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The extended finite element method (X-FEM) was used with success in the past few years for linear elastic fracture

mechanics (LEFM). In the case of elastic–plastic fracture mechanics (EPFM), this method cannot be used without ade-

quate asymptotic solutions to enrich the shape function basis. In this paper, we propose to use the well-known Hutch-

inson–Rice–Rosengren (HRR) fields to represent the singularities in EPFM. The analysis we are presenting is done in

the context of confined plasticity, and shall be used to predict fatigue crack growth without remeshing. A Fourier anal-

ysis of the HRR fields is done in order to extract a proper elastic–plastic enrichment basis. Several strategies of enrich-

ment, based on the Fourier analysis results, are compared and a six-enrichment-functions basis is proposed. This new

tip enrichment basis is coupled with a Newton like iteration scheme and a radial return method for plastic flow. Numer-

ical comparisons with and without unloading of fracture parameters are made with classical finite element results and

show good agreements.

Keywords: Elastic–plastic; Fracture mechanics; Extended finite element method; HRR fields
P

CCE1. Introduction

This paper presents an extended finite element method (X-FEM) for fatigue fracture analysis of cracks in

homogeneous, isotropic, elastic–plastic two-dimensional solids subject to mixed mode in the case of con-

fined plasticity. The hypothesis of confined plasticity (i.e., the plasticity is confined to the region near

the crack tip) is important in this study as one is to use it to predict fatigue crack growth.
A
* Corresponding author. Tel.: +33 4 72436426; fax: +33 4 78890980.

E-mail address: alain.combescure@insa-lyon.fr (A. Combescure).

1



ACCEPTED MANUSCRIPT
ANUSCRIP
T

In linear elastic fracture mechanics (LEFM), since the asymptotic solutions are known, the application

of the partition of unity concept [1] in X-FEM was successful [2–4]. In recent work (see Refs. [5,6]) some

authors have also proposed to replace the ‘‘classic’’ linear elastic tip enrichment basis with more efficient

ones in their cases. Some authors have also proposed to use extended finite element/partition of unity

methods to treat non-linear problems, see for example Refs. [7,8]. One proposes in this paper to extend
the X-FEM to treat material non-linearities at the vicinity of cracks.

In the case of elastic–plastic fracture mechanics (EPFM), the asymptotic fields are not analytically

known. The Hutchinson–Rice–Rosengren (HRR) [9,10] solutions describe the nature of the dominant sin-

gularity in the case of a power-law hardening material. Although higher order terms may have important

effects [11,12] they should be insignificant in the case of confined plasticity. These fields are used to build a

plastic enrichment basis that will be implemented in X-FEM, comparable to the one used for LEFM

described in [13].

As unloading will be inevitable in fatigue simulation, the usual Ramberg–Osgood non-linear material
representation is not sufficient to model the corresponding elastic–plastic material in the numerical compu-

tation. Therefore, the HRR fields are only used to construct the enrichment basis that will capture the plas-

tic singularity. A Newton like iteration scheme is used to compute equilibrium in conjunction with a radial

return mapping scheme to compute plastic irreversible strains.

A Fourier analysis of the HRR fields is done in order to construct the enrichment basis. One shows that

a truncated expansion of these fields on the Fourier harmonics can adequately represent the complete HRR

fields. An eight-functions-enrichment basis comes out of this analysis. After some numerical experiments, a

basis composed of six functions only appears to be the best for X-FEM elastic–plastic mixed mode fracture
analysis. It is similar to the one used in [14] within the context of the element free Galerkin method. Numer-

ical comparisons with and without unloading with standard finite element results are presented to validate

the method.
 M

ED 2. Study of the elastic–plastic asymptotic fields

2.1. Elastic–plastic singularities

Let us consider a power-law hardening material associated with uniaxial stress–strain (r–e) relationship
Te
e0

