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MINIMAL BLOW-UP SOLUTIONS TO THE MASS-CRITICAL
INHOMOGENEOUS NLS EQUATION

VALERIA BANICA, REMI CARLES, AND THOMAS DUYCKAERTS

ABSTRACT. We consider the mass-critical focusing nonlinear Schrédinger equa-
tion in the presence of an external potential, when the nonlinearity is inhomo-
geneous. We show that if the inhomogeneous factor in front of the nonlinearity
is sufficiently flat at a critical point, then there exists a solution which blows
up in finite time with the maximal (unstable) rate at this point. In the case
where the critical point is a maximum, this solution has minimal mass among
the blow-up solutions. As a corollary, we also obtain unstable blow-up solu-
tions of the mass-critical Schréodinger equation on some surfaces. The proof is
based on properties of the linearized operator around the ground state, and on
a full use of the invariances of the equation with an homogeneous nonlinearity
and no potential, via time-dependent modulations.

1. INTRODUCTION

1.1. Setting of the problem and main result. We consider the equation
(1.1) 10w+ Au — V(z)u+ g(@)|u/u =0, =eR

Ujp=p = Up € H! (Rd)
where d = 1 or d = 2, g and V are real smooth functions on R%, bounded as well as
their derivatives, and ¢ is positive at least in an open subset of R?. We investigate
blowing up solutions to (1.1). One of the applications that we have in mind is the

study of finite time blow-up for solutions to the nonlinear Schrodinger equation on
surfaces. The link between these two problems is detailed in §1.3 below.

First, let us recall some classical arguments (see e.g. [15]). The nonlinearity
is energy-subcritical, so for any initial condition vy € H', there exists a maximal
interval of existence |T—(ugp), T+ (uo)[, and a solution u of (1.1) such that

ue C(]T—aT-l‘[a Hl)
Furthermore if T < +o00, then liI%l [Vu(t)||z2 = 400. The mass M = |[u(t)||3-
t—Ty
and the energy

B- [ (%|Vu(t,x)|2 V@l o) -~

z)|u(t, x 3+2)d$
5ot

are independent of t €]T_, T4 [.

We consider the ground state ), which is (up to translations) the unique positive
solution of the equation

AQ+ QY =@, zeR%

Recall that @ is C*°, radial, and exponentially decreasing at infinity. Furthermore,
Q is the critical point for the Gagliardo—Nirenberg inequality ([39])

d 4/d
(12) 750 < CIVEIR: Iy, v e H' (RY).
In the homogeneous case V =0, g = 1, the equation

(1.3) i0pu + Au + [u|Y % =0
1
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is stable by the pseudo-conformal transformation: if u is a solution of (1.3), so is
0(t, x) defined by
[ w|? 1
- e’ it _ €T
Applying this transformation to the stationary solution e, one gets a solution of
Equation (1.3)

2
JEdl

ilzl2
R ( T )
S(t,.’l]) e td/Q Q t 9
that blows up at time ¢ = 0, and such that |Vu(t)||r2 ~ 1 as ¢ — 0. A classical
argument shows, as a consequence of (1.2) that this is the minimal mass solution
blowing-up in finite time (see [39]).

When equation (1.3) is perturbed in such a way that the pseudo-conformal trans-
formation is no longer valid, there are only few known examples of blow-up solutions
with the same growth rate. Consider the same equation (1.3) posed on an open
subset of R? (with Dirichlet or Neumann boundary conditions) or on a flat torus.
Then one can construct blow-up solutions as perturbation of S(¢,z) with an expo-
nentially small error when ¢t — 0: see [31] for d = 1 and [12] for d = 2. The proof
relies on a fixed point argument around a truncation of S(¢,x). The linear term
is considered as a source term, and is controlled in spaces of functions decaying
exponentially in time. This approach was first used in [26] to construct solutions
with several blow-up points.

The recent work [20] is devoted to a 4-dimensional mass critical Hartree equation,
with an inhomogeneous kernel. In the corresponding homogeneous case, when the
Hartree term is (|| =2 |u|?)u, (1.4) leaves the equation invariant, yielding a blow-up
solution analogous to S(¢,x). Under the assumption that the perturbation vanishes
at some large order at the blow-up point, a pseudo-conformal, minimal mass blow-
up solution of the perturbed equation is constructed. In this case, the solution
is only a polynomial perturbation of the explicit ground state pseudo-conformal
blow-up solution, and the proof of [31] and [12] is no longer valid. The construction
of [20] relies on an adaptation of an argument of Bourgain and Wang [10].

In the general setting of (1.1), the strategy of [31] and [12] does not work either
unless both g and V are constant around the blow-up point. The argument of
Bourgain and Wang is easy to adapt and gives, as in [20], a minimal mass solution
under strong flatness conditions on g and V' at the blow-up point (see Remark 1.5
and Section 2). These flatness conditions and the concentration of the solution at
the blow-up point imply that the terms induced by g and V' are small at the blow-
up time. Our goal is to weaken as much as possible these conditions: we construct
blow-up solutions for any bounded potential V' with bounded derivatives, assuming
only a vanishing condition to the order 2 on g — g(z) at the blow-up point zy. We
assume for simplicity that zo = 0 and that g(0) = 1, the general case zo € R,
g(zo) > 0 follows by space translation and scaling. For s > 0, we denote

v* = {v e H* (RY) |[a]'v € 12 (RY)} = H* (RY) 0 F (H* (RY)),
and we shall drop the index for ¥!. Our main result is the following:

Theorem 1.1. Letd =1 ord =2 and V € C?(R%:R), g € C*(R%R). Assume

that 0PV € L™ for |B] < 2, 0%g € L™ for |B| < 4, and

dg 0%¢g

75,0 = 3,0
T, x;j0x

(1.5) 9(0)=1 ; =0,1<j,k<d.
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Then there exist T > 0, uw € C(]0,T[,X) solution of (1.1) on |0,T[ such that

00 -0, 0w 1 =m0 £ E o st

where 0, \ are continuous real-valued functions and x(t) is a continuous R¥-valued
function such that

O(t)=7+o(1) asT— +o0,
A(t) ~t and |x(t)] = o(t) ast—07.
Remark 1.2. We easily infer the asymptotics
1212 _ig

- . v (%)
— 0, with Sao(t,z) = etV er v Q (%) .

t) — Syt H

Hu( ) F(H) t—0+ td/2
Note that in this formula, we do not control the H'-norm, for which a better control
of X and z(¢) would be needed.

As explained below, we construct the blow-up solution as a perturbation of the
solution Ss(t,z). The flatness condition on ¢ implies that the new perturbative
terms induced by the inhomogeneity g are small as ¢ tends to 0.

Remark 1.3. The pseudo-conformal blow-up regime of Theorem 1.1, where the
blow-up rate ||Vu(t)||2 is of order 1/t around ¢ = 0, is unstable and non-generic,

1/2
as opposed to the blow-up regime at a rate (M) highlighted (in space

dimension 1) by G. Perelman [32] (see also [30]). This log-log regime was shown
to be generic in all dimensions, under a spectral assumption if d > 2, in a series of
papers of F. Merle and P. Raphaél (see e.g [29, 35]). This assumption was checked
in the case d < 4, and the main properties of the log-log regime persist for d = 5
(see [17]). Theorem 1.1 may also be seen as a structural stability property for the
pseudo-conformal blow-up regime: this regime persists under some perturbations
of the equation.

Remark 1.4. Note that (1.6) implies ||u(t)[|3 = ||Q||3. If we assume furthermore
that |g| < 1, the solution constructed in Theorem 1.1 has minimal mass for blow-
up. This is consistent with the conjecture that the non-generic blow-up occurs at
the boundary of the manifold of all blowing-up solutions. Note also that ¢ may not
remain everywhere positive: we consider a localized phenomenon.

Remark 1.5. Establishing Theorem 1.1 is much easier if we assume that V —1(0)
and g — ¢g(0) vanish to high order at = 0. This is the analogue of Theorem 1 of
[20] in the context of Hartree equation. In Section 2, we give, in this less general
setting, a short proof of (1.6) which is an adaptation of [10] and simplifies the
argument of [20]. In this case we can assume that 0(7) = 7, A(t) =t and x(¢) = 0.
The first equality should also hold (in view of the recent work [36]) in the general
context of Theorem 1.1. The main difficulty of the proof of Theorem 1.1 under
the general assumption is to combine the strategy of [10] with modulation theory
to relax the high order flatness assumption to the weaker assumption (1.5). This
difficulty already appears in [23] in a more delicate context (see below).

We next discuss two particular cases. If g = 1, our theorem shows that for any
real-valued smooth potential V' which is bounded on R? as well as all its derivatives,
for any point o € R?, there exists a solution of

i+ Au — V(z)u+ |[u[*?u =0
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blowing-up at zg at a pseudo-conformal rate. Little is known about blow-up so-
lutions for this equation, except in some particular cases (where V' is unbounded)
where algebraic miracles provide a good understanding: if V' is linear in z, Avron—
Herbst formula shows that V' does not change the blow-up rate ([14]). If V(z) =
+w?|z|?, V changes the blow-up time, but not the blow-up rate ([13]). Our result
shows that the S(¢) blow-up rate remains for any bounded potential (e.g. obtained
after truncating the above potential).

Equation (1.1) in the case V = 0 was studied by F. Merle in [28]. Assume for
the sake of simplicity that

g(0)=1 and Vz #0, |g(z)] < 1.

In this case, g attains its maximum at 0. In [28], it is shown, assuming g € C1, V =
0, and an additional bound on g and its derivative, that for any mass M > [|Q||%,
and close to [|Q]|2 , there exists a blow-up solution u of (1.1) such that |luol|2, = M.
It is also shown that a critical mass blow-up solution must concentrate at the critical
point 0. Furthermore, if there exists a €]0, 1] such that g satisfies

(1.7) V() @ < —[afFe

for small x, then there is no critical mass solution. Note that this assumption
implies that g is not C2. The existence of minimal mass blow-up solutions for g
which do not satisfy (1.7) is left open in [28]. Theorem 1.1 answers positively to
this question for smooth g, except in the critical case Vg(0) = 0 and V2g(0) # 0,
which includes the case & = 1 in (1.7). After our article was written, P. Raphaél
and J. Szeftel [36] have shown the existence of a minimal mass blow-up solution in
the case where the matrix V2¢(0) is non-degenerated. The strategy of the proof
borrows arguments due to the pioneering works of Y. Martel [24], Y. Martel and
F. Merle [25]. The authors also show a difficult and strong uniqueness result: this
solution is (up to phase invariance and time translation) the only minimal mass
solution. This is in the spirit of the work by F. Merle [27] for (1.3) (see also [18],
and [2] for partial results in the case of a plane domain)

Under the assumption V2g(0) = 0, the authors of [36] conjecture that the set of
minimal mass solutions is parametrized by two additional parameters, the energy
and the asymptotic momentum. Our goal here is to give a simple construction of
critical-mass pseudo-conformal blow-up solutions in curved geometries (see §1.3)
and we do not address the issue of classification of these solutions.

We do not address either the question of the existence of non-generic blow-
up solutions of (1.1) with supercritical mass. Examples of such solutions were
constructed in [10] for equation (1.3) in space dimensions 1 and 2 and in [20] for
the case of Hartree nonlinearity in space dimension 4. In both cases a supercritical
mass blow-up solution is obtained, up to a small remainder, as the sum of a minimal
mass blow-up solution and a solution that vanishes to some order at the origin at
the blow-up time. It should be possible to adapt our method to construct the same
type of solutions. Note that our case is of course simpler than the one of Hartree-
type nonlinearity, where the non-local character of the nonlinearity appears as an
important issue in this construction.

