M.\ =m 9)

k+1)

Definition 3. A system is a left r-delay inverse for (1) if, under identical initial conditions x,
and identical mode sequences {o}5°, when driven by Yy, its output fulfills ., = uy for all
k>0

Theorem 2. Assume that (1) is input left invertible with left inherent delay r. The system

i’k+r+1 = P;(k)j:k+r + Bcr(k I M;(k

X G t i
Uppr = =AM O o Thpr + ImM"(k)yz
with
Py = Aot = Botw InM ) Or )

is a left r-delay inverse system for (1).

Remark 1. In the Definition 2 and Definition 3, the initial condition is considered at the
particular discrete time & = 0 but can be replaced by any other initial condition z; taken
at the discrete time k.

Remark 2. It is also shown that the state vector of the left r-delay inverse (10) fulfills ., = xx

forall £k >0

B. Input right invertibility

Let us define a reference trajectory as a sequence of desired outputs { g, Jx+1, ...} for & > 0.

Definition 4. The system (1) is input right invertible if there exists a nonnegative integer ' < oo
such that, for all mode sequences in X', for any reference output 7,~ at time k& = ' and for the

initial condition z, = 0, there exists an input segment {u}} such that
{y(zo = 0,0,u)}y = {0} " (12)

where {0} ! % 7, denotes a sequence of null vectors of dimension p over the interval of

time [0,...,7" — 1] and g,» corresponds to the reference output at time & = »’. The term input
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has been introduced as well to emphasize the fact that we are interested in finding out the input
segment {u}y only. The least integer ' for which (1) is input right invertible will be called the

right inherent delay or merely the delay.

Definition 5. A system, with input QZ is a right inverse for (1) if, under an identical initial
condition z, and identical mode sequences {o}&°, it can drives (1) such that vy, = g, for
all k>0

Remark 3. Similarly to the Remark 1, in the Definition 4 and Definition 5, the initial condition
is considered at the particular discrete time k£ = 0 but can be replaced by any other initial

condition z;, taken at the discrete time &.

Theorem 3. The following statements are equivalent.
1) The system (1) is input right invertible
i) There exists a nonnegative integer ' < oo such that, for all mode sequences in X", the

equation with unknown Q7
My Qo = 1T, &)

has a solution

iii) There exists a nonnegative integer ' < oo such that for all mode sequences in X",
rank ( Ir M;"(k) ) — rank M;;k) =0 (14)
iv) There exists a nonnegative integer ' < oo such that for all mode sequences in X",
rank Mg;k) — rank M;;g)l =p (15)
Proof: i) < ii) On the interval of time [k, k + 7], according to (6), one has
QZ = Of}l(k)xk + M;’Ek)uz' (16)

Besides, according to the Definition 4 of right invertibility, it is assumed that x;, = 0 at time k.
Thus, from (12) and (16) one has

y; = M;’(k)ui = jgykw'
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Input right invertibility means that this equality must be fulfilled for any 7.,,.. As a result, the
existence of v is strictly equivalent to the existence a matrix QQ'(k) fulfilling

!

M) Qo) = (Opx (per) 1P)T

The matrix Q7 reads explicitly Q7 = M.} IT

i) < iii) The relation (14) is the immediate consequence of the algebraic result stating that
for any pairs (W, Z) of matrices, the equation WX = Z with unknown X has a solution if and
only if rank(W Z) = rank W.

iii) < iv) We first notice that

Mr -1 0 ,
v o(k) (pr')xm
Moy =

[

CotherCotry  Dothrr

Consequently,

/

L, CoterrCopry Dot

p

_ , 0. M7 0y sem
< T M;(k) ) _ (pr")xp o(k) (pr)x

Hence
rank ( Ir M;;k) ) = rank M;;,;)l +7"ank‘< 1, Dogtr) )

Finally, noticing that rank ( 1, Do(tr ) = p, substituting the last equality into (14) gives
(15). O

When (1) is input right invertible, we are looking for a second dynamical system which drives
the system (1) so that its output tracks a reference trajectory 4, Jx+1, . .. for £ > 0. Let us define

the following compound vector:

Ukt
Theorem 4. Assume that (1) is input right invertible with right inherent delay »’. The system

bkpr = Plgds+ BogyIn My L7

U = I M;(k

7)
Ot + LML LG
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with
r T 't r!
Pa(k) = Aok — BU(k)ImMa(k)Oa(k)

is a right ’-delay inverse system for (1).

