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STRANGE DUALITY FOR VERLINDE SPACES OF EXCEPTIONAL
GROUPS AT LEVEL ONE

ARZU BOYSAL AND CHRISTIAN PAULY

ABSTRACT. The moduli stack M x (Es) of principal Es-bundles over a smooth projective curve
X carries a natural divisor A. We study the pull-back of the divisor A to the moduli stack
Mx (P), where P is a semi-simple and simply connected group such that its Lie algebra Lie(P)
is a maximal conformal subalgebra of Lie(Fg). We show that the divisor A induces “Strange
Duality”-type isomorphisms between the Verlinde spaces at level one of the following pairs of
groups (SL(5),SL(5)), (Spin(8), Spin(8)), (SL(3), Fs) and (SL(2), E7).

1. INTRODUCTION

Let X be a smooth complex projective curve of genus g and let G be a simple and simply
connected complex Lie group. We denote by M x(G) the moduli stack parametrizing principal
G-bundles over the curve X and by L the ample line bundle over M x(G) generating its Picard
group. The starting point of our investigation is the observation (see e.g. [Bd], [FT], [FQ]) that

dim H(Mx (Es), Lg,) = 1.

for any genus g. In other words, the moduli stack M x(Fjg) carries a natural divisor A. Unfor-
tunately a geometric interpretation of this divisor is not known.

In this paper we study the pull-back of this mysterious divisor A under the morphisms
Mx(P) — Mx(Esg) induced by the group homomorphisms ¢ : P — FEg, where we assume that
P is connected, simply connected and semi-simple, and that the differential d¢ : p = Lie(P) —
es = Lie(Eg) is a conformal embedding of Lie algebras (see Definition B.1l). We recall ([BH]
p. 566) that any subalgebra of maximal rank 8 of eg (see [BIJ] Chapter 7 for a list) is actually
a conformal subalgebra of eg with Dynkin (multi-)index one. Maximal conformal subalgebras
of eg with Dynkin (multi-)indicies one have been classified by and [EW], and the full list
is as follows:

(1) maximal rank :50(16), s0(9), sl(5) & sl(5), sl(3) B e, sl(2) e,

non-maximal rank : go P f4.
In Table (J]) we list the corresponding simply connected Lie groups P and the finite kernel N
of their natural maps to Eg (see e.g. [CG| Lemma 3.3).

, B [ Spin(16) [SL(9) [SL0) < SL(5) [ SL03) X By | SLE) % B | Gs X T
(2) NI Z2Z (ZBZ|  ZJ5Z ARV AP i

Note that N is a subgroup of the center of P. We introduce the finite abelian group M x(N)
of principal N-bundles over X, which acts on M x(P) by twisting P-bundles with N-bundles.
Since N is the kernel of ¢, the group M x () acts on the fibers of the induced stack morphism
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2 ARZU BOYSAL AND CHRISTIAN PAULY

¢ : Mx(P) — Mx(Es). We emphasize that the My (N)-linearization of the line bundle £p
over M x (P) is not unique, but we obtain a canonical M x (N )-linearization (hence a canonical
linear action of Mx(N) on H'(Mx(P), Lp)), namely, the one induced from the isomorphism
¢ Ly, = Lp.

If P has two simple factors, the line bundle £p denotes the tensor product of the ample
generators on each factor (see section 2.1). With this notation our main result can be stated
as follows.

Theorem 1. Let P be a Lie group of Table (P]) and let
op : H'(Mx(Es), Lp,) — H(Mx(P), Lp)

be the linear map on global sections induced by the homomorphism ¢ : P — Eg. Then

(i) The linear map ¢p is nonzero.

(ii) In all cases except P = G X Fy, its one-dimensional image coincides with the M x(N)-
invariant subspace of H*(Mx(P),Lp), where Mx(N) acts on H(Mx(P), Lp) with
the canonical action.

Unfortunately, even in the cases SL(9) and Spin(16), we are not able to give a geometric
description of the zero-divisor of the M x (N)-invariant section in the moduli stacks M x (SL(9))
and M x (Spin(16)) — see section 7.1 for further discussion.

A word about the proof of Theorem 1. We make use of the identification of the space
of generalized G-theta functions HO(Mx(G), L) with the space of conformal blocks Vi(X, g)
associated to the curve X with one marked point labelled with the zero weight. Here g = Lie(G).
Under this identification the linear map ¢p becomes the map induced by the natural inclusion
of the basic highest weight modules Hy(p) < Ho(es) of the affine Lie algebras p and ¢g. The
proof has essentially two steps. First, we use a result by P. Belkale ([B] Proposition 5.8) saying
that the linear map ¢p has constant rank when the curve X varies in a family of smooth curves.
Here, the fact that the embedding p C eg is conformal, is crucial, since it ensures that ¢p is
projectively flat with respect to the WZW connections on both sheaves of vacua over any family
of smooth curves. Secondly, we study in section 4 the behaviour of the factorization rules of
the spaces of conformal blocks associated to g under any conformal embedding p C g. This
will follow once one has decomposed the “sewing-procedure” tensor 9, € Ha(g) ® Hyi(g)[[q]]
under the decomposition of the g-modules H, (g) and H,: (g) into irreducible p-modules. Finally,
combining these two steps allows us to show by induction on the genus of X that ¢p is non-zero.

In the cases when P is not simple and N not trivial, an argument using the representation
theory of Heisenberg groups allows us to show the following result, which can be seen as an
instance of Strange Duality for exceptional groups at level one.

Theorem 2. Let (A, B) be one of the three pairs (SL(5),SL(5)), (SL(3), Es), (SL(2), E7).
Consider any M x(N)-linearization of the line bundle £« p over Mx(A x B). Let
o0 € H'(Mx(A x B),Laxp) = H' (Mx(A),L4) @ H*(Mx(B), Lp)

be a non-zero element of the one-dimensional M x (N )-invariant subspace. Then ¢ induces an
isomorphism

o: H'(Mx(A),L4)* — H'(Mx(B),Lp).