Let us mention the conjecture, stated in [32], that there is a codimension one
submanifold of initial data of equation (1.3) in H' leading to pseudo-conformal
blow-up. In [23] J. Krieger and W. Schlag constructed, for this equation in space
dimension 1, a set of initial data leading to this type of blow-up. This set is,
in spirit, of codimension 1 in a space ¥ (NN large), without being, rigorously
speaking, a submanifold of this space. The proof of [23] requires a full use of the
modulations, and also very delicate dispersive estimates for the linearized operator.
This type of result is out of reach by our method. As a drawback, the method
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of [23] can only deal with functions with a very high regularity, whereas our fixed
point, relying on energy estimates, is essentially at an H%?% level. Our argument
should in particular work in dimensions d > 3, although the lack of regularity of the
nonlinearity might become an issue in high dimensions. Let us mention although
the works [21, 22, 7, 8] devoted to the constructions of stable manifolds around
solitons or stationary solutions for other equations.

1.2. Strategy of the proof. The key ingredient of the proof is a result of M. Wein-
stein [40] on the properties of the linearized NLS operator around the ground state,
which implies that the instability of the linearized equation is only polynomial, not
exponential.

We first consider, as in [10], the pseudo-conformal transformation (1.4). Thus u
is a solution to (1.1) on 0,7 if and only if ¥ is solution to the following equation

on}%,jLoo[:

(1.8) 107+ AT — %V(%)ﬁ—i—g(%) 3145 — 0,

Intuitively, for large time, the potential term is negligible (it belongs to L} L2°, hence
it is short range in the sense of [16]), and the inhomogeneity can be approximated
by its value at the origin. Therefore, a good asymptotic model for (1.8) should
be given by the solution (with the same behavior as t — +00) to the “standard”
mass-critical focusing nonlinear Schrodinger equation (1.3). We want to construct
a blow-up solution to (1.1) by constructing a solution v to (1.8) which behaves like
the solitary wave e®*Q(x) (which solves (1.3)) ast — +oo. In the case g = 1, there is
a huge literature concerning the existence and stability of solitary waves associated
to (1.8) when the potential 1/t2V (z/t) is replaced by a time independent potential:
therefore, these results seem of no help to study the blow-up phenomenon.
In a first approximation, we look for a solution of the form

(1.9) v =e"(Q+h).

Therefore v is a solution of (1.8) if and only if
; 1 T x
(110) i+ Ah—h— =V (?) (Q+h)+g (?) 1Q+h[MUQ +h) — QI = 0.

Consider the linearized operator near )

2 2 —
(1.11) Lf:=—-Af+f— (E“) Q‘VdffEQ“/df.
In [40], it is shown that the semi-group e** is bounded in the orthogonal space of a
2d+4 dimensional space S, the space of secular modes, where it grows polynomially.
This allows us to construct the solution h of (1.10) as a fixed point in a space of
functions that decay polynomially as t — +o00. Namely, we can write (1.10) as

(1.12) i0th — Lh = R(h),

where R(h) is, roughly speaking, the sum of a source term involving @, V and g,
of a similar linear term where @ is replaced by h, and of a term which is nonlinear
in h. The latter is essentially harmless, since we expect h to be small. The first
two terms can be proved small provided that we require a sufficient vanishing for
V and g — 1 at the origin to balance the polynomial growth of the semi-group e
on S. This approach is sketched in §2 below. Note that even though intuitively,
it is natural to expect 1/t2V(z/t) and g(x/t) — 1 to be negligible for large time,
proving this requires the nontrivial bounds on e’ shown in [40], since the S(t)
behavior is unstable. In the case where V and g — 1 are not too flat at the origin,
more information is needed.
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In order to loosen the assumptions on the local behavior of V' and g near the
origin, we use all the invariances associated to (1.3) to neutralize as many secular
modes as possible. There is a 2d + 3 dimensional family of modulations, given by
the scaling, space-translation, gauge, Galilean, and conformal invariances. By mod-
ulating the function v thanks to these transformations, we can eliminate all secular
modes but one, limiting the growth of the operator e?**. This allows us to decrease
the order to which V and g — 1 vanish at the origin, so as to infer Theorem 1.1.
As mentioned before, this approach is quite similar in spirit to [23] for L2-critical
Schrodinger equation, and to [7, 8], where an L?-supercritical Schrédinger equation
is considered.

One of the difficulties of our proof is to include the choice of the modulation
parameters in the definition of the operator defining the fixed point. In this context,
the contraction property seems hard to check: we manage to prove continuity only
(see Proposition 7.5). We bypass this difficulty by using the Schauder fixed point
theorem. A key step is to obtain energy estimates on an evolution equation with
a time-dependent operator, which is the sum of the linearized operator L and a
time-dependent perturbative term which is given by the modulation.

1.3. Application to NLS on surfaces. Let us first recall that the other known
blow-up regime, the log-log regime, is not only more stable on R%: it is structurally
stable, in the sense that it persists in other geometries. The case of a domain was
settled by F. Planchon and P. Raphagl [34], and the one of a general Riemannian
manifold by N. Burq, P. Gérard and P. Raphaél [11].

As a consequence of Theorem 1.1, we are able to construct blow-up solutions —
with 1/¢ blow-up speed, and with profile related to @@ — on surfaces flat enough at
the blow-up point. To this purpose we consider rotationally symmetric manifolds.
Such a manifold M is a Riemannian manifold of dimension 2, given by the metric

ds® = dr® + ¢2(r) dw?,

where dw? is the metric on the sphere S, and ¢ is a smooth function C'*°([0, cof),
positive on ]0, o[, such that ¢ (0) = 0 and ¢'(0) = 1. These conditions on ¢
yield a smooth manifold (see e.g. [33]). For example, R? and the hyperbolic space
H? are such manifolds, with ¢(r) = r and ¢(r) = sinhr, respectively. The volume
element is ¢(r), and the distance to the origin from a point of coordinates (r,w) is
r. Finally, the Laplace—Beltrami operator on M is

¢'(r) 1
Ay = 02 + O + ——Ag1.
¢(r) =~ ¢?(r)
Now, if we consider % a radial solution of NLS on M (recall that d = 2)
(1.13) 10yt + At + @ = 0,

then the radial function u defined by

a(t,r) = u(t,r) ( ¢(TT))1/2

satisfies Equation (1.1) with

1) L (N
Vi) =55 4(<¢<r>) rz)v 19 = 505

Therefore we are in the framework of Theorem 1.1, up to conditions of flatness of
the metrics at the blow-up point and of boundedness of V' and ¢ at infinity. These
boundedness conditions corresponds to conditions on the growth of the unit ball
volume of the manifold at infinity.
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This proves the existence of a blow-up solution of speed 1/t and critical mass
for such surfaces. Notice that the hyperbolic space ¢(r) = sinhr correspond to
the borderline case 92¢g(0) # 0, which we do not reach with our method. This
should be covered, however, by an extension of the work of [30] to equations with
a linear potential. The motivation for this case would be to complete the available
information: the virial identity yields a sufficient blow-up condition which is weaker
than in the Euclidean case ([3]), and for defocusing nonlinearities (or focusing
nonlinearities with small data), the geometry of the hyperbolic space strongly alters
scattering theory, since long range effects which are inevitable in the Euclidean case,
vanish there (see [5, 19, 1]; see also [6, 4]).

We conclude this subsection by giving explicit examples of surfaces satisfying
the above assumptions.

Example 1.6 (Compact perturbations of the hyperbolic and Euclidian planes).
Let ¢o,dp € R and consider ¢ € C*°([0, +00]) such that ¢(r) = r + cor® + O(r") as
r — 0, and ¢(r) = sinh(r) + dy or ¢(r) = r + dy for large r. Then there exists a
solution @ of (1.13) that blows up at time ¢ = 0 at the origin r = 0, and such that
IVa(t)|| 2 = 1/t as t — 0. An example of such a surface in the case ¢(r) =+ dp
for large 7 is given by the surface M of R3 equipped with the induced Euclidean
metric and defined by the equation z = f(y?+22), where f : Rt — R is a smooth
nondecreasing function such that f(0) = f/(0) =0 and f(s) = x¢ > 0 for large s.

Remark 1.7. Many simple manifolds do not enter in our framework, as they do not
satisfy the boundedness conditions on V and ¢ at infinity. Examples are given by
the surfaces of R? defined by the equation z = (y? + 22)*, k > 2, with the induced
Euclidean metric, which are spherically symmetric manifolds such that g = r/é(r)
satisfies assumption (1.5), but grows polynomially at infinity. We do not know if
this is only a technical point and it would be interesting, in view of these examples,
to relax the boundedness conditions on V and g at infinity to a polynomial growth.
The case of non-flat compact surfaces, even with strong symmetry assumptions, is
also completely open.

1.4. Structure of the paper. In §2, we sketch the proof of Theorem 1.1 under
strong flatness assumptions on V' and g near the origin. The result then follows in
a rather straightforward fashion from a standard fixed point argument, relying on
estimates on the linearized operator L due to M. Weinstein. In §3, we introduce the
full family of modulations, in order to reduce the proof of Theorem 1.1. In §4, we
recall some more precise properties on the linearized operator L, which are crucial
for tuning the modulation, as presented in §5. Once the modulation is settled, we
study the non-secular part of the remainder in §6. The proof of Theorem 1.1 is
then completed in §7, thanks to compactness arguments. Minor technical results
are detailed in two appendices, for the sake of completeness.

2. PROOF OF A WEAKER RESULT
In this section, we sketch the proof of Theorem 1.1 with
O(t) =7, At)=t, x(t)=0,
(hence S = S5 in Remark 1.2) under the

Assumption 2.1. Letd =1 or 2, and V,g € C*(R% R). Assume that for all a,
0%g,0“V € L, and that there exist my > 7 and mg > 9 such that:

VI8l < my, 0%V (2)| < Ogla™ 1Al if 2] < 1,
VI8l <myg, [8%(g(x) — 1)| < Cpla|™ 1Pl if |2 < 1.
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Recall that the linearized operator L is defined by
2 2 _
Lf:=—-Af+f— (8 + 1> QYIf = SQYf.
We will need the following property of L, which is a consequence of [40] (see also
[9, Proposition 1.38]).

Proposition 2.2. One can decompose H* (Rd) as H' = S @& M, with S (of finite
dimension) and M stable by e'** and such that, if Py and Ps denote the projections
on M and S, respectively, the following holds. If s > 1 and ¢ € H?, then for all
t>1,

e Ps()] . < € (14+6) [ foa)le
e Pas (¥)]] 1o < CllYll -
Also, if ' > 1 and ¢ € £%, then for all t > 1,
|l e paw)],, < 01+ 8) [owlelaa,
|lal Py )|, < Cllet wlos+ € (144) [0l
In particular, we have for all s > 1 and v € H® (Rd),
(2.1) e ]| o < C (14 1t1?) W]l are
and for all ¢ € 3,
(2.2) [lzle™ ¥ . < Clllelell gz + C (L +[t) 14
In order to prove Theorem 1.1, we need to find a solution of
i0th — Lh=R(h) ; [|h(t)]s el 0.
We now give the expression of R(h): R(h) = Rnxr(h) 4+ Rr(h) + R, with
_ £ 4/d 1+4/d 2 4/d 2 4/d7;
Ryu(h) = ~g () ||Q +AY"@Q+h) = Q7 — (2 +1) QY - 5QVR|,
AT ajay, | 2ovag| 4 Ly (F
Ry (h) = [1 g( )} [(d+1)Q h+ Q"R +t2V(t)h,

t
) Q).

T

)= [1-0(3) @ v

We construct a fixed point for the functional
+oo
(2.3) M(R)(t,z) = / e TOLIR(B) (7, x)dT,
t

that we decompose as M(h) = Mnr(h) + Mr(h) + My, in accordance with the
decomposition of R. Let s > d/2 with s > 1, T > 1, and 4 < b < a real numbers
to be chosen later. We can prove that M is a contraction on the ball of radius one
B, of the space

Eopr = { € C([T,+oo[; H*NY) | [[¢]|lz < o0},
where

[0l = sup (£ |9 ()]l = + ¢ [[Jz] ()] 12) -
t>T

In the sequel we will denote by C a positive constant, that may change from line
to line and depend on a, b, and s but not on 7.
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Since the assumptions made in this paragraph are not as general as in Theo-
rem 1.1, we shall only sketch the main steps of the arguments which lead to the
conclusion of Theorem 1.1.

