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Introduction

In this paper, we give a geometric interpretation of all the m-th elliptic integrable
systems associated to a k’-symmetric space N = G/Gq (in the sense of C.L.
Terng [BY)).

This system can be written as a zero curvature equation
1 *
da>\+§[a)\/\a>\]:0, VA e C,

where ax = Y7 (A uy; + Nuy = 3" Mdy is a 1-form on a Riemann
surface L taking values in the Lie algebra g. The ”coefficient” u; is a (1, 0)-type
1-form on L with values in the eigenspace g_; of the automorphism 7: g — g of
order k' (defining the (locally) A’-symmetric space N = G/Gy) with respect to
the eigenvalue w,,”. We denote by wy a k’-th primitive root of unity. Moreover,
we call the integer m the order of the system.

First, we remark that any solution of the system of order m is a solution of
the system of order m/, if m < m’ (and the automorphism 7 is fixed). In other
words, the system of order m is a reduction of the system of order m/, if m < m/'.
Moreover, it turns out that we have to introduce the integer my, defined by

K +1 kif k' =2k
mk/_|: + :|_{ ! lfk/>1, andmlzo.

2 E+1ifk =2k+1

Then the general problem splits into three cases : the primitive case (m < mg ),
the determined case (my < m < k’—1) and the underdetermined case (m > k).

The primitive systems have an interpretation in terms of F-holomorphic
maps, with respect to an f-struture F' (F® + F = 0). More precisely:

e In the even case (k' = 2k), we have a fibration G/Gy — G/H over a k-
symmetric space M = G/H (defined by the square of the automorphism 7 of
order k' defining N = G/Gy). We also have a G-invariant splitting TN = H&V
corresponding to this fibration (i.e. a connection H on this fibration), and
then N is naturally endowed with an f-structure F' which defines a complex
structure on the horizontal subbundle H and vanishes on the vertical subbundle



V. Moreover the eigenspace decomposition of the order &’ automorphism 7 gives
us some G-invariant decomposition H = @?;11 [m;], where m; C g is defined
by m; = g_; @ g;, and [m;] C TN the corresponding G-invariant subbundle.
This allows to define, by multiplying F' on the left by the projections on the
subbundles H™ = @ [m;], a family of f-structures FI™ |1 < m < k— 1.
Then the primitive system of order m (m < my = k) associated to G/Gy is
exactly the equation for F"™-holomorphic maps. In particular any solution of
a primitive system is F-holomorphic.

e In the odd case (k' = 2k + 1), N = G/Gy is naturally endowed with an
almost complex structure J. Then the solutions of the primitive systems are
exactly the J-holomorphic curves. Moreover, in the same way as for the even
case, the eigenspace decomposition of 7 provides a G-invariant decomposition
TN = @;?:1 [m;], which allows to define a family of f-structures JM 1 <m <k,
with l[k] = J. Then the primitive system of order m (m < my = k+ 1)
associated to G/Gy is exactly the equation for J ["]_holomorphic maps. In other
words, the solutions of the primitive system of order m are exactly the integral
holomorphic curves of the complex Pfaff system EB}”:l[mj] C TN in the almost
complex manifold (N, J).

The determined case We call ”"the minimal determined system” the deter-
mined system of minimal order my/, and ”the maximal determined system” the
determined system of maximal order k" — 1.

e First, the determined system has two model cases:

In the even case, this model is the first elliptic integrable system associated
to a symmetric space (m = 1,k = 2) which is - as it is well known - exacly
the equation of harmonic maps from the Riemann surface L into the symmetric
space under consideration. This is the ”smallest” determined system, i.e. with
lowest order of symmetry in the target space N = G/Gp. In this case -N is
symmetric- the determined case is reduced to one system, the one of order 1.
All the further determined systems associated to target spaces N with higher
order of symmetry will be modeled on this system i.e. on harmonic maps into
a symmetric space.

In the odd case, this model is the second elliptic integrable system associated
to a 3-symmetric space. This is ”smallest” determined system in the odd case,
i.e. with lowest odd order of symmetry in the Target space N = G/Gy. We
prove that this system is exactly the equation for holomorphically harmonic
maps into the almost complex manifold (N, J) with respect to the anticanonical
connection V! = V% 4 [ | ]y, where VO is the canonical connection. Or
equivalently this is the equation for holomorphically harmonic maps into the
almost complex manifold (N, —.J) with respect to the canonical connection V°.
First given a general almost complex manifold (N, J) with a connection V, we



define holomorphically harmonic maps f: L — N as the solution of the equation
[0vor]"" =0 (1)

where [ ]1'0 denotes the (1,0)-component according to the splitting TN® =
T1ON @ TN defined by J. This equation is equivalent to

dVdf + JdY «df =0
or, equivalently, using any Hermitian metric g on L

Ty(f) + J7e(f) =0

where To(f) = *f*T = f*T'(e1, e2), with (e1,e2) an orthonormal basis of T'L,
and 7,(f) = *d¥ x df = Tr,(Vdf) is the tension field of f. Of course Tr,
denotes the trace with respect to g, and the expression Vdf denotes the covariant
derivative of df with respect to the connection induced in T*L ® f*T'N by V
and the Levi-Civita connection in L.

In particular, we see that if V is torsion free or more generally if f is torsion
free, i.e. f*T = 0, then holomorphic harmonicity is equivalent to harmonicity.
Therefore, this new notion is interesting only in the case of a non torsion free
connection V.

We prove that we can also interpret the holomorphic harmonicity in terms of
J-twisted harmonic maps. Let us define this notion. Let (F,.J) be a complex
vector bundle over an almost complex manifold (M, jpr). Then let V be a
connection on E. Then we can decompose it in an unique way in the form

V=v'+4
where V°J =0 and A € C(T*M ® End(E)), AJ = —JA. Then we set
V7 =V + (Ao ju)l
We say that a map f: (L,jr) — (N, J, V) is J-twisted harmonic if and only if
Try((f*V) df) = 0.

Now, let us suppose that V is almost complez, i.e. VJ = 0. Then, according
to equation ([]), we see that any holomorphic curve f: (L,jz) — (N, J) is anti-
holomorphically harmonic, i.e. holomorphically harmonic with respect to —J.
In particular, this allows to recover that a 1-primitive solution (i.e. of order
m = 1) of the elliptic system associated to a 3-symmetric space is also solution
of the second elliptic system associated to this space.

Moreover, the holomorphically harmonic maps admit a formulation very analo-
gous to that of harmonic maps in term of the vanishing of some 90-derivative,
which implies a well kown caracterisation in term of holomorphic 1-forms. In-
deed we prove that f: (L,j5) — (I, J, V) is holomorphically harmonic if and
only if

—AﬁA
d df =0, (2)



ie. éf is a holomorphic section of 17 (L ®@c f*T'N. Here the hat ” "” means
that we extend a 1-form on T'L, like d or V, by C-linearity as a linear map from
TLC into the complex bundle (T'N,J). In other words instead of extending
these 1-forms as C-linear maps from TLC into TN as it is usual, we use the
already existing structure of complex vector bundle in (T'N, J) and extend these
very naturally as C-linear map from TL® into the complex bundle (T'N,.J).
Therefore we can conclude that holomorphically harmonic maps have the same
formulation as harmonic maps with the difference that instead of working in the
complex vector bundle TNC, we stay in TN which is already a complex vector
bundle in which we work.

Finally, let us suppose that NV is endowed with a V-parallel Hermitian metric h.
Therefore (N, J, h) is an almost Hermitian manifold with a Hermitian connection
V. Suppose also that J anticommutes with the torsion T of V i.e.

T(X,JY)=—JT(X,Y)

which is equivalent to
1
T= ZNJ and T(JX,Y)=T(X,JY)

where N; denotes the torsion of J i.e its Nijenhuis tensor.
Suppose also that the torsion of V is totally skew-symmetric i.e.

T (X,Y,2)=(T(X,Y), Z)

is a 3-form. Lastly, we suppose that the torsion is closed, i.e. VT = 0 which is
equivalent to VI' = 0. Then we prove that this implies that the 3-form

H(X\Y,Z)=T*(X,Y,JZ) = (T(X,Y), ] Z)

is closed dH = O.H

Then the equation for holomorphically harmonic maps f: L — N is the equation
of motion (i.e. Euler-Lagrange equation) for the sigma model in N with the
Wess-Zumino term defined by the closed 3-form H. The action functional is
given by

S(5) = B(f) + 8V () = 5 [ laPavol, + [ 1.

where B is 3-submanifold (or indeed a 3-chain) in N whose boundary is f(L).
Then since dH = 0, the variation of the Wess-Zumino term is a boundary term

6SWZ:/ L(;fH:/ dz(;fH:/ 15 H,
B B F(L)

1Let us point out that in general 7™ is not closed even if it is V-parallel. For example,
in a Riemannian naturally reductive homogeneous space G/H, endowed with its canonical
connection VO, we have VOT = 0 but dT*(X,Y, Z,V) = —2(Jacm (X,Y, Z),V) where Jacm
is the m-component of the Jacobi identity (i.e. the sum of the circular permutations of
(X, Y, Z]m]m). Of course m is the AdH-invariant summand in the reductive decomposition
g=bHhdm




whence its contribution to the Euler-Lagrange equation involves only the origi-
nal map f: L — N.

In particular, applying this result to the case we are interseted in, i.e. N is
3-symmetric, we obtain:

The second elliptic system associated to 3-symmetric space N = G /Gy is the
equation of motion for the sigma model in N with the Wess-Zumino term de-
fined by the closed 3-form H, corresponding to the canonical almost complex
structure J and the canonical connection VO.E

e The minimal determined system has an interpretation in terms of horizon-
tally holomorphic vertically harmonic maps f: L — N = G/Gy. It also has an
equivalent interpretation in terms of vertically harmonic twistor lifts in some
twistor space.

e To the best of our understanding, the maximal determined system does not
have a satisfactory geometric interpretation in terms of the geometric map f into
the homogeneous space N, but only in terms of twistor lifts J7 in some twistor
spaces (which are subbundles of the bundle of endormorphisms in M = G/H
in the even case and in N = G/Gp in the odd case; more precisely these are
subbundles of finite order isometries). In fact, contrary to what happens in the
minimal determined system - where the interpretations are similar in the ho-
mogeneous space N and in the twistor space: in terms of vertical harmonicity
-, in the maximal determined system, the interpretation in the twistor space
is in terms of J-twisted harmonic twistor lift J/ but the equation of J-twisted
harmonicity of f: L — N does not give us the maximal determined elliptic
system. So it seems that the general (satisfactory) interpertation of the general
determined system is only in terms of twistor lifts.

e For the intermediate determined systems (my < m < k' — 1), these are
obtained from the maximal determined case by adding holomorphicity in the
subbundle H?™w ~1=m < H (defined above). It means that the m-th deter-
mined system has a geometric interpretation in terms of J-twisted harmonic
twistor lifts .J7 which are H2™ ~1~m_holomorphic, i.e. [V.J OjL]ﬁzmkhlfm =
l[VJf]Hmk’flfm. Let us precise that H2™ ~1=™ is the lift of H2™x ~1-™ ag
a subbundle of the horizontal subbundle of the twistor space. Moreover V is a
connection on the twistor space.

2]In fact, we need a naturally reductive metric on N to ensure that 7*, and thus H, is closed.
But if we allow Pseudo-Riemannian metric and if g is semisimple then the metric defined by
the Killing form is naturally reductive. In fact, the elliptic integrable system is an affine
system, i.e. its natural geometric interpretation takes place in the context of affine geometry
in terms of the affine connections V¢ = V9 + ¢[ , lfm]- If we want that this interpretation
takes place in the context of Riemannian geometry we need, of course, to add some hypothesis
of compactness, like the compactness of Adm Go and the natural reductivity. But we do not
need these hypothesis if we work in the Pseudo-Riemannian context.



The underdetermined case We prove that the m-th underdetermined sys-
tem (m > k' — 1) is in fact equivalent to some m-th determined or primitive
system associated to some new automorphism 7 defined in a product g?*! of
the initial lie algebra g. More precisely, we write

m=qk'+7r, 0<r<k' -1

the Euclidean division of m by k’. Then we consider the automorphism in g9*?
defined by

7~'(a1, . ,aq+1) S qurl — (aq+1,7'(a1), . ,aq) S qurl.
Then 7 is of order (¢ + 1)k’. We prove that the initial m-th system associated
to (g, 7) is in fact equivalent to the m-th system associated to (g¢t1, 7).

Aknowledgements The author wishes to thank Josef Dorfmeister for his com-
ments on the first parts of this paper. He is also grateful to him for his interest
to the present work.

Index of notations

0.1 Generalities

e Let £ € N. Then we will often confuse - when it is convenient to do it- an
element in Zj, with one of its representants. For example, let (a;)icz, be a family
of elements in some vector space F, and 0 < m < k/2 an integer. Then we will
write

a;,=a_; 1<i1<m

to say that this equality holds for all i € {1+ kZ,...,m + kZ} C Zy.
e Let us suppose that a vector space E admits some decomposition £ = @1 F;.
Then, for any vector v € E we denote by [v]g, its component in E;.

0.2 Almost complex geometry

Let E be a real vector space endowed with a complex structure: J € End(E),
J? = —Id. Then we denote by E™® and E®! respectively the eigenspaces of
J associated to the eigenvalues +i respectively. Then we have the following
eigenspace decomposition

EC _ El,O o EO,I (3)

and the following equalities
EY0 = ker(J —ild) = (J +ild)E® (4)
E%! = ker(J +ild) = (J —ild)E®
so that remarking that (J +4Id)iE = Id FiJ)E = (Id FiJ)JE = (J +ild)E,
we can also write

EY = (J +ild)E = (Id —iJ)E = {X —iJX,X € E} 5)
E% = (J —ild)E = (Id +iJ)E = {X +iJX,X € E}



In the same way we denote by
(E*)® = Efo® Egq

the decomposition induced on the dual E* by the complex structure J*: n €
E* — nJ € E*. Besides, given a vector Z € EC, we denote by

z =2+ 2]
its decomposition according to ({). Let us remark that
[Z]'"0 =(1d —4J)Z and [Z]®!' = (Id+iJ)Z.

Moreover, given 7 a n-form on E, we denote by ("9 its component in AP4E*
according to the decomposition

AnE* — @p-ﬁ-q:nAp)qE*,

where AP9E* = (APE7 ;) A (AYE; ;). However for 1-forms, we will often prefer
the notation 7 = 1’ + 7, where ' and " denote respectively (1% and (1.
More generally, all what precedes holds naturally when FE is a real vector bundle
over a manifold M, endowed with a complex structure J.

We will write -
d=90+0

the decompostion of the exterior derivative of differential forms on an almost
complex manifold (M, .J), according to the decomposition TM® = THOM @
TO1M.

In this paper, we will use the following definitions.
Definition 0.1 Let E be a real vector bundle. A f-structure in E is an endo-

morphism F € C(EndE) such that F? + F = 0. An f-structure on a manifold
M is a f-structure in T M.

An f-structure F' in a vector bundle FE is determined by its eigenspaces decom-
position that we will denote by
EC=E*9oE @E°

where E* = ker(F Fild) and E° = ker F. In particular if E = TM, then we
will set T°M = (TM)*, Vi € {0,+1}.

Definition 0.2 Let (M, JM) be an almost complez manifold and N a manifold
with a splliting TN = H @& V. Let us suppose that the subbundle H is endowed
with a complex structure J™. Then we will say that a map f: (M, J™) — N is
‘H-holomorphic if it satisfies the equation

[df o JM])™ = J™df)™.

Moreover, if for some reason, H inherits the name of horizontal subbundle, then
we will say that f is horizontally holomorphic.



This situation occurs for example if N is endowed with a f-structure F' which
leaves invariant H and Fjy is a complex structure (i.e. TN NH = {0}).

1 Invariant connections on reductive homoge-
neous spaces

The references for this section where we recall some results that we will need in
this paper, are [@], [@], [H], and to a lesser extent @] and ]

1.1 Linear isotropy representation

Let M = G/H be a homogeneous space with G a Lie group and H a closed
subgroup of G. G acts transitively on M in a natural manner which defines a
natural representation: ¢: g € G — (¢y: p € M +— g.p) € Diff (M). Then ker ¢
is the maximal normal subgroup of G included in H. Further, let us consider
the linear isotropy representation:

p: h € H— dpn(po) € GL(Tp, M)

where pg = 1.H is the reference point in M. Then we have kerp D ker¢.
Moreover the linear isotropy representation is faithful (i.e. p is injective) if and
only if G acts freely on the bundle of linear frame L(M).

We can always suppose without loss of generality that the action of G on M
is effective (i.e. ker¢ = {1}) but it does not imply in general that the linear
isotropy representation is faithful. However if there exists on M a G-invariant
affine connection, then the linear isotropy representation is faithful provided that
G acts effectively on M. (Indeed, given a manifold M with an affine connection,
and p € M, an affine transformation of M is determined by (f(p),df(p)), i.e. f
is the identity if and only if it leaves one linear frame fixed).

1.2 Reductive homogeneous space

Let us suppose now that G/H is reductive, i.e. there exists a decomposition
g = h @ m such that m is AdH-invariant: Vh € H, Adh(m) = m. Then the
surjective map £ € g — £.po € T, M has b as kernel and so its restriction to m
is an isomorphism m = T}, M. This provides an isomorphism of the associated
bundle G x g m with T'M by:

9,61 = g.(§.po) = Adg(&).p (6)
where p = w(g) = g.po.

Moreover, we have a natural inclusion G xg m — G xg g and the associated
bundle G X g g is canonically identified with the trivial bundle M x g via

[9, €] = (7(9), Adg(€))- (7)

10



Thus we have an identification of TM with a subbundle [m] of M x g, which we
may view as a g-valued 1-form 3 on M given by:

Bp(&.p) = Adg[Adg™"(&)]m,

where 7(g) = p,£ € g and [ | is the projection on m along fj. Equivalently, for
all X € T,M, B(X) is the unique element £ € [m], (= Adg(m), with 7(g) = p)
such that X = £.p, in other words 5(X) is caracterized by

B(X)em],Cg and X =0(X)p.

In fact, § is nothing but the projection on M of the H-equivariant 1-form on
G, Oy, (i.e. Oy, is the H-equivariant lift of 3), defined as the m-component of the
left invariant Maurer-Cartan form of G, which can be written

(7*B)g = Adg(m) Vg € G (8)

with 0,(&,) = g~1.&, for all g € G, &, € T,G.

Notation For any AdH-invariant subspace | C m, we will denote by [I] the
subundle of [m] C M x g defined by [l],.,, = Adg(l).

1.3 The (canonical) invariant connection

On a reductive homogeneous space M = G/H, the Ad(H )-invariant summand
m provides by left translation in G, a G-invariant distribution H(m), given by
H(m), = g.m which is horizontal for 7: G — M and right H-invariant and thus
defines a G-invariant connection in the principal bundle 7: G — M. In fact
this procedure defines a bijective correspondance between reductive summands
m and G-invariant connections in 7: G — M (see [R7, chap. 2, Th 11.1).
Then the corresponding h-valued connection 1-form w on G (of this G-invariant
connection) is the h-component of the left invariant Maurer-Cartan form of G:

w:6‘h.

1.4 Associated covariant derivative

The connection w induces a covariant derivative in the associated bundle G x g m
TM and thus a G-invariant covariant derivative V° in the tangent bundle T'M.
In particular, we can conclude according to section @ that if G/H is reductive
then the linear isotropy representation is faithful (provided that G acts effec-
tively) or equivalently that ker Ad,, = kerp = ker ¢. We will suppose in the
following that, without explicit or implicit reference to the contrary, the action
of G is effective and (thus) the linear isotropy representation is faithful.

One can compute explicitely V.

Lemma 1.1 [

BVRY) = X.B(Y) = [B(X),B(Y)], XY €D(TM).

11
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Let us write (locally) 8(X) = AdU(Xw), B8(Y) = AdU (Yn) where U is a (local)
section of m and X, Y € C°(M, m) then we have (using the previous lemma)
BVEY) = AdU (dYu(X) + [a(X), Ya] = [Xn, Yu))
= AdU (dYn(X) + [ap(X), Yin] + [ (X) — X, Ya])

where a = U~1.dU. Besides since U is a section of 7 (7 o U = Id), then pulling
back (§) by U, we obtain 8 = AdU(cum) and then am(X) = X, so that

BVXY) = AdU (Y (X) + [ag (X), Yau]) (9)

Remark 1.1 We could also say that X, Y are respectively the pullback by
U of the H-equivariant lifts X,Y of X,Y (given by 3(X,(4)) = Adg(X(9)))-
Then VY lifts as the m-valued H-equivariant map on G:

VQY = dY (X) + [05(X),Y]

and then taking the U-pullback we obtain the previous result (without using

lemma [L.1]).

Moreover, we can express VO in term of the flat differentiation in the trivial
bundle M x g (D [m]). Let us differentiate the equation Y = AdU(Yy) (we do
the identification TM = [m] C M x g)

dY = AdU (dYm + [, Ya]) = AdU (dYm + [, Yiu))+AAU (([am, Ya])) = VOY +[8, Y].

Finally,
dy = VY +[3,Y] (10)

and we recover lemma [L.1]

1.5 G-invariant affine connections in terms of equivariant
bilinear maps

Now let us recall the following results about invariant connections on reductive
homogeneous spaces.

Theorem 1.1 [@] Let mp: P — M be a K-principal bundle over the reductive
homogeneous space M = G/H and suppose that G acts on P as a group of auto-
morphisms and let ug € P be a fized pont in the fibre of po € M (wp(ug) = po).
There is a bijective correspondance between the set of G-invariant connections
w in P and the set of linear maps Ay : m — € such that

Am(hXh™Y) = M) An(X)NR)™ for X €em and h € H (11)

where \: H — K is the morphism defined by huy = ugA(h) (H stabilizes the
fibre Py, = ug.K ). The correspondance is given by

AX) =wy,(X), VX eg (12)
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where X is the vector field on P induced by X (i.e. Yu € P, (btj((u) =exp(tX).u)
and A: g — € is defined by Ay = A and Ajy = X (hence completely determined
by A ).

Corollary 1.1 In the previous theorem, let us suppose that P is a K-structure
on M = G/H, i.e. P is a subbundle of the bundle L(M) of linear frame on
M with structure group K C GL(n,R) = GL(m) (we identify as usual m to
TpoM by & — E.po, and Ty, M to R™ wia the linear frame ug € P C L(M)).
Then in terms of the G-invariant covariant derivative V corresponding to the
G-invariant affine connection in P, w, the previous bijective correspondance
may be given by
AX)Y)=VgzY

where X, Y are any (local) left G-invariant vector field extending X,Y i.e. there
exists a local section of 1: G — M, g: U C M — G such that X = Adg,)(X).p.

Remark 1.2 In theorem [L1], the G-invariant connection in P defined by Ay =
0 is called the canonical connection (with respect to the decomposition g =
h+m). If we set P(M,K) = G(G/H, H) with group of automorphisms G,
the G-invariant connection defined by the horizontal distribution H(m) is the
canonical connection.

Now, let P be a G-invariant K-structure on M = G/H as in corollary [L1]
Let P’ be an G-invariant subbundle of P with structure group K’ C K, then
the canonical connection in P’ defined by Ay = 0 is (the restriction of ) the
canonical connection in P which is itself the restriction to P of the canonical
connection in L(M). In particular, if we set P/ = G.ug, this is a subbundle
of P with group H, which is isomorphic to the bundle G(G/H, H). Then the
canonical affine connection in P’ corresponds to the invariant connection in

G(G/H, H) defined by the distribution H(m).

Theorem 1.2 Let P C L(M) be a K-structure on M = G/H. Then the
canonical affine connection (Ayw = 0) in P defines the covariant derivative V°
in TM (obtained from H(m) in the associated bundle G x g m =2 TM ). More-
over there is a bijective correpondance between the set of of G-invariant affine
connections on M, V, determined by a connection in P, and the set of linear
maps Am: m — € C gl(m) such that

An(hXh™) = Adp (h)Am(X)Adn(R)™' VX € m,Vh € H, (13)

given by -
V=V"+An

ie. VxY =V&Y + An(X)Y for any vector fields X,Y on M, where with the
help of @) we extended the Ad(H)-equivariant map An: m X m — m to the
bunlde G xgm =TM to obtain a map A : TM X TM — TM.
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Example 1.1 Let us suppose that M is Riemannian (i.e. AdnwH is compact
and m is endowed with an AdH invariant inner product which defines a G-
invariant metric on M) and let us take P = O(M) the bundle of orthonormal
frames on M, the previous correspondance is between the set of G-invariant
metric affine connection and the set of Ad(H)-equivariant linear maps Ay : m —

so(m).
In particular the canonical connection V° is metric (for any G-invariant metric
on M).

Theorem 1.3 e G-invariant tensors on the reductive homogeneous space M =
G/H (or more generally G-invariant sections of associated bundles) are
parallel with respect to the canonical connection.

e The canonical connection is complete (the geodesics are exactly the curves
xy = exp(tX).pg, for X € m).

o Let P be a G-invariant K-structure on M = G/H, then the G-invariant
connection defined by A: m — ¢ has the same geodesics as the canonical
connection if and only if

An(X)X =0, VXem

Theorem 1.4 The torsion tensor T and the curvature tensor R of the G-
imwvariant connection corresponding to An is given at the origin point py as
follows:

1. T(X,Y) = A(X)Y = An(V)X — [X, V],
2. R(X,Y) = [An(X), An(Y)] = Au([X, Y]w) — adm ([X, Y]5),

for XY € m.
In particular, for the canonical connection we have T(X,Y) = —[X,Y]m and

R(X,)Y) = —adu([X,Y]y), for X,Y € m; moreover we have VI =0, VR = 0.

1.6 A Family of connections on the reductive space M

We take in what precede (i.e. in section [[.§) P = L(M). Then let us consider
the one parameter family of connections V¢, 0 < ¢ < 1 defined by

ALX)Y =X, Y]m, 0<t<1

For t = 0, we obtain the canonical connnection V°. Since for any ¢t € [0,1],
AL (X)X =0, VX € m, V! has the same geodesics as V? and in particular is
complete. The torsion tensor is given (at po) by

THX,Y) = (2t — 1)[X,Y]m. (14)

In particular V= is the unique torsion free G-invariant affine connection having
the same geodesics as the canonical connection (according to theorems and
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9.
If M is Riemannian, then let us take P = O(M), then V' is metric if and only

if AL, takes values in € = so(m) if and only if (for ¢ # 0)M is naturally reductive
(which means by definition that VX € m, [X, ]n is skew symmetric). Now (still

met
in the Riemannian case) let us construct a family of affine connections, V?,

0 <t <1, which are always metric:

met

V=Vt ([ T +UM)

where UM : TM @ TM — TM is the naturally reductivity term which is the
symmetric bilinear map defined byﬁ

<L{M(X,Y),Z>:<[Z,X][m],Y>—|—<X, [Zvy][m]> (15)

met
for all X,Y,Z € [m]. Since UM is symmetric, the torsion of V! is once again

given by
mclt mclt
and thus V2 is torsion free and metric and we recover that V2 is the Levi-Civita

connection
met

vz =vho,
met
Obviously if Mis naturally reductive then V! = V! Vt € [0, 1]. Moreover if Mis

(locally) symmetric, i.e. [m,m] C b, then all the connections coincide and are
met

equal to the Levi-Civita connection: V! = V! = V0 = y-C-,

Remark 1.3 V! is interesting since it is nothing but the flat differentiation in
the trivial bundle M x g followed by the projection onto [m] (along [h]) (see
remark [L.1)). So this connection is very natural and following [l], we will call it
the anticanonical connection.