¼ r
r0

þ a
r
r0

� �n

ð1Þ
EPwhere r0 is the reference stress, e0 = r0/E the reference strain, E the Young modulus, a a material constant

and n the hardening exponent. When n equals 1 (respectively 1) Eq. (1) represents linear-elastic (respec-

tively rigid-perfectly plastic) material. For multiaxial stress state, the Ramberg-Osgood law can be general-

ized with respect to the strain rate partition
C_eij ¼ _eeij þ _epij ð2Þ
where
C
_eeij ¼

1þ m
E

_sij þ
1� 2m
3E

_rppdij ð3Þ
A
and
_epij ¼
3

2E
a

re

r0

� �n�1

_sij ð4Þ
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Fig. 1. Coordinates and geometry of the crack tip.
USare the elastic and plastic components of strain rate, m the Poisson ratio, _sij ¼ _rij � _rppdij=3 is the deviatoric

stress rate, re ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3sijsij=2

p
is the Von Mises stress, and dij the Kronecker symbol. In the fracture process

zone at the vicinity of the crack tip, elastic strain rates are negligible when compared with plastic strain

rates, i.e., _eij ’ _epij and the asymptotic crack tip fields are given by Eqs. (5)–(7):
D M
AN

rij ¼ r0

J
ar0e0Inr

� �1=ðnþ1Þ

~rijðh; nÞ ð5Þ

eij ¼ ae0
J

ar0e0Inr

� �n=ðnþ1Þ

~eijðh; nÞ ð6Þ

ui ¼ ae0r
J

ar0e0Inr

� �n=ðnþ1Þ

~uiðh; nÞ ð7Þ
TEwhere r and h are the polar coordinates with origin at the crack tip (see Fig. 1), In is a dimensionless con-

stant that depends on n, ~rij, ~eij and ~ui are dimensionless angular functions of h and n. Let us consider a crack

in direction x1; J (Rice�s integral) is then defined by
PJ ¼
Z
C

Wn1 � riknk
oui
ox1

� �
ds ð8Þ
ACCE
with C a counter-clockwise path around the crack tip, n the unit outward normal to C, W ¼

R eij
0
rij deij the

strain energy density where rij and eij are the stress and strain tensors, respectively, and ui the ith component

of the displacement field. The J-integral can be shown to be independent of the C contour for finite plas-
ticity, this can be extended to incremental theory if the structure is submitted to an increasing radial loading

(see Ref. [17]). One of the objectives of this work is to extend this approach to fatigue crack growth analysis

in the case of confined plasticity: if the C contour is large enough to totally surround the plastic zone, the

independence property should still exist (see Ref. [17]).

Eqs. (5)–(7) represent the HRR fields under pure mode I [9,10] and pure mode II [15,16]. The tilde angu-

lar functions ~rijðh; nÞ, ~eijðh; nÞ and ~uiðh; nÞ depend on the material constant n and are different for pure mode

I and pure mode II. In Refs. [9,10] these functions are calculated for pure mode I, they can also be calcu-

lated for pure mode II considering the anti-symmetry conditions (see Ref. [15]).
3
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2.2. Fourier analysis

As the HRR fields are explicitly known, we choose to introduce them as a new enrichment basis in

X-FEM. But, as we have to solve a fourth-order non-linear differential equation to evaluate them (see Refs.

[9,10]), we shall approximate them by simpler functions. For the linear elastic case, the asymptotic displace-
ment solutions are
IP
T

u1ðr; hÞ ¼
1

2l

ffiffiffiffiffiffi
r
2p

r
KI cos

h
2
ðk � cos hÞ þ KII sin

h
2
ðk þ cos hþ 2Þ

� �
ð9Þ

u2ðr; hÞ ¼
1

2l

ffiffiffiffiffiffi
r
2p

r
KI sin

h
2
ðk � cos hÞ � KII cos

h
2
ðk þ cos h� 2Þ

� �
ð10Þ
R

where k is the Kolosov constant k = (3 � m)/(1 + m) for plane stress and k = 3 � 4m for plane strain. These