Bound on the nonlinear terms. There exists C' > 0 such that

C
Vh,f € Bapr, [IMyr(h) = Mni(Hlp < ez lih = flle-

This estimate follows from (2.1), (2.2) and the definition of E, j 7, which is an
algebra embedded in L>° (Rd). Note also that 4/d > 1, so Ry, contains nonlinear
terms which are at least quadratic in h.

Bound on the first linear term. There exists C' > 0 such that

C
VhafeBa,bﬂfo’ HM}‘(h)_MlL(f)HES Wllh_fHE’

where
M (h)(t,z) = /+OO elTHLy {g (E) - 1} [(2 + 1) QYeh + EQM’% dr.
’ p T d d
The key remark is that @ decays exponentially. If || < 7, by assumption on g,

Hg (E) _ 1} Q(x)4/d‘ <C ‘g (;) _ 1‘ eelel < jppmog—clal ¢ € ~5lal

T T T
If |z| > 7, in view of the boundedness of g and the exponential decay of Q,
Hg (E) - 1} Q(x)4/d‘ < Ce ol < Cem27em 2],
-
Hence the bound

C c
Vo e Rd, V1 > 1, Hg (E) — 1} Q(.T)Ll/d} < Te—§|z|_
T T'"9
Proceeding along the same lines, we infer
. C
24 Ils () -1]@],. < =
T Hs Ty

and we get by (2.1) and (2.2), the bound on the first linear term.

Bound on the second linear term. There exists C' > 0 such that for all h, f € Bg 7,

1 1 1
M2 = ME Dl < € (s + 7+ s ) 0= e

where

T2

+oo .
M3 (h)(t,x) =/ iDL (iv (f) h(T,x)) dr.
t T
We have, for 7 > 1,
- < - < N
[v ()], <c mence |V (2)n], <Clln
Like above, we also have
LY e—clel
25) [v(Z)e

By decomposing M? (h) on its M and S components, we can use the estimates of
Proposition 2.2 to get the desired bound on the second linear linear term.

- C
e TV

Bound on the source term. There exists C' > 0 such that

1 1
||MO||E < C (ng—a—4 + TmVaQ) :

This follows easily from (2.4) and (2.5).
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Conclusion. Gathering all the previous estimates together, we have:

Vfih € Busas M) = M)l < CW(T) b= fll, where
(2.6) 1 1 1 11 1 1
W(T) = Ta—4 + Tmg—4 + Tmy—2 + ? + Ta—b + Tmg—a—4 + Tmy—2—a’
Therefore, for my > 6 and m, > 8 (this corresponds to the assumption made in
this paragraph, since my and mg are integers, by regularity of V' and g), we can
choose a, b with 4 < b < a such that all the powers of T in (2.6) are positive. Hence
we can pick T large enough such that

(27) Vi b€ Busr, M)~ M()lg < 5llh— flle

Taking f = 0 in (2.7), we see that M maps By p r into By p . Furthermore, (2.7)
shows that M is a contraction on B, 3 7, which concludes the proof of Theorem 1.1
under Assumption 2.1.

3. INTRODUCING A MODULATION

We now wish to replace the assumption made in the previous section by the
assumptions of Theorem 1.1, which we rewrite:

Assumption 3.1. Let d =1 or 2, and V € C*(R%4R), g € CHR%R). Assume
that for 9%V € L™ for |B| <2, 0%g € L™ for |B| < 4 and:

VI <1, 0%V (z)| < Cala 10 if |2
VBl <3, [8%(g(x) — 1) < CplaP 1P if |2

| <1,
<1

At first sight, the above assumption on V' is stronger than in Theorem 1.1. This
difference is irrelevant though, in view of the following remark. For a potential
V as in Theorem 1.1, replacing u(t,z) by u(t,z)e’*V(®) amounts to changing V

to V' — V(0), a potential which satisfies the above assumption. This explains the
presence of the factor e~ V() in the statement of Theorem 1.1.

3.1. Modulation and linearization. As explained in the introduction, we want
to obtain a solution to

954 AT— v (5 TN md/ds — g - |7 i0(t)
(3.1) 00+ Av — t_2V (;)U-ﬁ-g(?) [0]* =0 ; |o(t)—e Q||Zt:>m0,
where 0(t) = t 4 o(t) as t — +o00. Introduce the following modulations:
1 T

T (wt), ol q2<t>) |

with q1,q4,¢5,7 € R and ¢g, g3 € R?%. The functions v and ¥ have similar properties
as t — o0 if, morally,

(3.3) qi(t),q2(t),q3(t),q5(t) — 0 5 qu(t) — 1 5 ~() ~ ¢t

t— o0 t——+o0 t— o0

(32) B a) = dlBOEOa0)

We give a rigorous meaning to this line below. Note that the second point implies
the last one if we assume

1
(4) —
y(t) PNOE
From now on, we define v as
b
3.4 y(t =T0+/ ——do,
(3.4) (t) oy
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where 79 is a large time to be determined later. We introduce the new time and
space variables

Lt) - qg(t)) , or, equivalently

() = (200 5
(to) = (7' 0 (7)) + e (7)) )-

With our choice for «, (3.1) is equivalent to
(3.5) 100 + Av = Vv — gplv[* % +iZ,(v),
where we have denoted, for p(7) = (p1,p2,p3,P4,05) € R x R? x R? x R x R:

. ) ) d
’LZp(’U) = (pl + p3 y+p5|y|2) v+ 1ps - V’U+Zp4 (5 +y- V) v,

(1Y) =g (%) =g (%ﬁ) :

e =t (3) = A ()

The parameters gz and ¢4 are assessed in y~!(7) and substituting = = q4(y + ¢2),

P = aidi + 4lds - a2 + aids|ao|® + a3 las + 2a14500]”,
P2 = Gid2 + qadaqz — 2qaa — 4434542,
Ps = 43ds + 241452 + 4439305 + 8413,
Pa = qada — 4543,
ps = qids + 4qiq3.
The following rewriting essentially block diagonalizes the above system:
pa = qa (41 — 4q5q4) -
ps = dqi (45 +463) -
P2 = 4342 — 2¢4qs + Pago.
P3 = 4¢3 (43 + 4g305) + 2q2ps.
p1=Dp3- a2 — pslaa® + a3 (41 + |gs]?) -
Note that we have not examined the asymptotic condition as t — 4+0c0. We analyze

this aspect more precisely below (see §3.3). We write v = ¢ (Q+w): Equation (3.5)
is equivalent to

(3.6) 10;w — Lw — iZy(w) = iR, (w) +iZ,(Q),
where L is the linearized operator (1.11), and R,(w) = Ryr(w) + Rr(w) + Ry
iRnL(w) = —gp x (F(Q+w) = F(Q) — {(w)),
(3.7) iRL(w) = (1 g,) x £(w) + Vyw,
iRy = (1—gp) x F(Q) +V,Q,
with
F(z)=|z[Y% ; t(w) = (% + 1) QY + %QMGI@.
As we will often write the equation (3.6) as dyw + iLw = (...), we also forced a
multiplication by ¢ in the definition of R,. Note that Ry, Ry and Ry also depend
on the parameter p, although we will usually not indicate it with an index.

The sequel of this section is as follows. In §3.2, we show that one can recover
the modulations q,...,q5 and the original variables ¢ and x from the parameters
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P1,- - -,p5 and the modulated variables 7 and y. In §3.3, we reduce Theorem 1.1 to
the proof of an existence theorem in the modulated variables 7 and .

3.2. From p to the modulation. From now on, we will work only in the modu-

lated variables 7 and y, and consider, by abuse of notation, the modulations g; as

functions of 7. Denoting by ’ the derivative with respect to 7, that is f = q%f’, the
4

above system reads:

!
q
= — 4gsq3.
qa

Pa
Ps = Gid5 + 4q1q3-

P2 = 43 — 24443 + Page-

P3 = qaqs + 44393q5 + 2q2ps.

p1 = s - g2 — pslaal® + qi + ¢ilas|*.
Recall that we seek ¢4 = 1 + q4,-, with

41,492,493, q4r,q5 . — 0.
t——+o0

Consider these functions as unknowns, to be sought, for ¢ > 0, in
(3.9) W(e,m0) ={f € C(lr0,0]), [ flle.ry := sup 7°|f(7)[ < o0}

T2T0
Our main assumption here is p; € W(c(p;), 70), for 1 < j < 5.
Lemma 3.2. Let c(p3) = c¢(ps) > 2, c(p1) > 1, c(p2) = ¢(psa) > 1. Then if 1o is
sufficiently large the following holds. Let p; € W(c(p;),70), 1 < j <5 such that
V_j S {1,...,5}, ||ijC(p].)7,,.0 < 1.
Then there exists a unique family of parameters qi1,q2, q3, q4r, g5, Such that the sys-
tem (3.8) holds with
® 2, qar € W(c(qz),70) with c(g2) = (min (c(ps) — 2, ¢(ps) — 1)) .
* q3,q5 € W(c(gs), 7o) with c(qs) = c(ps) /2.
o q1 € W(clar),70) with c(g1) = min (c(p1) — 1,¢(ps) — 1),
and
quHC(ql),To + Hq2HC(qz),To + HQ3HC(q3),To + Hq4T||C(q2),'ro + ||Q5||C(q3),'ro <L
Finally, the variables (1,y) and (t,x) are uniformly equivalent:
1 dr 1
< —<2 5 - < < 24z).
< L) <) <20
Remark 3.3. Under the assumptions of the lemma, we can define implicitly the
variable ¢ from the variable 7 in view of the formula (3.4).

Proof. The first two equations in (3.8) determine ¢4, and ¢s. Then the next two
yield g2 and q3, while we infer ¢; from the last equation. Thus we first consider

@i — 4g5 = pa(1 + qar) + 4q5¢4r (3 + 3qur + G3,.),

(3.10) / D5 2 2
= P44 q)?
ds (1 + q4r)2 ( q4 ) ds

Introduce the corresponding homogeneous system:

i ()=o) (%)

The square of the above matrix is zero, and we infer:

(0 0)=(0 1)
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Duhamel’s formula for (3.10) thus reads:

Qar (1) = — / h [p4(0) (1+ qar(0)) + 4¢5(0)qur (o) (3 + 3qar(0) + 43,.(0)) }da

_ o F—0 __ml@) 0))2¢2 (o) ) do
[ a0 (s - 40 0)PE () o

“[__ps(o)
() == [ |2 1+ )P eRle) | o
Denoting N (k) = ||k||c(k),,, the first right hand side is controlled by

/ (Ufcm) + o=e(aa)=e(85) N (g4 )N (gs) + ro—®) + mfzc<q5>N(q5)2) o

< pl=c(pa) + Fl—claar)—clas) + F2—min(e(ps),2¢(g5))

The second right hand side is controlled by 71~ ™in(e(ps).2¢(a5)  We can solve the
above system by a fixed point argument in the class that we consider, provided that
7o is sufficiently large, as soon as

c(qar) +1 < c(pa) ;o 1<clgs),

¢(qar) +2 < min(c(ps), 2¢(gs)) i clgs) +1 <min(c(ps), 2¢(gs))-
This boils down to

cp)) >1 1 clps) >2,
in which case we may take
. - 1
¢(gar) = (min (c(ps) = 2,¢(pe) = 1)) 5 c(as) = 5(ps).

Note also that 79 can be chosen independent of p such that N(p) < 1.