1.7 Differentiation in End(7(G/H))

According to section D, we have
End(T(G/H)) = G xg End(m) C (G/H) x End(g),

the previous inclusion being given by [g, A] — (7(g),Adg o A o Adg—!) and
we embedd End(m) in g by extending the an endomorphism in m by 0 in b.
In other words End(T(G/H)) can be identified to the subbundle [End(m)] of
the trivial bundle (G/H) x End(g), with fibers [End(m)]4.p, = End(Adg(m)) =
Adg(End(m))Adg—! = Adg(End(m) @ {0})Adg~*.

32/{]%

is the AdH-invariant extension of U™ : m @ m — m, its restriction to m & m.
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Now, let us compute in terms of the Lie algebra setting, the derivative of the
inclusion map J: End(T(G/H)) — M x End(g) or more concretely the flat
derivative in M x End(g) of any section of End(T'(G/H)); to do that, we compute
the derivative of

J: (9, Am) € G x End(m) — (g.po, Adgo Ay 0 Adg™') € M x End(g),
we obtain
dj(ga Awm) = (Adg(em) . 7T(g), Adyg (dAm + [ad@, Am]) Adg_l) .
Then let us decompose the endomorphisms in g by blocs (following g = h & m):
_( End(h) End(m,b)
End(g) = (End(h, m)  End(m) )’ (16)
and by regrouping terms, we obtain the following splitting
End(g) = Bd(m) & (Bnd(m, b) © End(h, m) & End(b))
which applied to dﬁ(g, Aw), gives us the decomposition
d3(g. Aw) = (0, Adg (dAn + [adufly, Au] + [[admbu]m, Aw]) Adg™")  (17)
+ (Adg(bm) - 7(9), Adg ([admbm]p © Am — Am 0 adyfm) Adg™") .
The first term is in the vertical space Vs, 4 ) = Adg(End(m))Adg~" = End(Ty(,H M)
and the previous decomposition ([[7) provides us with a splitting TEnd(M) =
V& H =mn;(End(M)) & H, i.e. a connection on End(M). Let us determine
this connection: we see that the projection on the vertical space (along the
horizontal space) corresponds to the projection on [End(m)] following ([Ld) so

that according to remark @7 we can conclude that the horizontal distribution
H defines the connection V! on End(TM) =TM* @ TM.

Remark 1.4 We can recover this fact directly from the first term of ([L7) and
the definition of V!. Indeed, first recall that given two affine connections V, V’
on M, we can write V' = V+ F, where F is a section of TM* @ End(T'M), and
then for any section A in End(T'M),

V'A=VA+|F, A

Besides V! = VO, ]jm), and moreover if we write (locally) A = (x(U), AdU o
Am o AdU!) where U is a local section of m and Ay € C*°(M,End(m)), then
according to (fl),

VYA = AdU (dAw + [admay, An)), (18)

so that we conclude that
VA = AdU (dAw + [admay, An] + [[admm]m, Am]) AdU
which is the (pullback of) the first term of ([L7).

Furthermore if G/H is (locally) symmetric (i.e. [m,m] C b), then VZ¢ =
VY = V! and in particular

VEC A = AdU (dAy + [admay, An)) - (19)
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2 m-~th elliptic integrable system associated to a
k'-symmetric space

2.0.1 Definition of G™ (even when 7 does not integrate in G)

Here, we will extend the notion of subgroup fixed by an automorphism of Lie
group to the situation where only a Lie algebra automorphism is provided. In-
deed, let 7: G — G be a Lie group automorphism, then usually one can define
G™ = {g € G|7(g9) = g} the subgroup fixed by 7. Now, we want to extend
this definition to the situation where we only have a Lie algebra automorphism,
and so that the two definitions coincide when the Lie algebra automorphism
integrates in G.

Let g be a Lie algebra and 7: g — g be an automorphism. Then let us denote
by
go =g :={¢eg|7(5) =¢} (20)

the subalgebra of g fixed by 7. Let us assume that 7 defines in g a 7-invariant
reductive decomposition

g=go®n, [go,n]Cn, 7(n)=n.

Without loss of generality, we assume that go does not contain non-trivial ideal
of g, i.e. that ad,: go — gl(n) is injective (the kernel is a 7-invariant ideal of g
that we factor out). We then have

go =1{¢ € g Tn © ady§ o 7'|:11 = adn§} (21)

Let G be a Lie group with Lie algebra g. Then since go satisfies: V€ € go,
ad¢(n) = n and 7, 0 ady o 7,1 = ad,& , then the (connected) subgroup GY
generated in G by go satisfies: Vg € GY, Adg(n) = nand 7y0Adpgor, * = Adyg.
Now, let us consider the subgroup

Go ={g € G| Adg(n) =n and 7, 0o Adng o 7'n_1 = Adng}.

Then Gy is a closed subgroup of G and Gy D G, so that LieGy D go. Con-
versely, differentiating the second relation defining G, we obtain, according to
(@), Lie Gy C go and thus Lie Gy = go, and G§ = (Gp)°.

Moreover, without loss of generality, we will suppose that Gy does not con-
tain non-trivial normal subgroup of G, i.e. that Ad,Gy — GL(n) is injective
(see section [I). Now, we want to prove that if 7 integrates in G, then we have
Go = G7, where G7 is the subgroup fixed by 7: G — G. First, we have Vg € G,
Adg(n) =nand ryoAdygor, ! = Ad7(g)n = Adng, thus G™ C Gy. Conversely,
Vg € Go, Adng = w0 Adng o 77! = Ad7(9)jn = Adn7(g) and thus g = 7(g)
since Ad,: Go — GL(n) is injective. We have proved G = Gy. This allows us
to make the following:

17



Definition 2.1 Let g be a Lie algebra and 7: g — g be an automorphism, and
G a Lie group with Lie algebra g. Let us assume that T defines in g a T-invariant
reductive decomposition: g = go ®n. Then we will set

G7 :={g € G|Adg(n) =n and 7, 0 Adygo 7, ' = Adag}.

Let us conclude this subsection by some notations:

Notation and convention In all the paper, when a Lie algebra g and an
automorphism 7 will be given, then go will denote the Lie subalgebra defined
by @), G will denote a connected Lie group with Lie algebra g and Gy C G a
closed subgroup such that (G7)? C Gp C G (which implies that its Lie algebra

is go).

Moreover, without loss of generality, we will always suppose that go does not
contain non-trivial ideal of g - we will then say that (g, go) is effective - and
also suppose that G™ does not contain non-trivial normal subgroup of G (by
factoring out, if needed, by some discrete subgroup of G). Consequently, when
T can be integrated in G, then G™ will coincide with the subgroup of G fixed
by 7: G — G.

2.1 Finite order Lie algebra automorphisms

Let g be a real Lie algebra and 7: g — g be an automorphism of order &¥’. Then
we have the following eigenspace decomposition:

“= P o5 Salceiy
JET/N'T

. s ’ .
where g§ is the e27/* _eigenspace of 7.

We then have to distinguish two cases.

2.1.1 The even case: k' =2k

Then we have g§ = (go)©. Moreover let us remark that
oF =05, VjieZ/KL. (22)
Therefore % = g(gk = g% so that we can set g(,s = (g1)® with

gr ={€ e g[7(§) = =&}

Moreover, owing to (@)7 we can define m; as the unique real subspace in g such
that its complexified is given by

m;C:g;C@g(Ej for j #£ 0, k,

and n as the unique real subspace such that

= P o

JEL\{0}
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that is n = (@?;llmj) @ gr. In particular 7 defines a 7-invariant reductive
decomposition g = go ® n.
Hence the eigenspace decomposition is written:

o€ = (gg(k,l)@...@g&)@g%@(g&c@...@g%l)@gg

so that by grouping

¢ = gfoge (@ mf]
b(C D m(C

where h = go @ gr and m = @?;11 m;. Considering the automorphism o = 72, we

have h = g° and g = h & m is the reductive decomposition defined by the order
k automorphism o. Without loss of generality, and according to our convention
applied to g and o, we will suppose in the following that (g, h) is effective i.e.
does not contain non trivial ideal of g. This implies in particular that (g, go) is
also effective.

Now let us integrate our setting: let G be a Lie group with Lie algebra g and we
choose Gy such that (G™)° C Gy C GT. Then G/Gy is a (locally) 2k-symmetric
space (it is globally 2k-symmetric if 7 integrates in ) and is in particular a
reductive homogeneous space (reductive decomposition g = go @ n).

Moreover since ¢ = 72 is an order k automorphism, then for any subgroup H,
such that (G°)Y ¢ H C G°, G/H is a (locally) k-symmetric space. In all the
following we will always do this choice for H and suppose that H D Gq (it is
already true up to covering since h D go) so that N = G/Gy has a structure
of associated bundle over M = G/H with fibre H/Go: G/Go = G x gy H/Gy.
We can add that on h, 7 is an involution: (7'“))2 = Idy, whose symmetric
decomposition is h = go @ gk, and gives rise to the (locally) symmetric space
H/Gy. The fibre H/Gy is thus (locally) symmetric (and globally symmetric if
the inner automorphism Int7), stabilizes AdnH). Owing to the effectivity of
(g,h), we have the following caracterisation:

o {€ € b[[adm&, 7] = 0} (23)
gr = {§€b[{adné, Tm} =0} (24)

{} being the anticommutator.

Besides (T|m)k is an involution hence there exists two invariant subspaces, sum
of m;’s, m" and m”, such that

(Tm)"* = ~Td @ Idgyr
[k;

k—2 1
with m’ = EBE;O ]m2j+1 and m” =@, % ]mgj, or in other words

m'® = @ ker(rt — zId), m’’C = @ ker(t — zId).
z# -1 z# +1

At this stage, there is two possibilities:
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e if m” = 0 then (7)n)" = —Idm and 7}, admits eigenvalues only on the set
{zF =—-1,2# -1}

e if m” # 0 then (7m)" # —Idw and 7, admits eigenvalues in both the sets
{zF=1,2#+1} and {zF = -1,z # —1}.

These two cases give rise to types of 2k-symmetric spaces (see section @)

Now, let us suppose that M = G/H is Riemannian (i.e. AdyH is compact) then
we can choose an AdH-invariant inner product on m for which 7}, is an isometry
(see the Appendice for the proof of the existence of such a inner product). We
will always do this choice. Therefore, 7y, is an order 2k isometry. We will study
this kind of endomorphisms in section .

Moreover, let us remark that if G/H is Riemannian then so is G/Gy. Further,
since the elliptic system we will study in this paper is given in the Lie algebra
setting it is useful to know how the fact that G/H is Riemannian can be read
in the Lie algebra setting. In fact, under our hypothesis of effectivity, G/H is
Riemannian if and only if h is compactly embedded in g.

2.1.2 the odd case: k' =2k +1

As in the even case we have g5 = (go)* and @ =g_jc,Vj € Z/K'Z. Then we
obtain the following eigenspace decomposition:

g“=(5o..00%) od e (@e.. o), (25)
which provides in particular the following reductive decomposition:
g=godm

with m = @§:1mg‘ and m; is the real subspace whose the complexified is
mg; = g(gj @ g;C. According to our convention, we suppose that (g, go) is ef-
fective.

Then, as in the even case, integrating our setting and choosing Gy such that
(G™)° € Gy € G7, we consider N = G/Gy which is a locally (2k + 1)-symmetric
space and in particular a reductive homogeneous space. Moreover, the decom-
position (R)) gives rises to a splitting TNC = TN & TO!N defined by

C
TN = (& ,[65]) & (&h,65)

J

— Tl.,ON D TO’IN (26)

This splitting defines a canonical complex structure on G/Gy, that we will
denote by J.
Moreover, we have the following caracterisation

go = {€ € gl[adw, 7jm] = 0}

Let us suppose that N = G/Gy is Riemannian then the subgroup generated
by AdnGo and 7}y, is compact (because 7jmAdmg Tl;l = Adnyg, Vg € Gy, and
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Tm is of finite order) and thus we can choose an AdGy-invariant inner product
in m for which 7|, is an isometry. We will always do this choice (when N is
Riemannian).

2.2 Definitions and general properties of the m-th elliptic
system.

2.2.1 Definitions

Let 7: g — g be an order k¥’ automorphism with ¥’ € N* (if £ = 1 then 7 = Id).
We use the notations of EI Let us begin by defining some useful notations.
Notation and convention Given I C N, we denote by HjeI g;c, the product

Hjel g?mod - In the case ZJ—GI g?mod w 1s a direct sum in gC, we will identify
it with the previous product via the canonical isomorphism

(aj)jer — Y _aj, (27)
jeI
and we will denote these two subspaces by the same notation @ ¢y g;C.
Now, let us define the m-th elliptic integrable system associated to a k’-symmetric

space, in the sense of Terng @]

Definition 2.2 Let L be a Riemann surface. The m-th (g, T)-system (with the
(—)-convention) on L is the equation for (ug,...,unm), (1,0)-type 1-form on L
with values in [~y g%,

m—j
5’U,j+ Z[@i/\ui+j] =0 (Sj), if1<j<m,

=0 (Syst)
5UO + Oug + Z[UJ N ’ﬁj] =0 (5)

=0

It is equivalent to say that the 1-form

ax=Y Nuj+Nu;= Y N (28)
=0 j=—m
satisfies the zero curvature equation:
1 *
dOé)\-i-E[a)\/\Oé)\]:O, VA e C*. (29)

Definition 2.3 Let L be a Riemann surface. The m-th (G,7)-system (with
the (+)-convention) on L is the equation (Syst) as in definition [2.3 but for
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(0, -+ um), (1,0)-type 1-form on L with values in []}_, g?.ﬁ
It is equivalent to say that the 1-form

Oé)\:Z)\jUj+)\_jﬂj: Z )\jdj (30)

=0 j=-m

satisfies the zero curvature equation @)

Remark 2.1 The difference between the two conventions is that in the first
one oy = Z;‘n:() A7Ju; involves negative powers of A whereas in the second one
) involves positive powers of A (in other words &” ; = 0, for j > 1 in the first
one whereas @] = 0, for j > 1 in the second one). In fact the second system is
the first system associated to 7—! and vice versa.

The first convention is the traditional one: it was used for harmonic maps into
symmetric space (see [@]) and by Hélein-Romon , E7 E] for Hamiltonian
stationary Lagrangian surfaces in Hermitian symmetric space — first example of
second elliptic integrable system associated to a 4-symmetric space. Then the
tradition was perpetuated in [R3, P4, 3. Terng [BJ), herself, in her definition
of the elliptic integrable system uses also this convention. However in [E], this
is the second convention which is used.

The (+)-convention is in fact the most natural, as we will see, since it uses
the automorphism 7 whereas in the (—)-convention, this is the automorphim
71 which appears in the geometrical interpretation. But the (+)-convention
leads to several changes like for example in the DPW method, we must use
the Iwasawa decomposition AGE = AG,.AzGE instead of AGE = AG,.AfGE
and in particular the holomorphic potential involves positive power of A instead
of negative one as it is the case traditionally. We decided here to continue to
perpetuate the tradition as in [@] and to use the first convention. So in the
following when we will speak about the m-th elliptic integrable system, it will
be according to the definition .

Notation Sometimes, when it will be necessary to do precision we will denote
(Syst) either by (Syst(m, g, 7)), (Syst(m, 7)) or simply by (Syst(m)) depending
on the context and the needs.

For shortness we will also often say the (m,g, 7)-system instead of the m-th
(g, 7)-system. We will also say the m-th elliptic (integrable) system associated
to (the k’-symmetric space) G/Go.

We will say that a family of 1-forms (ay)xec+ (denoted by abuse of notation,
simply by «y) is solution of the (m, g, 7)-system (or of (Syst)) if it corresponds
to some solution u of this system, according to (@) Therefore «y is solution
of the (m,g,7)-system if and only if it can be written in the form (R9), for
some (1,0)-type 1-form u on L with values in H;nzo g® ., and satisfies the zero

77
curvature equation (@)

4 m C
instead of [T72q g~ ;.
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Definition 2.4 Let us set my = , if k' > 1,
2 k+1ifk =2k+1

and my = 0. Concerning the m-th (G, 1)-system, we will say that:

— we are in the primitive case (or that that the system is primitive) if 0 <
m < mgs,

— in the determined case (or that that the system is determined) if my
m<k —1,

— and in the underdetermined case (or that that the system is underdeter-
mined) if m > k' — 1.

Moreover, the determined system of minimal order my will be called ”the mini-
mal determined system”, and the one of mazimal order k' — 1 will be called "the

mazximal determined system”.

[k’#—l} _ {k if k' = 2k

IN

Let us consider the g-valued 1-form « := a—;. Then we have o = E}n:o uj + 1,
according to (R§) which is equivalent to o/ = doito Uy, since a is g-valued.

e In the primitive and determined cases (m < & —1), 37" g(gj is a direct
sum so that u = (uo,...,u,n) and 37" ju; = o’ can be identified via (7) and
according to our convention. We will then write simply u = o/. In particular
we have

uj=a ; Vj,0<j<m
with o := [a]g, Vj € Z/K'Z. Hence in the primitive and determined cases the
m-th (G, T)-system can be considered as a system on a. Consequently, we can

recover o) from « and we will speak about the ”extended Maurer Cartan form”
a) which is then associated to a by

m m

ay = Z)\_jaLj —i—ao—i—Z)\ja;—'

j=1 j=1

according to (§).

e In the underdetermined case, =0 a© ; 1s not a direct sum so that to a given
a (coming from some solution ay, of the m-th (G, 7)-system, according to o =
ay=1) there are a priori many (other) corresponding solutions u = (uq, ..., um)
since
Vi€ LKL, ;=Y
i=jlk]

In fact, we will prove that there are effectively an infinity of other solutions
satisfying the condition ax—; = a (see .4 for a begining of explanation).

2.2.2 The geometric solution

The equation (R9) (as well as (R§)) is invariant by gauge transformations by the
group C*° (L, Gy):
Up - ax = AdU; Y ay — dUy.U; .
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where Uy € C*°(L, Gy). This allows us to define a geometric solution of (Syst)
as amap f: L — G/Gy which can be lifted (locally, i.e. in the neighbourhood
of each point in L) to some U: L — G (defined locally, on the neighbourhood
under consideration) such that U~1.dU = a1 for some solution ay of (Syst)
(on the neighbourhood under consideration).

Now, to simplify the exposition, let us suppose that L is simply connected (until
the end of ) Then (a))recr — @ = ax=1 is a surjective map from the set
of solution of (Syst) to the set of Maurer-Cartan forms of lifts of geometric
solutions. According the discussion at the end of subsection P.2.1, this map is
bijective in the primitive and determined case (m < k' — 1) and not injective
in the underdetermined case (m > k' — 1). By quotienting by C*°(L, Gy), we
obtain a surjective map m,, with the same properties, taking values in the set
of geometric solutions.

Let us precise all that. We suppose, until the end of this subsection, that
the automorphism 7: g — g is fixed (so that the only data which varies in
the (m,g,7)-system is the order m). First, let us give an explicit expression
of the space S(m) of solutions ay of the system (Syst(m)), i.e. the solutions
of the zero curvature equation (RY), which satisfies the equality (Rg) for some
(1,0)-type 1-form w on L with values in H;.n:O g% .. To do that, we want to
express the condition (to be written in the form) @) as a condition on the loop
e A E S — ay :El

BY) <= (ae € Apg, and o), € A= g%) (31)
where
Ag: = {ne € H'(S', 9)[nur=T7(nx), VA € S'}
Amgr = {1 € Agrlm = Y Ny}
[71<m
A7 = {ne€AgS|m =) N}
<0

and w is a k’-th root of unity; so that
1
S(m) = {ae € C(T*L®Apng,)| oy € A"gE and dae+ §[a./\a.] =0}. (32)

Let us remark that the condition o, € A~ g can be interpretated as a condition
of C-linearity. Indeed, the Banach vector space Ag./go is naturally endowed
with the complex structure defined by the following decomposition

(Ag-/g0)" = AgS/a5 = A g, ®Afg-, (33)

5Qur study, in the present paper, is local so one can suppose (when it is necessary to do)
either that L is implicitely simply connected or that all lifts and integrations are done locally.
We consider that these considerations are implicit and will not precise these most of the time.
SRemark that ae determines (ay)aec*, when this latter satisfies (R8).
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where Afg, = {n, € AgE|n\ = ijo M#;}. Then the condition o) € A~gt
means that [a}],: TL — (Ag,/go)C is C-linear, where [ ], denotes the compo-
nent in Axgr = {ne € Agrlnx = 2_ ;0 N} = Agr/go.

Now let us integrate our setting. Firstly, let us define the twisted loop group

AG, = {U, € H(S',G)|U,r = 7 (Uy)}.

Then, let us set

E™ = {Us: L — AG.|U\(0) = 1,¥Y\ € S*;ay := U, 1.dU, is a solution of (Syst(m))}
EN = {U:L—-GFU, € E™, U =U,}

Gg" = {f:L— G/Go geom. sol. of (Syst(m)), f(0) =1.Go}

G' = {fe=7c/c,0Us, Us € E™}

The space of geometric solutions is obviously obtained from the space of extended
geometric solutions GI* by G™ = GJ". Moreover S(m) ~ £™ is determined by
G." because of the gauge invariance: £(m).K C £(m) where K = C2(L, Gy) =
{U € C*°(L,Gy)|U(0) =1} so that we can write GI* = £(m)/K. Consequently,
we have also g™ = E"/K.
Finally, we obtain the following diagram

int

S(m) ——— &m T gm/K gm

l l I

e, gm gm/K gm

o+

=
2

o

Then m,, is bijective for m < k&’ — 1 and not injective for m > k' — 1. Therefore,
in the primitive and determined case, we can consider that (Syst(m)) is a system
on the map f corresponding to « (since the Maurer-Cartan equation for « is
always contained in (Syst(m)) according to (29), and thus the existence of f is
always guaranteed). This system on f is an elliptic PDE on f of order < 2. In
particular, we are led to the following definition:

Definition 2.5 Given a g-valued Maurer-Cartan 1-form a on L, we define the
geometric map corresponding to o, as f = mg/q, o U, U integrating a:
UtdU =a, U(0) =1.

Let us summarize:

Proposition 2.1 The natural map my: GJ* — G™ from the set of extended
geometric solutions of the (m,g,T)-system into the set of geometric solutions
s surjective. Moreover, it is bijective in the primitive and determined cases
(m < k' — 1) and not injective in the underdetermined case (m > k' — 1).
Moreover, in the primitive and determined cases, the (m,g,T)-system - on the
(family of ) 1-form ay - is in fact a system on the I-form a := ax—1, itself
equivalent to an elliptic PDE of order < 2 on the corresponding geometric map
f:L— G/Go.
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Furthermore, let us interpret the C-linearity of [ ].: TL — (Ag,/go)C in terms
of the corresponding geometric solution fo: L — AG,/Gy, defined by f, =
Ta/G, © Us where U, integrates as. Firstly, the complex structure defined in
Ag-/go by (BJ) is AdGo-invariant so that it defines a AG,-invariant complex
structure on the homogeneous space AG,/Gy. Therefore the C-linearity of [o, ].
means exactly that fo: L — AG, /Gy is holomorphic. Now, let us interpret the
condition ae € A;pg, in terms of the map f,. Let us consider the following
AdGy-invariant decomposition

Agr/gO = Am*g‘r @ A>mgr

where Apsgr = Apgr N Akgr and Aspg, = {77- € AGT|77,\ = Z|j|>m )‘jﬁj}a
which gives rise respectively to some AG -invariant splitting

T(AG,/Go) = HA @ VA.

Then HA and V2 inherit respectively the qualificatifs horizontal and vertical
subbundle respectively. Therefore, in the same spirit as [l (remark 2.5 and
proposition 2.6), the equation (BJ) gives us the following familiar twistorial
caracterisation

Proposition 2.2 A map fo: L — AG, /Gy is an extended geometric solution
of the (m, g, 7)-system if and only if it is holomorphic and horizontal.

2.2.3 The increasing sequence of spaces of solutions: (S(m))men

Again, we suppose in all that the automorphism 7 is fixed and that L is
simply connected. Then according to the realisation of (Syst(m)) in the forms
(B9) and (B9), we see that any solution of (Syst(m)) is solution of (Syst(m/'))
for m < m' (take u; = 0 for m < j < m'). More precisely, (Syst(m)) is
a reduction of (Syst(m')): (Syst(m)) is obtained from (Syst(m’)) by putting
u; =0,m < j<m/,in (Syst(m’)). In particular, S(m) C S(m’) for m < m’; so
that any solution in the primitive case (m < my-) is solution of any determined
system (my < m <k’ —1), and any solution of a determined system is solution
of any underdetermined system (m > k" —1). Besides we see that 7,/ |gm = T,
if m < m/. In particular, m,,/(G7*) = G™. Thus we can set S(00) = UpenS(m)
and G = U,,,enG™, then we can define a surjective map 7o : E°/K — G
such that me|em /k is a bijection onto G™ for each m < k' — 1.

Moreover any geometric solution f € G* has an order m which is the smaller
m’ such that f € G™'. Then for any solution ay € S(oc) giving rise to f, we
have ay € S(m) (m is the maximal power on A of ay, which does not depend
on the choice of ay since these are all equivalent modulo the gauge group K).
Thus we have 7 1 (G™) = G or equivalently mo (G T\ GI*) = GmT1\ g™,

Remark 2.2 We can call §(c0) the (g, 7)-system, and then we can speak about
its subsystem of order m, namely S(m). In particular, we have the following
caracterization:

S(00) = {ae € C(T*L @ Aoo)87)| v € A7gr and  dae + %[a. A ae] =0}
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where A(oo)gr = UmENAmgT'

The primitive and determined cases (m < k' —1) Now, let us apply the
previous discussion (about the increasing sequence (S(m))men) to the study of
the determined case. Let us recall that in this case, we can consider that the
system (Syst(m)) deals only with g-valued 1-forms a.

