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Abstract. We investigate the behavior of the deformations of a thin shell, whose thickness § tends to zero,
through a decomposition technique of these deformations. The terms of the decomposition of a deformation
v are estimated in terms of the L2-norm of the distance from Vv to SO(3). This permits in particular to
derive accurate nonlinear Korn’s inequalities for shells (or plates). Then we use this decomposition technique

and estimates to justify a nonlinear bending model for elastic shells for an elastic energy of order 63.
1. Introduction

The concern of this paper is twofold. We first give a decomposition technique for the deformation of a
shell which allows to established a nonlinear Korn type inequality for shells. In a second part of the paper,
we use such a decomposition to derive a nonlinear elastic shell model.

In the first part, we introduce two decompositions of an admissible deformation of a shell (i.e. which is
H'! with respect to the variables and is fixed on a part of the lateral boundary) which take into account the
fact that the thickness 26 of such a domain is small. This decomposition technique has been developed in the
framework of linearized elasticity for thin structures in [17], [18], [19] and for thin curved rods in nonlinear
elasticity in [5]. As far as large deformations are concerned these decompositions are obtained through
using the ”"Rigidity Theorem” proved in [14] by Friesecke, James and Miiller together with the geometrical
precision of this result given in [5]. Let us consider a shell with mid-surface S and thickness 26. The two

decompositions of a deformation v defined on this shell are of the type

v=V+s3Rn—+ 7.

In the above expression, the fields V and R are defined on .S, s3 is the variable in the direction n which is a
unit vector field normal to S and 7 is a field still defined on the 3D shell. Let us emphasize that the terms
of the decompositions ¥V, R and ¥ have at least the same regularity than v and satisfy the corresponding
boundary conditions. Loosely speaking, the two first terms of the decompositions reflect the mean of the
deformation over the thickness and the rotations of the fibers of the shell in the direction n. For the
above decomposition, it worth noting that the fields V, R and v are estimated in terms of the ”energy”
||dist(V v, SO(3))||12(sx]—s,67) and the thickness of the shell.
In the first decomposition, the field R satisfies

C

||dist(R, 50(3))||L2(S) < 5172

||dist(va7 80(3))||L2(SX]76,6[)
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which shows that the field R is close to a rotation field for small energies.

In the second decomposition, for which we assume from the beginning that ||dist(V v, SO(3))||r2 <
C(8)83/? where C(S) is a geometrical constant, the field R is valued in SO(3).

For thin structures, the usual technique in order to rescale the applied forces to obtain a certain level
of energy is to established nonlinear Korn’s type inequalities. Using Poincaré inequality as done in [16] ( see

also [10] and Subsection 4.1 of the present paper) leads in the case of a shell to the following inequality
o = Tall(z2(sx1-s.60)8 + Vet = Lsll(z2(sx)-s00) < O + [|dist(Vov, SOB)|lL2(sx]-s,50))-

The first important consequence of the decomposition technique together with its estimates is the

following nonlinear Korn’s inequality for shells

c, ..
o = Lallz2(sx)-s.5m2 + IVat = Lsllz2(sx)-s,6m0 < 5 lldist(Vav, SOB))lz2sx1-660

Indeed the two inequalities identify for energies of order §3/2 which is the first interesting critical case. For
smaller levels of energy, the second estimate is more relevant. We also establish the following estimate for

the linear part of the strain tensor
. 1 .
||Vzv+(va)Tf2I3 || (L2(S%]—6,6))° § C| |dzst(va, SO(3)) | |L2(S><]—5,5[) {1+55T | |dzst(Vrv, 50(3)) ‘ |L2(S><]—5,5D }

which shows that ||dist(V,vs, SO(3))||L2(sx)-s.5) ~ 6°/2 is another critical case. For such level of energy,
our Korn’s inequality for shells turns out to appear as an important tool. We have established and used the
analogue of these inequalities for rods in [5].

In the present paper we focus on the case where ||dist(V,vs, SO(3))||12(sx]-s5) ~ 0°/% which is the
highest level of energy which can be analyzed through our technique. The lower level of energies will be
studied in a forthcoming paper.

For ||dist(V,vs, SO(3))||r2(sx]-s5p) ~ 6%/%, we deduce the expression of the limit of the Green-St
Venant’s strain tensor from the decompositions, the associated estimates and a standard rescaling and the
result is the same using the two decompositions.