A similar isomorphism is obtained for the pair (Spin(8), Spin(8)) — see section 7.2.1.

We would like to mention that the proofs of Theorem 1 and Theorem 2 are independent, and
that both results are related by the fact that the “Strange Duality” isomorphism of Theorem 2
corresponding to the canonical M x(N)-linearization is obtained precisely by pulling-back the
Es-theta divisor A to the moduli stack M x (A x B).

The last few years have seen important progress on “Strange Duality” or “rank-level” duality
for Verlinde spaces. For a survey we refer, for example, to the papers [MJ], [Pd] or [Pd].

We would like to thank Laurent Manivel and Nicolas Ressayre for helpful comments, as well
as the referees for helping us improve readability of the paper.
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research visits. The second author was partially supported by the Ministerio de Educacion y
Ciencia (Spain) through the grant SAB2006-0022.

2. NOTATION AND PRELIMINARIES
2.1. Moduli stacks and line bundles.

2.1.1. Dynkin index. Let p and g be two simple Lie algebras and let ¢ : p — g be a Lie
algebra homomorphism. There exists [[J] a unique integer d,, called the Dynkin index of the
homomorphism ¢, satisfying

3]

(()O(x% Qp(y))g = d@(l’, y)pa fOl" au X, y € p>

where ( , ). denotes the Cartan-Killing form on p and g, normalized such that (0,60) = 2 for
their respective highest roots 6. If p is semi-simple with two components p; @ ps, then the
Dynkin multi-index of ¢ = 1 @ @2 : p1 @ po — g is given by d, = (d,,, d,,), where each d, is
defined using ¢; : p; — g.

2.1.2. Line bundles over the moduli stack Mx(P). If P is a simple and simply connected
complex Lie group we refer to [LY and [Sd] for the description of the ample generator Lp of
the Picard group of the moduli stack Mx(P). If P = P, x P, with P, simple and simply
connected, we put Lp = Lp, ¥ Lp, and we note E‘}g = £‘Ii§1 X Ejlfz for a multi-index d = (dy, ds).
The following lemma follows easily from [CJ] and [KNE].

Lemma 2.1. Let ¢ : P — G be a homomorphism between simply-connected complex Lie groups
with G simple and P semi-simple. Let ¢ : Mx(P) — Mx(G) be the induced stack morphism.
Then we have the equality

6"La =LY,
where d, is the Dynkin (multi-) index of the differential ¢ = d¢ : p — g.

2.2. Spaces of conformal blocks.
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2.2.1. The case g simple. Let g be a simple Lie algebra and h C g a Cartan subalgebra. We
denote as before by (, ) the normalized Cartan-Killing form and we will use the same notation
for the restricted form on h and for the induced form on h*. We consider (see [[K]] Chapter 7)
the non-twisted affine Lie algebra associated to g over C((z))

g=9®C((2)) ®Cce Cd

with Lie bracket

[z® fy®g]=[r,y] @ fg+ (z,y)Res.=o(g9df) - ¢, [9,¢] =0, [d,c] =0, [d,z(n)] = nx(n),
for z,y € g, f,g € C((2)) and n € Z. Here we put z(n) = x ® 2". We identify g with the
subalgebra g ® 1 of g. The subalgebra

h=hdCcwd Cd

is the Cartan subalgebra of the affine Lie algebra g. We extend A € h* to a linear form on 6 by
putting (A, Cc ® Cd) = 0, where (, ) is the standard pairing. We define the elements Ay and

§ in the dual h* = h* & CAy & C6 by (5,d) = (Ag,¢) = 1 and (5,h & Cc) = (Ao, h & Cd) = 0.
We extend the form ( , ) to b* by putting

(h*,CAy @ Co) =0, (6,0) = (Ao, Ag) =0, (6,Ag) = 1.

The Weyl group of g is denoted by W(g). Call w§ € W (g) its longest element. Later we will
need the following fact

Proposition 2.2. Let p C g be an embedding of semi-simple Lie algebras and choose Cartan

subalgebras such that h, C bhy. Then there exists an element w € W(g) which preserves the

subspace b, C by and such that the restriction wy, coincides with the longest element w.

Proof. This can be deduced from a more general fact — see e.g. Theorem 2.1.4 [BY]. Moreover
if p and g have the same rank (all our cases except go @ f4), i.e. b, = by, we have a canonical
inclusion W (p) C W(g). O

Next, we recall some representation theory of the affine Lie algebra g from [K]] Chapter 12.

We denote by P(g) the weight lattice of g and by P,(g) the subset of P(g) consisting of
dominant integral weights. Given a positive integer k, called level, we consider the finite set

Pr(g) :={) € Py (g) | (\,0) <k} Cbh"

Given A € Pi(g) we denote by H,(g), or simply H, if no confusion arises, the integrable
g-module with highest weight A\ + kAg; in particular,

(1) the center ¢ € b acts on H,, as k - Id.
(2) the derivation d € h acts trivially on the highest weight vector vy of H,y.
We introduce the set

Pi(g) = {A\=X+kAo+ (5| A€ P(g),( € C} C b".

Given A = A + kAo + ¢4 in % we define AT = —w(\) 4+ kAo 4 ¢6. This gives an involution
A — Al on the set Py(g).



Note that there is a projection map
Pi(g) = Plg), A=A+kN+(5— A

We will view P,(g) as a subset of % under the mapping A — A = A + kAo and we observe
that the involution A — AT restricts to an involution A — AT = —w§()) on the finite set Py (g).
Note that —AT is the lowest weight of the irreducible right g-module V5, the dual of V.