Proposition 2.3 The solutions of a determined system (Syst(m)), mp < m <
k'—1, are exactly the solutions of the mazimal determined system, i.e. (Syst(k’'—
1)), which satisfy the holomorphicity conditions:

Oélij:(), m—mp +1 <5 < my.

Moreover, the solutions of a primitive system (Syst(m)), 1 <m < my — 1, are
the solutions of the minimal determined system, i.e. (Syst(my)), which satisfy
the horizontality conditions:

o = ai(k—l) = ... ai(m—i—l) =0.

The non injectivity of 7, in the underdetermined case Now, let us
turn ourself to the underdetermined case.

Proposition 2.4 In the underdetermined case, m > k' — 1, the map evy: ae €
S(m) — a € S(m)1 is not injective.

Sketch of Proof. Since in the underdetermined case, we have m > k', then
S(m) D S(K') and thus it suffices to prove the non-injectivity on S(k’). Let
ay be a solution of (Syst(k’)) and « its value at A = 1. Then let us consider
the fibre evi (). Let us denote by @, the current element in ev;*(a), varying
arbitrary, to differentiate it from the fixed element «y. Then let us consider
the corresponding (1,0)-type 1-form @ = (ug, ..., 0 —1, 4 ) taking values in
H?;o g(gj = (@?;Blggj) X go and then let us set u = (@, Ux). Then we have
by definition @ + tx = o so that 4y = o — 4y and 4; = aLj. Therefore,
the variable u can be parametrized, in evl_l(a), by . Furthermore, injecting
these two previous equations in the system (Syst(k’)) satisfied by @, this one
becomes a system on uj with some parameters depending on «, which by a
straightforward computation can be written in the form

{ 5’&;@/ + [046/ AN ﬂ/kj — [ﬁk’ A\ ﬂk/] =0 (a)
54‘ [’7 N (ﬁk/ + ’ﬁk/)] =0 (b)

Hence, ev; ' (a) is (parametrized by) the solutions of (a) which lie in the affine
space defined by (b). Therefore since we already know a solution of the system

(a)-(b), namely the component ugs of the fixed solution «y, we can now apply
the implicit functions theorem to the following initial value problem

{ 5’&'1@’ + [046/ A\ ’ﬁk/] — [Ek/ N ’ﬁk/] =0 B
U (20) = o € {€0 € gol [(20) A (S0 + &0)] = 0}
restricted to the affine space of functions, defined by (b).
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2.2.4 The decreasing sequence (Syst(m,77)), /i

Any solution of the m-th (g, 7)-system is solution of the m-th g-system (take
7 =1d, ie. u = (ug,...,un) € (g%)™*!). More precisely, the m-th (g, 7)-
system is the restriction to @7 g ;(7) of the m-th g-system.

More generally, for any p € N* such that p divides &', the m-th (g, 7)-system is
the m-th (g, 7P)-system restricted to SEJA I (1), or equivalently - in terms of
ay € AgS, - restricted to AgC.

2.3 The minimal determined case

We study here the elliptic system (Syst(m)) in the minimal determined case and
by the way its subcase the primitive case. Let us recall again that in this case,
we can consider that the system (Syst(m)) deals only with Maurer-cartan forms
a and consequently also with geometric maps f. Then we have to translate the
equations on « into geometric conditions on f. This is what we will begin to
do now.

The minimal determined case splits into two cases.

2.3.1 The even minimal determined case: k' =2k and m =k

Let us recall the following decomposition

gCZ (g,(k,1)®...®g_1) @g%@(gl@...@gk_l)@g}f.

The system (Syst(k, 7)) can be written
o :10, 1<j<k-1 (Hj)
do + 5[0[ Na]=0 (MC) . (34)
o, +lag Na' ] =0 (Sk)
More precisely the equations (S;), 0 < j < k—1, of (Syst(k, 7)) are respectively
the projection on g_;,0 < j < k — 1, of (MC) (owing to the holomorphicity
conditions (H,) given by proposition @) Moreover, the projection of (MC) on

gk gives us
day, + [ag Aag] =0

which is the real part of (Si). Hence the only new information (in addition to
(MC) and (H)) given by the minimal determined elliptic integrable system in
the even case is the imaginary part of (Sj):

d(xar) + [ag A (xag)] =0 (Ek)

which is as we will see the vertical part of a harmonic map equation. Hence
(Syst(k, 7)) is equivalent to

o j=0,1<j<k—-1 (Hj)

d(*ozk) + [040 A (*Ozk)] =0 (Ek)

da+%[a/\a]20 (MC)
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Besides (Sk) can be written in the form:
[0(AdU (af)]g, = 0.

where U integrates «. In term of f: L — G/Gy, the projection of U, this last
equation means (as we will see in section [

(V'L})//a'l)f — 0

where V" is the vertical part of the Levi-Civita connection V on the Riemanni-
anhomogeneous space G/Gy, the vertical and horizontal spaces are defined by
V = [gx] and H = [m] since we can do the splitting: T(G/Go) = [m] @ [gk]-
Then the equation (F}) is equivalent to (see section H)

dV" (xd°f) = 0 <= 7°(f) := Try(V?d'f) = 0

(for any hermitian metric b on the Riemann surface L). It is easy to see that
the equation (Ej) is a vertically harmonic map equation (7V(f) = 0) for the
canonical connection V? = d 4+ ag. In fact, we will see that in the vertical
subbundle V we have V¥ = V° (see section [i).

The primitive case The m-primitive case is obtained by putting ap =
Qi(k—1) = ---Qi(m41) = 0 in the minimal determined case (@) In partic-
ular aj, = 0 and (Sg) is trivial so that the only additionnal conditions on the
geometric map f: L — G/Gy (whose existence is guaranted by (MC)) are the
equations (H;): o’ =a}=0,1<j<m,and ap = ax(x—1) = -- - Ax(my1) = 0
(which both, let us recall it, come from o/ = u € ®JL,9-;).

Proposition 2.5 Let 7: g — g be an order 2k automorphism, and an integer
m < k then the m-th elliptic integrable system (Syst(m,T)) means that the
geometric map f: L — G/Gq satisfies

of € &7 la—;] C T(G/Go)".

Proof. Let f be the geometric map corresponding to the Maurer-Cartan form
a, that we integrate by U: L — G, then we have 0f = AdU(a),) and « is
solution of (Syst(m, 7)) if and only if

ap=a_y+...+al, €D g ;< 0f € D] [g-;].
This completes the proof. O

Remark 2.3 In particular, in the primitive case f is horizontal (ap = 0).
Therefore (Sy) is trivial and (owing to the holomorphicity conditions (H;),1 <
j < k—1) the free curvature equation (9) is equivalent to (MC) in the primitive
case.

Definition 2.6 We will call m-primitive map (into the locally (2k)-symmetric
space G/Gy) a geometric solution of the system (Syst(m,T)) for m < k.
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Geometric interpretation of the equations (H;). For m <k, let F™ be
the f-structure on N = G/Gy defined by the following (eigenspace) decomposi-
tion:

TN® = (&lo-]) © (B>mlesl)

(@}n:l[ il)
= T+N (&) TON ’

@
@ TN
Then according to proposition E we have

Theorem 2.1 A map f: L — G/Gq is m-primitive if and only if it is F™-
holomorphic.

Remark 2.4 The equations (Hj): a’ij =0,1<j <m, on a Maurer-Cartan
1-form « means that the corresponding geometric map f: L — G/Gy satisfies
pr,,o(dfojr) = F™odf where jr, is the complex structure in L, and pr,,,: TN —
@} [m;] is the projection on ©},[m;] along (@?;}nH[mJ—]) @ [gx]. This means
that the projection pr,, o df: TL — @}, [m;] is a morphism of complex vector
bundle. Let us denote Cp¥(L,G/Go) = {f € C*(L,G/Go)|df € ®JL,[m;]}.
Then we have the following equivalences between the Maurer-Cartan 1-form «
and its geometric map:

a€go®(BLm;) = feCR(L,G/Go)

(Hj): o”;=0,1<j<m <= pr,ol(dfoj)=F"odf

(35)

Then additionning these two equivalences, we recover the equivalence: ” « solves
(Syst(m,7))” <= " f is F™-holomorphic”. Moreover, the equations o’ ; = 0,
1 <j < k-1, mean that f is horizontally holomorphic.

Theorem 2.2 Let o be a g-valued 1-form on L and f its geometric map. The
following statements are equivalent:

(i) o”;=0,1<j<k-1

(ii) f is horizontally holomorphic: (df o jp)"* = FF"Lodf, H = [m] being the
horizontal space and kalm defining a complex structure on H.

So that we can conclude: the even minimal determined system (Syst(k, 7))

means that the geometric map f is horizontally holomorphic and ver-
tically harmonic.

Remark 2.5 We can express what precedes in terms of the projection map
Ta/a,: @ — f defined as follows. Let MC be the set of g-valued Maurer-Cartan
1-form on L and for m < k, MC™ the subset of Maurer-Cartan 1-form taking
values in go @ (®}jL;my), then 7g/q,: MC — C*(L,G/Go) is defined by:

TG /Go

Fajay: @ € MC —20 U € C2(L,G) f=ma/a,0U € C®(L,G/Go)-

The preceding results can be summarized as follows: for any m < k

TG /G (MC™) = C(L,G/Go) and  7g/q,(S(m)) = Hol((L, j), (G/Go, F'™)),
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the set of F™-holomorphic maps; and the equations (H;), 1 < j < m, in
MC are transformed by 7/¢, into the equation pr,, o (df o jr) = F™
C>(L,G/Gy).

2.3.2 The minimal determined odd case

The order of the automorphism 7 is odd ¥’ = 2k + 1, and m = k + 1. Let us
recall the following decomposition

“ =0 rD..29.1)0850(@1D...Tan).

The equations (S;), 0 < j < k — 1, of (Syst(k + 1,7)) are respectively the
projection on g_;, 0 < j < k — 1, of the Maurer-Cartan equation (MC) (owing
to the holomorphicity conditions given by proposition @) Hence the elliptic
system (Syst(k + 1,7)) can be written:

o =0,1<j<k-1 (Hj)
doy, + [ag A ag] =0 (Sk+1)
oo’ . i|— [ag Ao ]+ [af Aaj] =0 (Sk) (36)
da+§[a/\a]=0 (MC)
Then we see that the projection on g_j, of (MC):
do_g + [ag ANa—g] + [ar Aag] =0 (37)
is nothing but (Sk) + (Sk+1)-
Now we have to distinguish two cases.
e Let us suppose that k > 2, then we have
(Sk) V (Sk-i-l) = (Sk) + (Sk-i-l) <~ [g(AdU(a:nk)ﬂ m, =0
where U integrates a.. For the last equivalence, just do the computation:
[0(AdU (o, )], = O, + [0 Ay, Jm,
— Boly, + [af Al ]+ [0} Aaf] + 0 Aal)
(Sk) + (Sk+1)
since o1 = 0. Hence we obtain that
o j=0,1<j<k—-1 (Hj
(Syst) <= ¢ Oai, +1[046/ Nag] =0 (Skt1) =
da+§[a/\a]20 (MC)
al;=0,1<j<k-1 (H;) ol ;=0,1<j<k—1
oy, N log Ayl +[af Aap] =0 (Sk) — [3(Adf](af~nkm _—
da+§[a/\a]20 (MC) da+§[a/\a]:
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In terms of the geometric map f: L — G/Gy, we have according to remark
(see also section E) the following geometric interpretation:

(Sm,.) = ((V))"0"f)" =0,

where the splitting TN = H @V is defined by H = [m/], V = [my] and m’ =
@?;fmj. Moreover since Re(Sp, ) is

do,, + [0 A iy ] + [@my A Qmy]m, =0

which is nothing but [MC]ly,, (in the presence of (H)), the projection of (MC)
on my, then the only new information (in addition to (MC) and (H)) given by
the determined elliptic integrable system in the odd case is the imaginary part
of (Sm, ) which means that f is vertically harmonic (with respect to V*!):

Im(Sp, ) @ d¥om, +[00A*Qm, |+ [0m, A, Jm, = 0 <= 77 (f) := Tr((VY)?d" f) = 0.

e Let us suppose that k = 1, then we have
a / (110)
(S1) = [8(AdU(am))}m =0

where U integrates o and [ ]9 denotes the (1,0)-component with respect to
the canonical complex structure in N defined by the decomposition (@), i.e. in
our case TNC = [g_1] @ [g1]. Indeed we have

[0(AdU ()], = Oag + [0 Aag]m
= Oaly + [af Aaly] + [adn A aly]m
= 0dly+[ag Aal,] +[of Ao
+ 0a) +[ag Aad] + [y Aaly)

the up term being the (1, 0)-component and the down one, the (0, 1)-component.
Then recalling that (S1)+ (S2) is the projection on g_; of (MC), we obtain that

(52) (1) [D(AdU ()]0 " =0 (55)
e { (iey { MC) T da+ %[a Na] =0 (MC)

and the only new information (in addition to (MC)) given by the minimal de-

termined elliptic integrable system in this case is (S’,(nl ’0)).
In terms of the geometric map, f: L — G /Gy, we have according to remark
(see also section E) the following geometric interpretation:

(S8 = [(v1)y'o]" =0,

we will say that f is holomorphically harmonic (see section E for a precise
definition).
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The primitive case. The m-primitive case is obtained by putting «; = 0,

m+1<|j|<k-1,and o, = a}, = 0 in the minimal determined case (B4).
As in the even case we obtain:

Proposition 2.6 Let 7: g — g be an order 2k + 1 automorphism, and an
interger m < k then the m-elliptic integrable system (Syst(m,T)) means that
the geometric map f: L — G /Gy satisfies:

of € ®)L,[a-;] C T(G/Go)".

Geometric interpretation of the equations (H;). Let F be the canonical
complex structure on N = G/Gy (see (R@)) and set F™ :=pr,, o F = Fopr,,
for m <k, where pr,,: TN — ®J°,[m;] is the projection on @7 ,[m;] along
@, 11[m;] (remark that pry = Id). Then F™ is a f-structure on N (remark
that F* = F is a complex structure). Then we have:

Theorem 2.3 A map f: L — G/Gq is m-primitive if and only if it is F™-
holomorphic. In particular, f is k-primitive if and only if it is holomorphic
(with respect to the canonical complex structure on G/Gy), and thus any m-
primitive map is in particular a holomorphic curve in G/Gy. More precisely,
m-primitive maps are exactly the integral holomorphic curves of the complex
Pfaff system ©JL,[m;] C TN.

Remark 2.6 The equivalences (BY) hold also in the odd case. However for
m = k, the first equivalence of (BY)) is trivial: o € g < f € C>*(L,G/Gy).
There is no restriction (in the form ”« takes values in a subspace of g”) in the
highest primitive case.

Theorem 2.4 Let o be a g-valued 1-form on L and f its geometric map. The
following statements are equivalent:

(i) o/, =0,1<j<k—1

(ii) f is horizontally holomorphic: (df o jr)™ = FF1 o df, where H = [m’] is
the horizontal space, and F’“_lm = Fjy defines a complex structure on

H.

We can conclude that the odd minimal determined system (Syst(k+1,7))
means that the geometric map f is horizontally holomorphic and ver-
tically harmonic if £ > 2, and if £ = 1, it means that f is holomorphi-
cally harmonic.

2.4 The underdetermined case

Here we study the underdetermined case.
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Theorem 2.5 Let us consider an underdetermined system (Syst(m, g, 7)), m >
k'. Let us write

m=qgk'+r, 0<r<k -1
the Euclidean division of m by k'. Then let us consider the automorphism in
g?t! defined by

T(ag,a1,...,aq) € gt — (a1,...,aq,7(ag)) € gt

Then 7 is of order (¢ + 1)k’. Moreover the m-th system associated to (g,T) 1is
in fact equivalent to the m-th system associated to (g?1,7). More precisely,
denoting by @ a (g + 1)k’'-th primitive root of unity, then the map

ay — (ax, g, ..., Qpp))

is a bijection from the set of solutions of the underdetermined (m, g, T)-system
into the set of solutions of the determined (m, g1, 7)-system.

2.5 Examples

2.5.1 The trivial case: the 0-th elliptic system associated to a Lie
group.

We consider the determined system (Syst(m,7)) with 7 = Id and (thus) ¥’ =1
so that mj, = m; = 0 = kK’ — 1. Then the determined system (Syst(0,1d)) is
nothing but the Maurer-Cartan equation for g-valued 1-form « (i.e. in other
words the "equation” for the trivial geometric map f: L — G/G).

2.5.2 Even determined case

The first elliptic system associated to a symmetric space . We con-
sider the even determined system (Syst(k, 7)), with k¥ = 1 and 7 an involution.
Then the horizontal subbundle is trivial H = [m] = {0} and TN = [V] = [g1]
so that the horizontal holomorphicity is trivial and vertical harmonicity means
harmonicity. Hence the first elliptic system associated to a symmetric space,
(Syst(1,7)), is the equation for harmonic maps f: L — G/Gy.

The second elliptic system associated to a 4-symmetric space ([E, E])
Here 7 is an order four automorphism and (thus) & = 2. Then we consider the
even determined system (Syst(2,7)). ...

Hamiltonian stationary Lagrangian surfaces in Hermitian symmetric spaces,
(L9, 14, [.]). p-harmonic surfaces in @, [2J). Surfaces with holomorphic mean
curvature vector in 4-dimensional spaces form, surfaces with anti-holomorphic
mean curvature vector in CP?, [fj

2.5.3 Primitive case

7 order k', m = 1. Affine Toda fields , [fj]. Non-superminimal (weakly) confor-
mal harmonic maps into S™; (weakly) conformal non-isotropic harmonic maps
into CP™; [{).
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2.5.4 0Odd determined case
7 of order 3, m = 2. Holomorphically harmonic maps (see )

2.5.5 Underdetermined case

First elliptic integrable system associated to a Lie group ([B3, BZ)).
(Syst(m, 7)) with m =1 and 7 =1d, ¥ = 1 and m; = 0 < m, thus underdeter-
mined system.

Second elliptic integrable system associated to the symmetric space
S™.  Constrained Willmore surfaces in S™...[§.
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3 Finite order isometries and Twistor spaces

3.1 Isometries of order 2k with no eigenvalues = +1

Let E be an Euclidean space and let us define (for p € N*)

Uy,(E) = {A € SO(E), A? =1d, A* £1dif 1 < k < p}
U (E) = {A €Uy(E)|1 ¢ Spect(A)}, U™ (E) = {A € Uy(E)| + 1 ¢ Spect(A)}.

Then for £k € N* we set
Zok(E) = U (E)  and  Zopi1(E) = Uz (B) = Usp 1y (E).

We will be interested here in the study of Z2;(E). Then for each A € Z(E),
we have the following eigenspace decomposition:

B = g} (EA (why) ® Bawyy! ))
with E4()) = ker(A — A\Id) and way = €™/,
Let us set m§ = Ea(w),) ® Ea(wy) for j > 0. Then we have dimpm; =
1 ) ) ) )
5 (dims Ba(wy) + dimg Bawy)) = dimg Ea(w},) = 2dime Ba(why). Hence

dimg m; is even and hence we will suppose now that £ = R?" (in all section B.1]).

Example 3.1 We have Z5(F) = 0, and Z4(F) = X(F) the set of almost
complex structure in F.

Situation in the plan Here E = R?, and any element of Zy(E) is written
A= R(1), with (1,2k) = 1 (R(0) being the rotation of angle § € R/27Z ) i.e. A
is a primitive (2k)-th root of the unity. Hence card(Zax(R?)) = ¢(2k), ¢ being
the Euler characteristic.

3.1.1 The set of connected components in the general case

Theorem 3.1 my(Z2x(R?")), the set of connected components of Zap(R?*™) is
(in one to one correspondance with,):

k—1
Xop :=< (e,(p1,---,pr—1)) € Za X NF-1 ij =n and 3y, (5,2k) = 1|p; #0

j=1

Proof. Let A € Z5,(R?"), then A|m§ = w%kIdEA(w%k) D w;ijdEA(w;J). We

choose an orientation on each m; (such that the induced orientation on @¥~'m;

is the one of R?"). Then there exist oriented plans P! such that m; = EBfilP}

j
. dimm,
(sum of non oriented spaces), where p; = =54, and

Ajm; = GajloilRP]? ()
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where Rpi(6;) is the rotation on P} of angle 6; = % Let £; be the orientation]]
J

of EBfilP} (sum of oriented spaces) in m;. Now let us consider the map
fr A€ Zop(R*) — (I ej, (pj)1<j<h1) € Xok.

Then it is a continuousf] surjection and S ({(e,p)}) is an SO(2n)-orbit in the
action of SO(2n) on Z5;(R?"). This completes the proof. O

Remark 3.1

Remark 3.2

Each connected component is a SO(2n)-orbit and thus is compact, and con-
sequently closed. Hence its complementary which is an finite union of closed
subset is closed: each connected component is an open and closed submanifold
of Zox(R?™) (which is itself a compact submanifold in SO(2n)).

Definition 3.1 We will denote by Z$; (R*™) (and sometimes only by 25, ) the
connected component f~({a}), for o= (e, p) € Xop. We define

Z5R™) = {AezZy®RM)AF=-1d}= || 25
{a|Vj,p2;=0}
Z5R™) = {AezZy®RM)AF £ -1d}= || 25

{a|3j,p2;#0}

Z3 (R*™) is the union of order k components in Zo,(R?*"), and Z3, (R*")

is the union of order 2k components (see below for the meaning of this

appellation).

In the following we will denote by Z (R?*"), for a € {0,x} any of the two

spaces Z9, (R*") and Z;, (R*"), and r the order of these two spaces i.e. r =
2k in Z3, (R?")
k  in Z3 (R?")

Let us compute the tangent space of Za (R?"): VJ € Zoi(R?"),

. ris in fact the order of AdJ, for J € Za1(R?") (see below).

T2 (R*") =S A€ Jso(2n)| > JPAT =0 (38)
p+Hl=2k—1

and for J € Z9, (R*"), we have in addition

Ty 20k (R*") =Ty 29 (R™) = ¢ A€ Jso(2n)| Y JPAJ =0 (39)

p+l=k—1
"see remark B.
8see remark
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It could seem strange that the two expressions (Bg) and (B9) are equal for
J € 29, (R?), but as we will see below, it comes from the fact that the ”even”
eigenspaces of AdJ vanish, for J € Z9, (R?"), which leads to this last equality
(which is in general an inclusion " >”)

Example 3.2 If k = 2, then Xo;p = {£1} = Z and Z4(R?") = ZJ(R?") =
Y(R™) = {J € SOR?")|J? = —1d} = ©+(R?")| | X~ (R?") (resp. the positive
and negative components of ¥ (R?*")), whereas Z}(R?*") = ().

3.1.2 Study of AdJ, for J € Z§, (R*")

Let J € Zg (R?"). AdJ is then an order 7 automorphism of End(R?") (since
(AdJ)? =1d & JP = +1d) thus we have the following eigenspaces decomposi-
tion:
End(R*")¢ = @ ker(AdJ — wiId)
JEL/rL

2im /T

with w, =€ . Let us set

A;(J) = ker(AdJ — wi1d).

Then Agy(J) = Com(J) := {A € End(R?*")|[4, J] = 0} and for j # 0 we have:
VA€ A;(J)(j £0)

-1
YooJAar= Y (W) At = [Z(wz)l] Jrt=o.

l+p=r—1 l+p=r—1 0
Hence
P A)cke| > LJ)oR(UP)
JEZ/rIN{0} l+p=r—1

with obvious notation. This inclusion is in fact an equality. Indeed, let A €
End(R*"), then A = Y'7) A;, with A; € A;(J), thus Y /g JIAJ 171 =
rAgJ" "t 4+ 0 = rAgJ" ! which vanishes if and only if Ay = 0. This proves the
equality:

P A)=ker| > L(J)oR(")
JEZ/TZ\{0} I+p=r—1

Now, let us restrict ourself to J.s0(2n), resp. to s0(2n), (which does not change
the order of AdJ)jso(2n), Tesp. AdJjse(2n)) and setﬂ

B;(J) = A;(J)N (Js0(2n))C, resp. s0,(J) = A;(J) Nso(2n)C.

9B;(J) is stable by AdJ and we have B;(J) = J.s0;(J) = s0;(J).J. Besides we have more
generally J.A;(J) = A;(J).J = A;(J).
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Then we have, according to (Bg)-(B9),
T, 25,(R?") = (#]218,(J)) N End(R2"), (10)

The inner automorphismﬂ T = IntJ|s0(2n) gives rise to the r-symmetric space
SO(2n)/Uq(J), where Ug(J) = SO(2n)T = Com(J)NSO(2n), which is nothing
but the connected component Z$, of J (which is also the orbit SO(2n) - J =
Int(SO(2n))(J) ):

25,(R>") = SO(2n)/Uo()).

Consider now
U,_1(J) := Com(J?) N SO(2n) = SO(2n)™",

Then T is an order j automorphismf] on U,_1(J) and gives rises to the j-
symmetric space Uj_1(J)/Uy(J) which is in fact equal to

25, ;R ) = {J' € Z5R*™)|(J'Y = F}.

Indeed let J' € Z& (R?"), then there exists g € SO(2n) such that J' = gJg~!,
then (J')7 = J7 if and only if gJ7g~! = J7 i.e. g € U;_1(J), which proves that
25, (R, J9) = Int(U;_1(1))(J) ie.

25, (R, J7) =U;_1(J) /U (J).

Remark 3.3 Obviously, in this equation J can be replaced by any J' €
Zg‘kyj(R%,Jj).

Example 3.3 If k = 2, then we have Z§,(R*", J?) = Z{,(R?", —Id) = Z{(R*") =
S*(R?") = SO(2n)/U(n), and the other values of j are trivial Z§ 1, (R?", J*!) =
{/}-

Remark 3.4 Sometimes, we will need to precise clearly what is the eignevalues
of the eigenspaces A;(J) and so;(.J), then we will simply use the notation

Ay (J) = ker(AdJ — wld)

and idem for so(,,)(J) and B, (J).
Besides, sometimes for the homogeneity of the equations, we will extend the
notations A;(J) for real index and set for t € R

Ai(J) = ker(AdJ — w!1d).