Proof: Notice that

Yktr' — Yhpr = fpg’,;' = Yktr
= (Ot + M pui) = Guer
= LOLwk — LM M2 L O do + T, M M2
Since (1) is input right invertible, (13) holds and is equwalent to

r't 7T 7T
U(k Ma(k I Ip
Therefore,
j ( J(k MTT ) = I_P

The Moore-Penrose generalized inverse being hermitian, one has

r’ TP NT _ T’ T
( 0(k)Mcr(k)) =M, o(k )Mcr(k)

and the following equality applies
I Mr(k)Mg(k) I,
As a result, taking into account (18), yx..» — yr1. finally reads
Ykr' — Yhtr' = ij;’(k) (zr — 21

On the other hand, it is easy to see that

Tpy1 — Tpgr = Aoy (Tr — Ti)

l

yk—i-r

(18)

(19)

(20)

In view of the Definition 5, we must consider that (1) and (17) are initialized such that 2, = x.

By virtue of (20), we infer that z;, — 2, = 0 for all £ > 0 and thus .,

k > 0.

— Yprr = 0 for all

O

When the system (1) is both left and right invertible with left and right inherent delays r =/,

it will be merely said that the system (1) is input invertible with inherent delay » = ' = R.
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Remark 4. It is interesting to notice that when the system (1) is square, if " = ¥ and the sets
contain the all possible mode sequences over any interval of time of length »+1 = "+ 1, input
left invertibility is equivalent to input right invertibility. Indeed, in such a case, (9) is equivalent
to (15).

V. FLATNESS
A. Flat output characterization

Let us define the inverse transition matrix as

olk) o
Po(kol) - PO'(kl)PO'(kl 1) o'(ko) If kl Z kO
= 1, if ]{31 < k’o

with
r - T rT r
Po’(k) — AO’(]C) - BO'(]C)ImMo-(k)OO'(k)

Theorem 5. A componentwise independent output y, of the system (1) assumed to be square
(m = p) and left input invertible with inherent delay r, is a flat output if there exists a positive
integer K < oo such that, for all mode sequences in X" "%-1 the following equality applies for
all £ > 0:

o(k+K—-1)
Pl =0 (21)
Y r+E=1 stands for the set of mode sequences over the interval of time [k,..., k+r+ K —1].

Proof: Assume that the system (1) is input invertible with inherent delay r, thus the left

r-delay inverse system (10) exists. Iterating (10) yields:

A . o (k41— 1)A o(k+1-1) T rt r
Thtr+l = Po(lc) Thtr + Z k+z+1) Ba(k+i)]mM0(k+i)yk+i (22)
Upgrgl = I MT (k+1) <yk+l Og(k+1)xk+r+l)

If (21) is fulfilled with [ = K, (22) turns into:

. - K-1 po(k+K-1)
Th4r+K = Zz =0 Pcr(k+i+1) BU(RH)I M

X rt - ot i (23)
Uk4r+K = I Mg(k+K) (yk+K - Og(k+K)xk+r+K)
revealing that %y, ,,x and so ,.,.x IS independent of Z,.,.. In particular, (23) holds for

Tkotr = xi, for all kg > 0 which implies that 2,1, +x = 2prx anNd gk = upx for all
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k > 0. Therefore, after performing the change of variable £ — k — K, we obtain

_ K-1 po(k—1) 7ot ,
Tk = Zz’:o P a(k+i+1—K)Ba(k+i—K)]mMa(kH—K)QkH_K (24)
and
T r K—-1 po(k—-1)
uk—l M (yk Oa(k (Zi:O Pa(lﬁ-i-l-l—K)BU(lH-i—K)I M(k—H K)yk+ K)) (25)

Equations (24) and (25) reveal that z;, and wu; can be expressed as a function of y, and a
finite number of its backward and/or forward iterates in the form (7), that is to say y; is a flat

output.
O

B. Flatness-based control for trajectory tracking

If we are interested in delivering the flat control (25) in a recursive way, the following theorem

can be useful.

Theorem 6. Assume that (1) is (left and right) input invertible with inherent delay R. If there

exists a positive integer K < oo such that for all mode sequences in 51,

P;(f;K—” -0 (26)

with
R
Pa(k) = Acr(k) - Bcr(k)l Mg(k O
then the control u, delivered by
Zf?k+1 = Pﬁk)i‘k + Bg(k)] Mg(k) (27)
_ 7 _ T T

is a flat control and guarantees a stable trajectory tracking whenever the system (20) is uniformly

asymptotically stable (u.a.s).