functions can be expanded on the following basis:
SCffiffi
r

p
sin

h
2
;

ffiffi
r

p
cos

h
2
;

ffiffi
r

p
sin

h
2
sin h;

ffiffi
r

p
cos

h
2
sin h

� �
ð11Þ
ANUIn the case of elastic–plastic fields, we perform a Fourier decomposition of the functions ~uiðh; nÞ for both
mode I and mode II. The results given by the solution of Eq. (7) have to be handled. These functions, which

are known on the interval [�p;p], are periodized on [0;4p] by conserving the symmetry and anti-symmetry

properties of the linear elastic fields, and the variable is taken to be h/2 instead of h. After these manipu-
lations, the Fourier analysis of these fields is done using the well-known formulas (for a given scalar func-

tion f of a real parameter t):
Mf ðtÞ ¼ a0 þ
X1
n¼1

an cosðnxtÞ þ bn sinðnxtÞð Þ ð12Þ
 with
PTEDa0 ¼
1

T

Z aþT

a
f ðtÞdt ð13Þ

an ¼
2

T

Z aþT

a
f ðtÞ cosðnxtÞdt ð14Þ

bn ¼
2

T

Z aþT

a
f ðtÞ sinðnxtÞdt ð15Þ
ACCET the period of the function f, a a given real, and n a strictly positive integer.

It appears that the only non-zero harmonics are cosðk h
2
Þ and sinðk h

2
Þ (for k in N) depending on the sym-

metry and anti-symmetry properties of the function considered.

The Fourier decomposition of solutions with n values between 1 and 100 shows that the HRR fields can

be well approximated by using a truncated Fourier expansion by taking only the first four non-zero har-

monics for each function. The Fourier expansion are compared to the complete HRR solution in Fig. 2

for pure mode I and pure mode II under plane strain conditions for three types of material (high hardening
n = 3.7, medium hardening n = 10 and low hardening n = 50).

Therefore, we can represent the displacement fields under pure mode I and pure mode II by expanding

the HRR functions on the basis given in Eq. (16):
r1=ðnþ1Þ cos
kh
2
; sin

kh
2

� �
; k 2 ½1; 3; 5; 7�

� �
ð16Þ
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Fig. 2. Approximations of the HRR fields for mode I (a) and mode II (b).
AC3. Extended finite element enrichment basis

3.1. The extended finite element method—linear elastic case

In the presented method, we use the extended finite element method, first introduced in Refs. [2,3], in

which an enrichment basis is added to the classical finite element basis approximation. This is done using

the partition of unity method [1]. The enriched basis shape functions are associated to new degrees of free-

dom and the displacement field can be written (see Ref. [3]):
5
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Fig. 3. An arbitrary crack placed on a mesh-enrichment strategy.
SU ¼
X
i2N

NiðxÞUi þ
X
i2Ncut

NiðxÞHðxÞai þ
X

i2Nfront

X
a

NiðxÞBaðxÞbi;a ð17Þ
NUN is the set of the standard finite element nodes,Ncut the set of nodes which belong to elements completely

cut by the crack (circled nodes in Fig. 3) and Nfront the set of nodes containing a crack front (square nodes

in Fig. 3). Ni are the standard finite element shape functions, H is a function which value is 1 if x is above

the crack surface and �1 if x is under the crack surface. [Ba] is derived from the LEFM asymptotic displace-

ment field given in Eqs. (9) and (10), see Ref. [13]:
 A
Ba½ � ¼

ffiffi
r

p
sin

h
2
;

ffiffi
r

p
cos

h
2
;

ffiffi
r

p
sin

h
2
sin h;

ffiffi
r

p
cos

h
2
sin h

� �
ð18Þ
M
ACCEPTED 
3.2. Plastic case

The Fourier analysis led to the choice of the enrichment basis given by Eq. (16). The comparison of this

basis with the linear elastic one (given by Eq. (18)) induced one to use trigonometric identities in order to

have only one function (sinh/2) with discontinuity between h = +p and h = �p. As ill conditioning of the

stiffness matrix appears, one has to improve the numerical integration and to limit the dimension of the

enrichment basis.