10The conjugaison by J is denoted by IntJ: G Ly (R) — GL,(R) when the domain of defin-
tion is a Lie subgroup and by AdJ: gl,(R) — gl,,(R) when it is a Lie subalgebra.
1We confuse j € Z, and its representant in {0,...,r — 1}.
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3.1.3 Study of AdJ’
Let 7 € Z*. Then we have

AdF = (AdJY = @)=} (wh) Tda (),

. A 2
wl isof order p = (—r,>, ie itisinU, = {z € S1[2P =1} = exp ((Z/pZ) m).
rJ p
Hence
o ()=
AdJT = @ [ea ", ()]

hence writing (Ad.J7 is of order p):
AdJT = @) whTda, (J9)

we obtain that

1 r,7)—1
A () = @) Agprr () (41)
where I’ = (5/)7'l in the ring Z/pZ, and j' = [( ,J )] (4 is inversible in
Js7) I mod p

the ring Z/pZ, since (j',p) = 1 by definition of (r, j)).
In particular,

Com(J7) = Ay(J7) = @)™ Ay (7). (42)
More particulary,
k—1 _ 2n\C 3 —
Com(J*F) = EBZi?Aq(J) = End(R*") %f r=k
Dy—oA2(J) if r =2k
and
Ao(J) ® Ae(J) i r =2k B o

Com(?) = { Ay @ Ac()) ifr=keog [~ OUIEAI) s even

o(J) if r = k is odd

We can rewrite all what precedes in J.so(2n) (resp. in 50( n)) by replacing A,
by B; (resp. s0;). In particular we have, according to ),

w1 (J) = Lie(Uj,l(J))zsoo(ﬁ)mso(zn):( a'md)- lsoqp(J))ﬂso(Qn),

thisH is the eigenspace decomposition of the order j automorphism obtained by
restricting ' = AdJ to u;_1(J). Moreover we have

(r.g)—
Ty25, (R™, J7) = @ Bp(J) | NEnd(R?"). (43)

12We mean u;_1(J)C (7;]0) ISUqP(J)
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Indeed, g € U;—1(J) = gJg~' € 25 ;(R*", J7) is a surjective submersion whose
the (surjective) derivative at g = 1,

(rg)=1 (r.g)-1
Acw ()= [A T = D> [Ag.Jl= > (1-wiP)AgJ € Ty25, (R, .J7)
q=0 q=0

has (®(T’j)718qp(J )) N End(R?") as image, which proves the equality ([J).

q=1
More simply by differentiating the definition equation of Zg, .(R*", J7) we ob-
tain

T;25, ;(R™, ) = A€ Jso(2n)| > JPAT' =0 (44)
p+l=j—1

In particular, let us apply ) for j =2

Br(J)={A€ Jso(2n)|AJ +JA =0} ifriseven

T Za RZn,J2 _
J Qk’2( ) {O if r is odd.

This can be recovered from ([i4) by remarking that if r is odd then —1 is not a
r-th root of unity (and thus not an eigenvalue of AdJ).

Remark 3.5 If (j,2k) = 1 (so that (j,7) = 1 also) then J7 € Za;(R?*") and T”
is of order r and we have, according to (@)

A7) = Ay (D), VLEZ)TL,
in others words A;(J) = A;.(J7), VI € Z/rZ. In particular
Uj—1(J) = Ao(J7) N SO(2n) = Ag(J) N SO(2n) = Uy(J).

Hence ‘
25, (R, J7) = {7},

More generally, we have, according to (f3), since (j,7) = (,7),
Com((J7)!) = Com (") = ®) ™" Ay, (J) = Com(J")

with p = L, and thus

(&r)
Com((J7)!) = Com(J') VI € Z/rZ.
In particular, U;_1(J7) = U;_1(J) VI € Z/rZ and thus
a n j [-]71'0‘ n
2R, (1)) = 23 (R, T

where [j]5, - a is the action of [j];,} on a € Xay, the action of I € (Z/rZ)* o
Xok being defined by the bijective map

J € Zop(R2) = J' € (Z205(R?))' = Zo(R?")

41



which sends a connected component onto another one
(sz(R2 )) =: Zék (R2 )-
In particular, for j = 1, we have
U (J Y =U1(J) VI€Z/rZ

and thus

25 (R* (I = 255 (R*, J)
where —(g,p) = ((—1)"¢,p) in Xoi. Hence Zg‘k)l(RQ", (JHH = Z§k7l(R2”,Jl)
if and only if n is even (i.e. J and J~! are in the same connected component).

3.2 Isometries of order 2k + 1 with no eignevalue =1

We can do exactly the same study for Za41(F) as we did for Z9(F), with
however the following simplification: all the connected components have the
same order r = 2k + 1 and we do not have to distinguish two types of orbits as
previously.

3.3 The effect of the power maps on the finite order isome-
tries

Let J € Uy then JJ € Uy with p =
diagonalisation) that the power map

(k’f/j). Moreover it is easy to see (from the

J— JI

is surjective from U, onto U, (since z € Up — 2 € Up is surjective). Besides,
since each connected component in Uy (and in Up) is a SO(2n)-orbit, then the
power map J — J7 sends one component in U}, onto another one in U, so that
it induces a map:

a€moUy) — j-a€m(Uy)

such that _ _
(L(,?‘,)J =: uga, Va € Wo(uk/).

Remark 3.6 In general we have (Zs5)7 ¢ Z,. For example, for j = 2, we have

u; ifkis even

Z RZn 2:
(Z21(R™) {zk if k is odd

Besides, given J € Zg; (R*"), then Zg; ;(R*",.J7) is the inverse image of J7 by
the map _ _ _
J' € Z5R™) — (J') € (Z5,(R*™)) = Uy (R™).
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Since (J')7 is constant in Zg; (R*",.J7), we can denote it by J; and then

Zélk,j(RQHa Jj) = Zélk,j(RQHa JJ)

|
Furthermore, we have also for any J € Ug, Ug(J7) = U;_1(J) so that
U™ = S0(2n)/Uy(J7) = SO(2n)/U; 1 (J)
so that _
U )Y =8502n)/U;-1(J) (45)

which we can recover directly by taking the power j in the equality U =
{97971, 9 € SO(2n)}.
Convention: for each o € m(Z2;), we will choose (and fix) a canonical rep-

resentant in Z% (R?"). For example, let (1, ..., €2,) be the canonical basis in
R2", and

€241 + 1€2142

el = , 0<1<n—1,
+ \/§
ey = ey-1, 1<1<n.
Then e = (eq, ..., eay) is a hermitian basis in C?” and we can take J§' such that

0
Mat.(J§') = Diag <(e Jédpj ew?ldp.) 1<j<n— 1>

where p = (p1,...,px—1) is determined by a = (g,p) € mo(Z22r) (see sec-

T
tion B.1.1)), 6; = %7 and Mate(-) means "the matrice in the basis e of ”.

3.4 The Twistor spaces of a Riemannian manifolds and its
reductions

Let M be an oriented (even dimensional) Riemannian manifolds and let us
consider the bundle of order 2k isometries Us, (M) as well as its subbundles
Uz, (M) and Zo;(R?™). Let us fix a € m(Z2,(R?™)) and consider the component
Z& (R?™). Then denoting by SO(M) the SO(2n)-bundle of positively oriented
orthonormal frames on M, we have

25, (R*™) = SO(M)/Uo (J5')

(see section [L.3 for more precisions about this equality). We want to ask
the following question: does SO(M) admit U;_(J§)-reduction for 1 < j <
r. We know (according to [R7) that SO(M) admits an U;_; (J§)-reduction
if and only if the associated bundle SO(M)/U;_1(J§) (= SO(M) Xg50(2n)
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SO(2n)/U;_1(J§)) admits a global section J;: M — SO(M)/U;_1(J§). Be-
sides U;_1(J§) = Up((J§)?) and according to ([,

SOM)/U;j—1(J§) = (25, (R*™))’ = Uy (M)

2k .
with p = ) Hence J; (when it exists) is a global section of (Zg, (M))?
) J
and then the U;_;(J§)-reduction is given in terms of .J; by:
@ (M) :={e=(e1,...,e) € SOM)| Mat.(J;) = (J§)}.

j—1

Then we have
Jo'il(M)/UO(Joa) = Zzak,j(Ma Jj)-

In particular, since (J§)” = £1d, we have U,_1(J§) = SO(2n) and SO(M) has
always an (unique and trivial) SO(2n)-reduction for which J, = +Idry and
thus 42, (M) = Ug (M) = SO(M) and Zg, (M, J,) = Z5,(M).

Example 3.4 For k = 2, and thus r = 2, J = —Id defines the trivial reduction;
and Jp (when it exists) defines on M an (almost) complex structure and Ug (M)
is then the subbundle of hermitian frames on M (with respect to this complex
structure).

3.5 Return to an order 2k automorphism 7: g — g.

We give ourself the same ingredients as in section @ and we use the same
notations. In particular, we suppose that the subgroup H is chosen such that
(G°)° C H C G°. In addition to that we suppose G/H Riemannian.

3.5.1 Caser==%k

Suppose that we have Tllfn = —Id ie. 7y € 29, (m). Then gy; = 0 for all
2j € Z/(2k)Z \ {0, k}. Hence we have

[0p, 0] = {0}  ifp+1#0,k

Indeed, if p or [ is even then the corresponding eigenspace vanishes. If p and [
are odd then [g,, 91] C gp+1 and p+1 is even, thus g,1; = {0} except if p+1=0
or k. Consequently, we have [m, m] C h and thus G/H is a (locally) symmetric
space. Let us distinguish the following two cases.

k is odd. Then [gg,g;] C grt; = {0} for all j odd # 0, k. Hence [gi, m] = {0}
i.e. admgr = 0 so that gx = 0 and thus this case is trivial because H = Gy
up to covering and thus the fibre H/Gj is trivial (i.e. a discret set). Moreover
we have [m,m] C h = go and G/H = G/Gy (up to covering) is the (locally)

symmetric space associated to the involution 7%.
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k is even. Then the symmetric decomposition g = h @& m is the eigenspace

decomposition of 7%, and G/ H is the (locally) symmetic space corresponding to

this involution 7*.

In conclusion, if » = k, then G/H is the (locally) symmetic space correspond-
ing to 7F.

Example 3.5 For 2k = 4, we always have r = k = 2 (since 72 = —Id) and

|m
G/H is the symmetric space corresponding to o = 72.

3.5.2 Action of Adr, on adg,
We have 7 oadX o7~ ! = adr(X), VX € g. In particular,
VX, €g;, ToadX; o7t =wladX; (j € Z/(2k)Z).
Hence by taking the restriction to m and projecting on m:
Tim © [adm X;]m 0 7! = 0l [adm X;]m

so that
[admgj]m C Aj(T|m) E Vj < Z/(2k)Z.

If » = k then [m,m] C b, hence [admg;]m =0, for all j € Z/(2k)Z\ {0, k}.
Let us recall that we always have (r = 2k or k)

[admgolm = admgo C 500(7)m) = Com(7),) N s0(m)
50z (T|m) = Ant(7) Nso(m) if r =k is even
ad = ad C 2
dn g ma {0 if r = k is odd (trivial case)

where Ant(7,) = {A € End(m)|A 7y + 7jnd = 0}.

Remark 3.7 There is no raison to have [adwng;]m C $0;(7m) (if the metric is
not naturally reductive) and no raison also to have [admg;]m C B;j(7|m)-

3.6 The canonical section in (Z5(G/H))? the canonical
embedding, and the Twistor lifts

Once more, we give ourself the same ingredients and notations as in section R.1].
We suppose that (G°)° € H C G° and that G/H is Riemannian. We denote
by po := 1.H the reference point in G/H. According to the definition of H, we
have

135ee remark E
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Lemma 3.1 Let Jy be the element in 25 (T, M) corresponding EI to Tl;l (or

more generally to lem with (j,2k) = 1) under the identification Tp, M = m.
Then we have Vg € H, gJ3g~' = J2. Hence there exists a unique section

Jo: G/H — (Z59)? =U°(G/H)

defined by
gpo € G/H v gJgg~" € (230)%.

Proceeding as in [@], Theorem 3, we obtain:

Theorem 3.2 Let 7: g — g be an order 2k automorphism and M = G/H
a (locally) Riemannian k-symmetric space corresponding to o = 72. Let us
make G acting on Zop(M): g-J = gJg=t. Let Jy € 23 (Tp,M) be the finite
order isometry corresponding to Tl;l under the identification T,,M = m. Then
the orbit of Jo under the action of G is an immersed submanifold in Z52(M).
Denoting by Go the stabilizer of Jo, then Go = G™ N H and thus N = G/Gy is
a locally 2k-symmetric bundle over M and the natural map:

jJOI G/Go — Zg;é))g(G/H7J2)
9.Go — gJog™!

18 an injective immersion and a morphism of bundle. Moreover, if the image of
G in Is(M) (the group of isometry of M) is closed, then T, is an embedding.

Remark 3.8 Say something about the choice Jy = lem with (j,2k) =1 etc...

Notation For a geometric map f: L — G/Gy, we will denote by J the cor-
responding map Jj, o f: L — Za;2(G/H,J2) under the previous inclusion
G/GQ — Z2k72(G/H, Jg)

3.6.1 The Twistor lifts

Definition 3.2 An isometry A € SO(R?*") will be called an e -structure if
Spect(A) = {e?,e=}. An isometry A € SO(R?™) will be called a 2k-structure
if A € Zop(R?™).

Definition 3.3 Let (L,i) be a complex manifold (of dimension d > 1), M an
oriented Riemannian manifold and w: L — M a immersion. Then an element
J: L — u*(Z91(M)) is an admissible twistor lift of u if one of the following
equivalent statements holds:

(i) Let E; be the orthogonal projection of the tangent subbundle u.(TL) on the
subbundle m;(.J) (with obvious notations). Then for all j € {1,...,k—1},

J stabilizes E; and Jig, is a Wiy -structure and prg, oi=Joprg,.

4 denotes off course the connected component of Jg in Zoy, (Tp, M).

46



(ii) J stabilizes E; and induces on it an wgk -structure, 1 induces on E; a well
defined map which is nothing but the wj, -structure J\E;-

(iii) [Ou]m, (e € 9;(J) for 1 <j <k —1 (still with obvious notations).

(iv) Let J be the complex structure defined on u*(TM) by the decomposition

w(TM)C = [ lg; ()] @ [ehle_;())]

Jj=

1,0) (0,1)

—~

then u is J-holomorphic: *du :=duoi=JodX

In particular, if (L,i) is a Riemann surface, then we can add that the existence
of an admissible twistor lift J of u implies in particular that u is a conformal
TMMETSLon.

Theorem 3.3 In the situation described in theorem @, let a be a g-valued
Maurer-Cartan 1-form on a Riemann surface L and f: L — G /Gy its geometric
map and J =T j, o f. The the following statements are equivalent:

(i) o/, =0,1<j<k—1

(ii) J: L — Z9,2(G/H, J3) is an admisible twistor lift.
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4 Vertically Harmonic maps and Harmonic sec-
tions of submersions

We will recall here some definitions and properties about vertical harmonicity
and refer to [B3, B for details and proofs (section and [L.9). Then we will
apply these latter to the study of the examples we are interested in (and that we
have already introduced and begun to study in @) : homogeneous spaces and
Twistor spaces (section @) Finally, we will conclude with a geometric inter-
pretation of the even determined elliptic integrable system in terms of vertically
harmonic twistor lifts (section [.4).

4.1 Definitions, general properties and examples

4.1.1 The vertical energy fonctional

Let (M, g), (N, h) be Riemannian manifolds and 7: N — M a submersion. We
can do the splitting TN = V @& H, where the vertical and horizontal subbundles
are defined by V = kerdr and H = (kerdm)* = V*.

For any map u: M — N, we denote by d’u = (du)? the vertical component
of du. Following [@], this allows us to define the vertical energy density of u,

ev(u) = 5 |d¥u|?, and the associated vertical energy fonctional:

1
EY(u) = —/ |d ul*dvol,.
Let us define the vertical tension field of u: M — N by
7 (u) = Tr(VVd"u)

where V¥ denotes the vertical component of the Levi-Civita connection (of V)
in TN, and Tr, the trace with respect to g. Then we have

Theorem 4.1 /@] The map u: M — N is a critical point of E¥ with respect to
vertical variations if and only if 7(u) = 0. In particular, if u is a section, i.e.
mowu = Idys, then it is a critical point of EV with respect to variations through
sections if and only if 79 (u) = 0.

We define a map u: M — N to be vertically harmonic if 7¥(u) = 0, and if u is
a section we will say that it is a harmonic section.

4.1.2 Examples

Example 4.1 Let 7: N — M be like above. Let (L, b) be a Riemannian mani-
fold and f: L — N a map. Then we can consider the projection u = 7o f: L —
M and the manifold

u*N ={(z,n) € L x N,ncn '({u(z)})}.
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Then we have the submersion u*n: (z,n) € u*N — z € L. Furthermore, u*N
can be endowed canonically with a Riemannian metric: take the metric induced
by the product metric

|(dz,dn)|* = |dz|* + |dn|?

in L x N Du*N. Then we will say that f: L — N is vertically harmonic if and
only if
Try,(V?d’ f) = 0.

When u is an isometry and 7 a Riemannian submersion this is equivalent to
say that the corresponding section f: L — u*N is a harmonic section
(see the Appendix, theorem .1]).

Example 4.2 Let p: (E,V,(-,+)) — (M,g) be a Riemannian vector bundle
of rank 2n (in particular (-,-) is V-parallel). Then we consider the bundle of
orhogonal almost complex structure: Ny, = X(F) = {(z,Jy),J € X(Fy)},
where X(E,) = {J € so(E,)|J?> = —1d}. We have a fibration ms: Ny, — M.
The vertical space is given by: VJ € Ny,

Vi =T;3(E;) ={A € so(E;)|AJ + JA =0}
where x = 7w (J).
The metric connection V gives us a splitting : TS(E) = V= @ H*. Indeed we
have the following splitting (coming from V)
Tso(E) =p*so(E)®H (46)

where p: s0(E) — M is the natural fibrationfJ]. Then for any (local) section
J:UCM — ¥(E), we have

0=VJ?=(VJ)J+J(VJ)

so that V.J € V= and thus in the decomposition ([t6): [dJ)so(p) = VJ € V¥ and
thus [dJ]y = dJ — VJ € T'Nx; which allows us to conclude that

TS(E) =V” & Hig(p).
Then we can endow Ny with the metric
h=1"g+(, )y» (47)
where (, )ys is the fibre metric in V¥ induced by the metric in so(E):
(A, B) = Tr(A".B). (48)

With this metric we have obviously H* = e

15we denote by the same letter the fibration p: E — M and all its ”tensorial extensions”:
p: End(E) — M, p: so(E) — M, etc..
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Furthermore, let us remark that TY(E) is a subbundle of T'so(E)|s(g) and that
we have

Tso(E) sy = m550(E) ® Higp) = so_(myE) ®soy(r5E) @ Hixe(49)
= T3(E)@®so(rnE) (50)
WithEl
sop(myE)y = sop(Ey J):={A€so(E,)|[4,J]] =0}
so_(15E); = s0_(E,,J):={Acso(E,)|AJ+JA=0}=V7
for all J € ¥(F) (and where z = mx(J)). In other words, 7% E is canonically en-

dowed with a complex structure: Z; = J, VJ € Ny, and this complex structure
defines the two spaces soy (75 E) by

s04 (5 E) =soy(my,E,T).

Now given a section J € C(7s), then we consider the vertical part of the rough
1

Laplacian V*V.J, in the decomposition ({id): (V*V.J)V" = 5J[J, V*VJ]. We

will see in section that this is in fact exactly the vertical tension field of J

in Nx:

1
™ (J) = 3TV V).

In particular, we recover the definition of vertical harmonicity used in [@] and

[

Example 4.3 Let p: (E,V,(-,-)) — (M,g) be a Riemannian vector bundle
of rank 2n. Then we consider more generally the bundle of order 2k isome-
tries Uai(E) as well as its subbundles U;, (E) and Z9,(E). Let us fix a €
7o(Z2,(R?™)) and consider the component Z¢ (E) := Nz. We have a natural
fibration 7z : Z$ (F) — M. The vertical space is given by

VJ e Nz, VZ=TZz5(E,)= P Bi(E:J) | [ \End(E.) = Js0.(Ex, J)
JEL/TI\{0}
(51)
according to section (more particulary equation (f0)) and where

50, (Ey, J) := @ 50;(Ey, J) ﬂso(Em).

JEL/rZ\{0}

The metric connection V gives us a splitting: TZ$ (E) = VZ @ HZ. Indeed we
have the following splitting (coming from V)

TSO(E) = V3°F) o1 (52)

16ysing the notations defined in section (i.e. the definition of so;(J) for j € Z/2Z).
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where V3 = T,90(E,) = J.so(E,) (since 0 = V(Jt.J) = (VJ)LJ + JH(V.])
= VJ € T;SO(E,)). Then for all (local) section J: U C M — Nz, we have

0=vs*= > (V)]
p+1=2k—1

so that according to (Bg), VJ € VZ and thus in the decomposition (F3), we
have [dJ]ysoz) € VZ and hence [dJ]y = dJ — [dJ]ys0z) € TNz which leads to

TZ5.(E) =VZ &Mz () (53)

Then we can endow Nz with the metric defined as in (@) and where the fibre
(, )y= is induced by the trace metric ([i§), for which we have HZ = Ve

Furthermore let us remark that 725, (F) is a subbundle of TSO(FE), zg, (r) and
that we have

TSO(E)ze (ry = Bo(rzE)® Bi(rzE) ® M zg (k)
= Bo(ryE)®TZ8.(E)
Whereﬂ
Bo(nzE); = Bo(E:,J) and
B.(n3E); = BuE.J):=| € Bj(E.J)| [ )End(E,)=V7
JEZ/TZ\{0}

for all J € Z$ (F). In other words, m5FE is canonically endowed with a
2k-structure: Z; = J, VJ € Nz, and this 2k-structure defines the spaces
Bj(rLE) = Bj(rLE,T).

Now let us precise the relation between SO(FE) and so(F) and in particular the
relation Ty SO(E,) = J.so(E;). For J € SO(E), let

L;: A€ End(E,) — J.A € End(E,)

be the left multiplication by J in End(E,), with = p(J). Let us still denote
by Z, the tautological section of p*SO(E) defined by Z; = J, VJ € SO(E),
and whose restriction to Nz is our canonical 2k-structure 7 on 7% F. Then let
Lz: SO(FE) — Aut(End(p*E)) be the section of the bundle of linear automor-
phism of the vector bundle End(p*E) defined by

Lz:J e SO(E) — L; € Aut(End(E,()))
or more concretely

Lz: (J,A) € End(p*E) — (J,J.A) € End(p*E).

175till with the notation defined in section
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Then we have
VSO — L1(s0(pE)) and By(x3E) = Li(so, (73 E))
which we will denote more simply by
VSOE) = Ts0(p*E) and Bj(r5E) = L.s0;(1%E).

Example 4.4 Let us consider the previous example and let us suppose that

there exists a (global) section J; of (Z21(E))? = Uy,“(E) for some j € Z and
2k

(2k,5)

/

p:

Let us consider the subbundle

N% = 25, (B, J;) = {J € 25,(E)| J = J;}

for which we have the natural fibration 7% : 25, (E,Jj) — M. The vertical
space is given by

VJeNL, Vi =Tu28 (B, Jy) = @) 7 Bp(Ea, J) = Jui_ (Ex, J)
according to ([3)[F, where

W (Ba, J) = 0 50,0 (Bay J) = ujo1 (B, J) /u0( By, J) = 500(Ey, J) /500(Es, J).

Furthermore, differentiating the definition equation of Zay, ;(E, J;): Ji = Jj,
we obtain: for all (local) section J of n7,

V= Y JVJJI=VJ (54)
l+q=j—1

so that _
VJ eV = VJ; =0,

therefore in general, we have V.J ¢ V29, We will simply set
. 1 o
HZI =V&IiT N TZ3 ;(E, J;).
Then the splitting ‘ ‘
TZs5, (B, J;) =VZI @ H?

do not correspond to the splitting (@) or equivalently to (E), in general. In
other words, the connection in 7z defined by the horizontal distribution H,y
is not reducible to a connection in w; (which could only be HZ+9): it happens if
and only if H is tangent to N % Besides we have two different ways to decompose

r
18and with the notations of section , in particular p = ")
T7 j
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the orthogonal of Y2+ in TNz, using the decompositions TNz = VZ @ HZ or
; L
TNZ|N§ = TN% &) TN% .

TNZ‘Nj = Vz’j@VZ’jJ_
Z
= VZeVIIiavieH,,
_ yZi j it
= V&I @ H, TN
———
TN

In particular, we have for any (local) section J: U C M — N %
AT}z = [VI]ypzs = priz, (V)

where [ ]yz;: TNz — VZJ and przi,j: Vz — V2 are resp. the orthogonal
projections. Moreover, let us decompose TSO(E), 23, ,(B) into an orthogonal

sum making appear the vertical subbundle V=7 of N %

TSO(E)y; = Bo(nh ET)e B.(xL E.T) & Mg
= Bo(rL B, D) V¥ @ Lsou(nl ET) @& My,
—_—

£ z,51 Zz
T.s0. (" B,T7) v=amny

Now let us see how we can determine H?7 from the section J;. First we
remark that HZ7 NVZ = {0} (indeed kerdrz N'HZ7 C kerdrz NTNZ = V=
and of course VZJ N HZJ = {0}). Therefore HZ+ is a vector subbundle of

(VZ’jJ' NV#) @ H which satisfies (VZ’jJ' NVZ)NH?J = {0}. Thus HZ* is the
graph of some linear mapﬁ I:H— V3itn V2, ﬂ

d+T: W eH—W+D(W) e Ha (V3T NV

has HZ+ as image.

Let us concentrate ourself on (@) VJ is in VZ so that we can write it V.J =
Z::_ll JA; with A; € s0,(E, J), according to (51). Then we have Vi € {1,...,r—
1},

5 5 1 ()
q N7l j—1, 1 R r JA.
_ J (JAZ)J J wTJAl 1_(4 JIA;
l+q=j—1 =0
so that
r—1
, 1— (wi)
E q L qJ E ’ r
. J (VJ)J J _ 1_(4 A;
l+q=j—1 =1
ig¢p.Z

19i.e. a morphism of vector bundle
20Tn the following reasoning, we will forget the index ” |NJZ” in H‘Nj to do not weigh down
z

the equations. The right notation will reapear in the final equation.
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where as usual p = is the order of wi. In particular, we remark that (with

r
(r,5)
obvious notation)

> LYo RUY ™ BB, ) — Bu(E, J;) (55)

l+q=j—1
is a surjective map with kernelﬁ
P Bi(E.J) =TV,
i€p.Zr\{0}

so that it induces an isomorphism from
Jso,(E, J;) = J*(VEiT V)

onto B.(E, J;). Let us denote by P7(.J) the surjective map (53) and by P7(.J)~*
the inverse map of the isomorphism induced on J.so.(E, J;). Then we have

PI(J)(VJ) =VJ

so that [V.J]V*7 " "V? = Pi(J)=1(V.J;), but we have V.J = [d.J]"®, and there-
fore T _

[dJ)”" ™ = PIJ) TNV ;). (56)
On the other hand, dn? o dJ = Idrys so that dn? o [dJ]" = Idrys, which with
(F6) allows to conclude that

I'=PI(J)" o (VJ;) 0 dn,
that is to say, for all W € H‘N;
(W) = P (Jo) ™" Vizzy.wj
where W = (Jo, Wy,), Jo € NL, Wy, € Hy,.