More generally, for any A = A + kAg + (8 € P/@ such that A\ € Py(g) we denote by H;(g)
the integrable g-module with highest weight A= \+kAg+ (9d; in particular,

(1) the center ¢ € b acts on H, as k - Id.
(2) the derivation d € b acts on the highest weight vector vy of Hy as d - vy = Cvj.

For A = A-kAg+(6 € P/@ with A € P,(g), we note that the g-modules H) and H; become
isomorphic as modules over the subalgebra [g, g] = g ® C((2)) & Cc. The g-module Hy(g) with
zero weight and level 1 (i.e., A = Ag) is called the basic g-module.

Given s points p'= (p1,...,ps) on X we consider the open subset U = X \ {p1,...,ps}, and
choose a local coordinate &; at each point p;. Following [ Definition 3.1.1 we introduce the
Lie algebra

gs = @g ®c C((&)) @ Ce.

There is a natural embedding of the ring H(U, Oy ) of regular functions on U into &5_, C((&;))
via Laurent expansions at the points p;. By [[] Lemma 3.1.2, g(U) := g ® H°(U, Op) is a Lie
subalgebra of g,.

For \ = (A, Ag, ..., Ag) € Pr(g)® we introduce the left gs-module

Hs:=H), @ Hy, @ ... @ Hy,.
The space of covacua associated to the data (X, p, X, E) is defined as
Vi(X,g) = Hz/9(U) - Hy,

where g(U) acts on Hy via the inclusion in g,. We refer to [ for further details.
The space of vacua or the space of conformal blocks is defined as the dual of V;(X, g) and is

denoted by V}(X ,8). We note that there is an inclusion

I i
VX(Xa g) — Hs.
We denote by ( | ) the natural pairing between Hy and its dual H;.

The construction of the space of conformal blocks can be carried out for a family X — S of
pointed nodal curves and provides a sheaf over the base scheme S, called the sheaf of vacua
and denoted by V;(X ,8). A fundamental property is that the sheaf of vacua is locally free and

that it commutes with any base change in S (see e.g. [[J] Theorem 4.4.2).
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2.2.2. The case g semi-simple. We now adapt the previous contructions to semi-simple Lie
algebras g. For our purposes it is enough to deal with the case when g is the direct sum of two
simple Lie algebras g = g1 @ go. By [[K]| section 12.9 we define the affine Lie algebra associated
to g by
g=9®C((2)) ®Cc; & Ccy, @ Cd,
with Cartan subalgebra 6 =bh P® Ccy & Cey ® Cd. Similar to the case of simple algebras, one
defines a Lie bracket and a non-degenerate bilinear form on § and on its dual h* = b* EB(CA(()l) D
(2)
CAy7 @ Co.

Given a multi-index k = (kq, ko), with k; positive integers, we introduce the sets

Pk(g) = P (g1) X Pry(82),
Ple) = A=A+kAY + kAP +¢5| A€ P(g),¢ € CY C B,
and we associate to a weight A = (A1, \®?) € P,(g) the integrable g-module
Ha(g) = Hao (91) @ Hye (g2).

Similarly, we introduce for any \ € % the g-module H;(g).
With these definitions it is easy to deduce the following decomposition of the spaces of
conformal blocks

Vi ( ) = V,i(l)( 1) ® V,T\@)( 2) with X = (X(l)v X(2)> € Py(g)°.

2.3. Generalized theta functions and the Verlinde formula. For the convenience of
the reader we recall (see [CY, [F]], [KNR]) that there is an isomorphism between the space
HOY(Mx(Q), LE,) of generalized G-theta functions of level k and the space of conformal blocks
VI(X, g) associated to the curve X with one marked point labelled with the zero weight at level
k, i.e,

(3) H(Mx(G), L&) = Vi(X, 9).

The dimension of this space is given by the Verlinde formula (see [F3], []). Its value for the
groups G of type ADE and at level one is | Z]9, where |Z]| denotes the order of the center Z of
G (see [FT])). The list is as follows:

) G ST(n) [Spin@n) | Fs | Br | Bs
dimHO(Mx(G),ﬁg) n9 49 39 [ 929 [ 1

3. CONFORMAL PAIRS: PROPERTIES OF THEIR REPRESENTATIONS

3.1. The Virasoro algebra and its representation on H;(g). The Virasoro algebra

Vir .= @ Cd, & C,

ne”Z

is defined by the relations [d;, d;] = (i — j)diy; + 75(i* — )0, ;¢ and [d;, ¢] = 0.
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If g is simple, we define for any level k and any A\ € Pk( ), the conformal anomaly c(g, k)
and the trace anomaly A;(g) as

k dim g (A A+ 2p)
hig) + &’ 2(h(g) + k)
Here h(g) is the dual Coxeter number of g and p = p + h(g)Ag, where p denotes the half-sum

of the positive roots of g. We choose dual bases {u;} and {u'} of the simple algebra g and
introduce for any n € Z the Sugawara operator (see [[KW] section 3.2)

g L s DT

JEZ i

c(g, k) = and As(g) =

where the notation : : stands for the normal ordering. Then L2 acts linearly on H;(g) and, by
putting d, = Lg and ¢ = ¢(g, k)Id, we obtain a representation of Vir on H;(g).

If g is semi-simple with g = g1 @ go, we define for k = (ky, k2), see [KW] formula (1.4.7),
(g, k) = c(gr, k1) +c(ga, k2),  and  Ag(g) = Agoy(g1) + A (92),
and we put L8 = L% + L#. As in the simple case, we obtain a representation of Vir on H;(g).
For later use we recall the following relation ([KW] formula (1.4.5))
(6) As1ns(8) = As(g) + 1.
The endomorphism L§ of the g-module H;(g) can be diagonalized
My =@ Hi(m)  with  Hi(m) = {u €My | L§(u) = (Ay(g) +m)u}.
We recall that the endomorphism L§ of H;(g) defined by () can also be written as ([KW|
(3.2.6) or [K]] Corollary 12.8 (b))
7 1§ = Ay(g)ld - d.
Note that H;(0) equals the irreducible g-module V) with highest weight .