The system yielding (g2, g3) is similar (the constant 4 becomes a 2):
& — 2q3 = p2 + 2q4rG3 — P42

Ps — 24215
1+q4r .

Under the extra assumption ¢(ps) = ¢(p4) and ¢(p3) = ¢(ps), we may take

¢h = —4(1 + qar)?q3q5 +

c(@2) = claar) 5 clas) = clgs)
It is clear that we may choose ¢(q1) = min (¢(p1) — 1, ¢(p3) — 1).

The inequalities:

d 1 9 1
_ _ - _ — _ <
i t)’ gi 1‘ ’(1 + dar) 1‘ ~ pelaa)’
~ (2 1 < L 1
ly; — 5] = P xj*‘lzwtc(—qz)(lscler )
imply the last part of the lemma. (]

The following lemma is a direct consequence of the proof of the previous result:

Lemma 3.4. Let p and p satisfy the assumptions of Lemma 3.2. Assume in addi-
tion that for all k, c¢(pr) = c(pr) = ¢(p) > 2. Denote by q and G the corresponding
modulations provided by Lemma 3.2. We have

1 -
max Hpk — Pk Hc(p),‘ro'

g _; < -
g4 () — qa(7)| + |a2(7) — @2(7)| £ Tem—2 {20
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Proof. Subtract the Duhamel’s formulations to systems (3.10) associated to p and
D, respectively. Denoting e,(7) = |q1 — Ga| + 7|¢5 — G5, we have immediately

o 1 1 1
- 1 1 e
€a(7) 5 7-/T ((JC(p) + gl+c(q5)) ca(@) + o) 145 P pk|c(p)’m) do

< e
~ T/T <O.1+c(q5) eq(0) + >o(p) 12152(5 | pk|c(p)770> do

From Lemma 3.2, ¢(¢5) = ¢(p)/2 > 1. We can then apply Gronwall lemma to
€q(T) = eq(7)/7, and the first estimate follows. The estimate for g proceeds along
the same lines. g

3.3. Reduced problem. In the rest of this paper, we show the following:

Theorem 3.5. Let Assumption 3.1 be satisfied. There exists o > 0, a modulation
p such that p; € W(c(p), 10) with c(p) > 2, and a solution w € C([1y, 00[; X) to

(3.11) 10w — Lw —iZ,(w) = iR, (w) +iZ,(Q),
such that
C C
lw(P)lm < 5= Y w)lle: < /-
T T

Theorem 3.5 implies Theorem 1.1. Writing v(7,y) = €' (Q(y) + w(7,y)), we first
see that Theorem 3.5 implies the existence of p = p(7) like above, and a solution
v € C([19,0[; X) to

0.0 4+ Av = Vv — gp|v| Y% + i Z,(v),

iT C T C
[v(T) — " Qllm < ey ly) (v(T) — 7 Q)| L2 < -
If this holds, then Lemma 3.2 yields a modulation g such that
C
(3.12) la2(t)] + laa(t) = 1] == 0, Jaa(B)] + las ()] + las ()] < 77

and a solution of (3.1),

. 1 T
00) = lormesm) L () ),
(t,2) qa(t)4/? () qa(t) «(f)

We now set

o(t) = (1) A<t>=tq4(§) ; m<t>=tq4(%)q2 (%)

Equation (3.4) and Lemma 3.2 show that indeed, v(t) = t + o(t) as t — co. We
also know from (3.12) that

At)~t and |z(t)] =o(t) ast — 0T,

In view of the behavior of the H' and FH! norms via the pseudo-conformal trans-
formation, we readily verify that Theorem 1.1 follows from (3.12). O

As suggested by the statement of Theorem 3.5, we construct simultaneously
the modulation p and the remainder w. We will see in Section 5 that these two
unknowns are related through a nonlinear process.
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4. THE LINEARIZED OPERATOR

To prove Theorem 3.5, we need more precise properties concerning the linearized
operator L than those recalled in Proposition 2.2. We use again refined estimates
proved in [40] (see also [10]).

As in [10], we identify C with R?, and the space of complex-valued functions
H!(R?, C) with the space H*(R%,R)x H!(R%, R), considering the operator £ = iL
as an operator on L? x L? with domain H? x H?:

4
c=ir=( 9 ), Li=—As1-(S41)QYY Lo=—A+1-Q
*L+ 0 d

Note that £ is not self-adjoint. We denote by

/f191+/ f292,

the scalar product on L?(R%) x L2(R?). The space of secular modes is defined by
=UJnwnwn,
k=1

where N(A) is the null-space of the operator A. We next specify the space S and
the dynamics of e on S. Note that by direct calculation,

L_(ja]?Q) = —4 (;’Q o vcz) . LQ-o,

(4.1) p

Ly (562 +a VQ) =20,
(42) L,(:L'gQ) = 728:6[@5 LJr(asz) =0.
Furthermore, there exists only one radial function @ such that

LiQ=—|zlQ.
Consider for 1 </ <d
ny = —iog'Q; mae = —B;'0:,Q, nae=ify wQ
4 (d .1 (1 =
ng=agy’ <§Q +x- VQ> . my = —iagy" <§|~’C|2Q JF'YOQ) . meg =0y Q,

(where ag, 5o, 70 are normalization constants, «g, 3y > 0). Then

£7’L1 = Engj = 0, ETL4 = —27’Ll, £n37g = 27127@,
(4.3) {

Lns = 2ny, Lng = —2ns5 + 2yon1.

This shows that all n;’s are in the space S. By similar computations, the following
functions are in the space S* = J, 5, N ((£")"):

m1 = ’L@’ ma.e = lea m3e = *’L'a:w,Qv
1 d ,
_§|$|2Q—%Q, ms =Z§Q+m-VQ, me = —Q.

Moreover, M = (S*)*, and (ny, m;) = i, so that

my

Psh = Z vjnj, where v; = (h,m;).
1<5<6

As a consequence, in view of (4.3), the exact dynamics of e’** on S is obtained.
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Proposition 4.1. Let G € C(R; H! x H'), and W such that
(4.4) W +iLW =G
Denote v; = (W, m;) and d; = (G, m;). Then,
1/{ =2v4 — 26 + dy Vé,e = —2v3¢+day Vé,e =d3.

1/4/1 = —2V5 + d4 Vé - 21/6 + d5 l/é = dﬁ.

5. TUNING THE MODULATION

Our approach consists of a careful examination of (3.11). As we have seen in the
previous section, we can write H' = M @ S. Recall that S, the generalized kernel
of iL, is a finite dimensional space, and that the group e*” is bounded on M. To
construct the wave operator of Theorem 3.5, we have to control the secular part of
w (its S component). We decompose w into w = wg + wys. By noticing that

d
(5.1) Zpy(Q) = —i(p1+p3-y+psly>) Q+p2-VQ + ps <§ +y- V> Q

= pragny — p3fons + 2psao(ns — Yon1) — p2Po - N2 + aong

is in S, we deduce the projected equations on S and on M. Namely, we want to
construct a solution to the system

(5.2) O-wg + iLwg = Pst(’w) + PSZp(w) + ZP(Q),
(5.3) Orwys + iLwp — PMZp(wM) = PMRp(w) + PMZp(wS).

We introduce

54y D)= / L (PR, (w) + PsZy(w) + Z,(Q)) dor + B3(w)(r)

= &1 (w)(7) + P2(w)(7),
where ®o(w) = ¢ is the solution (in M for all 7) of the equation
O0-¢+iLo — Py Zy(¢) = PuRy(w) + Py Zy(ws).

The existence of ®2(w) will be shown in §6. In the present section, we define the
modulation parameter p, and estimate ®;(w). The main point in our approach is
that p depends on w, and is chosen so that the secular part ®;(w) of ®(w) belongs
to span(ng). As p also appears in the definition of ® in (5.4), the dependence of ®
upon w is more implicit (and more nonlinear) than it may seem.

As it is standard, we shall construct in Section 7 a fixed point for . However, we
shall not use Banach—Picard result (based on contractions), but rather the Schauder
fixed point argument (based on compactness).

For p = (p1,...,p5), ¢ > 0, denote, once and for all,

ero = MAX_||py|

PO = max e pllen, = max

1<k<5 @ o

The main result of this section is the following:

Proposition 5.1. Let Assumption 3.1 be satisfied. Let € €]0,1/3[. Then if 7o >0
is large enough we have the following property. Let w € C([ro,00[; H') with

(5.5) sup 72 ||w(7)|| g < 1.
T2T0

There exists a unique modulation parameter p = p(w), such that, for T > 19,

1
(5.6) Ip(7)| < e
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and
o

Dy (w)(r) = / "= (PsR(w) + PsZy(w) + Z,(Q)) do € span ne.

Furthermore, for this choice of p

C
(5.7) VT 210, [(@1(w)(7),me)| < =

where C' does not depend on w.
We prove Proposition 5.1 in §5.2. We first need some a priori estimates for

arbitrary p.

5.1. General estimates. Recall from (3.7) the notations:
iRyL(w) = —gp x (F(Q+w) — F(Q) — {(w)),
iR (w) = (1 —gp) X l(w) + V,w,
iRy = (1—gp) x F(Q) +V,Q,
with

2 2
F(z) = |z[Y%  t(w) = (E + 1) QY w + EQde'

Lemma 5.2. Let Assumption 3.1 be satisfied, and

Hpkllc(p),'rg <1 ||ﬁk||c(p),7'g <1, ke {1, . ..,5},

where ¢(p) €]2,3[. Then, for every fixed w, we have the pointwise estimates

(58) Bap() S Qi+ Y Jul,

3<j<1+4/d
(5.9) |Rp(w)| S %—Z3€_c<y>|w| + 71—2 min (1, @)w,
(510)  IRyw) ~ R S —grrrllp — Bl (70 + o) ol () ')
(611 [Rysp(w) ~ Ryns()] S~ = bl z () ol? ()
(512) Re(w) = Re ()] S~y 0~ Pl ) ]

Proof. Estimates (5.8) and (5.9) follow from the definition of Ry, and of Ry, (see
(3.7)), and, for (5.9), from Assumption (3.1).
Next we estimate |g, — g3|. Notice that

_ ‘51(7) -7 7)
A )
We have
dy~'(7)
dr

= (1)’ =1+ as (1)

Therefore, by Lemma 3.4:

d ,__ _ N 1 -
-G ) =77 )| S laar (1) = G ()] S =751l = Bl

Integrating between 79 and 7 and using that v(79) = J(70) = 70 we get, since
c(p) <3,
1

TC(P)_3

~—1

7)) =y )| S 12 = Blle(p). -
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This rather poor estimate yields the more interesting one
1 o 1 < 1
v AT et

, and \ its counterpart associated to p. We can write

”p _ﬁHC(p)ﬂ'o'

Denote A = g4/~ !

9p(7,y) — 95(T,y) = 9(My + Agz2) — 9y + Ao).

Note that Assumption 3.1 implies

l9(a) = g(0)] < la—b] (laf” +[b]) .
Invoking Lemma 3.2 and Lemma 3.4, we deduce

190(7,9) = gm0 S (I = Myl + ez = A@ol) (32 +32) (y)?
1 _ 1, 2
S mﬂp = Plle(p),mo (Y) ¥ ) (y)
1 _ 3

S P = Pllew,m ()" -

We have a similar estimate on V, — V5 = X2V (A(y + ¢2)) — A2V (A(y + G2)):

1 _
Va(ry) = Va(m )l S — 1P = Pllew).no () -
By definition, we have (without splitting the terms as in (3.7))
—iRy(w) = gp ¥ [Q +w|"'(Q +w) =V, x (Q +w) = F(Q) — {(w).