4.1.3 Y-torsion, V-difference tensor, and curvature of a Pfaff system

U-torsion, V-difference. Let us consider a vector bundle morphism

™ —Y— (E,V)

l L

ML N

V being a connections on the vector bundle E. Then the U-torsion of V is the
* E-valued 2-form on M,

TY(X,Y) =Vx(PY) - Vy (X)) - V[X,Y] =dV¥(X,Y) VX,Y €C(TM).

Let us give now some examples.

2lremark that B«(E, J;) = J9.s0x(E, J7) = JI. ((Diez,\p.2,.59 (E, J)) N so(E, J))
220bviously, since J is a local section, everything is local here and E must be replaced by
Ey :=p~1(U), but we do not want to weigh down the notations.
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Example 4.5 Let N be a manifold and suppose that we have a splitting TN =
V @ 'H and suppose also that the vertical bundle V is endowed with a covariant
derivative V¢ and let ¢: TN — V be the projection (morphism) on V along H,

then we can speak about the ¢-torsion of V¢, T% = dV' ¢.

[

TN v, v
| |
N Id N

Example 4.6 Let s: M — (N, V) be a map from a manifold M into an affine
manifold (N, V) and suppose that we have a splitting TN =V @ H, then let us
consider the morphism of bundle

™ —%5, (v, V)
where V"V is the vertical part
l l of the affine connectionV.
M —5 N
Then the vertical s-torsion of N is T := T%'s = dV"dVs.

Example 4.7 In particular let us take s = Idy (in the previous example) and
thus d”s = ¢ the projection on V and then the ¢-torsion of V¥ (or Id y-torsion
of N) is the wertical torsion in V: T = dV" ¢.

Now for any map s: M — N we have

T% =s"T".
We will say that s is vertically torsion free if T° =0. B

Now, we define the i-difference and the y-equivalence.

Definition 4.1 Let E — N be a vector bundle and let us suppose that we have
a morphism of bundle ¢: TN — E (over Idy ). Let us consider the v-torsion of
a given connection V in E (if 1 is an isomorphism then TV = 1o T, where T is
the torsion of the linear connection yp~"1oVoi on N). Given another connection

V' in E, the v-difference tensor SV for the pair (V,V') is defined by
SY(X,Y) = Vx(@Y) = Vi (@Y) = (V= V)x (¢Y).

Then SY is symmetric precisely when ¥V and V' have the same -torsion. On
the other hand, if SY is skew-symmetric we will way (following [B4]) that ¥V
and V' are 1p-equivalent: it means that these have the same -geodesics, a
Y-geodesic of V being a path y(t) in N solution of the equation

V) (@y'(t) =0

(if ¥ is an isomorphism then 1-geodesics are precisely the geodesics of ~' o

Vo).
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Curvature of a Pfaff system

Definition 4.2 Let P be a Pfaff system on the manifold N. Then for any local
sections of P, X,Y: (N,a) — P, defined in the neighbourhood of a € N, the
image ([X,Y]a)v of [X,Y]a by the canonical projection T,N — V, = TyN/ Py,
depends only on the values X,,Y, at a € N, of the vector fields X,Y . We define
the curvature of P as the tensor R € A2P*® V),

Ra(Xau Ya) = —([X, Y]G)V'

Definition 4.3 Let N be a manifold endowed with a Pfaff system V ("vertical
subbundle”) and let us suppose that V admits a connection i.e. a complement H
("horizontal subbundle”): TN =V @ H. Then V is identified to TN/P so that
the curvature of the connection H becomes the tensor R € A2°H* ®@ V defined by

R(X,Y)=-[X,Y]y VX, Y eC(H)
the subscripts ”V7 designing the V-component along H.

Convention We will often extend R to the corresponding horizontal 2-form on
N, still denoted by R: R € A’T*N @V such that R(X,Y)=0if X or Y € V.

Theorem 4.2 Let m: Q — Q/H = M be a H-principal bundle endowed with
a connection 1-form w: TQ — h. Let H = kerw C T'Q be the corresponding
horizontal subbundle. Let be ) = dw + %[w Aw] the curvature 2-form. Then we

have
RI(X,Y)=qQ(X,Y) VgeQ,VX,Y €H,

R™ being the curvature of the connection H. In other words, we have
R =qr

where Q7 = q.{,.

4.2 Harmonic sections of homogeneous fibre bundles

In this section, we study fibre bundles 7: N — M for which the fibre is a
homogeneous space H/K. To do that, we follow the exposition of (subsec-
tion and [£2.9) and then we add a generalisation of the results (of [B])
to non section maps in the end of , and finally we study the homogeneous
fibre bundle reductions in .

4.2.1 Definitions and Geometric properties

Let mas: @ — M be a principal H-bundle, with H a Lie group. Let K be a
Lie subgroup of H and N = @/K. Then the map ny: @ — N is a principal
K-bundle and we have mp; = m o my where m: N — M is a fibre bundle with
fibre H/K, which is naturally isomorphic to the associated bundle Q x g H/K.
We assume the following hypothesis
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(i) H/K isreductive: h = ¢dp, and AdK (p) C p, where b and € are respectively
the Lie algebras of H and K.

(ii) M is endowed with a Riemannian metric g

(iii) H/K is Riemannian: there exists a H-invariant Riemannian metric on
H/K (equivalently an AdK-invariant (positive definite) inner product on
p). Equivalently Ad, K is compact.

(iv) The principal H-bundle mp: @ — M is endowed with a connection. We
denote by w the corresponding h-valued connection form on Q.

Then the splitting TQ = Vy @ Hyp defined by w (Vo = kerdmy, Ho = kerw)
gives rise by dmy, to the following decomposition TN = V & H, where V =
kerdr = drn (Vo) and H = drny(Ho). Let pg := Q Xk p — N be the vector
bundle associated to my: @ — N with fibre p. Let us denote by [¢,a] € pg the
element defined by (¢,a) € @ X p. Then we have the following vector bundle
isomorphism
I: YV — g
drn(g.a) — lg,a]

d
where ¢ € @, a € p and as usual q.a = T
|t=

w = wy + wp following hh = € & p, then since H/K is reductive, w, is a K-
equivariant (wy(X.h) = Adhw,(X)) and 7x-horizontal (wpy, = 0) p-valued
1-form on @ and hence projects to a p-valued 1-form ¢ on N:

¢(drn (X)) = [g,wp(X)].

q.exp(ta) € T,Q. Decomposing
0

Then we have
¢y =1 and ker¢p="H.

We can now construct a Riemannian metric h on N:

h=m"g+(¢,9) (57)

where ( , ) is the fibre metric induced on pg by the inner product on p.

In the same way, let ® be the pg- valued 2-form on N defined by the component
Q, of the curvature form € of w. Since €2, is mas-horizontal (Q(X,Y) = 0 if
X €VyorY €V)y), then @ is w-horizontal: ®(X,Y) =0,if X €eVorY € V.

Remark 4.1 In [B4], pg is called the canonical bundle, I the canonical isomor-
phism, ¢ the homogeneous connection form, and ® the homogeneous curvature
form.

The 1-form we (which is a connection form in 7x because H/K is reductive)
defines a connection in 7y called the canonical connection. This connection
induces a covariant derivative V¢ in the associated bundle pg, with respect
to which the fibre metric is parallel. V¢ defines a exterior derivative d® on the
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space of pg-valued differential forms on V. This allows us to define the canonical
torsion T° which is nothing but the ¢-torsion of V¢ (see section §.1.3)

T¢(A,B) = d°¢(A,B) = V4(¢B) — V3 (pA) —¢[A,B], VYA, BeC(TN) (58)

Let hg := Q xg h — M be the vector bundle associated to my; with fibre b,
and in the same way £g := @ x g € — N the bundle associated to 7 with fibre
h. Then we have

W*[)Q = EQ S po-
The Lie bracket of ) induces a bracket on the fibres of hg, and those of 7*hq,
which we continue to denote by [, | , and we denote also its pg-component
(when there is no risk of confusion) by [, ], (otherwise we denote it by [, ]y, )-
1
Taking the p-component of the structure equation dw = €2 — 3 [w A w] and then

projecting on N, we obtain the homogeneous structure equation:
. 1
L (59)

and thus

Ty =~ Ip T, =0
T = P

In particular, T is horizontal if and only if H/K is a (locally) symmetric space,
and in this case
=3 (60)

Remark 4.2 According to (b9) and (5g), for all X,Y € H, (extended to vector
fields in N denoted by the same letters), we have

P(X,Y) =TX,Y) = —¢([X,Y])

so that
o = R,

according to definition @ The homogeneous curvature form is nothing but the
curvature of the connection H. .

Now, let U be the pg-valued symmetric bilinear form defined on pg by:
<U(CL, b)v C> = <[Ca a]P? b> + <a7 [Cv b]P> (61)
where ( , ) is the fibre metric, and a, b, c € pg. Let us set
B = U + [ ’ ]P

which is a pg-valued bilinear form on pg, whose the symmetric and skew sym-
metric components are respectively U and [, ],. U vanishes if and only if H/K
is naturally reductive and B if and only if H/K is (locally) symmetric . Then
denoting by V¥V the Levi-Civita connection on N, we have:
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Theorem 4.3 /@] Let us consider the difference tensor:
S(A,B) = (Vi B) — V4 (¢B)
then we have
2S =¢*U—-T°=¢*B— 9.
Consequently, YV € C(V)

1
I(vyv)=vslv) + §B(¢A, V). (62)
In particular, if H/K is a (locally) symmetric space, we have
IV, V =V4IV).

Remark 4.3 If H/K is a symmetric space, under the canonical identification
I:y = po, we have V¥ = V¢ on V. More generally the difference between
V¥ and V¢ looks like to the difference between the Levi-Civita and canonical
connections of a reductive Riemannian homogeneous space (see section E)

Moreover, V¥ is ¢-equivalent to V¢ when H/K is naturally reductive, according

to (p2).

Let V¥ be the covariant derivative in the vector bundle hg (associated to maz),
defined by the connection form w. Let us decompose (the m-pullback of) V*
following the decomposition 7*hg = £g @ pg, and the pg-component gives us a
connection V¥ in pgq.

Theorem 4.4 For all V € C(pg),
VPV = V4V — [4, aly
and
VYV =VPV —[¢, V], = VUV — [9, V].

Consequently, V¥ and V° are ¢-equivalent (since their ¢-difference is (¢, @], ).
In particular V¢ = VP if H/K is a (locally) symmetric space.

Example 4.8 Let us consider the situation described by example @ and sup-
pose that u: L — M is an isometry. Then if 7: N — M is a homogeneous fibre
bundle like above then this is also the case for u*7: u*N — L.

Indeed let us set

wQ={(,) € LxQ, gem} {u(x)}) } = | |{z} x f(2).H

z€L

then u*mpr: (2,9) € uw*Q — z € L is a principal H-bundle over L. Then we
have u*N = u*Q/K, and u*7: v*N — L is a fibre bundle with fibre H/K.
Finally we have to define a connection on u*mp;: u*@Q — L. Let us extend the
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connection w, to a connection on Idz, x war: LxXQ — L x M by &, 4 (dz+dq) =
wq(dg) and then let us set
uwrw = J}\T(u*Q)-

In the same way, the homogeneous connection and curvature forms on u*N are
given respectively by

up = ¢~’\T(u*N) and  u'®:= &’IT(u*N)eBT(U*N)'

The canonical torsion T on u*N is also given by u*T° := TfT(u*N)eaT(u*N)-

4.2.2 Vertical harmonicity equation

We know that the structure group H of mpr: @ — M is reducible to K (i.e.
there exists an K-bundle 7),: @ — M) if and only if the associated bundle
7: N — M admits a (global) section s: M — N (see [R7]) so that there is a
one to one correspondance between the K-reductions of 7wy, and the space of
sections C(m).

Let o' = Wh |- Then w’ a connection in 7}, and w is reducible if and only if

wyrg = w' (see [B7]). The reducibility of w can be characterized as follows.

Proposition 4.1 The following statements are equivalent:
(1) s is horizontal;

(i) s¢ = 0;

(iii) s is an isometric immersion;

(iv) w is reducible

Now we have the following expression of the tension field for sections s: M — N.

Theorem 4.5 [3d] For all s € C(),
16 (s)) = ~d°(s%9) + 5T(s"6"0)

where d* is the coderivative for s*pg-valued differential forms on M relative to
the s-pullback of any connection in pg which is ¢p-equivalent to V°. In particular,
if H/K is naturally reductive then s is an harmonic section if and only if s*¢
is coclosed.

Remark 4.4 If H/K is naturally reductive, to compute the vertical tension

field 77 (s) = Tr(V¥d"s), we can use instead of V¥ any connection in V 2 pg
which is ¢-equivalent to V°.
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From the homogeneous structure equation (@), we obtain
* C( ok 1 * *
s*® =d°(s ¢)+§[s O NS Py,

hence every horizontal section is flat (i.e. s*® = 0).
Let us introduce the following 3-covariant tensor (s*¢ ® s*®) on M:

("0 ® s"P)(X,Y, Z) = (s"¢(X),s"2(Y, 2)),
then we have

Theorem 4.6 [34] For all s € C(r) we have

(1) ¢(Vds) = Ve(s*¢) + %s*gf)*B - %s*fb.

In particular, if s is vertically geodesic then s is a harmonic section.

(i) 29(mVds(X,Y),Z) = (s*¢ @ s*O)(X,Y, Z) + (s* ¢ @ s*®)(Y, X, Z).
Therefore s is horizontally geodesic if and only if (s*¢ ® s*®) is a 3-form
on M. In particular, if s is flat then s is horizontally geodesic.

Theorem 4.7 /@]

(1) The symmetric and skew symmetric components of IIs := VVd"s are given
by:
1
I(IIYs) = ¢ o Vds + 58*(1).

(ii) The section s is superflat if and only if s is flat and totally geodesic. In
particular, if s is flat then s is totally geodesic if and only if s is super-flat.

(iii) Moreover 7V (s) is the vertical component of the tension field 7(s). So if s
is an harmonic map, then it is certainly a harmonic section.

Theorem 4.8 /@] An harmonic section s is a harmonic map if and only if
(s*¢p, s*®) = 0 where

(s, 5" ®)(X) =) (s"0 @ s"®)(E;, Ei, X)

%

for any orthonormal tangent frame (E;) of M.
In particular, if s is flat (s*® = 0) then s is a harmonic map if and only if s is
a harmonic section.

Remark 4.5 Let us consider the situation described by examples@ and @
Then if f*® =0, f: L — N is vertically harmonic if and only if f: L — u*N
is an harmonic section if and only if f : L — u*N is an harmonic map. But it
does not imply that f: L — N is harmonic! (See the Appendix.) Indeed in the
previous theorem it is essential that s be a section: mo s = Id.

61



In fact the previous theorems can be easily generalized for non section map .
The proofs in [B holds without any change for theorems .5, [L.6-(1), =7+ (i, iii),
while for theorems [L.6(ii), [.7-(ii), [l.§: follow the proof of [Bf], just replace the
starting equation m o s = Id by m o s = u. Then we obtain

Theorem 4.9 For all s € C°(M, N), we have

() 1(°(s) = ~d*(5°6) + 3 Te(s°¢"U)

1 1
(il) ¢(Vds) = Ve(s*¢) + Es*qﬁ*B — gs*fb.
In particular if s is vertically geodesic then s is a harmonic section.

1
(iii) I(IIVs) = ¢ o Vds + gs*fb.

The map s is superflat if and only if s is flat and vertically geodesic.
Moreover 7V(s) s the vertical component of the tension field T(s). So if s
is an harmonic map, then it is certainly vertically harmonic.

(iv) 20(r.Vds(X, V), u.2) = ("6 © 5*B)(X, Y, 2) + ("6 © 5*®)(Y, X, Z) +
29 (Vdu(X,Y),u.Z).

Let us suppose now that u is an immersion, then this equation determines
the horizontal part of Vds. In particular, if s is flat then s is horizontally
geodesic if and only if u is totally geodesic; and s is totally geodesic if and
only if s is superflat and u is totally geodesic.

(v) A wvertically harmonic map s is a harmonic map if and only if
9(7(u),-) + (s7¢, s"®) = 0.

In particular if s is flat, then s is a harmonic map if and only if s is
vertically harmonic and u = m o s is harmonic.

We could also deduce this generalisation from the previous theorems [.5Ht.§
themself. Indeed we can apply these to the section § € C(u*N) corresponding
to s and use theorems @ and @ in the Appendix, but we must suppose in
addition that u is an isometry.

Let us go further in the generalisation and consider maps f € C*°(L, N) with(L, b)
a Riemannian manifold (see examples Q and @) Then the proofs in [Bf

holds fo theorems [, [.6-(i), [.3-(i,iii), whereas theorems [.4-(ii), f.7-(ii),

[, are no longer valid. Indeed the equation in theorem [.9-(iii) holds, but

it gives us only [7.Vdf]., 7L, the component of [m.Vdf] in the tangent bun-

dle w,TL. So if we want [7.Vdf],, 7). we must introduce the 3-linear form
([fo® f*®n,.)) € C(T*L®T*L ® f*H) defined by :

(ffo© f*®u,y)(a,b, Z) = (f*d(a), ®(fra, Z)).

Then we have
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Theorem 4.10 For all f € C*°(L,N), we have

(i) g(w*Vdf(a, b)a W*Z) = <f*¢ © f*q)(l,-)>(a7 ba Z) + g(Vdu(a, b)v 7T*Z)
In particular, if f is strongly flat i.e. (f*® )= ®¢(df,-) =0) then:
- [ is horizontaly geodesic if and only if u is totally geodesic.
- f 1is totally geodesic if and only if f is superflat and u is totally geodesic.

(ii) A wvertically harmonic map f is a harmonic map if and only if
g(r(u),) + ([, [ @u,)) =0

where (f*¢, f*@q  )(X) = >, (f0 @ f P y)(ei, e, X) for any tangent
frame (e;) of L. In particular if f is strongly flat (f*® .y =0) then f is
a harmonic map if and only if f is vertically harmonic and u is harmonic.

4.2.3 Reductions of homogeneous fibre bundles

Let us suppose now that the structure group H of mpr: Q@ — M is reducible
to a (closed) subgroup HY D K. That is to say, there exists a principal H"-
subbundle 7Y, : Q¥ — M. Let us suppose in addition to that, that HV/K
is reductive: hY = €@ p¥ and Adk(p¥) = pY, Vk € K. The restriction to
pV of the AdK-invariant inner product on p defines a HV-invariant metric on
HY/K which is nothing but the metric induced by the H-invariant metric on
H/K, so that the inclusion HY/K — H/K is an isometric embedding. Let
p’ = (p¥)* in p and let us suppose that p’ is AdH"-invariant, so that h = h¥ @ p’
is a reductive decomposition and H/HV is reductive. Conversely if H/H" is
reductive: § = hv @ p’ with p’ AdH -invariant, then we can always complete
any AdH"-inner product in p’ by an AdK-invariant inner product p = p¥ @ p”:

<7>p:<7>P"+<7>P’

for which p’ = (p¥)* in p.

In the following we suppose that H/HY is reductive andthat the inner product
in p is chosen as described above.

Now let us turn toward the connection 1-form w. Its restriction w" := wyv|pgv
defines a connection on 7}, : — M. We endow Q¥ with w¥ and (QY, H", K,w")
is then a homogeneous fibre bundle as defined in the begining of .

Moreover w is reducible (to w") in Q" if and only if one of the following equivalent
statements holds ([R7))

e Vg €@V, (Ho)g is tangent to Q.
® wirgy = w"¥ (ie. wypgy is hY-valued).

e The canonical cross section sV of the associated bundle EV := Q/HY = Q x g
(H/HY), which defines the HV-reduction Q" is horizontal.

The vertical bundle (in T'Q), Vo, splits as follows

Vo=Vy®Vy
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where (V)q = ¢.b" = T,(¢-H") and (V)), = ¢.p’, and quotienting by &, i.e. by
applying dmn we obtain the following decomposition of V:

y=VaeV

with V' = dry (V) and VY = dry (VY).

Then the canonical isomorphism I: V — pg sends the previous decomposition
onto the following pg = py ® py) (i.e. V', V¥ are sent resp. onto pg and py).
Then the vertical space in TNV is V. that we will also denote by VY when
there is no possibilities of confusion. The splitting of TNV by w" is then

TNV = V‘Nv @ H‘\INV

where HY = dnn(Hy) and H§ = kerwyv. Let us remark that w is reducible if
and only if H|"NV =Hnv.
The canonical bundle on NV, pf,e = Q¥ Xk p¥ — NV is the restriction to NV of
py, — N, and the canonical isomorphism IV: VI‘}VV — pg)v is the restriction to
Vl‘jvv of I:V —pg.
Since w = wpv + wyps, the homogeneous connection form on NV, ¢V (the PO~
valued 1-form on NV defined by wyv) is the restriction to NV of the pg-component
of ¢:

OMES [¢]p‘é\NV = [QS\NV]%V-

1
The homogeneous curvature form ®¥ (defined by ., with Q" = dw” + 3 [w¥ A
wV]) is given by

oY = [(I)]pVQ\Nv = [(I)|NV] Sv*

Furthermore, pf,. is Vparallel: the covariant derivative on pg). defined by
we|rqv is the restriction of V¢ to pf,.. In other words V¢ commutes with the
projection on pg,. The canonical torsion on NV is given by

(Tc)v _ dc(bv _ [Tc]p‘é|N"'

Let us denote by 7V(s) the vertical tension field of s € C*°(M, NV). According
to theorem [L.7, we have 79(s) = [rn(s)]y for all s € C*°(M, N), and 7(s) =
[Tnv (s)]yv for all s € C*°(M, NV). But if w is reducible in @V, then the inclusion
NV — N is an isometry and hence the Levi-Civita connection in NV is the
orthogonal projection in TNV of the Levi-Civita connection in N. Thus we have
Tnv(8) = [N (s)]rnv for all s € C°(M, NV), so that 7V(s) = [[tn (s)]rnv]yy =
[T (8)]yv. Therefore we obtain

Theorem 4.11 Let us suppose that w is reducible in QY. Let s € C*°(M,NV),
then s is vertically harmonic in N (7V(s) = 0) if and only if it is vertically
harmonic in N¥ (tV(s) = 0) and [rx(s)]Y = 0. In particular if s is vertically
harmonic in N then it is also vertically harmonic in NV.
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4.3 Examples of Homogeneous fibre bundles

In this section, we give examples and applications for the theory developped in
the previous sections whose we use here the same notations.

4.3.1 Homogeneous spaces fibration

Let us take Q = G a Lie group, and K C H C G subgroups of G, (H, K) sat-
isfying the hypothesis in the begining of section . Let us suppose that
M = G/H is reductive and Riemannian: that is to say if g = bh @ m is
the reductive decomposition, then Ady, H is compact and we choose an AdH-
invariant inner product ( , ) in m. For w, we take the canonical connection on
mam: G — G/H which is given, let us recall it, by w = 6y where 6 is the Maurer-
Cartan form in G (see section E) Then the corresponding decomposition
TQ =YV P Hy is given by

Since n := p & m is AdK- invariant, then g = € & n is a reductive decompo-
sition and N = G/K is reductive. Let us recall that we have the canonical
identification G xx g = N x g given by ([]), which gives us an identification
ng = G xgn = [n]. Then under this last identification and under the one

given by the Maurer-Cartan form of G/K, : TN = [n] (see section [L.g), the
splitting TN =V & H is
TN = [p] @ [m],

the canonical isomorphism I: V — pg is then the identity, and ¢: TN — pg
the projection on [p] along [m]. The metric h on G/K is then defined by the
AdK-invariant inner product:

<7>ﬂ:<7>P+<7>m'

1 1
Furthermore, 2 = dw + E[w Aw] = dby + 5[9;] A 0y] and thus
1
Qp = db, + [0e N0, + 5[9,3 A Oplp.
. 1 o
Since df + 5[9 A 0] = 0, then (projecting on h) we have

1 1
doy + 5[9(] /\9[]] + g[em /\Qm]h =0

thus 1
Q= _5[9‘“ A Ouly

so that .
Q, = _5[9m A O]y (63)
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therefore )
=Sl Ay (64)

where ¢: TN — H = [m] is the projection on H along V = [p].
The covariant derivative V¢, which lifts into d + f¢ in G, is nothing but the
canonical affine connection V? in N = G/K restricted to [p] C TN (see sec-

tion [.4 and [L.5).
The canonical torsion 7, which lifts in G into
1 1
dfy + [Oe A O,] = —5[9m A Om]p — 5[9;1 A Oplp (65)

is given by ﬁ

— Sl Auly = 567 6,
[7 ]n"’[(b/\w]P'

The associated bundle

be =G xmh = 0" = {(g.po, Adg(a)).g € G.a € h} C M x g
can be embedded into so(TM) by}

€ = Adg(a) € Adg(h) = [0]3%,, — ad€jaag(m) = AdgoadmacAdy™" € so(Adg(m)).

(66)
In the same way, £ = G x i € = [€]¥ embedds in so(N). Moreover let us remark
that we have

™he = G xx b= [b]Y = {(g.n0,Adg(a)),g € G,a € b},

and that 7*hg embedds into so(7*TM).

As concerns the covariant derivative V*, defined in b, it lifts into d + 6y
in G and under the embedding (@), it is nothing but the restriction to the
subbundle so(T'M) of the endomorphism connection on M (i.e. the tensor
product connection in T*M ® T*M) defined by the canonical affine connection

M

in M, V°. Indeed under the embedding (q), V* lifts to the derivative d+adu0
and equation (B) allows to conclude.

Therefore VP is given by its lift E

[(d+6y)jplp = d+ adybe + [0p, -]y (67)

that is to say VP is the [p]-component of the affine connection V! in G/K (see
section [Lg) restricted to [p] € TN. (Indeed we have Ons 1ol = [0, 1plp +

23In particular, according to (Q), we recover, for this example, the Homogeneous structure
equation (p9).

240r in other words [g,a] € bg = G x5 h— [g,adma] € G x g so(m) = s0(TM).

25 [ ] denotes as usual the p-component.
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[0, “|plp, but [m, p] C [m,h] C m by reductivity.)
Moreover the Levi-Civita connection in N is given by (see section [L.6])

met

N 1
V=v:=v"4 3BY
where BY = [, Iy + U and U¥ is defined by equation () Then we have by

taking the projection on the vertical subbundle [p]:
1
$(VAV) = Va(#V) + 560BY(4,V)
so that we can conclude according to theorem (@) that
¢poBY =¢*B- @

which can be verified directly using the expressions of BY, B and ®.