3.2. Definition of conformal pair.

Definition 3.1 (e. g. [K]] Chapter 13). Let p be a semisimple subalgebra of a simple Lie algebra
g, and let ¢ denote the Dynkin (multi-)index of the inclusion homomorphism p C g. We say
that p is a conformal subalgebra of g at level k if c(p, kl) = c(g, k).

The equality c¢(p, k¢) = c(g, k) in the above definition in fact holds only if £ = 1. Classification
of conformal pairs are given in [BB] and [EW]. We recall (see [KW]) that, since p is semisimple,
p C g is a conformal subalgebra is equivalent to the statement that any irreducible g-module
H(g) of level 1 decomposes into a finite sum of irreducible p-modules of level £.

A fundamental property of a conformal embedding p C g is the following.

Proposition 3.2 ([KW] Proposition 3.2 (c)). If p C g is a conformal embedding, then
L8 = L € End(H;(g))  for alln € Z.
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In the above statement, we warn that (though implicit in the notation), the operator Lg is
acting at level £ =1 and LP at level /. In all the cases we will consider the multi-integer ¢ is
equal to 1 (see Table (11)).

3.3. The pairing on H, x H,:. First we recall the following lemma

Lemma 3.3 ([J] Lemma 2.2.12). There ezists a bilinear pairing
Cl)a + HAxx Hy — C,

unique up to a multiplicative constant such that

(8) (X(n)ulv)s + (u[ X (=n)v)r = 0,

for any X € g, n € Z, u € Hy and v € Hyr. Moreover the restriction of this pairing to
Ha(m) x Hyi(m') is zero if m # m/, and non-degenerate if m = m'.

Consider the restriction of the pairing (:|-)x to Hx(0) x H,+(0) = V) x V)i. By definition
Vie = V¥, so that Vy, ® Vit = End(V)). The pairing on V) x V¥ is given by a multiple of
the natural evaluation map. More generally, the pairing (:|-), induces for any integer m an
isomorphism ¢, : Hy(m) = Hy(m)* and therefore a distinguished element, which we denote
by ya(m) € Ha(m) @ Hy+(m) and which maps to the identity element in End(H,(m)) under
the isomorphism

(9) id ® ¢£\n : H)\(m) X H)\T (m) = End(H,\(m)), 7,\(m) — IdH/\(m).
Note that the family {y\(m)}mez, is uniquely defined up to a multiplicative constant. More

precisely, if we multiply (]-)x with a € C* the family {yx(m)}mez, is transformed into the
family {év,\(m)}mem.

Consider a conformal embedding p C g and an integrable g-module H,(g) of level one. Then
we have a decomposition as p-module

Halg) = @ M@, ) @ Halp),
peB(N)

o~

where B(A) is a finite subset of Py(p) (see [K|| equation (13.14.6)) and the M (fi, A) are finite-
dimensional vector spaces ([KW] section 1.6). The integer dim M (j, A) is the multiplicity of
the representation H(p) in Hx(g). Note that the weights i € B()\) do not necessarily lie in

Py(p). We can write ft = p+ ), &-A((f) —n,0.

Using Proposition B.9 we deduce an equality between the trace anomalies
(10) Ax(g) = Au(p)  for any i € B(A).

Moreover by (f) we also have A;(p) = A, (p) —n,. Since —n,, is the d-eigenvalue of the highest
weight vector v, € H;(p) C Hi(g) and since all d-eigenvalues of H,(g) are negative integers,
we conclude that n, € Z,.

Remark 3.4. We immediately deduce from the above that n, = 0 if and only if the p-
module V,, = H,(p)(0) appears in the decomposition into irreducible p-modules of the g-module

Vi =Ha(9)(0).
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Thus we conclude that given p € Py(p) there exists at most one i € B(\) — since n,, is given
by the difference of the trace anomalies. So we will write
multy (i, p) := dim M (f1, A)
for the multiplicity of occurence of H,,(p) in Ha(g) as [p, p]-modules.
Proposition 3.5. We have the equality

B(A) = B\ = {fi € Pu(p) | &' € BO)}.
Moreover multy (i, p) = multy+ (uf, p).

Proof. For o € Py(g) and A € Py(g) we will denote by V3 C H,(g) the weight space of the
g-module H,(g) associated to the weight 7. It follows from relation ([) that V;* C Hy(g)(m)
if and only if © is of the form 7 = v + kAg — md. By Lemma B.3 we know that H,(g)(m) and
Hyi(g)(m) are dual spaces, and it follows from relation (§) that the weight spaces

Vi kag—ms C Ha(g)(m) and VATMAO ms C Hair(g)(m)
are dual to each other. Hence their dimensions coincide
multy, (v + kAo — md) = multy , (—v + kAo — md).
Consider i € B(A). Then by (I0) we have Ay(g) = Au(p) and since the bilinear form (-, -)

is invariant under the finite Weyl group and wy(p) = —p we also have Ayi(g) = A (p). By
[K]| Proposition 12.11, there exists a weight © of H,(g) such that 7j; = ji. By Proposition

there exists an element w € W (g) which restricts to wl) € W (p) and by [K] Proposition 10.1,
multy, , (—v + kAo — md) = multy , (=0 (v) + kAo — md).