We also have
Q4w T QU fuf Y,

and the estimate (5.10) follows.
Estimates (5.11) and (5.12) of the lemma are a straightforward consequence of
the definitions (3.7) of Ry, and Ryp,p, and of the above estimates. O

We introduce the notation, for 1 < j < 6,
(5.13) Dj(p)(1) = (PsRp(w) + PsZy(w), my) .
Lemma 5.3. Let Assumption 3.1 be satisfied. If
||p||c(p),7'0 < 17

where ¢(p) > 2, then we have for all T > 79,

1
14+4/d
ID;(0)(7)] S ol i + el + = lwlizz +p()ll[w] 2

(5.14) 0 ifj=2,4,6
+ 1/t 1/t ifj=1,5
1/73 if j = 3.

Proof. Taking the L?-norm in y in the pointwise estimate (5.8), Sobolev embedding
yields:
IRvp(@) (D2 S D w@)ln-
2<k<14+4/d
By the pointwise estimate (5.9) we get
1
IRL(w)(T)llz2 S — llw(T)llz=.

These estimates yield, since m; € S (Rd),

|D;(p)(T)] < Z lw(T)ll5 + T—lgllw(T)lle + [(Ro, mj)| + [p(7)[[[w(7)]| L2,
2<k<144/d
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Notice that Ry is purely imaginary, that ms, my4 and mg are real, and thus
Vj €4{2,4,6} (Ro,m;) =0,
which yields the first case in (5.14).
By Assumption 3.1, the Taylor expansion of g near the origin reads:
g(@) =14 > cax®™ + O(|z[*).
lor|=3

In view of Lemma 3.2, we infer

3 . B
g(ry) =1+ —5 3 ca(y+a2) +O(w)

(v=1(7)) || =3
(y) ()"
= Ca O ol =].
1+ (771 3|a23 yr ( q2)>Jr (7'4)

Notice that if j € {1,5}, m; is a radial function. Thus if |a| = 3,

/yo‘mj =0.
1 1

[(PsRo,mj)| = [(Ro,my)| = [{(1 = gp)F(Q) + VQ.my)| S e T

-
Lemma 3.2 then yields the second case in (5.14). To prove the third case, we use
the pointwise estimate

Rl S (2 > QU+ (1|y|>r + & >1|y|<r) Q.

Since @ decays exponentially, this ylelds

Arguing similarly on V', we infer

1
IRz £ =5

and the third case in (5.14) follows. O

5.2. Control of the secular modes by projection. We next prove Proposi-
tion 5.1. We introduce, for arbitrary p,

(5.15) d;j(p)(7) = (PsRp(w) + PsZy(w) + Z,(Q), m;) = D;(p)(7) + (Zp(Q), m;) -
By the explicit expression (5.1) of Z,(Q) we get the relations between d; and D;:

di(p) = D1(p) + aop1 — 2c0v0ps, da2(p) = Da(p) — Bop2,  dz(p) = D3(p) — Bops
ds(p) = Da(p) + aopa, ds(p) = Ds(p) + 2cps, de(p) = Des(p),

where ag, 5o, o are real constants, g, 8o > 0. From (5.5), we know that w tends
to zero as T — +o00. Recalling that Z,(Q) € S for any parameter p, the stability
of S by el shows that ®;(w) € S. Denote, as in Proposition 4.1,

6
=2 vl

By Proposition 4.1,

+oo +oo
VG(T)Z—/ de = — Ds(p),

which is well-defined in view of (5.14), (5.5), (5.6). We want v; to vanish, for
1 < j <5, so in view of Proposition 4.1, we would like to impose

d2 = d3 = d4 =0 3 d5 = 721/6 3 d1 = 2’}/01/6.
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The proposition follows if we get a fixed point p in the unit ball of (W (3—3e, 7p))3+2¢

(the space W is defined by (3.9)) for the operator U (p) = p = (p1, P2, P3, P4, P5):

ﬁ5=i(—D5<p>+2 /TOODG@) Chi= D)

2@0 (&%)
- 1 . - 1 Y0
pj = %Dj(p), =23 ; p1= —a—ODl(p) - a—oDs(p)-

Let B be the closed unit ball in (W (3 — 3¢,7))3*2?. We first show that B is stable
by ¥. By (5.5), and since 0 < € < 1/2, we have, for 7 > 79 > 1,

144/d 1
(5.16) lwll 32 w2+ ;HWHL? + [p()|[[wl| L2

1 1 1 1 1

S’ 7-(1-1—4/11)(2—&) + T4-2¢ + T4—¢ + 75—4e = 7-4—2&'

By definition of ¥, (5.16) and the estimates (5.14) on D;, we get, for j € {2,3,4}

_ 1+4/d 1 1
15,0 S D) ()] < Nl i+ (w3 + Sllwllze + = + (vl
C 1

N3N 330

if 7 > 79 and 79 is chosen sufficiently large. In view of the estimates (5.14) and

(5.16), we have

+o0 too g 1
(5.17) | Inwedr < [ e s ==

provided 79 > 1. By the estimate (5.14) (second case) and (5.16) we get, taking
again 7 = 19 > 1,

_ +oo 1 1 1 1
P5(7)| S [Ds(p)(7)] +/ |De(p)(o)ldo < T T s T S e

T

and similarly
~ 1
P1(T)] S [D1(p)(7)] + [Ds(p)(T)] < 5=

As a consequence p = U(p) € B, and the stability property of ¥ is settled.
It remains to prove the contraction property of W,
(5.18) 1W(p) = ¥ (H)ll3-3¢,m < &llp = Bllz-3e,m0;

for all p,p € B, with k < 1. In view of the definition of ¥, it is enough to show
that if ¢ is small, and 7y is chosen large enough, we have, for 7 > 79,

(5.19) 1D;(p) — Dj(P)ll3-3e,m < tllp — Plls—32,705
for 1 <j <5, and
(5.20) D6 (p) — Do(D)lla=3¢,70 < tllp — Plls—3e,7-

Recall that by definition,
Dj(p) = (PsRy(w) + PsZp(w),m;) .
We have
[(PsZp(w) = PsZp(w), m;)| S |p(7) = pr(7)[[[w(7)] 2

1 _ 1 _
S G Ipk(7) — Pr(7) S EHP — Pll3—3e,70-

By the pointwise estimate (5.10) we get

1 -
[(Rp(w) — Ry(w),m;)| < EHP — DlI3-3e,70-
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Taking 7y larger if necessary, we deduce the estimate (5.19).
To prove (5.20), we argue as in the proof of Lemma 5.3:

Dg(p) = (Rnr(w) + Ri(w) + PsZy(w), mg)

that is, the contribution of Ry vanishes, since Ry is purely imaginary and mg is
real. We then invoke inequalities (5.11) and (5.12) of Lemma 5.2, to infer:

[(Bplw) ~ Bpw), m)| £ —zllp = Blls-sera o)l (o)l )/

1 1 i
S —ime X =zl = Plls-sem,

which gives (5.20) and concludes the proof of the contraction property (5.18).
Therefore there exists a fixed point p € B for ¥. For this p, we have v;(7) = 0,
for 1 < 7 < 5. Moreover, since

Oy (w)(1) = v6(T)n6,

it remains to show (5.7), that is, to check that |vg(7)| < 1/7372¢. This follows
immediately from (5.17) and the fact that v§ = De. O

6. THE NON-SECULAR PART

As announced in the previous paragraph, we now study the M-component of w,
which has to solve (5.3). For this, we consider the operator ®o, that is, we study
the equation

(6.1) Ordp+ildp—Puzp(d) =F ;5 |o(7)lls -2 0,

T—r+00

where F' € C([r9,00[; M). For a,b > 0, let

X(a,b,6) = {(b € C([ro,00[; M N 25), 161l x (a,,6) < oo} , where

1611 x(a6) = 5D 7 67l s + sup 7" | ()" (7))
TZ2To0

T2To L2

The main result of this section is:

Proposition 6.1. Let 7o > 0 and p € C([rg, 00[)>T2¢ such that

1
3—3¢e”

Vr 270, |p(T)| <
Assume that F € X(a+1+n,b+14+n,8), with a,b >0, n >0 and
d<a—-b<d6(2-3e), 1<6<5.
Then (6.1) has a unique solution ¢ € X (a,b,d). Furthermore, it satisfies

191l x (a,6,6) < BIF Nl X (as14n,b+14n,5)-

6.1. Energy estimates. Recall the important property, established in [40]: on M,
the H' norm ||-|| g1 is equivalent to ||-||as, where

16]13 = Re (Lo, ¢) .

Lemma 6.2. Letk € N, and F € L([r9, 00[; 2:1). Suppose that ¢ € C([ro, 00[; MN
22 solves (6.1) and tends to 0 in 2%t as 7 — 4o00. There exists C > 0 such
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that for all T > 19, the following holds:

oo

16(0) 2w < C / (1)l 2w

T

Hp()] (18 sraess +1 ) (V) 6(0) 12 ) o,
1) 6@l < © [ (1™ P@)le + 1 ) Voo)lue + 6002

()l )™ 60| )do

Proof. We begin with the first inequality in the case x = 0. Multiply (6.1) by L,
integrate with respect to y and consider the real part:

Re/Rd 8T¢LE—Re/Rd Pri Zy(9) LE:Re/R FLé.

d

We readily check the identity

- d 9
Re [ 0.015= 5 lolk

DN | =

A straightforward integration by parts yields

/ FLG
Rd
It remains to estimate

(6.2) Re/Rd Py Z,(9) LE:Re/Rd Zy(9) LEfRe/

R

SIE 16l

., PSZp(¢) L¢-
We start with the first term. Recall that

d
Zp(¢) = —i(p1+ps-y+ps|yl*) ¢+ p2-Vo+ps (5 +y~V> ¢

and
— - — 2 - 2
Lo=—Dp+6— (3 + 1) QY19 - SQ"".
We have, by elementary integration by parts:

Rei/plqﬁAa =0,

Rei [ s ~ym‘ - }Im/gépg ~ va} < Ipslllél el élm,

]Rez' / mm%@\ =2t [y va] < 2lpsll9ll ]| ) 62,

Re/p2~v¢A5: 0,

d _
Re/p4 (5 +y-V) PAP = —p4/|V¢|2-

‘Re/Zp(¢)A5‘ < Cllps| + Ipal)lIg Nl + Ipslll @l I ) Sl e

We infer:

We easily deduce that the first term in (6.2) is controlled by

[Re [ 2,6)L3] < Clpllélln (6]m + 1) 6]12).
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For the remaining second term in (6.2) we use the structure of the space S,
ke [ Pszy@) 18| = | Y (Z(0)ms)Re [ n; 15
1<5<6

Integrating by parts both in the scalar product and in the integral, we get

e [ oz, 23| < Clllol
Summarizing, we have obtained

d
T l6lRs < CIFNa [l + Clplllla (1ol + 11 () 11 2)-

Since the M-norm and the H'-norm are equivalent on M, the first inequality of
the lemma follows in the case k = 0.

Let x > 1. We write (6.1) as
0r¢ +iLe — Zp(¢p) = F' — PsZy(9).
Applying the operator (iL)" we get
07 ((iL)"¢) +iL ((1L)"¢) — (iL)"Zp(¢) = (iL)"F — (il)"PsZp().
Hence
Or ((iL)"¢) +iL ((iL)"¢) — Zp(iL)"¢ = (iL)"F + [(iL)", Zp] ¢ — (iL)"PsZy(¢),

where [(¢L)", Zp] denotes the commutator of the operators (iL)" and Z,. By direct
computation, the commutator [iL, Z,] is an operator of order 2 in ({(y), V), which
is only of order 1 in (y) and whose coefficients are multiples of py,. .. ,ps:

[iL, Z,)¢ = [iL,—i (p1 +p3-y+pslyl’) +p2-V+pa (g +y-V>} b
= —i [A,~i(ps -y +pslyl?) +pay- V] ¢
—i <§ + 1) (@42 V 4 pay - V] 62 [@.p2 - 4 pay V]
=—2(p3 -V +2psy-V +dps +ipsA) ¢

+i <2 + 1> (p2 Y (Q4/d) +pay -V (Q‘*“)) ¢

d
2 —
+ iﬁ (p2 v (Q4/d) fpy-V (Q4/d)) 3.
Furthermore
r—1
[(GL)", Zy) = (LY [iL, Z,) (iL)"~9 .
j=0
Hence

NGEY" Zp) ¢l < Il (I9llzess + || (o) (V)" 4]
Notice also that

1GLY“Ps(Zp(@l s = || 3 (Zol6).my) (LY

1<5<6

)

<
S Iolle

Denoting ¢, = (iL)"¢, we see that ¢,,(7) € M and that it solves
a’r(bn +1Lo, — PMZp(¢n) = (ZL)HF + [(ZL)Hv Zp] ¢ — (ZL)HPSZP((b) + PSZP(¢K)'
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From the case k = 0 and the previous estimates, we get:

+oo
GL 6l S [ (1@l

+1p(@)| (6@ 121 + || ) (V)" 6(0))] ) ) o
Noting that for a large constant K, depending on k, we have for all f € M,
IGL)" fll e + K[ f e = [ f Lrzesr,

and using the case k = 0 to bound ||¢(7)|| 71, we get the first estimate of the lemma.