If H/K is (locally) symmetric. In this case, we have T¢ = & (see (F9),
or (64) and (B3)). Moreover, according to (7), V* lifts to d + @, so that we
recover that VP = V¢ in this case. Now, let us apply the equality V¥ = V¢ in

V (theorem [.3)PY.
Let f: (L,b) — N be a map then we have

TU(f) = Trp(VVd' f) = +d¥ " * d'u = *AdF (d(*ap) + [ae A (xay)]) .f
where F lifts f in G and o = F~'dF. Then f is vertically harmonic if and only
if

d(xap) + ae A (vap)] = 0
Moreover f is flat (f*® = 0) if and only if it is vertically torsion free (f*T¢ = 0)

if and only if
[am A am]p = 0 <= day + [ae A ap] = 0.

G/K is a (locally) 2k-symmetric space Let us suppose that there exists
an order 2k automorphism 7: g — g such that K = Gy with Gy such that
(G™)° € Gy € G7, and (G°)° € H C G with o = 72 (see section R.1)). Then
H/K is (locally) symmetric (see section .1|). We have the following identities
(with the notation of section R.1))

m= @f;fmj and €=go,p = gk-

Then we have
1 1
Qp = 5[0m N lnly =~ > (610,
i+ji=k

i,j€Zop \{0,k}

so that in particular

26We can also use directely theorem @
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Proposition 4.2 Let (L,j) be a Riemann surface. If f: (L,j) — N satisfies
the equations o/ij =0,1<j<k—1 then we have f*® = 0. In other words if
f:(L,j) — N is horizontally holomorphic then it it is flat, that is to say f is
vertically torsion free or equivalently

dog + [ao A ag] =0 (68)

Theorem 4.12 In the even determined elliptic integrable system (Syst(k,T)),
the last equation (Sk) is equivalent to

{ (Re(Sk))

day + [ag AN ag] =0 < [ is vertically torsion free i.e. f is flat,
d(xay) + [ao A (xag)] =0 <= [ is vertically harmonic.

(Im(Sx))

In conclusion the even determined elliptic system (Syst(k,T)) means that the
geometric map f is horizontally holomorphic (which implies that f is flat) and
vertically harmonic.

Remark 4.6 The vertical torsion free equation (§) is the projection on p of the
Maurer-Cartan equation provided that we assume the horizontal holomorphicity
o/ij =0,1<j<k-—1. In the same way, the equations (S;), 0 < j <k —1, of
the elliptic system (Syst(k, 7)), are the projections on the different spaces g_;,
of the Maurer-Cartan equation, provided that we assume the horizontal holo-
morphicity. In section E, this hyphothesis was (sometimes) implicitely assumed

implicitely by definition of a: o/ = u.

Use of the canonical 2k-structure J;,. Furthermore the morphism of bun-
dle (over M) J;,: N — Z5°,(M,Jo) C Z5°(M) defines a 2k-structure on
7 TM (still denoted by Jj,), which according to (BJ) allows to precise the
subbundles t¢ and pe (under the embedding 7*hg — so(n*TM))

e = {A S F*bguA,on] = 0} = 50(+1)(7T*TM, jjo) n W*f]G (69)
pe = {A S W*bg|A3JO + jJOA} = 50(_1)(7T*TM, on) n 7T*[)G (70)

Remark 4.7 The embedding hg — so(T M) is the H-equivariant extention of
the map a € h +— adna € so(m) = s0(7,,M), and in the same way J, is the
H-equivariant extention of the map h.Gy € H/Gy — hJoh™' € Z(Tp, M, Jo),
so that the equations (69) are obtained by H-equivariance from (R3).

Let us now express the homogeneous fibre bundle tools ¢, ®, and V¢ in terms
of the embedding J,. To do not weigh the notation we will forget the index Jy
in Jj,, in the following theorem.

Theorem 4.13 If A/ BTN, F € C(pg) then
1 M
(i) pA= —53_1V?43
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1 M M M

(ii) ®(A4,B) = 53’1[3,7T*RV (A, B)] where RV’ is the curvature of V°.
N 1 M

(ili) V4F = V4F = gﬁfl[j,V%F]

Theorem 4.14 Let s € C(m) and J = s*73;, € C(Z57 (M, J2)) be the corre-
sponding 2k-structure. Then

1 M M
(i) I(dvs) = —§J’1VOJ. Thus s is horizontal if and only if J is V°-parallel.

1 M
(if) I(I1"(s)) = =7 [~ (V)]
M
Thus s is superflat if and only if (V°)2J commutes with J.

1 M M
(iii) I(7%(s)) = Z[J’l, (VO*VvOJ].

M M
Thus s is a harmonic section if and only if (V°)*V°J commutes with J.

1 Mo
(iv) 5@ = I [LRY.
These properties hold also for maps f € C>°(L,N), (L,b) being a Riemannian
1 M
manifold: (i),(ii),(iit) without any change and (iv) becoming f*® = §J71[J, u*RY"),
withu=mo f.
Corollary 4.1 Let (L,j) be a Riemann surface, f: L — N a map and J =

[*3 1, the corresponding map into Z57° 5(M, J2). Then f is a geometric solution
of the even determined system (Syst(k, 7)) if and only if

(1) J is an admissible twistor lift (< fis horizontally holomorphic).

M M

(ii) J is vertically harmonic]: |(VO)*VOJ,J| = 0 (& f is vertically har-

monic).
%
Moreover the first condition implies that [u*Rv ,J] = 0 i.e. that J is a flat

M

section in (End(u*TM),u*V°) (& fis flat).

Furthermore f is a primitive geometric solution (i.e. there exists m < k such
that f is m-primitive, which is equivalent to say that f is k-primitive) if and
only if

(1) J is an admissible twistor lift

M
(ii) J is parallel: V°.J =0 (& fis horizontal).

27See section Ié_l?)d for the definition of vertical harmonicity in Z;‘k“z(M, J2).
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4.3.2 The twistor bundle of almost complex structures X(E)

We give ourself the same ingredients as in example @ Let us suppose that
the vector bundle E is oriented. Then the bundle of positive (resp. negative)
orthogonal almost complex structure on E (i.e. the component ¥¢(E) of X(F)
with e = +1), mg: 3°(F) — M is a homogeneous fibre bundle. Indeed, we take
Q = SO(E) the SO(2n)-bundle of positively oriented orthonormal frames of F,

H = S0(2n) and K = U(n) (embedded in SO(2n) via A+ iB (g _AB ).

K is the subgroup of SO(2n) which commutes with J§ = ¢ <I(()i _gd). The

involution T = IntJ§ in SO(2n) gives rise to the symmetric space H/K =
¢(R?"), and to the following symmetric decomposition h = € @ p with

4 {A € 50(2n)|[4, J5] = 0}

p = {Aeso(2n)|AJ5+ JGA=0}.

Concerning w, we take the so(2n)-valued connection 1-form on () corresponding
to the covariant derivative V in E: if e = (eq, . .., e2,) is a (local) moving frame
of E (i.e. a section of @) then

Vier,...,ean) = (€1,...,e2,)w(e;de).

Now, let us consider the isomorphism of bundle:
J:eU(n) € SO(E)/U(n) v— J € 3¢ (E)| Mat, ) (J) = J.

The isomorphism J defines a bijection between the set of section of m7: N — M E
and the set of complex structure of E (sections of mg): s € C(N) — J = TJos €
C(ZT(R)).

The existence of a (positive) complex structure J in F — ie. a section of
s YT (E) — M- is equivalent to the existence of an U(n)-reduction of the
principal bundle SO(E) — M: J defines a Hermitian structure on E and then
the U(n)-subbundle of unitary frames for this Hermitian structure, and vice
versa.

The isomorphism of bundle over M, J: N — XT(FE) defines tautologically
a canonical complex structure on 7*E — N (which we still denote by J )E
J: N — Xt (7*E). Under this identification, let us precise the subbundles pg
and tg. First, we have ho = EU(E)H, the bundle of skew-symmetric endomor-
phism of E and thenEl

(tQ)y = {F €s0(Er)|lF, T ()] =0} =: 804 (Er(y), T (y)) = s04 (7" E),
(PQ)y = {F €s50(Ery))|FT(y) + T W)F =0} =: 50 (Er(y), T (y)) = s0_ (7" E)y.

281n all the section @, as it was the case in all the section N :=Q/K.

29and which is in fact nothing but J*Z =7 o J, see example X

30See remark ) (and more precisely equation ([1))) for the identification map.

31Since n*E is canonically endowed with the complex structure 7, we need not to precise
this latter in the notation so4(7*E), whereas E, for x € M, could be endowed with any
element J, € X1 (E,), this is why we must precise it in the notation so4 (Ez, Jz).
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Then the decomposition following 7*hg = £o @ po of any element F' € n*hg =
so(m*E) is given by

1 1

where { , } is the anticommutator.

Remark 4.8 The canonical complex structure 7 is a section of the associated
bundle over N: £H(7*E) = n*(Q x g X¢(R*")) = 7*Q x g X°(R*"), so that it
can be lifted to a H-equivariant map J: 7*Q — X¢(R?*") C b, which is given
by
J:(e.K,e.h ™) € n°Q — hJEh™ € X (R*™).

Remark that the restriction of J to Q C 7*Q is the constant map Jg (the
inclusion Q C 7*Q is given by e — (e.U(n),e)), and that J: 7*Q — X°(R*")
is the H-equivariant extension of the K-equivariant constant map J§ on Q. J
can also be given in term of J by

T (y;e) € m°Q — Mat.(T(y)) € 2°(R*™) C b.

Furthermore, we have a canonical identification N = Q x g H/K (via [e, h. K] —
(e.h).K) and the identification depending on J§: H/K = X¢(R?") (via h.K
hJoh™!) so that N = Q x g X°(R?*") (via e.K + [e, Jo]). Then under this last
identification, J is the restriction to N of the canonical identification

bo:=Qxmh — so(E)
’ [:a] —  A| Mat.(A) = a. (71)

Therefore
ho =T soy(m5E) and po = T so_(m5E),
with the notations of example .

Let us now express the homogeneous connection ¢, the curvature foms ® and
the canonical connection V¢ in terms of J (following [)

Theorem 4.15 [Bd] If A,B € TN, F € C(pg) then:
1
(i) ¢A = EJ-VAJ

ii) ®(4,B) = lj ™ R(A, B), J], where R is the curvature operator of the V.
2

1
(ili) V°F = 3 J[VaF,J]

Theorem 4.16 /@] Let s € C(m) and J = s*J be the corresponding complex
structure, and V*V = —TrV?, the rough Laplacian of E. Then

1 1
(i) I(ds) = §J.VJ = Z[J’ VJ]. Thus s is horizontal if and only if J is parallel.
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1
(if) I(II"(s)) = Z[J, V2J). Thus s is superflat if and only if V*J commutes
with J.
1
(iit) I(7v(s)) = _Z[J’ V*VJ]. Thus s is a harmonic section if and only if
V*VJ commutes with J.

(iv) 5°® = %J[R, Jl.

From theorem (i) (or theorem [.16-(i)) it follows that d.7 sends the de-
composition TN =V @ H onto the decomposition T%(E) = V¥ @ H* coming
from V (see example @) so that we can consider 7yx: 3°(E) — M as a homo-
geneous fibre bundle over M with structure group H = SO(2n) and K = U(n).
Besides, since the vertical and horizontal subbundles corresponds via J, then
we can conclude according to (f7) and (F7) that J is an isometry.

Moreover, we see that s is vertically harmonic in N if and only if the rough
Laplacian V*V.J of J in so(E) is vertical (i.e. in V7, see example [..7)) so that
we recover the definition of vertically harmonic twistor lifts used in 5] and [f.
More precisely, via the isometry 7, the vertical tension field of s — which is,
let us recall it, defined using the Levi-Civita connection in N which corresponds
via the isometry J to the Levi-Civita connection in X (E)- is exactly the
vertical part in 7§so(E) of the rough laplacian of J:

AT (7°()) = VeI = 27 0 6(r*(5)) = 3 I, V*V]

according to theorem [L.15-(i) and theorem [L.14-(iii). Concretely, to compute
the vertical tension field in X (E), instead of using the (abstract) Levi-
Civita connection, it is enough to take the vertical part of the rough
Laplacian (which uses the concrete metric connection V).

4.3.3 The twistor bundle Z5;(FE) of a Riemannian vector bundle

We give ourself the same ingredients and notations as in example @ Let us
suppose that the vector bundle E is oriented. Then the bundle nz: Z5 (E) —
M is a homogeneous fibre bundle. Indeed, we take Q@ = SO(E), H = SO(2n)
and K = Ug(J§). Let us recall that the order r automorphism 7' = IntJ§
in SO(2n) gives rise to the r-symmetric space H/K = Z& (R?*"), and to the
following reductive decompostion h = £ @ p with

t=s00(J) and p=so0.(J) = @ 50;(J5) ﬂ50(2n).
JEZ/rZ\{0}

Concerning w, we take the same as in the previous example. Now let us consider
the isomorphism of bundle:

T eUg(Jg) € SO(E)/Ug(Jg) — J € Z5.(E)| Mat.(J) = Jg. (72)
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The isomorphism J defines a bijection between the sections of 7: N — M and
the set of sections of 7z: Z8.(E) - M, s € C(N) — J =T os € C(Z5.(E)).
The isomorphism of bundle over M, J: N — Z$ (E) defines tautologically a
canonical 2k-structurefq on 7*E — N (still denoted by J), J: N — Z& (7*E).
Under this consideration, we therefore have h = so(FE) and for all y € N,

to = soo(n*E,T)

pg = so.(m"E,J)= @ s0; (7" E, J) ﬂso(w*E).

JEL/TZ\{0}

Since 7*FE is canonically endowed with 7, we will not precise it and use the
notation so;(7*E) := s0;(n*E, J).
Let us consider the surjective morphism of vector bundle

adJ: 7w'hg =so(n*E) — Bi(m*E)=J.s0.(1*E)=J.pq
(J,A) +— adJ(A) =[] A= T3 (1-wl)4,

where A; = [Also,(E,) i the s0;(E;)-component of A € so(E,). The kernel of
adJ is g = s0o(m*E) so that adJ induces an isomorphism from pg onto J.pq.
We will set

(adJ) ' = (adJ|7p,) " @ 0.

so that
(adJ) toads = PIp,,. the projection on pg along tq, and (73)
adJ o (adJ)™! = DIy p,, the projection on J.pg along J.tg. (74)

Let us remark that J.po = J*V? is the (pullback by J of the) vertical space
of mz (see example @) More precisely the J-pullback of the decomposi-
tion VSO, v = By(nr5 E) @ B, (% E) (see example [L.3) is the decomposition
Js0(E) =Tty ® T po.

Let us now express the homogeneous fibre bundle tools ¢, ® and V? in terms of

J.

Theorem 4.17 If A, Be€ TN, F € C(pg) then
(i) VJ = —adJ o ¢ thus pA = —(adJ) 'V T
(ii) ®(4,B) = (adJ)"'[J, 7" R(A, B)]

(iii) VRF = (adJ) [T, VaF]

Theorem 4.18 Let s € C(w) and J = s*J be the corresponding 2k-structure.
Then

(i) I(dvs) = —(adJ)~'VJ. Thus s is horizontal if and only if J is parallel.

32and which is in fact nothing but J*Z =7 o J, see example @
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(ii) I(IT¥(s)) = —(adJ)"1V2J + %(adj)*l[VJ ® (adJ)"1V.J].

1
Thus s is superflat if and only if V2J — i[VJ ® (adJ)~IVJ] commutes
with J.

(ifi) 1(7*(s)) = +(ad]) ' V*VJ + (adJ)"Tr ([V.J, (adJ) "' V.J]).
Thus s is a harmonic section if and only if V*VJ+ Tr ([VJ, (adJ) "tV .J])

commutes with J.
(iv) s*® = (adJ)"[J, R].

As above, from theorem (i), we conclude that dJ sends the decomposition
TN =V @ H onto the decomposition TNz = VZ @& H? coming from V (see
example E) so that we can consider 7z : Z$; (E) — M as a homogeneous fibre
bundle over M with structure groups H = SO(2n) and K = Up(J§). We will
call this structure the homogeneous fibre bundle structure defined in Nz by V
(or by the Riemannian vector bundle (E,V)).

Besides, since the vertical and horizontal subbundles corresponds via J, then
we can conclude according to ([7]) and (F7) that J is an isometry.

Moreover, the vertical tension field of J in Nz = Z§} is given by
dJ(7"(s)) = Vi) = —(adJ) o ¢(7°(s))
= —(adJ) o (adJ) M (V*VJ + Tr ([VJ, (adJ) "'V J]))
= [V*VJ+ Tr [V, (adJ)—lw])}vz

By taking k = 2 in the two preceding theorems, we recover of course the results
of the previous section: just remark that in this case, adJ = O¢, ® 2L‘7‘pQ, and
that VJ anticommutes with J.

Remark 4.9 Let us consider the canonical identification

Ho: =QxpH — SO(E)
’ [}Z,h] —  A| Mat.(A) = h. (75)

then J is the restriction to N = Q x i 25, (R?") (via e.K + [e, J§]) of ([F).
More generally, for j € Z, we can consider J; the restriction of (F3) to Q/U;_1(J§) =
Q xs0(2n) (Z2:(R*")) (via e.U;—1(J§) — [e, (J§')’]):

Jj: eUj1(J§) € SO(E)/Uj_1(J§) — J € (25,(E)) | Mat(J) = (Jé‘)z%)

Remark 4.10 The previous study could have been done (without any change)
for any component U (E). In particular, by replacing J¢ by (J&)’ in what
precedes, we get the isomorphism (@)

T SO(E)JUj_1(J§) v (25,(E)) = U°(E),
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2k

where p = m, and by applying theorem , we see that a cross section
) J

sj: M — SO(E)/U,;_1(J§) is horizontal if and only if the corresponding section

Jj=J;j0s;: M — (28.(E)) is parallel: V.J; = 0.
4.3.4 The Twistor subbundle Z3, ,(E)

We continue here the study of example .4, 7% : 25, ,,(E,J;) — M, and prove
that it defines a homogeneous bundle fibre bundle. Let us recall that we have
a bijection between the set of (global) sections .J; in (28} (E))? = U *(F) and
the set of Uj_1(J§)-reductions 7/: Q7 — M of SO(E), which is given by

Q' =45 1 (E) = {e € SO(E)Mate(J;) = (J§')'}. (77)

Let us consider such a reduction @’ (defined by some J;). Then 7/: Q4 — M
is a principal bundle with structural group H7 = U;_1(J§) and we take for the
second structural group K = Up(J§) as in the previous example. Let us recall
that the order j automorphism 7' = IntJ{f“UJ_il( 7o) gives rise to the j-symmetric
space H7 /K = Zg, .(R*", (Jg')?), and to the following reductive decomposition
b7 = £ @ p’ where

t = so00(J§) and

po= W () = B T S0, (J8) = wim1 (J§) Juo(J§) = s00((J§)) /500 () = Tye 25, (R, (J§)7),

J q

the last identification is given by
r,j)—1 a a a r,j)—1 a

A€ ) s0,(JG) > A TG = [A, 5] € B T By ()
(see section B.1.3).
For the connection form on Q7 we take

wj = whj\TQj'
We set as usual N7 = Q7/K which is a Homogeneous fibre bundle over M.
Moreover the isomorphism of bundle (and isometry) J: N — 23 (E) satisfies
T(N7) = 25 ,(E, J))

by definition of 7 and @’ (see ([f3) and ([/7)), so that it induces an isomorphism
of bundle from N7 onto N%.

Let us denote by TN7 = V? @H the splitting in terms of vertical and horizontal
subbundles given by w’. Then denoting by s; the cross section in the associated
bundle Q/H’ = SO(E)/U;_1(J§) defining the H7-reduction @7 (i.e. Jjos; =
Jj )ﬂ, according to section , we have the following equivalences

w is reducible in Q7 (to w?) s; is horizontal HI = Hni

Rk [E10( $
VJ;=0 ebd =i M2y

33See remark @ and .
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Example 4.9 Let M = G/H be the k-symmetric space correponding to some
M
2k-symmetric space G/Go (see section [2.1.1), and take (E,V) = (TM,V°),
Jj =2 and Ja given by lemma @ Then we have
M
V0J; =0.

M
Indeed V°.J5 lifts in G into
(d+04)J5 = dJo+ [0y, J5] = 0
(see lemma @ Therefore we can conclude that in this case w is reducible in
Q? (to w?).

If w is not reducible in Q7 (to w), then according to () and (57), N7 < N and
N — Nz are not isometries, and thus we can not say directly that J induces

an isometry from N7 onto Né,, even if as we will see below it is effectively
the case. As above, the result of (I7) and (F7), and d7(V?) = V2, is that:
J: N7 — NZ is an isometry if and only if dJ(H’) = HZ".

Now let us come back to the connection form w?: TQ’ — b7 C s0(2n). It defines
a metric covariant derivative VU in the associated vector bundle E. Then we

have
Vbl =o.

Indeed J; lifts into the Hi-equivariant (constant) map Z ec @ — (J((Jl)j c
(25, (R?™))7 C gl,,, (R?") and V17, lifts into

DIJ) =dJ;+ [, J;] =040=0,
since by definition b7 = u;_1(J§) = s00((J§)’) commutes with (J§).

Remark 4.11 We can do the things more concretely by using a (local) moving
frame e in Q7: V! is then caracterized by

Vil(er, ... ean) = (€1, ..., ea).w" (e de) (78)
Then by definition of Q7 we have
Jie =e.(J§) (79)

so that ‘ ‘ ‘ ‘
(VULI)e + J;(VUle) = e.wd (J§)

then using (79) and (fg), we obtain
(VULT)e = ew’ (J§) — Ji(ew?) = e.(W (J$) — (J&)Yw!) =0

since w’ takes values in h; = soo((J§)7).
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In fact we can caracterize V! in the following more general way, which in partic-
ular generalizes a well-known result of Rawnsley [ about complex structures
on vector bundles.

Theorem 4.19 Let E be a Riemannian vector bundle as above. Let p' € N*
and J € C(Uy (E)), then AdJ defines an automorphism of the linear bundle
End(E) (over Idys), i.e. a section of End(End(E)). Then the metric covariant
derivative V in E admits an unique decomposition in the form: E

7 Tpr—1
V=v't ) 4 (80)
i=1
J
where VO is a metric covariant derivative for which

J
VoI =0
and A; € C(T*M ®s0,(E, J)), i.e. JA;J™' =wiA; and A; € s0(E)C.
J
VO will be called the J-commuting component of V, A, = Z:ifl A, e C(T*M®
50, (E, J)) the so.(E, J)-component of V, and A; the so;(E, J)-component of V.

Proof. Unicity. Let us suppose that (B() exists then we have

’I‘p/—l
V=) (4]
i=1
so that
rp/—l
> A= —(ad)" (V)
i=1

(see section #.3.9) which proves the unicity of (A;)i<i<r,—1 (these are deter-
mined by V and .J, more precisely these are the components of —(adJ)~1(VJ)).

J
=1 . .
Now VO =V — Y707 A, is also unique.
FEristence. Let V° be any metric covariant derivative commuting with .J, that

is to say V° corresponds to a connection on the principal bundle of Hermitian
frames on (E, {, ),.J) (such a connection always exists, see [27]). Then consider

A=V -V eC(T*M @ s0(E))

and let A = Zzo_l A; be the decomposition of A following so(E,J)® =
r,r—1

®,Y, s0;(E,J). Let us set
J
V0=V + 4,

34 As usual rp is the order of AdJ, i.e. 7,y = p’ if p’ is odd, and if p’ is even then r = p’ if
’

’ !
J% #-1d and ry = % if J'T = —1Id.
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J
then V0 is a J-commuting metric covariant derivative in E and we have

’I‘p/—l

J
V=V_t ) 4
i=1
which proves the existence. O

Applying this theorem to .J;, we obtain the following.

Corollary 4.2 VU is the Jj-commuting component of V.

Proof. The H-equivariant lift of V is the covariant derivative on Q:ﬁ

’I"p/fl
dtw=(d+w)+ > wi (81)
=1

where w; = [W]so,((Je)5), and in particular wy = w’. Then restricting B1) to @7,
and projecting on M, we obtain the decomposition (80)) of V:

Tp/fl
v=vl4+ 34
=1

_ Ji _
that is to say d+ wp is the H7-equivariant lift of V°, which is thus equal to VI,
and w; is the H’-equivariant lift of the so;(F, J;)-valued 1-form on M, A;. This
completes the proof.

Remark 4.12 Moreover w is reducible in Q7 (V.J; = 0) if and only if VI = V.

Remark 4.13 Under the hypothesis of theorem we have

J
VFEC(AO(E, J))7 VOF:pI'AO(E)J) oVF

where pr 4, (g, ) End(E) — Ao(E,J) is the orthogonal projection (i.e. along
A.(E,J)) so that in particular

J
VF € C(s09(E,J)), V°F =pre(m.oVF
where pro, (g, )t 50(E) — s0o(E, J) is the orthogonal projection. Indeed,

rr—1

J P
VF=VF+ ) [A;F]
i=1
35Remark that here r,, is the order of Ad(J§')?, so that r, = ﬁ =p.
T’ -]
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J J J J J
and J commutes with V? and F so with VYF : (VOF).J = VY(F.J) - FV°J =

J J
VO(J.F) = JVOF. Moreover [A;, F] € [A;(J), Ao(J)] C A;(J), so that we can
conclude. .

The canonical 2k-structure in 7*E, J: N — n*F induces by restriction a 2k-
structure in 77 *E, still denoted by J: N7 — 7i"E.

Now, let us precise the subbundles pgj and £g;. First, we have bgj =uy(E, J;)F
and then

toi = Qg =s00(n’ E,J)

by = Wa(BT) = (iepznioyei BLT)) (so(x E).

The morphism of vector bundle adJ: so(7*E) — J .pg induces a surjective
morphism from wj*hJQj =u;_1 (" E,J) onto J Py, with kernel £g;:

adJ: @b, = (0 E.J) — Jui(w E.J) =T,
(T)j)_l

(LA) — adl(A) =[LA]=J 3 (1-w?)4,
=1

where A; = [A]Sﬂi(Em)'

As above, now we express the homogeneous fibre bundle tools ¢/, ® and \vid
in terms of J.

Theorem 4.20 If A,B € TN7, F € C(p},,) then

(i) VU T = —adJ o ¢’ thus ¢/ A = —(ad7)"'VE 7

(i) ®I(A, B) = (adJ)~! [j, 7" RVY (A,B)} where RV is the curvature of
\vitiB

(iii) YV F = (ad7) " |7, VI F|

In the following theorem, we use the notation of . In particular, we denote
by ” -V 7 instead of 7 -V 7 the vertical component in WV C T N7.

Theorem 4.21 Let s € C(n?) and J = s*J be the corresponding 2k-structure.
Then

(i) I(d¥s) = —(adJ)"'VULJ. Thus s is horizontal if and only if J is V-
parallel.