3.2.1. Numerical integration

The numerical integration of the weak form proposed for linear solutions must be improved because of
the existence of high order trigonometric Fourier terms in the basis functions in case of plasticity. The sub-

triangle partitioning already used in X-FEM (see Ref. [3]) which consists in partitioning the elements cut by

the crack into subtriangles (each with 3 Gauss quadrature points) is not sufficient.

One could have increased the number of quadrature points in each subtriangle to improve the numerical

integration of the high order terms, but one has to keep in mind the problem of propagation. If the crack

propagates in a new direction, the subtriangles associated with the previous crack position will also be par-

titioned into new subtriangles to be coherent with the new crack faces (see Fig. 4). With this technique, the

projection of the stress and internal variable fields is inevitable as the crack propagates, which can lead to
problems such as the non-conservation of the energy. Therefore, a new efficient integration scheme that

could circumvent this problem must avoid a new partitioning of an element as the crack propagates.

One chooses to use a simple subquadrangle partitioning technique equivalent to the one proposed in Ref.

[8]. The elements cut by the crack are subdivided into 16 subquadrangles with 16 Gauss quadrature points
6
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subtriangles for step 1

crack position at step 2

(b)(a)

crack position at step 1

new subtriangles for step 2

Fig. 4. Subtriangles (a) before propagation and (b) after propagation.

Elements

Crack

(b)(a)

Subquadrangles

Support
NodalNode

Fig. 5. (a) Nodal support cut by a crack, (b) the subquadrangles associated with elements cut by the crack.
ACCEin each subquadrangle (see Fig. 5). With this technique the subelements edges are not compatible with the

crack faces, and integration errors may appear because of the enrichment functions that are discontinuous

on the crack faces (i.e., the jump function H and the tip function sin(h/2)).
Therefore, one chooses to create two sets of subelements based on the subquadrangles grid (see Fig. 6):

one set (denoted by (a) and (b) in Fig. 6), which is compatible with the crack faces,1 to calculate the stiffness

matrix for (a) the elements totally cut by the crack (i.e., enriched with the jump function H) and (b) the

element containing the crack front; and another set (denoted by (c) and (d) in Fig. 6), which is independent

of the crack faces, to compute the plastic flow in each element cut by the crack ((c) for the elements totally
cut by the crack and (d) for the element containing the crack front).
1 The subquadrangles cut by the crack are replaced by subtriangles obtain with the same technique as in the elastic case.

7
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crack

Fig. 6. Partitioning for the evaluation of (a) discontinuous stiffness matrix, (b) tip stiffness matrix. Partitioning for plastic flow

computation for (c) discontinuous element and (d) tip element.
ED3.2.2. Study of the basis

Three bases, given in Eqs. (19)–(21), are tested. A comparison of the numerical rank of the tip stiffness

matrix is made for these three bases for the element containing the crack front (see Fig. 7):
A

TðaÞ r1=ðnþ1Þ sin
h
2
; cos

h
2
; sin

h
2
sin h; cos

h
2
sin h; sin

h
2
sin 2h; cos

h
2
sin 2h

� �
ð19Þ
PðbÞ r1=ðnþ1Þ sin

h
2
; cos

h
2
; sin

h
2
sin h; cos

h
2
sin h; sin

h
2
sin 3h; cos

h
2
sin 3h

� �
ð20Þ
E
ðcÞ r1=ðnþ1Þ sin
h
2
; cos

h
2
; sin

h
2
sin h; cos

h
2
sin h; sin

h
2
sin 2h; cos

h
2
sin 2h; sin

h
2
sin 3h; cos

h
2
sin 3h

� �
ð21Þ
CC

Fig. 7. Finite element containing the crack front.
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Table 1