To conclude, we estimate the momenta: for s € N, we compute more generally

s [ W 10P =Re [ ()% 0:65 =Re [ ) (~iLo+ PuZy(0) + F)3

— 1 [ )" LG+ Re [ )" PuZy(@)5+ Re [ () 5,
By a direct integration by parts
(6.3) ‘Im/ (y)** stE‘ S T Vol W) ¢llee + 16172
Furthermore,
Re [ (1) PuZ,(0)3 = Re [ (1) 2(0)5 - Re [ ()" Ps2,(0)5

On the one hand,

2s - 2s — 2s d —
e [ 0 2,07 = [Re [ )% 32 V63401 0 (5 +3-7) 67

< S p||2
Nggﬁlpkll\@) Al 72

On the other hand,

re [ <y>QSPsZp<¢>5\ S (Zohm)Re [ n; )3 S IpllolE

Hence

(6.4) \Re [ W Puzi6)3| < i) ol

Combining (6.3), (6.4), we obtain the second estimate of the lemma, concluding
this proof. O

6.2. Refined a priori estimates. In the sequel, we consider 0 < ¢ < 1/3, and
extra smallness assumptions will be precised when needed.

Lemma 6.3. Let 79 > 0 and p € C([m0,00[)**2¢ such that

VT =10, |p(7)] < g
Assume that F € X(a+1+n,b+1+n,8), withn >0 and

(6.5) 0<a—-b<d(2-3e), ¢e€{l,5},

where X is defined in Proposition 6.1. Let pu > 0. If 1y is sufficiently large, every
solution ¢ € X (a,b,d) of (6.1) satisfies

(6.6) [l x (@.b,6) < BIF N x (@t14n0,b+149,6)-

Remark 6.4. The restriction § € {1,5} in the above statement is arbitrary.
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Proof. First case: 6 = 1. Denote by

My = [[F|| X (at145,b+14n,1)-

The H'-estimate and the momentum estimate with x = 0 of Lemma 6.2 read, along
with the assumption on p:

o)l <€ [ (s + o5z (16600 + 11 () 6001 12) ) o

1) ol < € [ (vt + om0 )+ 160) i ) o

We apply Lemma A.1 with the following data:
ap=p=0;a=0=1;a=a=b=2-3c; bp=—

This is possible under the assumptions a,b > 0 and 1 < a — b < 2 — 3¢, which are
fulfilled in the context of Lemma 6.3. We then have

9l x(ab,1) < BIF] x(@t14nb+14n,1)5
for 7 sufficiently large.
Second case: § = 5. Denote by
M;s = ||F|‘X(a+1+n,b+1+n,5)'

To proceed in a similar way as in the first case, we use interpolation estimates (B.8)
and (B.9). By Lemma 6.2 in the case k = 2, we obtain

(o)l < c/f’(%
55 (190 + 1| @)° S 657 )do

+
1) 6(0)ll2 < / (= bi”li,] + 1) s 162 + lo(0)]] 2
+

3138 | {y > (U)||L2)do.

We apply Lemma A.1 with the following data:

1
=fB3=0; fo=1; =01 = £ a 1=a2=b3=2-3c; by =bs =

This is possible under the assumptions a,b > 0 and 5 < a — b < 10 — 15¢, which
are fulfilled in the context of Lemma 6.3. We then have

161l x (a,b,5) < BIF X (@t 14m,b+14n,5)5

for 7y sufficiently large. Summarizing, we have obtained the lemma in the following
cases:

l<a—-b<2—-3cand 6 =1,
5<a—b<5(2—3¢)and § =5,

which corresponds to the announced result. O
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6.3. Proof of Proposition 6.1. The proof is set up in the same spirit as the
existence of Mgller’s wave operators. Let x(7) = 1— H(7), where H is the Heaviside
function, be the function equal to 1 for 7 < 0 and 0 for 7 > 0. We first consider
the case where § = 5 and F € L'([r, 00[; M N ¥°). For (7,)n a sequence going to
400, consider

(6.7) Orpn +iLpn — Py Zp(fn) = X(T = Ta)F 5 ¢pjr=14r, = 0.
To begin with, we remove the projection Py; from the left hand side, and consider
(68) a'rﬁzl)n + ZL¢n - Zp(¢n) = X(T - Tn)F ; ¢n|‘r:1+rn = 0.

We show that for every n, (6.8) has a unique solution ¢,, € C([rg, 0o[; 32°). To see
this, remove the modulation by reversing the approach presented in §3: recalling
(3.2), define ¢,, by

- _ (e (®)+as(®)atas(t)zf?) L _z
Bults) = OO O (), ()

where « is given by (3.4) and the ¢;’s are well-defined function of the p;’s in view
of Lemma 3.2. We check that (6.8) is then equivalent to an equation of the form

Zat(gn + Aan = Wl(gn + WQ(En + ﬁn 5 an\t:tn =0,

where the notation ﬁn is obvious, t,, = v~ !(7,, + 1), and the potentials are given by

it (- () o)”)

2 x 4/d ( )
Walt,z) = — —ao(t o2i(a1 () +a3(t) z+gs (1) |]?)
We note that W; € L*([tg, oo; W»*(R%)), j = 1,2. We can then construct ¢,
in C([to, 00[; L?): a fixed point argument yields ¢, on small time intervals (with a
non-trivial initial data in order to repeat the process), and we can split [to, ¢,] into
finitely many time intervals on which we can control the L°L2-norm of ¢,, by the
L; L2-norm of F,, on the same time interval. We can proceed along the same line
to construct ¢, in C([tg,00[; H?), and then infer that ¢, is also in C([tg,oc[; £°)
(with ¢pj¢>¢, = 0). We skip the easy details.

We deduce that (6.8) has a unique solution ¢,, € C([rg,oc[; £°). The case of
(6.7) follows easily, by rewriting it as

a'I'an + ZL¢n - Zp(¢n) = 7P5Zp(¢n) + X(T - Tn)F 5 ¢n\7’:1+7’n = Oa
and by recalling that

6
1
PsZp(¢n) =D (Zp(¢n),m;)nj, hence || PsZy(¢n)(T)]lns S —5=52 19 ()l 22

j=1

The important point which we must note now is that ¢, € C([to,00[; M N £?),
which is compactly supported in time, has no secular part. This is so thanks to
Proposition 4.1, and the integral formulation of (6.7), which can be written as:

1+7,
¢Aﬂ=/ L (X (0 — 1) F(0) + PuZp(60) (@) do, 7> 70,

Since x(- — 7,)F € L*([r0, 00[; M N ¥?), Proposition 4.1 shows that the right hand
side of the above equation has no non-trivial S-component. Therefore, ¢, (1) € M.



MINIMAL BLOW-UP FOR INHOMOGENEOUS NLS 27

To conclude, we note that under the assumptions of the proposition, x(- — 7,,)F
converges to F'in X(a+ 14 n/2,b+ 1+ n/2,6). Since (6.1) is linear, Lemma 6.3
shows that ¢,, is a Cauchy sequence in X (a,b,d), thus it converges in this space to
¢ solution to (6.1) which satisfies (6.6). Uniqueness follows from Lemma 6.3, and
we have defined an operator F' — ¢.

By density and Lemma 6.3, the result remains true if we assume only 6 = 1
(and F € X(a+1+4+n,b+1+mn,d)). The proposition then follows by complex
interpolation between the cases 6 =1 and § = 5. O

7. FIXED POINT ARGUMENT

In this section we show Theorem 3.5.
Recall that we have defined the operator ® as follows:

P(w)(r) = /Oo T (PsRy(w) + Ps Zy(w) + Zp(Q)) do + 2 (w)(7)

= ®1(w)(7) + P2(w)(7),
where ®5(w) = ¢ is the solution (in M) of the equation
GTqﬁ + ZL¢ - P]\/ij((b) = PMRP(’LU) + PMZP(PS”LU)

given by Proposition 6.1. The modulation p is a function of w itself, defined in §5,
Proposition 5.1. To prove Theorem 3.5 (hence Theorem 1.1), we show that ® has
a fixed point in a suitable space. Consider for 0 < e < 1/3 and 1 < §

Y(d,e,7m0) = {w eC ([7'0, oo M N 25) + C ([r0, 00[;spanng) ; [|wlls.e,ry < oo}
where ||w||se,r, is defined as

sup 72| Prw(r)[| s + sup 727270|| (y)° Paw(r)| g2 + sup 75| (w(7), mg)|.
TZ2T0 TZ2T0 TZ2T0

7.1. Stability. The main result of this section is the following:

Proposition 7.1. Let § €]1,2], and 0 < e < 1/4 so that e <1 — /2. There exists
7o > 0 such that ® maps the closed unit ball of Y (0,e,79) to itself.

Proof. For w € Y (d,¢,79), Proposition 5.1 yields a modulation p such that

sup 7273 |p(7)| < 1.

T2T0
By Proposition 6.1, Ps®(w) = ®1(w). Since by Proposition 5.1, ®;(w) € span(ng),
the secular part of ®(w) has the suitable structure for Y. Moreover, by (5.7), for
T 2 70,

C Cc 1
X - .
7-3—25 7-06 7-3—3&

(@1 (w)(T),me)| <
Therefore, increasing 7y if necessary,

sup 72| (@(w)(7), me)]| <

=70
Thus ®;(w) is in the 1/2-ball of Y (4, ¢, 79).
To control the non-secular part Py ®(w) = ®o(w), we apply Proposition 6.1 with
F = PyR,(w)+ PvZ, (Psw).
We look for a and b such that F' € X(a+14n,b+ 1+ n,0). We note that
P Zy, (Psw) = (w, me) PrZp(ne),

so we have the estimate

DN | =

1 1 1

||PMZP (PS’LU) (7_)”25 5 |<w(7—)am6>| |p(T>| 5 73—3¢ X 73—3¢ - +6—6e *
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The delicate term, which explains the assumption 6 < 2, is the last one, Py Ry, (w).
We treat separately the contributions of Ry, Ry and Ryr. Since d < 2 and ¢ > 1
H°(R?) is an algebra, and we infer

| PrvByr(w)|| s < [[Bnp(w)|gs + [ PsRyr(w)l gs

1+4/d
S lwlls + wllh <

)

72(2—¢)"

From the pointwise estimate (5.8),

1) PuRyz(w)l|rz < || ()" Rye(w)lzz + || (v)° PsRu(w)|| 2

5 j 1
Slwlz + 1) wiie Y lwlys S PRy
2<j<4/d

We next treat the contribution of Ry. Using that T2Vp is bounded in the Sobolev
space W2 uniformly for 7 > 1, we get

1 1
1Py RL )5 S =5 lollirs S ==

Using simply the boundedness of the external potential V| we infer
1 1 1
s s
) PasRe(w)ls S Sllwllee + = ) wlles S ——s

The term Py Ry can be estimated in a similar way, up to the fact that the H°-norm
and the momenta of () do not decay in time:

1 5 1
IPrRollus S = 5 1(y)" PuBollrz S -
Summarizing, we have obtained
1 1 1 1 1
[FRFEIS 662 + Fi—2e + i< + 3 < 737

3
5 1 1 1 1 1
)" Fllzz S =z + =2 + ame=s + 5 S —1meems

meaning that F' € X (3,4 — 2¢ — §,5). We can then apply Proposition 6.1 provided
that there exists a,b,n > 0 with

d<a—b<d(2-3e),

such that F' € X(a+1+n,b+1+n,9). We take a + 1 + 1 = 3 (note that this
constraint comes from Rg). This requires a = 2 —n (n > 0 can be arbitrarily
small), and since on the other hand, we must have a > 0, this explains why we have
assumed 0 < 2. By taking n = 5, we get as a constraint

§<etd<6(2—3e).