Proof: On one hand, if (1) is input invertible with inherent delay R, by virtue of (19) and

(20) in the proof of Theorem 4, after substituting »’ by R, since &, may differ from x,, one has
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limyg_ooYr+r — Ukrr = 0 whenever (20) is u.a.s. On the other hand, iterating (27) K — 1 times

yields
~ o o(k+K—-1) K-1 po(k+K-1) T Rt R
Tk+K = Po’(k,‘) T+ D i Pa(k+i+1) Ba(kﬂ)ImMa(kH)QkH
R i
unr = Iy (U e = O royfnex)

Finally, if (26) is fulfilled, the control w; reads:

_ 7 AR K—1 po(k—1) 7 agRf
U = mea(k) (ﬂg o Of(k)(zz'zo Pg(k+i+1_K)Bo(k+i—K)[mMa(kH—K)QfH_K))

revealing that u, is a flat control since it only depends on the output.

The problem of assessing the stability of (20) turns into a usual switched stability analysis

problem. We can resort to polyquadratic stability ([2]).

C. Hlustrative example
We shall consider a MIMO switched linear discrete-time system of the form (1) and having
two distinct modes (J = 2). The respective finite sets (A4;)i<j<2, (Bj)i<j<2, (Cj)1<j<2 and

(Dj)i<j<o are

0.3 1 0 1 0.3 2 0 1
0.3 0 01 0.2 0.3 0 01 0.2
Al = ) A2 =
—-01 0 0 -04 —-06 0 0 -04
0.01 0.1 0.2 0 0.01 0.1 0.2 0
-1 0.5
0 -1.5 1 111
By =By = , Cr=0Cy = , Di=Dy=0
1 0 1 31 4
0 1

The system is driven by some inputs {u}5° € U, the set of input sequences ranging between
two arbitrary bounds, say 0 and 1 for the example. We shall examine three distinct switching
rules: a switching rule which obeys o (k) = 1 for all £ which amounts to consider a mere linear

system (case 1), a switching rule which obeys o (k) = 2 for all £ which also amounts to consider
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a mere linear system (case 2), a switching rule for which o (k) alternates randomly between 1
and 2, the occurrence of two consecutive modes 1 being however not allowed.

We first consider the case 1. It turns out that (9) and (15) hold for » = »’ = 2. Hence, according
to the Theorem 1 and Theorem 3, the system is left and right input invertible with inherent delay
r =r’ = 2. The set X" is merely composed of a single mode sequence {1, 1, 1}. According to the
Theorem 5, y, is a flat output because (21) is fulfilled with K = 2. For the case 2, the situation is
exactly the same than the case 1 except that the set X" is composed of {2, 2, 2}. As a result, it can
be stressed that the minimum dwell time equals 2. Then, we consider the case 3. Such a case is
interesting in that the switching rule does not always guarantee the minimum dwell time. It turns
out that (9) and (15) hold for » = »’ = 2. Hence, according to Theorem 1 and Theorem 3, the
system is input invertible with inherent delay » = 7' = R = 2. The set % does not contain all
possible mode sequences but only the patterns {{1,2,1},{1,2,2},{2,1,2},{2,2,1},{2,2,2} },
the only ones which are compatible with the switching rule. Equation (26) is fulfilled with K = 2.

Consequently the assumptions of Theorem 6 hold and a feedforward flatness-based control can

be designed.

| | | |
©® o &~ N o 0N

I R L N |
> g A W N B O K

] 50 100 150 200 [ 50 100 150 200

250 140
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200
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100 60
40
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20

Fig. 1. A : solid line g}lil) and dashed line y}j). B : solid line g,(f> and dashed line y,(f). C: |lyr — 9> D |zx — &1)?

Two distinct sinusoidal trajectories {g],il)}go and {g}f)}go have been planified for the two

respective entries y,(:) and y,ff) of the output y,. It can be verified through a LMI approach ([2])
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that (20) is u.a.s, more precisely, it can be checked that it is polyquadratically stable. Figure 1
represents the results of the trajectory tracking based on the flat control delivered by (27). The
time plots illustrate that the desired trajectories are well tracked. The convergences toward zero

are consistent with the theoretical results.

V. CONCLUSION

For switched linear discrete-time systems, algebraic conditions in terms of the state description
matrices to check whether a given output is flat have been derived. Then, it has been shown how
a feedforward flat control for trajectory tracking can be carried out in the case when a minimum
dwell time is not guaranteed. Let us finally mention that one can resort to these conditions and to
such a flat control when considering periodic systems or monovariate systems with time-varying

relative degree.
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