36 The restriction of the identification (a), hg = so(E) to l‘)JQJ gives rises to an identification
b = Q7 X i b7 = s0o(E, Jj).
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(ii) I(T1V(s)) = —(adJ) "1 (V2] + %(adJ)*l (VUlJ ® (adg)~tVUL].

Thus s is superflat if and only if (VVU1)2J — 3 (VU] @ (adJ)~1VULJ]

commutes with J.
(iii) I(1Y(s)) = +(adJ)"'VU'VULT + (adJ) = Tx ([VULJ, (adJ) -1 VLI]).
Thus s is a harmonic section if and only if V" VUl J+ Tr ([VU] J, (adJ)~ 1wl J])

commutes with J.
(iv) s*®) = (adJ)"! [J, RV“]].

As above, from theorem (i), we conclude that dJ sends the decomposition
TNJ = V7 @ H onto the decomposition TNL = V27 @ HZ (see example [.4)
so that we can consider w]é: N%(E) — M as a homogeneous fibre bundle over
M with structure groups H? = U;_1(J§) and K = Uy(J§). We will call this
structure the homogeneous fibre bundle structure defined by (the J;-commuting
part of) V.

Besides, since the vertical and horizontal subbundles corresponds via J, then
we can conclude according to (7)) and (F7) that J: N7 — NZ is an isometry.

Moreover, the vertical tension field of J in Né = Z5. (£, J;) is given by

47 (7% (s)) = — [V[j]*v[jlj+ Tr ([V[J’]L (adJ)_lv[j]JD}vz,j

Remark 4.14 According to , the canonical connection in pz;)j — N7 is the

restriction of the canonical connection in po — N, to pgj.

Remark 4.15 If we endow E with VI and apply the theorems and
(with the Riemannian vector bundle (F, V1)), then by restriction to N7, we
obtain theorems and , which is not surprising since in this case w is
reducible in ()7 and then everything corresponds in the reduction N7 — N.

In particular, superflatness and vertical harmonicity (for sections in N7) are the
same in N7 and N. This is what happens in particular in example @

The particular case of Zg, , (E, J2) According to theorem , we will be es-
pecially interested by this subcase in our interpretation of the elliptic integrable
system. In this subcase the fibre H?/K = Zo 2(R?", (J§)?) is symmetric so
that we obtain simplifications (coming in particular from the facts that V¢ = V?
and that any section J € C(r%) anticommutes with V[2.J) in theorems
and which then take the same forms as theorems and about the
twistor bundle X¢(E), just by doing the change V «— V[ Therefore the case
28 o(E, Ja) is very similar to that of ¥°(F).

Before writing the simplified theorems for j = 2, let us do some useful observa-
tions.
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First, we haveEl

b = soo(r? B, ) = {A € s0(r® B[4, 7] = 0} = sopyy (P B,T) (52)
poe = sor(rPE,J)={A€so(r” E)|AJ +J.A=0}=s0_y (x> E,J).(83)
Then adJ induces a surjective morphism from ﬁz*f)ég = w(7?"E, J) onto

T pg2 = By (v E, J) with kernel g2

adJ: w(n?"E,J) =so (72" E,J) @so_1)(n* B, J) — B_(#* E,J)=Js0_1(7>"E,J)
(J,Ag+ A1) —  adJ(A) =[], Al =2J4A,

where we denote Ag+A; the decomposition following so0(, 1) (m*"E, J)Pso(_1) (72" E, J)
instead of Ag + A:.

Theorem 4.22 If A,B € TN?, F € C(pg)2) then

(i) 6?A = —%J*V[Q]J

(ii) ®%(A,B) = %J‘l [J, n2*RV” (A, B)} where RV is the curvature of V12,
TR [2]
(ifi) V4F = 57 {j, v F] A

Theorem 4.23 Let s € C(n?) and J = s*J be the corresponding 2k-structure.
Then

1
(i) I(dvs) = —§J_1VE§]J. Thus s is horizontal if and only if J is V12 -parallel.
R 1 (gl ? L1 (w22
(if) 1(0T'(5)) = —(ad) ™ (VE)* T = =5 [J (V) J}.
Thus s s superflat if and only if (V[Q])2 J commutes with J.

(iii) I(7V(s)) = (adJ) V'V = i {J—l,vm*v[?lj}.

Thus s is a harmonic section if and only if VRV commutes with J.
1
(iv) 5°@% = ZJ7! [J, Rv[ﬂ.
Let us add that the vertical tension field N2 is given

x 1 *
47+ (s)) = — [v[z] V[Q]J:| ea = _§J J1 vl V[Q]J} (84)

37with notation defined in remark @
38gee remark
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4.4 Geometric interpretation of the even determined sys-
tem

4.4.1 The injective morphism of homogeneous fibre bundle J;,: G/Gy —
Zo1o(G/H, J2).

Here, we want to ask ourself if the inclusion 3, : G/Go — Z5¢,(G/H, J2) given
by theorem @ conserves the homogeneous fibre bundle structure, in particular:
the vertical harmonicity is it conserved. We use the notations of - 4.3.1] and }£.3.4 -
(with E = TM, V a metric connection on M and j = 2)f}. First, we see
that J;, is obtained by ”passage to the quotient” from the following injective
morphism of bundle (which is an embedding if G is closed in Is(M)):

Jeo: G — Q*=UY(G/H,J2) C SO(M)
g v g-¢o

where ey € SO(T,, M) is such that Mat(Jy) = J5°, and Jy = Tl;l. In other
words G — M is a reduction of Uy°(G/H,J2) — M itself a reduction of
SO(M) — M.
Further quotienting in (B5) by Ug(J§) the target space and then by G the
domain, we obtain (by definition of Gy = G™ N H, see theorem B.2) the injective
morphism of bundle

a5t 9-Go — (g e0)Uo(Jg) € Uy (M, J2) /U (Jg') € SO(M)/Uo(Jg')

(85)

where €y = egUo(J§) € N?, and finally composing with 7 (in the target space)
we obtain the map J,:

9.Go — g+ (eoUo(J§)) v 5o J = gJog ™" € 250, (M, Jo).

Since Jj, (resp. Jg,) is an injective morphism of bundle (and an immersion)
dJj, (resp. dJg,) induces an injective morphism of bundle from the vertical
subbundle V&/%0 = [g;] into the vertical subbundle V2 (resp. V?).

3, is the restriction to G/G of the inclusion map J: End(G/H) — M xEnd(g)
(see 7). Indeed, we have the inclusion depending on Jo: ¢.Go € G/Gy —
lg,J0] € G xg End(m) = End(G/H) which under the inclusion J gives g.Go €
G/Goy — (g.xp,Adg o Tim ©Adg™ 1Y € M x End(g) which is in nothing but J,
(as usual under the 1dent1ﬁcat10n TM = [m]). Then under the inclusion hg C
s0(T M), we have hg C [72622 = ug(TM, J2). Indeed, under the linear isotropy
representation of H in Ty, M, we have H C Ug(Ty, M, J3) = Uy (T, M, Jo) so
that b C ug(Tp, M, J2) and thus hg := G x g b C ug(TM, J2). Moreover let us
remark that 72 o Jz, = 7 so that 7*hg C 7r2*b2Q2 over Jg,: N — N2 (i.e. the
inclusion is a morphism of bundle over Jz,).

Furthermore, since AdJy leaves invariant h C uy (7, M, Jo), the restriction to b
of the symmetric decomposition

Uy (TzoMa JO) = 50(41) (Tmon JO) D 50(—1) (Txon JO)

39That is to say the notations for ZZk 5(G/H, J2) will have the subscript ”2” and these of

G/Go will not have subscript according to {1.3.
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gives rise to the decomposition h = go @ gr according to (@), so that the
symmetric decomposition given by AdJ on wz*héz =y (72" TM, J), that is to
say

w (TM,J) = so 1) (7> TM,J) ® so_1y (7> TM,J)

gives rise in the AdJ-invariant subspace m*hg C ﬁz*f)ég to the symmetric
decomposition of AdJ;, (restricted to 7*hg C so(n*TM))
m™he = tc D pa

according to (@) In other words, the decomposition given by (@) injects into
the decomposition given by (@) via the inclusion 7*hg C 7r2*bé2.

Now let us interpret theorems and using the homogeneous fibre bundle
structure in Z5° (M, J3) defined by the Riemannian vector bundle (E,V) =
M

(TM,V°) (in the sense of [£.3.4). We continue to use the same conventions for
the notations in N and N? (no subscript for N and Subscript 2 for N? and

M
N?#2). Recall that we have J;, = J 0 Jg, = J% J and that (VO)[ I = V. Then
according to theorems §.24 and - theorems - and - .14 implies

Theorem 4.24 We have the following identities
(i) ¢=7z6°
(il) @ = Jgosz

N
(iii) V¢ = VO|[p] = Tz V2, where V2 is the canonical connection in p?Qz.

Theorem 4.25 Let s € C(w) and identify it (temporarily) with s*Jz, € C(7?).
Then under the inclusion Jz,: N — N2, we have:

(i) dvs =d"?%s
(ii) Mvs =172
(iii) 7vs = 7"2s

(iv) s*® = s* 2

These properties holds also, without any change, for maps f € C(L,N), (L,b)
being a Riemannian manifold.

Let us remark that since the connection form w, on @ = SO(T'M) defined by
M

V? is reducible in Q?, then in the previous theorems all the ”quantities” in N2
(right handside) can also be computed in SO(T'M)/Uy(J5°) = Z5° (M), since
”everything is reducible” in this case (see remark [t.19).
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Now, let us compute the vertical tension field of J: L — N% for the homogenous
M
fibre bundle structure defined in N2 by V°: according to (B4) we have

M

1 M
Tw%J>—~—5JlJ5<V%*v°J (86)

Then suppose that J € J;,(G/Gy) i.e. J = s*T;, for a certain s € C>*(L, N),
then according to theorem (and T, = J o Je,) we have

@35, (7" () = AT (772(5) = 773(])

where s =7 1o Jie J=357.
The tension fields (and thus vertical harmonicity) correspond via the

different inclusions and identifications, in particular via J;,: N — N%.
M
In fact in what precedes we can replace the canonical connection in M, V°, by

(the J2 commuting part of) the Levi-Civita connection in M.

Theorem 4.26 The canonical affine connection on M is the Ja-commuting
M
component of the Levi-Civita connection V on M :

M Ja M
VO =v0=vE.

Corollary 4.3 The homogeneous fibre bundle structures in N2 defined by the
M
canonical affine coonection V° and by (the Jy-commuting part of) the Levi-

M
Civita connection V, in M, are the same. Therefore theorems [.13, and

M M
corollary B still hold if we replace V° by V. Moreover theorems and

hold with the homogeneous fibre bundle structure defined in N? by the (Jo-
M
commuting part of ) the Levi-Civita connection V.

Let us conclude this subsection by some additionnnal equalities.

Theorem 4.27 The canonical affine connection on M is the Js-commuting
met

component of the connections V¢ on M :

M met

V0= <vt)
Theorem 4.28 Let J; € C(U3,,(N)) be the section defined by 7'|;1 with, let us
recall it, n =p dm = g & m, then

(2]
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(i) The Ji-commuting component of the (m-pullback of the) canonical affine
M N

connection in M, 7*V°, is VO the canonical affine connection in N. This

latter is also the Ji-commuting component of the (w-pullback of the) Levi-
met,M
Civita connection, and more generally of the connections V! .

N
(ii) The Ji-commuting component of the Levi-Civita connection in N, V, is
N

Vo,

met,N N
(iii) More generally, the Jy-commuting component of V' is VY.
(iv) Let s € C(mw) and J = s*Ty, the corresponding 2k-structure on M, then
N M
s*V0 is the Ji-commuting component of V°, and also the Jy-commuting

M
component of (the s-pulback of) the Levi-Civita connection on M, s*V;
met,N
and more generally of (the s-pulback of) the the connections V?

We recover in particular [ff] from (iv).

4.4.2 Conclusion
Now we can conclude:
Theorem 4.29 Let (L,j) be a Riemann surface, f: L — N = G/Gq be a map

and J = f*7J;, the corresponding map into Z§‘£72(M, J2). Then f is a geometric
solution of the even determined system (Syst(k, 7)) if and only if

(i) J is an admissible twistor lift (< f is horizontally holomorphic)

ii) J is vertically harmonic in Z5° (M, J2) endowed with its homogeneous fibre
Y 2k,2 9
bundle structure defined by the Levi-Civita connection, V, in M :

v vl 7| =o,
where V1 is the Jy-commuting component of V. (& f is vertically har-
monic in G/Gy).
Moreover the first condition implies that J is flat in Z5 ,(M, J2):

J*(I)Z,Q _ |:’LL*RV[2]7J:| _ 0,

where ®2°2 is the homogeneous curvature form in Z§‘£72(M, Ja), which means
also that J is a flat section in End(u*TM,u*V?). (o f is flat in the homoge-
neous fibre bundle N — M ).

Furthermore f is a primitive geometric solution (i.e. there exists m < k such
that f is m-primitive, which is equivalent to say that f is k-primitive) if and
only if
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(1) J is an admissible twistor lift
(ii) J is parallel: VI21.J =0 (< fis horizontal).

Besides in these characterizations, in the points (ii) the Levi-Civita connec-
tion can be replaced by any G-invariant metric connection V' whose the Ja-

commuting component V' leques invariant he C so(TM). This is the case in
particular for the connections

met M B
VE=V0+ i ([, Jm +0M), 0<t<1,

M
for which the Jy-commuting component is the canonical connection on M: V.
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5 Affine (vertically) harmonic maps

5.1 Affine harmonic maps and holomorphically harmonic
maps

A map u: M — N between two Riemannian manifolds (M, g) and (N, h) is
harmonic if it extremizes the energy functional

1
E(u) = i/D |du|*dvol,,

for all compact subdomains D C M, where |du|? = Tr,(u*h). The associated
Euler-Lagrange equation is 7(u) := Try(Vdu) = 0, where V is the connection
on T*M ® v*T N induced by the Levi-Civita connections of M and N.

Now, we generalise this definition for maps from a Riemannian manifold into
an affine manifold. We present to different ways to do that. The first one is the
natural one (see also [R1]) and concerns general affine manifolds whereas the
second one concerns maps from Riemann surfaces into affine almost complex
manifolds.

5.1.1 Affine harmonic maps: general properties

Definition 5.1 Let s: (M,g) — (N, V) be a smooth map from a Riemannian
manifold (M, g) into an affine manifold (N, V). We set

7(s) = Trg(Vds) = =V*ds = xdY * ds

and we say that s is affine harmonic with respect to ¥V or V-harmonic if 7(s) =
0.

Now, let us consider the case where (M, g) is a Riemannian surface surface i.e. a
Riemann surface (L, j) with a Hermitian metric b. Then the action of the Hodge
operator * of L, is independent of the metric b on 1-forms (xa = o j), whereas
in 2-forms (resp. O-forms) it is multiplied by the factor A? (resp. A=2 > 0)
when the metric is multiplied by the factor A € C*°(L,R% ). Hence the tension
field 7(f) = *d¥ (xdf) is multiplied by A%, under this last transformation. In
particular the affine harmonicity for maps f: (L,j) — (IV, V) does not depend
on the hermitian metric L but only on the conformal structure of (L, j). Thus
we have:

Theorem 5.1 Let (L, j) be a Riemann surface and f: (L,j) — (N, V) a smooth
map. Let TL® = T'LOT"L be the decomposition into the (1,0) and (0, 1)-parts,
and d = 90+ 9 and VI TN) = V' + V" the corresponding splittings. Then we
have

20V0f = dVdf +id" *df,

moreover dVdf = f*T, where T is the torsion of V and d¥ * df = 7(f)vol, for

any hermitian metric b in M. Therefore the following statements are equivalent:
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() V'af=0
(ii) oVof =0

(iii) Vo (%) =0, for any holomorphic local coordinate z = x+iy (i.e. (z,y)

are conformal coordinates for any hermitian metric in L).

(iv) f is V-harmonic with respect to any hermitian metric in L and torsion

free: f*T =0 (i.e. T(%, g—Z) =0 for any conformal coordinates (x,y)).

We will say in this case that f is strongly V-harmonic.

Remark 5.1 We remark that the imaginary part (resp. the real part) of equa-
tion (i) (resp. equation (iii)) is the V-harmonic maps equation whereas its real
part (resp. imaginary part) is the torsion free equation f*T = 0.

If T =0 or more generally f*T =0, then f is strongly V-harmonic if and only
if it ws V-harmonic.

5.1.2 Holomorphically harmonic maps

In the case the target space N is endowed with an almost complex structure J
then we have another way to generalise the definition of harmonicity to maps
from a Riemann surface into N.

Definition 5.2 Let (L,j) be a Riemann surface and (N, V) be an affine mani-
fold endowed with a complex structure J. Let us denote TN© = T*ON @ TO'N
the corresponding decomposition of TNC. We will say that f: L — N is holo-
morphically harmonic if

Va0 = 0.

Proposition 5.1 Let (L, ) be a Riemann surface and (N, V) be an affine man-
ifold endowed with a complex structure J. Then f is holomorphically harmonic
if and only if (for any hermitian metric b in M)

To(f) + Jn(f) =0

where Tp(f) = *(f*T) = f*T(e1, ez), with (e1,ea) an orthonormal basis of TL,
or equivalently
Tb(f)VOIb = J(f*T).

Therefore f is strongly harmonic if and only if it is torsion free and holomor-
phically harmonic. In particular, if T = 0, or more generally f*T = 0, then
f is holomorphically harmonic if and only if it is harmonic. Hence for torsion
free connection V harmonicity and holomorphic harmonicity are the same.

Proof. Let Z = X +iY € TNC with X,Y € TN, then since T*°N and T®'N
are given respectively by {V FiJV,V € TN}, we deduce that

(2" =0 X+JY =0 and [Z]"'=0& X -JY =0.
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Now, let us apply that to the T NC-valued 2-form 9V f, we obtain
[POVOf]*0 =0« dVdf + Jd¥ xdf =0

according to theorem @ This proves the first assertion. Then the assertion
concerning strongly harmonicity follows from theorem f.J|(iv). This completes
the proof.

Let us remark that

Proposition 5.2 In the same situation as in the previous proposition, let us
suppose in addition that VJ = 0. Then if a map f: L — N is holomorphic i.e.
df o jr = Jdf, then f is anti-holomorphically harmonic (i.e. holomorphically
harmonic with respect to —J ).

Proof. f is holomorphic if and only if df (T'°L) c TN ie. [0f]°! = 0.
Then we have

@aPt = av [t =0

since V commutes with J. This completes the proof. (|

Holomorphic sections of complex vector bundles Now, we need to do
some recalls about complex vector bundles that we will apply in the next para-
graph to obtain an interpretation of the holomorphic harmonicity in terms of
holomorphic 1-forms.

Let E — M be areal vector bundle (over a manifold M) endowed with a complex
structure J € End(E). Then any frame in the form (el,... el Jel ... Je") at
some point z € M can be extended to a local frame (e, ..., e", Jel,... Je") in
the neighbourhood of z. Then there exists an open covering (Uy )aes of M and
local trivialisations ®,: (E|y,,J) — Uy x (C",ild) which are C-linear isomor-
phisms (9, 0 J = i®,), or equivalently of which transition maps take values in
the endomorphisms of C: ¢35 = 50 &1 U, NUz — GL(C"). Therefore E

is a complex vector bundle.

Remark 5.2 Let us set C = R[J], then C = R[J] is a vector bundle over M
whose fibres are fields isomorphic to C = R[] and each fibre E, of E is a C,-
vector space. Then EC is endowed with two different structures of vector bundle:
one over the field C (the tautological one defined by the complexification of E)
and another one ”over the distribution of field C” (i.e. the one defined by .J).
Therefore we have two different complex conjugaisons in E, that we will call
respectively the C-conjugaison and the (@—conjugaison.

Now, let us suppose that E is endowed with a complex connection V, i.e.
a connection which commutes with J: VJ = 0. Then for all X € TM,
Vx:C(E) — C(F) is C-linear with respect to the complex vector space struc-
ture defined on C(E) by the complex vector bundle structure on E. Then we
have two different ways to extend V to TMC.
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1. The canonical one: for any section s € C(E®), we extend Vs by C-linearity
to a linear morphism from TMC€ to EC,

Vixs =iVxs, VX €TM,s¢cC(E®)

after, of course, having extended V to a connection on EC by setting
Vis =iVs, Vs € C(E). In conclusion, Vs € C(E), Vs € C(T*M® @ E©).

2. By using the complex vector bundle structure of E defined by J: for any
s € C(E), we extend Vs by C-linearity to a linear morphism from 7M®
to E: R R

Vixs=JVxs, VX eTM,seC(C(E).

Let us remark that V depends on J, and since we use the complex vector space
structure defined by J, one needs that V and J commute. One the other side
the simple canonical complex extention defined in 1 (that we still denote by
V) is independant of J and one needs not to do any additionnal hypothesis.

Remark that the extention 1 is nothing but the extention V defined by the
complex structure ildge on E (which commutes obviously with V).

Now let us suppose that M is an (almost) complex manifold with (almost)
complex structure jy;. Then we have the splitting TMC = TVOM @ TO1 M
defined by ju which gives rise respectively to the following decompositions of
V and V:

~

vV = v vOD
V = V+V".

More generally, let n € C(T*M ® E) be a 1-form on M with values in E. Then
we can extend it in two different ways by C-linearity in TMC by setting:

(X 4+iY) = nX)+in®), VX,YeTM
X +iY) = nX)+JInY), VX, YeTM.
Remark that ¢ € C(T*M® ® E®) whereas /) € C(T*M® ® E). As above we can
decompose n® and 7 according to the decomposition TMC = TTOM @ TO1M:
n© o= 0+ (87)
o= YO, (88)

Then we have the following relations

Lemma 5.1

(1,0) _ iJn(l’O) [77//]0>1 _ 77(1,0) + iJn(l’O)

/0,1777(01) : 7,,(0,1) mbo _  (0,1) _ ;7,(0,1) (89)
' =0 +idn @Y ] =g —didn ™
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Proof. Let Z = X —ijy X € TY°M with X € TM. Then

() = [n(X) = in(Giu X0 = n(X) = iIn(X) =i ((inX) = iTn(ju X))
= n(X) = JIn(iuX) —iJ (n(X) = Jn(jm X))
n"0(2) = ign0(2).

This gives us [/]"?. Then by taking the C-conjugate, we obtain []>". Finally,
the second column of (BY) is obtained by C-conjugaison from the first column.
This completes the proof. (I

We can apply what precedes to the flat differentiation d. Let (NV,J) be an
almost complex manifold and s: M — N a map. Then we consider the complex
vector bundle ' = s*T'N over M. Then applying what precedes to the 1-form
n = ds, we can consider the extensions ds and (ds)®, which then allows us to
define the following extension of d to T MC:

ds=ds and d°s= (ds)C,
and by abuse of notationﬁ d® will be still denoted by d. Then we can
write the following decompositions

J:é—l—g and d=0+0

according to the decomposition TM® = T1OM @ TO1 M.

Now let us come back to the general situation of a complex vector bundle E
over an almost complex manifold (M, jr), endowed with a complex connection
V. Let us set

H(M,E)={neT"M ® Elnju = Jn}.

Then H(M, E) is a vector subbundle of the vector bundle T*M ® E and is
naturally endowed with the complex structure defined by

Im)=njm=Jn, VneT"M®E, (90)

which makes H(M, E) being a complex vector bundle whose the set of sections
is
Hom((T'M, jum), (E,J)) = {n € C(T"M @ E)|n o ja = J on}.

The sections of H(M, E) can also be caracterized by using the splittings (R789):

Lemma 5.2 We have the following equivalences for 1-formsn € C(T*M Q E):
noju=Jon < g eT"MeE"Y = 5OV =q.

Then we deduce in particular

40and to be coherent with the notation used until now, in the paper.
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Lemma 5.3 Let s € C(E), then we have the following equivalences:

Vsojy=JoVs e VOls=0= [V’s]o’1 =0<+= V'(s—1iJs)=0.

We will say that s is a vertically holomorphic section.

In fact we can say more

Lemma 5.4 Let us consider the splitting TE = H @&V given by V, where
V =kerm = n*E is the vertical subbundle and H the horizontal one. Then let
us define an almost complex structure J on the manifold E by setting

J = ((dn)"jag) g ® 7.

Then a section s € C(E) is J-holomorphic if and only if it is vertically holo-
morphic.

Proof. It suffices to prove that any section s € C(E) is horizontally holo-
morphic, i.e. satisfies the horizontal part of the equation ds o jy; = J o ds.
We have dm o (ds o jap) = ju since s is a section. In the other side we have
dr o (J ods) = jy odmods = jy, by definition of J and using the fact s is a
section. In conclusion dmo (dsojy) = dwo(J ods). This completes the proof.c]

In the following, we will say that a section of a complex vector bundle (E, J, V)
is holomorphic if it is J-holomorphic.

Now, let us apply the two previous lemmas to the vector bundle H(M, E). First,
let us endow M with an almost complex connection VM (it means VM.J = 0;
such a connection always exists, see [P7]). Then T*M ® E is naturally endowed

® —
with the connection V defined by V™ and V. Further, we denote by V the re-

& —
striction to H(M, E) of V. Then we remark that V commutes with the complex
structure I (defined by (P{)). Therefore, we can now apply the two previous
lemmas to the complex vector bundle (H(M ,E), I, V):

Proposition 5.3 A section of H(M, E), n € Hom((TM, ju), (E,J)), is holo-
morphic if and only if it satisfies one of the following equivalent statements

1) V*n=0
(i) V' =0
11,0
(iii) [V"]
Moreover if M is a Riemann surfaceﬂ, then it also equivalent to

(iv) 0 =0 n9 =0, or

41and VM the unique torsion free complex connection in M, which coincides also with the
Levi-Civita connection of any Hermitian metric on M.
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(v) 9V’ =0

Moreover, if M is a complex manifold (i.e. jps is integrable) then we choose
for VM the unique torsion free complex connection on M. Then we obtain the
following result:

Proposition 5.4 Let | € TM be a complex line in the tangent bundle of the
complex manifold M. Then for any section n € Hom((T'M, ju), (E, J)) we have

the following equality

=(0,1)

Vo s = dY mpsa-
Moreover if n is holomorphic then d¥n = 0. More particulary, if M is a Rie-
mann surface then we have the following equivalence

n is holomorphic <= dVn = 0.

Remark 5.3 One could directly deduces the case of a Riemann surface by using
proposition @

Indeed, the first way to do that is to write d¥n = dVn' +dVn". Then remark
that 1’ and i takes values in E*? and E°! respectively, according to lemmaf5.3.
Therefore since E''° and E%! are V-parallel, we can say that dV7' and d"n”
take values resp. in E''? and E%! resp., so that d¥n = 0 < dVny' = 0 <
dVn'" = 0. Then if M is a Riemann surface dVn’ = dV1/, and we conclude by
using proposition @

The second way to do that is to use the @—hnearity. Indeed, the extension to

TMC by C-linearity of dVy is d/v\n = dvf = d¥p0 = 0, since 70D =0

- =V
(see lemma [5.3). Then if M is a Riemann surface d¥n(t? =9 719 and we
conclude by using proposition f.3-(iv).