As e < 1/4 and § > 1, this condition is fulfilled. Therefore, by Proposition 6.1,
Py(w) € X(2—5,2— 2 —6,0). By increasing 79 if necessary, ®2(w) is also in the
1/2-ball of Y'(,¢,79), and the proposition follows. O

7.2. Compactness. We recall the following compactness result, which is a partic-
ular case of [37, Corollary 4].

Theorem 7.2 (From [37]). Let X C B C Y be Banach spaces such that X is com-
pactly embedded into B, and B is continuously embedded into Y. Let 19 < 71 and F
be a subset of L>=([rp,71]; X) such that {%, v € F} is bounded in L*([r9,71];Y).
Then F has compact closure in C([10,m1]; B).
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Fix €, ¢ as in Proposition 7.1. Let K be the closed unit ball of Y (4, e, 7). By
Proposition 7.1, the operator ® maps K into itself. Notice that K is closed into
Y(8,¢e,70)if 6" < 9§, >eand 2e + 0 < 22/ +§'. In this subsection we show the
following lemma.

Lemma 7.3. Let 0 < e < & < 1/4 and 1 < §' < § < 2 and assume 2¢ + § <
2e’+8" < 2 (this implies that Y (9, e, 79) is continuously embedded into Y (&', €', 1) ).
The image ®(K) of K has compact closure in Y (', &', 719).
Remark 7.4. The assumptions of the lemma are satisfied for example by 9, ¢, d’, &’
defined by

§=2—4e, & =2, 0§ =2-5¢,

for some small € > 0.

Proof. Tt is sufficient to show that for all » > 0, there exists a finite number N of
functions in ¥, € Y(&§,&’,7), such that

(7.1) Y eOK)=Tne{l,.... N}, [ —Yulls o0 py <T
Recall first that ®(K) C K. Thus for ¢ € ®(K),

72 | Pap ()| g + 773 [0 me) |+ 7272 () Paap(7)] 2

’ ’ ’ !
< TE—€ + 7_35—35 + 7_25-1—6—28 -4 )

Let 71 such that 79 < 71/2 and

T e—e’ T 3e—3¢’ o 2e4+5—2¢" -6’ r
— — — < —.
z) @) + @) 5

From the two preceding inequalities, we get that for ¢ € ®(K),
1

_ ot o s/ 5 r
TN PM () s + 77 (), me) [ + T () Pudp(n)2e < -

Next, consider the set
F= {@(w)hm,ﬁ], we K}
We will show that the assumptions of Theorem 7.2 hold with
X=% B=x" Yy=%x"2

where we define (as § < 2) %072 = H°~2 + F(H’2). Note that 0 < ¢’ < J, so
that X is compactly embedded in B. The fact that ®(K) C K shows that F is a
bounded subset of C ([, 71]; ). Furthermore if ¢ = ®(w) € K then ¢ = ¢+ ¢g
where

O0-¢s +iLlps = Pst(w) + PSZ;D(w) + ZP(Q)’
Ordnm + il — Py Zy(dnr) = PuRy(w) + Py Zy(ws).

Using that ¢ and w are in K, we get that 0,¢ € C ([ro,+00[;X°~2) and that
O7®|[7y,r,] 18 uniformly bounded in 92 with a bound which is independent of ¢.
By Theorem 7.2, F' has compact closure in C ([7'0, 715 26). As a consequence, there
exist 1[)1,. .. z/;N such that

r

< [
5 6T

(7.3) Vi € F, 3n € {1,... N}, sup 1/;(7')—15”(7)‘
TOSTSTL
where k = max{2 —¢&’,3 —3¢/,2 —2¢' — ¢’} > 0.
Let x € C°([r0, +00[), supported in [ro, 1], such that 0 < x < 1, and x =1
on [r9,71/2]. For 1 < n < N, let ¥, = x¥,. We show that the v,,’s satisfy (7.1),
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which will conclude the proof of the lemma. Let ¢ € ®(K). By (7.3), there exists
n € {1,... N} such that

r

lIxy — %HLO@(mﬁm,gaf) < H?/} - J’n

< T
LDO(T(),T17ESI) 147'{€
where A is a large universal constant to be specified later. And thus, using that
X is supported in [y, 1],
r
VT 210, IX$(T) = dnu()llse < -

This implies, if A is large enough,

T2 X Pu(T) — Pagtbn ()| gor + 7273 (0 (1) — ¥ (7), m)|

+ 722 ) (X Partb(r) = Partoa (7)) 122 < 5.

Furthermore, by (7.2),

271 = ) Par() g + 7573 |(1 = x) (W(7), m6)]
+ 72720 (1= ) () Pard(7) g2 <

.
5
Hence (7.1). The proof is complete. O

7.3. End of the proof. The following proposition will allow us to use Schauder’s
Theorem in order to prove Theorem 3.5.

Proposition 7.5. Let 0 < ¢ < & < 1/4 and 1 < & < § < 2, and assume
2e + 8 < 26’ + 0" < 2. The closed unit ball K of Y (0,¢e,70) is closed in Y (&', €', 719).
In addition, the map ® : K — K is continuous for the topology of Y (¢',€',19).

Proof. In view of Proposition 7.1, we need only prove the continuity. We start
with an estimate of the difference of two parameters p, p defined from two different
functions w,w € Y (¢’,&’,79). Recall that the existence of p was proved in Proposi-
tion 5.1 as a fixed point of the operator ¥(p) = ¥,,(p), and that w € Y (§',¢’, 70)
implies ||p|ls—3e7,7, < 00. We have

Ip(7) = B(7)] p)(7)

) = Va (p)(7)]
p)(7) = Yo (P)(T)| + [Wu (p)(T) — Wa (p)(7)] -

By the contraction estimate (5.18) on U,,, we get

Uy,

— [T (p)(r) — @
< W ( -0

N 1 - -
Hp 7p||373€/,7'0 < m”‘l’w(p) - \Iji)(p)”Bst/,'ro-

Therefore, in view of the definition of ¥,

lp = Blls-serra S Y (D5 (B)(w) = Dy @) _s0r 1,

1<j<5

+oo
+/ (Do(p)(w) — Do(5)(@))

3—38/,7'0

By the definition (5.13) of D,(p), one has

|D; (p)(w) = Dj(p)(w)| < [{Ps(Rp(w) = Ry(w)), mj)| + [(Ps Zp(w — w), my)|
< By p(w) = Byp,p(w), m)| + (B, p(w — @), mj)| + [(Ps Zy(w — w), mj)| .
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In view of the explicit formulas for Ry, and of the pointwise estimate (5.9) on Ry,
we infer, since w,w € L H!:

(DB ) — D3 (B)(@)) ()] 5 () — 2 e () o+ 57 )
+ Zlhw(r) — o)+ PO () — a0l S gz o~ Bl ry

In conclusion,

~ 1 _
(7.4) D~ Bllasermy S =l = @larer
To
Also, since
—+oo
Py (w)(1) = —n6 Ds(p)(w),
T
we get

. 1 -
121(w) = 1(@D)ll57 1,70 S 7 llw = Dllsr.er,70-
0

Therefore @4 is (Lipschitz-)continuous on Y (¢’,&’, 7). It remains to show the con-
tinuity of ®s.

Let w € K and w,, € K such that w,, — w in Y (¢',&’,79). Denote by ¢, =
Dy (wy) = Py®(wy,), and ¢ = Po(w). By Lemma 7.3, ®(K) is relatively compact
and there exists a subsequence of ¢,, which converges in Y (¢, &', 79) to some peK.
It remains to show that ¢ = ¢. By (7.4) we have

nlggo||pn 7p||373€/,'rg =0.
By definition of @5, we have
Orpn +iLdn — PuZy, (9n) = PuRp, (i) + Py Zy, (Pswy,).

Letting n tends to oo, we get that ¢ satisfies the following equation in the sense of
distributions

0rd 4 iL¢ — ParZp(6) = P Ry(w) + Py Z,(Psw).
Using that ¢ is, by definition, solution to the same equation, we get
e (6 = ¢) +iL(¢— d) = PuZy(¢ — ¢) =0,
which implies, by Lemma 6.3, that ¢ = ¢. The proof is complete. O

Proof of Theorem 5.5. By Proposition 7.5, ® is a continuous map from K into itself.
By Lemma 7.3, ®(K) is relatively compact in Y (¢',&’,79). As K is a convex closed
subset of Y (¢',&’,70), we can apply Schauder’s Theorem (see e.g. [38, Corollary
B.3]) which implies that ® has a fixed point w € K. By the definition of K and
Proposition 5.1, Theorem 3.5 follows. (]

APPENDIX A. A DIFFERENTIAL INEQUALITY

Lemma A.1. Let i > 0 and m € N. Let (aj)j=1..m, (bj)j=1...m, be real constants,
a,b,n >0, and (oj)j=1..m, (Bj)j=1...m be constants in [0,1]. Assume

Vie{l...m}, a;+(b—a)o; >0, bj+(a—0)B; >0.

There exists 19 such that for any M > 0 and any nonnegative continuous functions
z1 and zs on [1y, +00[ such that

sup |7%21(7)| + sup |Tb2’2(7')| < o0.
TZ2T0 TZ>To
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and satisfying the following differential inequality on |1y, +00l:

o M " 21 (o) % 2o (o)
z1(7) </ — O g1 do,
T j=1

(A1)
Bi 2o ()15

o M " z1(0)
22(7) < / gbritn + CZ ob+1 do,
T j=1

we have

sup |7%z1(7)| + sup |sz2(7')| < uM.

=70 =70
Proof. Denote by

Z1(1) = 1%21(1), Za(1) = 1022(7).
Let a; = (1 — aj)a+ a;b+ aj, Ej = fBja+ (1 — B;)b+b;. Using Young’s inequality,
717978 < (1 —0)Zy + 025, (A.1) and Hélder inequality yield

1

z1(7) < MHW

i 1
+0Y (12~ + 12 11) H—W
Lt . ot L
J=1

where the Lebesgue norms correspond to integration over [7,00[. Similarly,

+ cz (12301 + 1220) | =5

1
z(t) < M Hm

For any ¢ > 0,

1
0-c+1

Li(rooh)  €T°

and hence (with a constant C' depending only on the parameters 7, a, b, a;, EJ)

C 121l Lo (fro,+oo) + 1221l o (fr,+00])
Z1(1) < T_”M + CZ =

P )
Ta] a

C T~ 121l Lo (fro,+oo) + 1221l o (fr,+00])
ZQ(T) < 7'_77M + CZ = .