Numerical rank of the stiffness matrix for different enrichment strategies

Enrichment basis Numerical rank of Kel

Elastic (Eq. (18)) 4

(a) 8

(b) 4

(c) 12
RI
What is called the numerical rank is defined as follows: let A be the set of the eigenvalues of a

stiffness matrix K, A can be subdivided into three sets listed in Eq. (22) (with E � 1011 Pa and

m � 0.3).
SC
A ¼

Anul ¼ ½a 2 A; jajv10�14�

Ahourglass ¼ ½a 2 A; jajv10�4�

Anorm ¼ ½a 2 A; jajv108�

8>><
>>:

ð22Þ
U
ED M
ANThe eigenvectors associated to the eigenvalues in Anul (respectively Anorm) correspond to the rigid

body motion (respectively to the transmissible modes). The ones associated to the eigenvalues in

Ahourglass are associated to ‘‘hourglass’’ like modes, and the numerical rank is defined as the dimension

of Ahourglass.

The results given in Table 1 indicate that with bases (a) and (c) the stiffness matrix has 8 or 12 ‘‘hour-
glass’’ modes. The ‘‘hourglass’’ behavior is also present for the basis (b) but there are only four modes

which seem not to be transmissible (see Ref. [18] where the case of discontinuous enrichment is studied),

as for the elastic basis. The ill-conditioning problem and the presence of these ‘‘hourglass’’ modes has

already been pointed out in the literature: see Ref. [19] for the conditioning study and Refs. [18,20] for

the ‘‘hourglass’’ modes.

Therefore, one chooses to use the basis (b) given by Eq. (20), which appears to be the same as the one

proposed in [14] in the context of the element free Galerkin method.
T
ACCEP4. Numerical examples

All the numerical examples presented below are treated in plane strain conditions.

4.1. Pure mode I

The first comparison is made for a pure mode I SE(T) specimen between a 380 four nodes quadrangles
mesh in X-FEM with 548 degrees of freedom (DOF) and a 892 six nodes triangles mesh in a classical finite

element code with 4106 DOFs. The geometry and the meshes are given in Fig. 8, with the valuesW = 20 cm,

L = 25 cm and a = 10 cm. The specimen is monotically put in tension with an increasing load and then

monotically brought back to zero load with the same number of steps.

The usual incremental plasticity theory is used to predict stress and strains history. The comparison is

made for two materials, one with strong hardening (n = 3.7) and one with weak hardening (n = 30). One

compares the displacement jump (denoted by [u]) between the crack faces evaluated at the intersection

of the crack faces and the boundary of the element containing the crack front, in the normal direction
9
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Fig. 9. (a) Geometry of the SE(T) specimen, (b) meshes used in X-FEM and (c) classical finite element.

Fig. 8. (a) Geometry of the SE(T) specimen, (b) meshes used in X-FEM and (c) classical finite element.
ACto the crack faces, and the J-integral. The results are shown in Fig. 10 for [u] and Fig. 11 for J. One plots the

quantities [u] and J versus the evolution factor (computational step) and the normalized variation between

the FE and X-FEM results in percent versus the evolution factor on the same figure.

The results are very close for both [u] and J even when the load is decreasing. The displacement jump [u]

is slightly bigger with X-FEM than with a usual finite element analysis. One can see the residual opening of

the crack due to plastic strains when the load comes back to a zero value in Fig. 10.

The same comparison is made without the new plastic tip enrichment in X-FEM i.e., only with discon-

tinuous enrichment. The J-integral results can be found in Fig. 12. These results (about 50% of variation at
10
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Fig. 10. Comparison for the displacement jump [u] for n = 3.7 (a) and n = 30 (b) in plane strain pure mode I.
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Fig. 11. Comparison for the J-integral for n = 3.7 (a) and n = 30 (b) in plane strain pure mode I.
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Fig. 12. Comparison for the J-integral without plastic tip enrichment for n = 3.7 (a) and n = 30 (b) in plane strain pure mode I.
the maximum load) show that the new plastic tip enrichment is absolutely necessary to treat the material

non-linearities at the vicinity of a crack.
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4.2. Mixed mode