But —w(v)+kA —moyp = fi, therefore, using [K] Proposition 12.11 once more, we obtain that

it € B(\T). The same reasoning combined with [K] formula (12.11.1) shows that multy(u,p) =

mU-lt)\T (IU“Ta p) O

3.4. Conformal pairs and the sewing procedure. Let ¢ be a formal variable. Given
A € Py(g) we define the element (cf. section 3.3)

20\ —Z% m)q™ € Ha(g) © Ha (g)[lq]]-

Note that 7, is well-defined up to a multiplicative constant, and that the choice of a bilinear
pairing (-]-)x on Hy x H,t introduced in Lemma B.3 uniquely determines 7y.

Let p C g be a conformal subalgebra. It follows from Proposition B.5 that the decompositions
of Hx(g) and H (g) into irreducible ﬁ—modules are of the form

(11) @ Hal( Halg) = @ Hulp
AEB(A AeB(N)

Here we suppose for simplicity that multy(u,p) = 1 for all i € B()A), which will be the case
of all our examples (see Table ([J) below). We start with decomposing the bilinear form (-|-)x
introduced in Lemma -] with respect to the direct sums ([[]).

Lemma 3.6. Given (fi,0) € B()\) x B(\") the restriction of the bilinear form (-|-)x to the direct
summand Hy(p) x Hy(p) is
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o zero, if U # jif.
e a non-zero multiple of the bilinear form (-|-), on H,(p) x H,i(p), if v = fil.

Proof. We consider the decomposition into d-eigenspaces

= P Halp)(m)

fEB(N)

Note that H(p)(m) = H,(p)(m —n,) for all m € Z, and that H,(p)(l) = {0} for I < 0.
First we observe that the restriction of (-|-)x to Hu(p) x Hy(p) is determmed by values on the
finite-dimensional subspace

Vi x Vi = Hu(p)(0) x Hy(p)(0) = Halp)(nu) X Ho(p)(n).

This follows from the fact that (-]-), satisfies relation (f) for X € p,u € Hy(p) and v € Hy(p),
which enables one to reconstruct the bilinear form on H;(p) x H;(p) from its values on V,, x V,,
— see e.g. Lemma 2.2.12.

The restriction of (:|-)x to V,, x V, induces a linear map ¢ : V,, — (V,)* and relation ()
written for X € p,n = 0,u € V, and v € V, implies that ¢ is a p-module homomorphism
(here we endow the vector space (V,)* with the structure of a left p-module). Hence in the
case U # jif, we deduce that ¢ = 0 and therefore that the restriction of (+|-)x to Ha(p) x Ha(p)
is zero. In the case v = ff, we obtain by Schur’s lemma that ¢ : V, — (V,4)* =V, is a
homothety and that the restriction of (|-)x to H(p) x Hzi(p) is a multiple of (-|-),. It now
remains to check that this multiple is non-zero. In order to show that, we consider for m large
the isomorphism ¢, induced by (-|-)x

Hyi (m @ H,ﬁ ) — Ha(m @ H(
peB(N) AEB(A

By the preceding arguments, ¢, is block-diagonal and decomposes as ¢ = A€B() ok . Hence

all restrictions ¢# : H,1(m) — Hy(m)* for i € B(A) are isomorphisms and we are done. [

it
Remark 3.7. If we fix a pairing (-|-)y on Hy X Hyi, we also obtain by restriction a pairing

(:]) on 'H,, x H,+ for any i € B(X). Thus we obtain uniquely defined elements 7, and 7, for
i€ B().

Proposition 3.8. With the choices made in Remark [3.7 we have a decomposition in Hy(g) ®

Ha (9)[[4]
T = Z qnﬂﬁ//m

AEB(N)
where the positive integer n, equals A, (p) — Ax(g).

Proof. As in the proof of Lemma 3.6, we consider the decomposition into d-eigenspaces
= D Hal
peEB(X)

and note that H(p)(m) = H,(p)(m — n,) for all m € Z,. The identity transformation of
H(g)(m) obviously decomposes as

(12) Iy, ym) = D 1dpt, (o) (m—ny
aeB(N)
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for any m € Z,.

Since by Lemma 3.6 the pairing (-|-)x on H xH,+ restricts to the pairing (-|-), on H, xH,,+ for
any /i € B()\), we obtain after applying the inverse of the isomorphism id@¢), = > aeB(y) AR,
(see (B)) to the equality ([2),

a(m) = Z Yulm —mny,) for any m € Z.
AEB(N)

Here we put 7,(l) = 0 if [ < 0. Multiplying with ¢™ and summing over Z, gives the relation

%:Z%(m)qm = Z Z% m—mn,)q" g
m=0

AEB(A) m=ny,

= Z 4" Yy

peB(A)
O

The following table is extracted from [KS| page 2235 and gives for any conformal subalgebra p
of Table ([l) the decomposition of the basic representation Hy(eg) as [p, p]-module, in partlcular
its Dynkin (multi-)index ¢, its subset B(0) and the action of the involution u +— u'. We use
Bourbaki’s notation for the fundamental weights of a simple Lie algebra.

(13)
| p | ¢ | B(0) | w— ! |
50(16) 1 {0, w7} wl = wy
s[(9) 1 {0, w3, we } w} = ws
( ) Ds ( ) (171) {(07 O>7 (wlv w2)7 (w27 W4), (W3, wl)v (w47 w3>} (wiv wJ)T - (w5—i7 w5—j)
sl(3) ®es || (1,1) 1(0,0), (w1, 1), (w2, @s) } (w1, @1)" = (w2, @s)
5[(2) D (44 (1,1) {(0, 0), (wl, ’W7)} (wl, )T = (wl, W7)
92 D fu (1,1) {(0,0), (w1, @4) } (w1, @4)" = (w1, @4)

We recall that if p = a @ b, then we have the decomposition as [p, p]-module
Ho(es) = €D Ha(a) ® Ha,(b).
(A, A2)€B(0)

We also note that, for any p in Table ([[3), the trace anomalies A, (p) = n, are equal to 1 for
all non-zero u € B(0).