=~ 7b;—b
By assumption, a; —a and Ej —b are positive. Taking the sup norm of the preceding
inequalities and using the triangle inequality, we get
C 1 Z1]| o= (fro,+00D) + 122l Loe (im0, +
1Z1[ o= (1ro, +o0D) < aM+C Z e S
j=1 To

| Z1]l Lo (frost-00) + 122 Loo (7o, ool

b—b
To

c |
1 Z2|| Lo (fro 400 < M+ CZ
j=1
Taking 19 large, we obtain
1211l o= (fro, +o0]) < M+ _HleL“’(To,-i-OOD + = |\ZzllL°°([m,+oo[)

1 Z2l oo (fro, +o0]) < M+ _HleL“’(To,-i-OOD + - |\ZzllL°°([m,+oo[)

Summing up, we get the announced result. (|
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APPENDIX B. SOME INTERPOLATION INEQUALITIES

Lemma B.1. Let d > 1. There exists C > 0 such that for all f € S(R?),

1) o) Flga <@ | 112,

(B2) H < e o nsn,

(B.3) 1l < NI 1157

(B.4) 11z < A1 ||f||2/f,

(B.5) ) VSl < © [l g P g,
(B.6) [ vs,, <ol 7| wris.

B.7) ) V2, < © [ 1| 1128

(B3) l@) V4l < © [ 1| 1715

(B.9) [ vs,. <o e s nr.

Proof. To prove (B.1), use Holder’s inequahty'
@) £ = [ (@1 @F) " (@) ds
<[ (@ r@r)™| Jorm|

Inequality (B.2) follows the same way:

o], = [, (<x>6|f<sc>|) (5 @) dr
H I I (B

Inequalities (B.3) and (B.4) then follow from (B.1) and (B.2), respectively, and
Plancherel formula.
Integrating by parts, we have

1@V == [ F@v- (@7 vs@) de
s [ @) Vs |dx+/ @) (2)? 1A (2)]d
S U@ Fllge I + | @) 7]| 151

I IS + \ |

where we have used (B.1)—(B.4). Inequality (B.5) follows.
Integration by parts also yields

3/2 "

L3

3

S ], IR IR,

|@?vs], =~ [ TV (@ V@) de
sl@ s 1hm + @7 ], @) 9241
sl@® s, (i i1z + i) w2412 ) -
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On the other hand,

[ 9201 == | V@V () V(@) do
S U@ g2 W e + | @2 91| 1
(B.10) Sl (0?12 15185 + e 1. )

We infer, for instance,
2 < 3
| v, < s

el

[FiFS

1/
|\f||”3|\f|\”2+H vy,
A 171 + e |2

v (@ o] )

where we have used Young’s inequality, with (4,4") = (4,4/3). Taking ¢ < 1 yields
(B.6), and (B.7) then follows from (B.10).
The proof of (B.8) and (B.9) is similar, and we omit it. O

@ 1),

Acknowledgments. This work was supported by the French ANR projects: R.A.S.
(ANR-08-JCJC-0124-01); Etude qualitative des EDP (ANR-05-JCJC-0036); Equations
de Gross-Pitaevski, d’Euler, et phénomenes de concentration (ANR-05-JCJC-51279);
ONDNONLIN; ControlFluz. The authors are grateful to the referees for their con-
structive comments.

REFERENCES

1. J.-P. Anker and V. Pierfelice, Nonlinear Schrédinger equation on real hyperbolic spaces, Ann.
Inst. H. Poincaré Anal. Non Linéaire 26 (2009), no. 5, 1853-18609.

2. V. Banica, Remarks on the blow-up for the Schrédinger equation with critical mass on a plane
domain, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 3 (2004), no. 1, 139-170.

, The nonlinear Schrodinger equation on the hyperbolic space, Comm. Partial Differ-
ential Equations 32 (2007), no. 10, 1643-1677.

4. V. Banica, R. Carles, and T. Duyckaerts, On scattering for NLS: from Euclidean to hyperbolic
space, Discrete Contin. Dyn. Syst. 24 (2009), no. 4, 1113-1127.

5. V. Banica, R. Carles, and G. Staffilani, Scattering theory for radial nonlinear Schrédinger
equations on hyperbolic space, Geom. Funct. Anal. 18 (2008), no. 2, 367-399.

6. V. Banica and T. Duyckaerts, Weighted Strichartz estimates for radial Schridinger equation
on noncompact manifolds, Dyn. Partial Differ. Equ. 4 (2007), no. 4, 335-359.

7. M. Beceanu, A centre-stable manifold for the focussing cubic NLS in R™3, Comm. Math.

Phys. 280 (2008), no. 1, 145-205.

, A centre-stable manifold in H/2 for the H/2 critical NLS, preprint, archived as
arXiv:0902.1643, 2009.

9. J. Bourgain, Global solutions of nonlinear Schrédinger equations, American Mathematical
Society Colloquium Publications, vol. 46, American Mathematical Society, Providence, RI,
1999.

10. J. Bourgain and W. Wang, Construction of blowup solutions for the nonlinear Schrodinger
equation with critical nonlinearity, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 25 (1997), no. 1-2,
197-215 (1998), Dedicated to Ennio De Giorgi.

11. N. Burq, P. Gérard, and P. Raphaél, Blow-up solutions for the LZ%-critical nonlinear
Schrédinger equation on a manifold, work in progress.

12. N. Burq, P. Gérard, and N. Tzvetkov, Two singular dynamics of the nonlinear Schrodinger
equation on a plane domain, Geom. Funct. Anal. 13 (2003), no. 1, 1-19.

13. R. Carles, Nonlinear Schridinger equations with repulsive harmonic potential and applica-
tions, STAM J. Math. Anal. 35 (2003), no. 4, 823-843.

14. R. Carles and Y. Nakamura, Nonlinear Schrédinger equations with Stark potential, Hokkaido
Math. J. 33 (2004), no. 3, 719-729.

15. T. Cazenave, Semilinear Schrodinger equations, Courant Lecture Notes in Mathematics,
vol. 10, New York University Courant Institute of Mathematical Sciences, New York, 2003.




16

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
38.

39.

40.

91

MINIMAL BLOW-UP FOR INHOMOGENEOUS NLS 35

. J. Derezinski and C. Gérard, Scattering theory of quantum and classical N-particle systems,
Texts and Monographs in Physics, Springer Verlag, Berlin Heidelberg, 1997.

G. Fibich, F. Merle, and P. Raphaél, Proof of a spectral property related to the singularity
formation for the L2 critical nonlinear Schrédinger equation, Phys. D 220 (2006), no. 1,
1-13.

T. Hmidi and S. Keraani, Blowup theory for the critical nonlinear Schridinger equations
revisited, Int. Math. Res. Not. (2005), no. 46, 2815-2828.

A. Tonescu and G. Staffilani, Semilinear Schréidinger flows on hyperbolic spaces: scattering in
H', Math. Ann. 345 (2009), no. 1, 133-158.

J. Krieger, E. Lenzmann, and P. Raphaél, On stability of pseudo-conformal blowup for L>-
critical Hartree NLS, Ann. Henri Poincaré 10 (2009), no. 6, 1159-1205.

J. Krieger and W. Schlag, Stable manifolds for all monic supercritical focusing nonlinear
Schrédinger equations in one dimension, J. Amer. Math. Soc. 19 (2006), no. 4, 815-920.

, On the focusing critical semi-linear wave equation, Amer. J. Math. 129 (2007), no. 3,
843-913.

, Non-generic blow-up solutions for the critical focusing NLS in 1-d, J. Eur. Math.
Soc. (JEMS) 11 (2009), no. 1, 1-125.

Y. Martel, Asymptotic N-soliton-like solutions of the subcritical and critical generalized
Korteweg-de Vries equations, Amer. J. Math. 127 (2005), no. 5, 1103-1140.

Y. Martel and F. Merle, Multi solitary waves for nonlinear Schrodinger equations, Ann. Inst.
H. Poincaré Anal. Non Linéaire 23 (2006), no. 6, 849-864.

F. Merle, Construction of solutions with exactly k blow-up points for the Schridinger equation
with critical nonlinearity, Comm. Math. Phys. 129 (1990), no. 2, 223-240.

, Determination of blow-up solutions with minimal mass for nonlinear Schréidinger
equations with critical power, Duke Math. J. 69 (1993), no. 2, 427-454.

, Nonexistence of minimal blow-up solutions of equations iut = —Au — k(z)|u|*/Nu
in RN, Ann. Tnst. H. Poincaré Phys. Théor. 64 (1996), no. 1, 33-85.

F. Merle and P. Raphaél, On wuniversality of blow-up profile for L2 critical nonlinear
Schrédinger equation, Invent. Math. 156 (2004), no. 3, 565-672.

, The blow-up dynamic and upper bound on the blow-up rate for critical nonlinear
Schrédinger equation, Ann. of Math. (2) 161 (2005), no. 1, 157-222.

T. Ogawa and Y. Tsutsumi, Blow-up of H' solutions for the one-dimensional nonlinear
Schrédinger equation with critical power nonlinearity, Proc. Amer. Math. Soc. 111 (1991),
no. 2, 487-496.

G. Perelman, On the formation of singularities in solutions of the critical nonlinear
Schrédinger equation, Ann. Henri Poincaré 2 (2001), no. 4, 605-673.

P. Petersen, Riemannian geometry, Graduate Texts in Mathematics, vol. 171, Springer-Verlag,
New York, 1998.

F. Planchon and P. Raphagl, Existence and stability of the log-log blow-up dynamics for the
L?-critical nonlinear Schrédinger equation in a domain, Ann. Henri Poincaré 8 (2007), no. 6,
1177-1219.

P. Raphaél, Stability of the log-log bound for blow up solutions to the critical non linear
Schrédinger equation, Math. Ann. 331 (2005), no. 3, 577-609.

P. Raphaél and J. Szeftel, Ezistence and uniqueness of minimal blow up solutions to an
inhomogeneous mass critical NLS, archived as arXiv:1001.1627, January 2010.

J. Simon, Compact sets in the space LP(0,T; B), Ann. Mat. Pura Appl. (4) 146 (1987), 65-96.
M. E. Taylor, Partial differential equations. III, Applied Mathematical Sciences, vol. 117,
Springer-Verlag, New York, 1997, Nonlinear equations, Corrected reprint of the 1996 original.
M. I. Weinstein, Nonlinear Schrédinger equations and sharp interpolation estimates, Comm.
Math. Phys. 87 (1982/83), no. 4, 567-576.

, Modulational stability of ground states of nonlinear Schréodinger equations, STAM J.
Math. Anal. 16 (1985), no. 3, 472-491.

(V. Banica) DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE D’EVRY, BD. F. MITTERRAND,
025 EVRy, FRANCE
E-mail address: Valeria.Banica@univ-evry.fr

(R. Carles) UNIV. MONTPELLIER 2, MATHEMATIQUES, CC 051, F-34095 MONTPELLIER



36 V. BANICA, R. CARLES, AND T. DUYCKAERTS

CNRS, UMR 5149, F-34095 MONTPELLIER, FRANCE
E-mail address: Remi.Carles@math.cnrs.fr

(T. Duyckaerts) DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE DE CERGY-PONTOISE, CNRS
UMR 8088, 2 AVENUE ADOLPHE CHAUVIN, BP 222, PONTOISE, 95302 CERGY-PONTOISE CEDEX,
FRANCE

E-mail address: tduyckae@math.u-cergy.fr



	1. Introduction
	1.1. Setting of the problem and main result
	1.2. Strategy of the proof
	1.3. Application to NLS on surfaces
	1.4. Structure of the paper

	2. Proof of a weaker result
	3. Introducing a modulation
	3.1. Modulation and linearization
	3.2. From p to the modulation
	3.3. Reduced problem

	4. The linearized operator
	5. Tuning the modulation
	5.1. General estimates
	5.2. Control of the secular modes by projection

	6. The non-secular part
	6.1. Energy estimates
	6.2. Refined a priori estimates
	6.3. Proof of Proposition 6.1

	7. Fixed point argument
	7.1. Stability
	7.2. Compactness
	7.3. End of the proof

	Appendix A. A differential inequality
	Appendix B. Some interpolation inequalities
	Acknowledgments

	References