Remark 5.4 Let us consider a 1-form § € C(T*M ® E), then we can associate
to it
n=pB8-JBoju=pBo(d—ijy)=pB""01d—iju).

By definition n € C(H(M, E)), i.e. no jy = J on. Moreover, still suppposing
that M is complex and that VM is the unique torsion free complex connection
on M, we have

Vi = V50 o (Id — ijar) (91)

because (Id — ijp) is VM-parallel.

Let us remark that since j,; and the multiplication by 4 coincide in T*M, they
define the same complex structure, which we will suppose T"YM to be canon-
ically endowed with. Then, since B is by definition a complex linear morphism
from TMC to E, f19 is also a complex linear morphism from T4°M to E.
Hence 519 is a section of the complex vector bundle 17 oM ®c E. Therefore,
from equation (91), we deduce that 7 is a holomorphic section of H(M, E) if
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and only if 8%° is a holomorphic section of 17 oM ®c E. In particular if M is
a Riemann surface, we deduce from (p)), that

o =08 Yo (Id —ijy).

Now, we come back to our complex vector bundle (E,J,V) and we recall a
theorem ([24]) which caracterizes when J is integrable.

Theorem 5.2 Let (E,J,V) — (M, jym) be a complex vector over a complex
manifold, with a complex connection V. Then we will say that a holomorphic
structure € is compatible with ¥V (or that V is adapted to E) if it is induced
by the almost complex structure J (defined by lemma . In other words, a
section s € C(E) is holomorphic with respect to € if and only if

VZ e T"'M, Vs =0.

An holomorphic structure € exists on E if and only if J is integrable, and in this
case &€ is unique. Moreover J is integrable if and only if the (0,2)-component of
the curvature opemtmﬁl R of V vanishes.

When M is of dimension 2, then the (0, 2)-component of the curvature operator
always vanishes so that E always admits a holomorphic structure compatible
with V, that we will call, following [E], the Koszul-Malgrange holomorphic struc-
ture induced by V. In the following, we suppose that a complex vector bundle
(E, J,V) over a Riemann surface is always endowed with its Koszul-Malgrange
holomorphic structure.

Interpretation of the holomorphic harmonicity in terms of holomor-
phic 1-forms. Now we come back to the situation in the begining of f.1.9.
More precisely, we consider (N,.J) an almost complex manifold, with V an
almost complex connection, (L, jz) a Riemann surface and f: L — N a map.
Then we apply what precedes to the complex vector bundle E = (f*T'N, f*V, f*J)
over L (i.e. L plays the role of M and f the one of s with respect to the notation
of the previous paragraphs). We obtain a first theorem:

Proposition 5.5 Let f: (L,jp) — (N, J) be a map from a Riemann surface
into an almost complex manifold. Let us set

n=df —Jdf oju.
Then n is a section of H(L, f*TN), i.e. nojy = Jon. Moreover f is holo-
morphically harmonic if and only if n is a holomorphic section of the complex

vector bundle H(L, f*TN), i.e.

vy =0.

42j ¢. the (0, 2)-component of the extension R of R to A2T*MC by C-linearity.
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Proof. We write
d¥n=d¥ (df — Jdf o jnr)) = d¥ (df + Jdf) = dV df + JdY  df

so that we can conclude according to proposition @ and proposition @ This
completes the proof. O

We can give a caracterisation which looks like very closely to the one which
holds for harmonic maps ([]):

Theorem 5.3 A map f: (L,jy) — (N,J) from a Riemann surface into an
almost complex manifold, is holomorphically harmonic if and only if

=V
d of =0, (92)
i.e. 5f is a holomorphic section of Ty oL @c f*TN.

Proof. Apply remark @ to 8 = df and then use proposition @ to prove that
df is a holomorphic section and proposition @-(iv) to prove the equation (@)
O

5.2 The sigma model with a Wess-Zumino term

Here we present an interpretation of the holomorphic harmonicity in terms of
the sigma model with a Wess-Zumino term.

5.2.1 The general case of an almost Hermitian manifold

Proposition 5.6 Let (N, J, V) be an almost complex manifold with an almost
connection V. Then J anticommutes with the torsion 7" of V i.e.

T(X,JY)=-JT(X,Y)
if and only if
1
T= ZNJ and T(JX,Y)=T(X,JY),
where Ny denotes the torsion of J i.e its Nijenhuis tensor.

From now until the end of this section , we consider (N, J) an almost complex
manifold with an almost complex affine connection V and a V-parallel Hermitian
metric h. Therefore (N, J, k) is an almost Hermitian manifold with a Hermitian
connection V.

Proposition 5.7 Let (N, J,h) be an almost Hermitian manifold with a Hermi-

tian connection V. Let us suppose that J anticommutes with the torsion T of
V. Let us suppose also that the torsion of V is totally skew-symmetric i.e.

T (X,Y,Z2)=(T(X,Y), Z)
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is a 3-form. Lastly, we suppose that the torsion is V-parallel, i.e. VT* =0
which is equivalent to VT = 0. Then the 3-form

H(X,Y,Z)=T"(X,Y,JZ)=(T(X,Y),JZ)
1s closed dH = 0.

Theorem 5.4 Let (N, J,h) be an almost Hermitian manifold with a Hermi-
tian connection V. Then, under the hyphothesis of the previous proposition,
the equation for holomorphically harmonic maps f: L — N is the equation of
motion (i.e. Euler-Lagrange equation) for the sigma model in N with the Wess-
Zumino term defined by the closed 3-form H. The action functional is given
by

S(5) = B +5"7(7) = 5 [ laPavol, + [ 1,

where B is 3-submanifold (or indeed a 3-chain) in N whose boundary is f(L).

5.2.2 The example of a 3-symmetric space

Let us suppose now that N = G/Gy is a (locally) 3-symmetric space. We use
the notations of subsection . In particular, N is endowed with its canonical
almost complex structure J defined by @)

Proposition 5.8 The canonical connection V° in N commutes with the canon-
ical almost complex structure J

v'J =0.

Moreover, J anticommutes with the torsion T of V°. Lastly, if N is Rieman-
nian, then V is metric and (N, J,h) is almost Hermitian for any G-invariant
metric h.JH]

Furthermore, the torsion of V° is totally skew-symmetric if and only if h is
naturally reductive.

Now, we can conclude

Theorem 5.5 Let us suppose that the (locally) 3-symmetric space N = G /Gy is
Riemannian and naturally reductive. Let h be a G-invariant naturally reductive
metric on N. Then the equation for holomorphically harmonic maps f: L — N
is the equation of motion (i.e. Euler-Lagrange equation) for the sigma model in
N with the Wess-Zumino term defined by the closed 3-form H, corresponding
to the canonical almost complex structure J and the canonical connection V°.

43 chosen according to our convention explained in subsection : that is 7 leaves invari-
ant the inner product defining h.
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5.3 Affine harmonic maps into reductive homogeneous spaces.

Let N = G/K be a reductive homogeneous space and g = ¢ ® m a reductive
decomposition of the Lie algebra g. We use the notations of section EI (applied
to N = G/K instead of M = G/H).

Theorem 5.6 Let (L, j) be a Riemann surface and f: (L,j) — N be a smooth
map, let F: L — G be a (local) lift of u and o = F~1.dF. Then the following

statements are equivalent:

(i) f is Vi-harmonic for one t € [0,1].

(ii) f is V'-harmonic for every t € [0,1].

(iii) d* am + [ae A *xam] = 0.

(iv) Im (day, + [of A alfy] + e A oy m) =0, VE € [0, 1].

In fact, the tension field T¢(f) of f with respect to V' is independent of t € [0,1].

Theorem 5.7 In the same situation as above, the following statements are
equivalent:

(i) f is strongly V'-harmonic for one t € [0,1]\ {3}.
(ii) f is strongly V'-harmonic for every t € [0,1]\ {3}.
(iii) 0oy, + [of A o] + tlom A alylm =0, VE € [0,1]\ {3}
(iv) f is Vt-harmonic for one t € [0,1] and [atm A Qm]m = 0.
1
(iv) day + E[oo\ Aay] =0, VA € St with ay = A 1al, + ae + Aalh.
Furthermore f is strongly V2 -harmonic if and only if it is V2 -harmonic: indeed
V' is torsion free.

Proof of theorem [.§ The tension field 7*(f) of f with respect to V* is given
by
TH(f) = #+dY wdf = *AdF (d*om + [ae A %] + toum A *Qm]m)
*AdF (d * am + [ce A *auy])
(see section (especially equation (ff)) and section [L.f). This proves the
equivalence between (i), (ii) and (iii). Then we conclude by remarking that
- 1
21Im (Do, + [of A o)) = d¥am+ [ Axonm] and that [, Ao lm = §[am/\am]m
is real. This completes the proof. (I
Proof of theorem f.7 We have for all € [0,1]

OV 0f = AdF (Daly, + [off A all] + t[alh A alylm) (93)
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so that the V-strongly harmonicity of f is written:

ool + [af Aalh] +tah Aal]m = 0. (SL)
Then the imaginary part of av'o f = 0 gives us the Vi-harmonicity whereas the
real part gives us

dom + [oe A am] + tfam A am]m =0 (Re(t))

which is nothing but the lift of the torsion free equation: f*7T°¢ = 0, where
t

Tt = TV . Moreover the projection on m of the Maurer-Cartan equation (on

) gives us the structure equation

1
dog + [ae A am] + g[am Aap]m =0 [MCl

which is nothing but (Re($)) (so that we recover that Tz = 0) but (since it can
be written ((Re(0)) + 3[am A am]m = 0) it is also the lift of (the f-pullback of)
the equation expressing the canonical torsion T in term of the Lie bracket (see

theorem [L.4 or equation ([14)) :

T+, Jm = 0. (94)
which combining with the fact that the left hand side of (Re(t)) is the lift of
f*T*, gives us back T = (2t — 1)[, ] (see ([L4)).

1
Hence according to (P3) and [MC],, the strongly harmonicity for one t # 3

is equivalent to the harmonicity (imaginary part) and [om A am]m = 0 (real
part (Re(t)) combining with [MCJy,). We can also simply say that f is strongly
harmonic if and only if f is harmonic and torsion free i.e. [am A @m|m = 0
according to ([[4)). This proves the equivalence between (i), (i), and (iii). Now,
let us decompose the curvature of a, with respect to powers of \:

1
doy + E[a)‘ Aoy = A H(dal + [ae A aly))
1 1 1
+ (doe + 5[045 A el + §[am A amle) + §[am A Om]m
A (daif, + [ae A ai])
hence using the fact that a is real (i.e. g-valued)

1 doly + e Aol ] =0 (S9)
day + =lax Nay] =0 & [MCle &
2 _
[am A am]m =0

Thus the zero curvature equation on ay is equivalent to the strongly V°-
harmonicity, i.e. the strongly V'-harmonicity for all ¢ € [0,1] \ {3}. Finally
the last assertion is obvious. This completes the proof. (I

We are led naturally to the following definitions.
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Definition 5.3 We will say that u: L — G/K is torsion free if u*Tt = 0 for
t€[0,1]\ {3} (this equation does not depend on t).

Definition 5.4 In the situation described by theorem B—(iv), we will say that
the g-valued 1-form on L, a, is solution of the the first elliptic system associated
to the reductive homogeneous space G/ K, and that the corresponding geometric
map [ is a geometric solution of this system.

Affine harmonic maps into symmetric spaces

Now, if we suppose in particular that N is (locally) symmetric, i.e. [m,m] C
£, then all the connections V¥, 0 < ¢ < 1, coincide. Moreover, if N is also
Riemannian then these are equal to the Levi-Civita connection. Therefore we
obtain:

Corollary 5.1 The first elliptic integrable system associated to a (locally) sym-
metric space N = G/K is the equation for V°-harmonic maps f: L — N. If N
18 Riemannian this means that it is the equation for harmonic maps f: L — N
(with respect to Levi-Civita in N ).

5.4 Affine (holomorphically) harmonic maps into 3-symmetric
spaces

Let us suppose now that N = G/Gj is a (locally) 3-symmetric space. We use the
notations of section E N is endowed with its canonical almost complex structure
J defined by (). We continue here the study begun in concerning the
lowest order determined odd system.

Theorem 5.8 Let (L, j) be a Riemann surface and f: L — N a smooth map.
Let F: L — G be a (local) lift of f and o = F~1.dF. Then the following

statement are equivalent
(i) 9o’y +[af Aoly]+[af Aaj] =0 (S1)
(ii) 9o} +[aff Aa)] =0  (S9)

1,0)

(iii) f 4s holomorphically V*-harmonic: [(VI)”Bﬂ( =0.

(iv) f is anti-holomorphically V°-harmonic: [(V°)"0f] D _ .

(v) [ is a geometric solution of the second elliptic integrable system associated
to the (locally) 3-symmetric space G/Gy:

1
doz)\+§[a)\/\04)\]:0, V/\ESl,

where ay = A72a) + X7t + ap + Aol + N2 .
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Proof. The equivalence (i) < (ii) < (v) have been proved in P.3.3. To prove
(i) < (iii): just take the (1,0)-component in TN€ of (pJ) for t = 1. Idem for
(ii) < (iv). This completes the proof. O

Now, additionning theorems p.§, .7, b.1] and proposition p.1], we obtain

Corollary 5.2 The following statements are equivalent
. . , 1
(i) [ is strongly V'-harmonic for one t € [0,1]\ {3 }.
(ii) f 4s Vi-harmonic for one t € [0,1] and torsion free.
(iii) f is holomorphically Vt-harmonic for one t € [0,1] and torsion free.

(iv) f is a geometric solution of the first elliptic system associated to the re-
ductive homogeneous space G/Gy.

(v) [ is a geometric solution of the second elliptic system associated to the
3-symmetric space G/Gy, and moreover Re ([a; A aq]) = 0.

(vi) f is in the same time a geometric solution of the determined odd elliptic
systems (Syst(2,7)) and (Syst(2,771)).

Now, let us apply theorem @ to the equivalence (iv) < (v) of theorem @

Theorem 5.9 The second elliptic integrable system associated to the 3-symmetric
space N = G /Gy is the equation of motion for the sigma model in N with the
Wess-Zumino term defined by the closed 3-form H, corresponding to the anti-
canonical almost complex structure —.J and the canonical connection V°.

5.5 Affine vertically harmonic maps: general properties

Here we generalise the definition of vertical harmonicity for maps from a Rie-
mannian surface into an affine manifold.

Definition 5.5 Let (N,VY) be an affine manifold. Let us suppose that we
have a splitting TN = V @ H. In other words N is endowed with a Pfaff
system (the vertical subbundle V) and with a connection on this Pfaff system.
Let s: (L,b) — N be a smooth map from a Riemannian manifold (L,b) into N.

Then we set
7V(s) = Trp(VVd?s) = «d" * d’s,

where V is the connection on T*L®s*T N induced by the Levi- Civita connection
of L and VV; and V" is its vertical component. We will say that s is affine
vertically harmonic with respect to VN or VN -vertically harmonic if 7°(s) = 0.

Theorem 5.10 Let (L,j) be a Riemann surface and s: (L,j) — (N,VY) a
smooth map. Then we have

2(V")’ 0%u = dV d’u+idY" *d'u,
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moreover d¥" d'u = u*T", where T is the vertical torsion (see ) and dV" *
d’u = 7Y(u)voly for any hermitian metric b in L. Therefore the following
statements are equivalent:

() (V") 0"u =0

(il) VY% (a(;zu) =0, for any holomorphic local coordinate z = x + iy (i.e. (z,y)
oz

are conformal coordinates for any hermitian metric in L).

(iii) w s VV-vertically harmonic with respect to any hermitian metric in L
and vertically torsion free: w*T% = 0 (i.e. T”(%, g—Z) =0 for any x,y
conformal coordinates).

We will say in this case that u is strongly VN -vertically harmonic.

5.6 Affine vertically harmonic maps into reductive homo-
geneous space

Let G be a Lie group, and K C H C G subgroups of G such that M = G/H
and H/K are reductive. We use the notations of (but we do not suppose
a priori that the reductive homogeneous spaces are Riemannian).

Theorem 5.11 Let (L, j) be a Riemannian surface and f: L — N = G/K be a
smooth map, F: L — G a (local) lift of F and o = F~1.dF. Then the following
statement are equivalent:

(i) f is Vi-vertically harmonic for one t € [0, 1].

(ii) f is Vi-vertically harmonic for all t € [0,1].

(iii) d* ap + [ae A *ap] = 0.

(iv) Im (9, + [of A o] + tlog A ayly) =0, VE € [0,1].

The Vt-vertical tension field 79t (u), with respect of V?, is independent of t €
[0,1].

Proof. We have

(f) =xdY xd'f = *AdF(d*ap + e Axap] + tom A xayly)
= *AdF(d* ap + [ae A xap] + tlop A xaply)
since [m,p] C [m,h] Cm
= *AdF(d* ap + [ae A *ap])

Moreover let us compute the complex second derivative:

(V)" 0" f = xAdF (Da), + [ A ] + [afy A c]p).
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1
Then remark that [ay A aypl, = g[ap A aylp is in the real subspace p. This

completes the proof. O
Now, let f: L — N be an arbitrary map from a Riemann surface into N. Then
the (f-pullback of the) vertical torsion with respect ot V* is

frrtr = AdF (day + o A ag] +tla A aply)
= [T +to A gly)

where ¢: TN — [p] is the projection on the vertical subbundle along the hori-
zontal subbundle [m]. Therefore

Tt"v = TO’U + t[gb A gf)][p]

Moreover, recall that, according to section , the projection on [p] of the
Maurer-Cartan equation gives us the homogeneous structure equation (see equa-

tions (Bg), (p4) and footnote 3

T =9~ %[fb/\dﬂ[p]

1
where & = —5[1/1 A ]pp) is the homogeneous curvature form and ¢: TN — [m]

is the projection on [m] along [p]. Then we have

1
THY — & + (t - 5) [(;5/\ (b][p]-
Therefore

Theorem 5.12 Let us consider the same situation as in theorem .

o If fis flat then strongly V'-vertical harmonicity and torsion freedom, for f,
do not depend on t, if t € [0,1]\ {5}.

Moreover T2V = & so that (if f is flat) strongly vertical harmonicity and vertical
harmonicity with respect to V% are equivalent.

e If H/K is locally symmetric, i.e. [p,p] C €, then Vt € [0,1], T"" = ®.
In particular, the Vt-vertical torsion does not depend on t € [0,1], and thus
neither strongly harmonicity does.

Corollary 5.3 Let us suppose now that N = G/K is a (locally) 2k-symmetric
space and that M = G/H is the corresponding (locally) k-symmetric space.
Then the even minimal determined system (Syst(k, 7)) associated to N means
that the geometric map f: L — N is horizontally holomorphic and vertically
harmonic with respect to any affine connection Vi, 0 < t < 1. Moreover the
horizontal holomorphicity implies the flatness of f and thus its vertical torsion
freedom (with respect to any connection V¢, 0 < t < 1). More precisely the
(last) equation (Sk) of the system means

(V)" o0vf =0
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i.e. that f is strongly V'-vertically harmonic, so that its real part means that f
1s vertically torsion free and its imaginary part that f is vertically harmonic.
The Riemannian case

Now, let us suppose that M is Riemannian, and then so is N. In other words, we
are in the situation described by . Let us consider the metric connections
in N: .

me

Vi=v"4+tBY, 0<t<1

with BN = [, Jjy + UY and UV defined by equation 3.
For any AdK-invariant subspace [ C n, we will denote by U': [ x [ — [ the
bilinear symmetric map defined by

(UNX,Y),Z) ={Z, X],,Y) +(X,[Z,Y])) VX,Y €l
and by Ul its extension to the subbundle [[] C TN. Then we have in particular
UV =UM and U=TUP

where, let us recall it, U is defined by (B1]).

met
Now, let us project the definition equation of V * in the vertical subbundle: we
obtain VYV € C(T'N),

met
H(VIV)=VV +tpoBY.
Moreover, according to 7 we have ¢ o BY = ¢*B — ® so that

met

H(VIV)=V'V +t(¢*B — ®)

and in particular VYV € C(V), VA € TN,

met
VAV = VAV + ¢ ([64, V] + UM (64, V).
Then according to theorem @ and remark Q it follows:

Theorem 5.13 o [f H/K is naturally reductive, then the connections defined
met
by the restriction toV of V 4, 0 <t < 1, are all ¢-equivalent. Therefore

met
vertical harmonicity, with respect to V!, is the same for all 0 <t < 1.

met
o If H/K is locally symmetric, then all the V tv 0 <t <1, coincide in V. In

met
particular strongly harmonicity is the same for all the connections V¢,

0<t<1.
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met

The vertical torsion of V t We have seen in E that the torsion of V7 i
the same as that of V¥. Now let us see what happens for the vertical t0r81on

met
The vertical torsion with respect to V 7,
met met,
T v _ d AV d)
lifts into
dbp + [0 A Op] + [0 A Oplp + L [U™(0n A Gp)],

where as usually 6 denotes the Maurer-Cartan form in G. We will prove that
the last term in the right hand side vanishes. Indeed we have VX,Y, Z € g,

<UH(X"’YP)’ZP> = <[ZP7 ]ﬂ7YP> + <Xﬂ’[ZP’YP]H>
([Zp: Xplp, Yp) +  (Xp, [Zp, Yolb) o5
since [p,m] C [h,m] C m, since [p,p] C b (95)

Then [U"(6n A 0y)], = UP(6p A b)) =0, because UP is symmetric. Therefore

met
T =Th (96)

Corollary 5.4 In corollary @, the affine connection V' can be replaced by the
met
metric connection V t.

Remark 5.5 In particular for ¢t = —, we recover theorem . Moreover, we
see that in general the value t = _f i.e. the Levi-Civita connections, plays a

special role according to theorem and equation (94). Indeed for the Levi-
met ;
Civita connection, we always have T 30 = ®, so that if f is flat, the strongly

harmonicity and the vertical harmonicity are equivalent.
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6 Appendix

6.1 Vertical harmonicity

Theorem 6.1 Let us consider the situation described by example E and sup-
pose that m: N — M is a Riemannian submersion anduw: L — M is an isometry
. Then f: L — N is vertically harmonic if and only if the corresponding section
f: L — u*N is a harmonic section. Furthermore f: L — N is harmonic if and
only if f: L — u*N is harmonic and [7’(]”)]1“‘*@“L =0 i.e. the component of the
tension field in the subspace of H corresponding by the isometry dm 3 to the nor-
mal bundle u.(T L)% in TM, vanishes, or equivalently [dr(7(f)]u. (rr)s =0

Proof. The Levi-Civita in ©u*N is the orthogonal projection ofthe Levi-Civita
connection in L x N, on the tangent bundle T'(u*N). Let us determine this or-
thonormal projection. First let us express clearly what is the tangent subbundle
T(u*N) in T(L x N).

Ty (™ N) = {(&n) € T L x Nldu(§) = dr(n)}.

Let us do some identifications. First an usual one: consider that T'L is a
subbundle of T'M);, (and forget the "u.” in wu.(T'L)), secondly: we consider
that 7*TM = H, identifying these by the isometry dm, so that we will
write Hir-1(py = 7*TL & 7*TL*, where TL"* is the normal bundle of L in
M. Moreover, for any n € T'N|z-1(r) let us write its decomposition following
TNﬂ.—l(L) = TL®mTL @ Vﬂ-—l(L) as

n =7y +nppe 0
Then under the previous identifications, we have

Ty (W'N) = {(&n) € TL x T,Nnj, =& njp. =0}
{(€&,&+nY), € € L, 1Y € Va}.
This gives us a splitting T'(u*N) = V"N @ H*" N where ¥(I,n) € u*N,

Vi N ={0}xV, and My N =TLxHuNT ) w N) ={(£,¢) € TLxT,L}.

Let us determine the orthogonal of the tangent space T'(u*N):

(avﬁ) € (T(l,n)(U*N))l —
V(€ n) € Tin(u*N), 0 =

= (a+ 077, 87) =0.

Therefore

(T N)) " = {(=34,8), 8 € Ha}.
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Decomposing each (a,b) € T(L x N)j,-n following the decomposition T'(L x
N)jwsn =TW*N) & T(u*N)*: (a,b) = (£,1) + (o, 8), then we obtain

b= (nfp + Brr) + Brr +n

so that this decomposition is therefore given by

b bt — bt
(a,b) = <a+2TL a4 b +bv> (_( TL2 a)7 ( TL2 )+bTLL)-

Now, let us come back to our fonction f: L — N and the corresponding section
f:(L,b) = u*N. Then let us compute

* uw*N

u" N
= (O,dvf) = ([V(Oadvf)]T(u*N))

uw*N

[0, 94" e )) *

1 ver
(5 vd'f TL, (Vd” Y+ vedy f)
0,V

Vu*N

u* N - u* N
Ve f = VP (dl, df)

Finally, we have proved
u* N
VUdUf =VUd'f (97)

and by taking the trace, we obtain the first assertion of the theorem.
Now, in the same way we obtain

V'af = (5Tt 5 (VAT + T ) (99)

so that f: N — u*N is harmonic if and only if [7(f)]%, = 0 and [r(f)]Y = 0.
Therefore f: L — N is harmonic if and only if f: N — »*N is harmonic and
[7(f)]7, . = 0. This completes the proof. O

From the proof of theorem [p.1] (more precisely from (p7) and (Pg)), we obtain:

Theorem 6.2 Let us consider the situation described by theorem . Then
f+ L — N is superflat if and only if the corresponding section f: L — u*N is
superflat. Furthermore f: L — N is totally geodesic if and only if f: L — u*N
is totally geodesic and [Vdf]?LL =0 (i.e. [dn(Vdf)]p,. =0).

Remark 6.1 The metric defined in example @ in u*N (and thus in theo-
rems and @, i.e. the metric induced by the product metric, is given by

(&, m)I* = 21¢]* + ¥ [? (99)
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whereas, when 7: N — M is a Homogeneous fibre bundle, the metric in u* N,
considered as an Homogeneous fibre bundle, is defined in @ by equation (@)
and is given by

(&) = 1€ + 0" (100)

However, theorems @ and hold, of course, also with the metric (@)
Indeed, first remark that the theorems hold if we multiply the product metric
in L x N by a constant factor. Then just apply these theorems with the same
(M, g) (and thus the same (L, u*g)), N endowed with the new metric |-|3,+2|-|3,
(the old one being ||, +|-|2) and endow L x N with  times the product metric,

1
then the induced metric on u*N is ([L0(): 5(|g|2 +(JE2+2[nY)2) = |2+ Y2
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