4.2.1. Comparison with a usual elastic–plastic finite element calculation

The second comparison is made for a mixed mode SE(T) specimen with an inclined crack. The geometry

and the meshes are given in Fig. 9, with the following parameters W = 20 cm, L = 25 cm and a = 11.18 cm,
b = 26.5�. The comparison is also made for two materials, with high hardening (n = 3.7) and low hardening

(n = 30), for the displacement jump [u] and the J-integral. The specimen is monotically submitted to an

increasing load. One plots the quantities [u] and J versus the loading factor (computational step) and the

variation between the FE and X-FEM results in percent versus the loading factor on the same figure.

The results are shown in Figs. 13 and 14. The two computations compare quite well (less than 2.5% of

variation in all cases).

4.2.2. Comparison with elastic X-FEM calculation

The comparison is also made, for the same specimen, on the stress intensity factors (SIF). One compares

the SIFs calculated with an elastic behavior and an elastic enrichment basis to the ones calculated with an

elastic–plastic behavior and the plastic enrichment basis introduced earlier. In both case the SIFs are cal-

culated with the interaction integral method presented in Refs. [2,3]. In this method, the linear elastic

asymptotic fields are used as auxilliary fields to uncouple the SIFs.
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Fig. 13. Comparison for the displacement jump [u] for n = 3.7 (a) and n = 30 (b) in plane strain mixed mode.
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A weighting function q(x) is used for the calculation of the interaction integral which takes a value of

unity on an open set containing the crack tip and vanishes on an outer prescribed contour C0 (see Fig.

16). As it is the gradient of q that counts in the interaction integral, the only elements that produce a

non-zero value are the ones located at the boundary of C0. With the hypothesis of confined plasticity, plas-

tic strains are only present on the element containing the crack front, i.e., in an element that produces a zero
value in the interaction integral. Therefore, one can use the same method for evaluating the SIFs in the

elastic–plastic case.

The results are shown in Fig. 15 for two materials (n = 3.7 and 30). One can observe in Fig. 15 a loss of

linearity for the plastic cases after step number 2 which is the one where plasticity appears. As the difference

between elastic and plastic SIFs is not considerable one sees that the hypothesis of confined plasticity is

relevant. Furthermore, these results show that even in the case of confined plasticity (i.e., not so far from

the LEFM conditions), when the load is such that plasticity appears, the non-linearity is also present on the

SIFs and that the elastic prediction under estimates them.
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Fig. 16. Weight function q on the elements with an inclined crack.
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5. Conclusion

A method has been presented for enriching finite elements approximations in the framework of EPFM.

The main hypothesis of this study is that we only consider the case of confined plasticity i.e., one only en-

riches the element containing the crack front. A new plastic enrichment basis, that captures well the HRR
plastic singularities, is presented in the framework of the X-FEM, coupled with a Newton like iterative

algorithm and a radial return mapping scheme to compute plastic flow. As discussed before, this study

is done in the context of confined plasticity and will be used to predict elastic–plastic fatigue crack growth

without remeshing.

The results presented show very good accuracy for numerical evaluation of standard fracture parameters

such as J-integral. In the first example the presented method shows a good accuracy when the load is

increasing (which shows that the plastic solution is well captured by the new tip enrichment basis) as well

as when unloading appears. This last result shows the ability of the presented method for fatigue crack
analysis. In the last example, the influence of material non-linearities in the evaluation of stress intensity

factors is demonstrated in the case of confined plasticity i.e., not so far from the LEFM conditions.

This improvement in X-FEM fracture calculation will be applied to predict mixed mode fatigue crack

growth. The new partitioning integration strategy will therefore be adapted to avoid the projection of inter-

nal variables as the crack propagates. The main idea of this modification will be to partition with the same

technique a bigger set of elements that surround the crack tip, in order to initialize internal variables while

in elastic conditions.
 N
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