4. CONFORMAL PAIRS: FACTORIZATION RULES

In this section we describe how the factorization rules behave under conformal embeddings.
First we recall the factorization rules. Let X, be a nodal (not necessarily irreducible) curve
with one node zy. We call X the normalization of Xy with 7 : X — X and 77 (x¢) = {a, b}.

Proposition 4.1 (Factorization rules, [ Theorem 4.4.9). Let g be a semi-simple Lie algebra
and Xy a nodal curve with s marked poz’nts with labels \ € Py(g)®. There is an isomorphism

N
@ AA)\T — — Vi(&o,9).

)\EPk
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Remark 4.2. For any A € Pi(g) the linear map ¢, is only defined up to homothety. More
precisely, ¢y depends on the choice of an element 4, (or, equivalently, of its degree zero piece
71(0)), which are only defined up to a multiplicative constant — see equation ([4) below.

We will denote by O the ring of formal power series C[[¢]] and by K = C((q)) its field of
fraction. We consider a family of curves X over Spec O such that its special fiber A} is a
nodal curve Xy over C and its generic fiber Xk a smooth curve over the field K. Consider
the sheaf of conformal blocks V;(X , @) for the family X', which is an O-module of finite type.
Moreover since the formation of the sheaf of conformal blocks commutes with base change, the
fibre V;(X, g)o over the closed point 0 € Spec O of V;(X, g) coincides with V}(XO, g). We thus
obtain a restriction map

To V}(X,Q) - V}(Xo,g)-

On the other hand, there exists for every A € Pi(g) a C-linear map — the so-called sewing
procedure, see [ formula (4.4.3) and Lemma 4.4.5

Sx - V;\',AJ\T(X’AG) — Vi(X,9), e NEENCN]

The linear maps ¢, and s, are defined as follows: for ¢y € V; ot (5( )

(14) (@) == (lu@n(0) €C and (i) = (¥ali@ 5n) € O
for any vectors u € Hy and @ € Hy[[q]]. We recall (see [UJ] Lemma 4.4.6) that V;(X, g) identifies

with the subset of linear forms in H}[[q]] satisfying the formal gauge condition. It is clear from
these definitions that the map s, is an extension of ¢y, i.e., ty = 19 0 5.

We consider now a conformal embedding p C g. We assume that all level one representations
Hy(g) decompose with multiplicities one, i.e. multy(x,p) = 1 for all 4 € B(\). For A =
(A1, ..., As) define B(X) = B(A1) X --- x B(),). Consider fi € B()X) and the corresponding
inclusion

H;(p) — Hx(9)-
The gauge condition is preserved under restriction of linear forms to Hz(p) — see [N]| formula
(2.9), so that we obtain an O-linear map

(15) a: VX, g) — V(X p).
The restriction of e to 0 € Spec O gives a C-linear map
Qo - V;\‘(X()vg) - V;‘(X()vp)

The next result will describe how oy decomposes in the direct sums given by the factorization
rules (Proposition [I.T]) on both sides. More precisely, we consider the composite map

i EBLA o T (@LM
@ )\A)\’r V(XOa )_’Vﬁ(XO’ @ uwﬁX

)\Epl ,LLEP@

and define for any pair (X, 1) € Py(g) x Py(p) the linear map a™ : Vi N M( g) — V;um (X,p)

to be the (A, p)-component of &. In particular, we have for any A € Pi(g), >_,cp,p) tu © ot =
Qg O L)y.
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Remark 4.3. Since ¢y and ¢, are only defined up to homothety, the linear maps aé # are only
defined up to homothety.

Proposition 4.4. Given a pair (A, 1) € Pi(g) x Py(p), the linear map o™

e is identically zero, if i ¢ B(X\) or A,(p) # Ax(g).
e is, up to non-zero homothety, induced by the natural inclusion Hz(p)@Ha(p) @H ;i (p) —
Hx(9) @ Halg) @ Hai(g), if o € B(A) and Ay(p) = Ax(g).

Proof. We fix a weight A € Pi(g). In order to lift the C*-indeterminacy in the definition of
ap™, we fix a bilinear pairing (-|-) on Hy X H,, which by Remarks B and [ determines the
elements 7, and 7,, hence the linear maps ¢, and ¢, for any i € B(\); we choose any ¢, for

[t & B(A).

In order to compute the decomposition of ag(cx(1y)) for an element v, € V; (X,g) in
the direct sum €D ,cp, V;Ti,u,m th
restrict to the special fiber. In fact, we have ag(ex(¥))) = 7o(a(10))). On the other hand, using

AN

LeP, (X,p), we will first decompose the extension a(¢,) and then

Proposition B.§ and the definition ([[4) of 1, we easily obtain the following equalities in O,
which hold for any @ € H;(p)[[¢]] — Hx(g)[ld]]

(16) (@) = (@) = (i@ ) = Y ¢ (ala® 7).
pEB(N)
Now we restrict this expression to the special fiber, i.e., we put ¢ = 0: we write u =

Y omso w(m)g™ and 5, = 7 i 7.(m)q™, so that the evaluation at ¢ = 0 of the first term

of (L) gives
(17) (2] (0) = (ro(a(¥n))|u(0)) = (ao(ea())]u(0)),

On the other hand the evaluation at ¢ = 0 of the last term of ([[fJ) annihilates all terms
corresponding to 1 € B(\) with n, # 0 and, since [@ ® 7,](0) = u(0) ® v,(0), the last term
becomes

(18) > (alu(0) @ 7(0) = Y (res,(©a)|u(0) ©7,(0) = D (talres(¥2)[u(0)),

LEB(X) LAEB(X) LEB(X)
np=0 nyu=0 nyu=0

where res,,(¥) denotes the restriction of the linear form ¢, to the subspace H;(p) ® Hu(p) ®

Hi(p). Since the equality between ([7) and ([I8) holds for any vector u(0) € H;(p), we obtain
the following equality in V;(XO, p)

an(ta(¥n)) = D tulresu(iy)).

peEB(XN)
nyu =0

Projecting onto the subspace im(¢,) C V;(Xo,p) leads to o)™ = 0 if ji ¢ B(\) or n, # 0, and
apg™(1hy) = res, () if i € B()\) and n, = 0. O
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5. PROOF OF THEOREM 1

5.1. Proof of part (i). First of all, we will restate Theorem 1 in terms of spaces of conformal
blocks. By [B] Proposition 5.2 the linear map ¢p identifies under the “Verlinde” isomorphism
(B) with the linear map

¢X,P : V(;[(X’ 88) - VS(X,]J),
induced by the inclusion of the basic p-module Hy(p) into the basic €g-module Hy(eg). We

recall that we choose a point p € X and we denote U = X \ {p}. It is therefore equivalent to
show that ¢x , is non-zero for any smooth curve X.

We then observe that the rank of the linear map ¢x , is constant when the smooth curve X
varies by [B] Proposition 5.8 and Lemma A.1. It is therefore sufficient to show that there exists
a smooth curve X for which the map ¢x , is non-zero. We will prove that by induction on the
genus g of X.

The case g = 0 is easily seen as follows. Over the projective line we have g(U) - Ho(g) =
Dm>0Ho(g)(m) for any semi-simple Lie algebra g. Hence the one-dimensional space of covacua
Vo(P!, g) is generated by the image under the projection

Ho(g) — Vo(P', g) = Ho(g)/a(U) - Ho(g)

of the highest weight vector vy(g) € Ho(g)(0) = Vo = C. Since the trivial eg-module Vj; = C
restricts to the trivial p-module, the highest weight vector vy(p) € Ho(p)(0) = Vi coincides with
the highest weight vector vy(g) under the inclusion Ho(p) < Ho(g), which implies that ¢p: , is
non-zero.

Next, we consider as in section 4 a family & of genus ¢ curves parametrized by Spec O such
that Xy = Xj is a nodal curve and Xx a smooth curve defined over K = C((q)). We also
consider ([[J) the O-linear map « associated to the conformal embedding p C eg and the trivial
weights A =0and =0

o VX, eg) — Vi(X,p).

By Proposition [L.4 and by the induction hypothesis, the restriction ag of the map a to the spe-
cial fiber is non-zero: in fact, the genus of the normalization X equals g —1 and ay decomposes,
up to non-zero homothety in each direct summand, as follows

Oé(]:( ) VO(X 88)HV000X28 @ V(J)r,u;ﬁ
HEP(p)
where the first isomorphism is the so-called propagation of vacua isomorphism (see e.g. [
Theorem 3.3.1). We note that Pi(es) = {0}. By Remark B.4 and Proposition 4 we have
ag” = 0 if i # 0 and, again due to the isomorphism VOOO(X p) = VI(X,p), the map of”
is 1dent1ﬁed with the map ¢x , VI(X,es) — V}(X,p), which is non-zero by the induction
hypothesis. Hence ag is also non-zero.

By semi-continuity we conclude that the restriction ax = ¢,y : Vi(Xk, es) — Vi(Xk,p) of
a to the generic fiber is non-zero. Hence, again by [B] Proposition 5.8 and Lemma A.1, the K-
linear map ¢x,  is non-zero for any genus g curve Xy defined over the field K = C((g )) Given
a genus g curve X defined over C, the result then follows from the equality ¢x ,®c K = ¢xgck p-
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5.2. Irreducible representations of Heisenberg groups. Before pursuing the proof of
Theorem 1, we need to recall some known facts on Heisenberg groups and their irreducible
representations. We consider a semi-simple simply connected group P with center Z of the
following table

(19)
P Spin(4n) [SL(n)| Es | Er |SL(n)xSL(n)| SL(3) x Es | SL(2) x E-
Z[Z2Z x Z)2Z | Z)nZ | ZJ3Z | Z]2Z | Z/nZ x Z)nZ | Z]3Z x Z]3Z | Z]2Z x Z]2Z

The finite abelian group Mx(Z) of principal Z-bundles acts on Mx(P) by twisting P-
bundles with Z-bundles. Note that |[Mx(Z)| = |Z|?. We denote by t. the automorphism of
M x(P) induced by the twist with ( € Mx(Z). We introduce the Mumford group associated
to the line bundle Lp

G(Lp) :={(C,¥) [¢ € Mx(Z) and ¢ : t{Lp = Lp}.

The Mumford group is a central extension of the group Mx(Z) by C* and acts via s +— ¥(tZ(s))
on the space of global sections HY(Mx(P), Lp). Note that the center C* of G(Lp) acts by scalar
multiplication.

We will need the following results.

Lemma 5.1 ([F1] Lemma 16). The Mumford group G(Lp) is isomorphic as an extension to a
finite Heisenberg group G(0). The type § depends only on the center Z and on the genus g of
X.

We refer, for example, to [M] page 294 for the definition of the Heisenberg group G(9).
Under the above identification, for all groups P of Table ([J) the space of global sections
H°(Mx(P), Lp) is an irreducible representation of G(Lp). This is an immediate consequence
of the fact that there exists a unique irreducible representation of G(d) of dimension |Z]? on
which C* acts as scalar multiplication (see e.g. [M] Proposition 3), and the numerical identity
dim H'(Mx(P), Lp) = | Z]9 provided by the Verlinde formula (see Table (H)).

We remark that for all pairs (P, N) of Table (B), Mx(NN) is a maximal isotropic subgroup
of Mx(Z). Here isotropic means with respect to the standard symplectic form on Mx(Z)
induced by the commutators in the Mumford group (see e.g. [M] page 293). The isotropic
subgroup Mx(N) is maximal since |N| = |Z|*/2, hence |[Mx(N)| = |[Mx(Z)|'/2. Therefore,
there exists a lift Mx(N) < G(Lp); in other words, there exists an M x(N)-linearization of
the line bundle Lp.

Since H(Mx(P),Lp) is the unique irreducible representation of G(Lp) of level one, i.e.,
C* C G(Lp) acts as scalar multiplication, we deduce from Mumford’s theory of theta groups
(see [M] Proposition 3) the following:

Lemma 5.2. For any M x(N)-linearization of Lp, the subspace of M x(N)-invariant sections

of H(Mx(P), Lp) is one-dimensional.

5.3. Proof of part (ii). It is clear that the image of ¢ is contained in the M x (N )-invariant
subspace. Hence it suffices to show that the M x (V)-invariant subspace of H*(Mx(P), Lp) is
one-dimensional, which is precisely the result of Lemma p.2.
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6. PROOF OF THEOREM 2

First of all, we recall that by Lemma [-] the subspace of M x(V)-invariant sections is one-
dimensional. The main observation is that, in all three cases, the finite group N C P = A x B
projects isomorphically to the centers Z(A) and Z(B) of the groups A and B respectively.
Hence we obtain canonical isomorphisms Z(B) — N — Z(A), which induce an isomorphism
L Mx(Z(B)) = Mx(N) = Mx(Z(A)). Now we observe that the isomorphism ¢ lifts to an
isomorphism

1:G(Lp) — G(La), r () = Aw) 2.
Here A denotes the composite map G(Lp) — Mx(Z(B)) = Mx(N) — G(Lp), where the
first arrow is the canonical projection and the last arrow is the chosen lift of M x (V) to the
Mumford group. In order to show that 7 is a group homomorphism, we need the fact that the
two Mumford groups G(L4) and G(Lp) are commuting subgroups of G(L4xp). Note that the
restriction of 7 to the center C* is ¢ — ¢~1.

Under the identification of the Mumford groups 7 : G(Lp) — G(La) the vector space
HY(Mx(A), L4)* can be viewed as an irreducible representation of G(Lp) of level one. More-
over the M x (N)-invariance of the section o € H(Mx(P), Lp) translates into the equivariance
of the linear map o : H'(Mx(A),La)* — H°(Mx(B), L) under the Mumford group G(Lp).
Since both spaces are irreducible representations of G(Lg) by section 5.2, the non-zero map o
is an isomorphism by Schur’s lemma.

7. FURTHER REMARKS
7.1. Invariant sections.

7.1.1. G = SL(9). In this case the restriction of the Fgs-theta divisor is the unique (up to
a scalar) Jac(X)[3]-invariant section in H°(M x(SL(9)), Lsi9)). Here the group Jac(X)[3] of
3-torsion line bundles over X acts by tensor product on the moduli stack of rank-9 vector
bundles with trivial determinant. Note that we take here the linear action of Jac(X)[3] on
H°(Mx(SL(9)), Ls1,9)) induced by the isomorphism gz~5*£E8 = Lg1,(9). This leads to the natural
question (see also [F9] section 6): does there exist a geometrical description of the zero-divisor
of this invariant section?

7.1.2. G = Spin(16). The M x(N)-invariant section o € H(M x(Spin(16)), Lspin(i6)) can be
described as follows. The center Z of Spin(16) equals Z/27 x Z/27Z = {£1,+~}, where {£+1}
is the kernel K of the homomorphism Spin(16) — SO(16) and £+ covers the element —Id €
SO(16). Note that N = {1,~}. By [PR]| Proposition 8.2, the space H°(M x (Spin(16)), Lspin(16))
admits a basis {s,} indexed by the 49 theta-characteristics s of the curve X and such that the
set-theoretical support of the zero-divisor of s, equals

D, = {FE € Mx(Spin(16)) | dim H°(X, F(C'%) ® k) > 0}.

Here E(C'%) denotes the orthogonal rank-16 vector bundle associated to E. The group M x(N)
identifies with the group Jac(X)[2] of 2-torsion line bundles over X. We can use the canonical
lift Jac(X)[2] — G(Lspinas)) and a fixed theta-characteristic ko to normalize the basis {s,}
by putting s.. := « - s,,, since any theta-characteristic x can be written as axy for a unique
a € Jac(X)[2]. It is then clear that 0 = }_ sc = >~ cjac(x)j2) @ Swo and that o does not depend
on the choice of kg. As in the previous case, a geometrical description of its zero-divisor is still
missing.
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7.2. Other conformal subalgebras of e¢g.

7.2.1. (Spin(8), Spin(8)). We observe that p = s0(8) @ s0(8) is a non-mazimal conformal sub-
algebra of eg with Dynkin multi-index (1,1). In fact, the inclusion p C eg factorizes through
50(16). We therefore obtain a group homomorphism ¢ : P = Spin(8) x Spin(8) — Spin(16) —
Es with kernel N = 7Z/27 x 7Z./27.. We note that N sits diagonally in Z(Spin(8)) x Z(Spin(8)).
Theorem 1 and Theorem 2 also hold in this case.

7.2.2. (Gq, Fy). Using the Verlinde formula one computes that the spaces H°(Mx(G3), Lg,)
1

-1 _
and HY(Mx(F}),LF,) have the same dimension, which is (#)g + (5_2—\/5>g . Theorem

1 says that the Es-theta divisor A induces a non-zero linear map o : H(Mx(G»), Lg,)* —
H°(Mx(Fy), LF,). Since Gy and Fy have no center, the argument used in the proof of Theorem
2 breaks down for this case.
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