In the second part of the paper, we strongly use the results of the first part in order to derive limit 2D

shells models. As a general reference on elasticity theory we refer to [6] and we start from a total energy

/ W(VU) — / f - v where W is the local elastic energy. We assume that

7o) W(Vo)'Vo—13)  if det(Vv) >0,
v) =
+00 it det(Vv) <0.

The assumptions on the function W are similar to those adopted in [14]. We assume that W is continuous

from S3 (the space of symmetric 3 x 3 matrices) into R and that

Jc>0 suchthat VE€S; W(E)>c|||B||?,
Ve >0, 30>0, suchthat VE€S3 |[|[|E|||<0 = |W(E)-Q(E)| <c¢l|||B|l?

where () is a positive quadratic form. Recall that W(Vv) > c(dist(Vv, SO(3))2.
Using the nonlinear Korn’s inequality for shells mentioned above, we are in a position to scale the

applied forces f in order to obtain a given order of total energy (with respect to §) . Then we deduce the
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order of the quantity ||dist(V,vs, SO(3))||L2(sx]—s,6p With respect to the scaling of the forces in the general
case. In the following, we choose the applied forces so that ||dist(V,vs, SO(3))||p2(sx]-5,6)) ~ 5372,

At last we derive the ”limit” energy as 0 goes to 0 using a I'-limit procedure on sequences of fields
Vs, Rs and 5. Through a possible elimination of ¥ in the I'-limit energy, we finally obtain a minimization
problem for the mean deformation V and the rotation R under a constraint between VV et R.

As general references on the theory of nonlinear elasticity, we refer to [1], [6] and [22] and to the extensive
bibliographies of these works. For the justification of plates or shell models in nonlinear elasticity we refer to
[7], [8], [9], [11], [12], [15], [19], [21], [23], [24]. A general introduction of I'-convergence can be found in [13].
The rigidity theorem and its applications to thin structures using I'-convergence arguments are developed in
[14], [15], [20], [21]. The decomposition of the deformations in thin structures is introduced in [17], [18] and
a few applications to the junctions of multi-structures and homogenization are given in [2], [3], [4].

The paper is organized as follows. Section 2 is devoted to describe the geometry of the shell and to give
a few notations. In Section 3 we introduce the two decompositions of the deformations of a thin shell and
we derive the estimates on the terms of these decompositions. We precise the boundary conditions on the
deformation and we establish a nonlinear Korn’s inequality for shells in Section 4. Section 5 is concerned with
a standard rescaling. We derive the limit of the Green-St Venant strain tensor of a sequence of deformations
such that |[dist(V,vs, SO(3))||L2(5x)-5.8) ~ §3/2 in Section 6. In Section 7 we consider nonlinear elastic
shells and we use the results of the proceeding sections to scale the applied forces in order to obtain a priori
estimates on the deformation. In Section 8 is devoted to derive the I-limit for energies of order §%/2. At last
two appendices contain a few technical results on the interpolation of rotations and an algebraic elimination

for quadratic forms.

2. The geometry and notations.

Let us introduce a few notations and definitions concerning the geometry of the shell (see [17] for a
detailed presentation).

Let w be a bounded domain in R? with lipschitzian boundary and let ¢ be an injective mapping from

w into R? of class C2. We denote S the surface ¢(@w). We assume that the two vectors ——(s1,s2) and

831

8—(31, s9) are linearly independent at each point (s1, s2) € @.
52
We set

9 ¢ t1 At

(21) tl—aisl, 2_67827 n= Htl/\t2H2.

The vectors t1 and ty are tangential vectors to the surface S and the vector n is a unit normal vector to this
surface. The reference fiber of the shell is the segment | — §, §[. We set

Qs =wx] —4,4[.
Now we consider the mapping ® : @ x R — R? defined by
(2.2) D : (s1,89,83) — x = P(s1,82) + s3n(sy, $2).

There exists §y € (0, 1] depending only on S, such that the restriction of ® to the compact set Qs, =
W x [—d0, dp] is a C*— diffeomorphism of that set onto its range (see e.g. [8]). Hence, there exist two constants

co > 0 and ¢; > ¢y, which depend only on ¢, such that

Vo € (0, do], Vs € Qs,, co < |||[Vs®(s))||| < ¢1, and for z = ®(s) co < |||[V2@ 1 2)|]] < e1.
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Definition 2.1. For § € (0,80], the shell Qs is defined as follows:
Qs = ().

The mid-surface of the shell is S. The lateral boundary of the shell is I's = ®(dwx] — 4, d[). The fibers of the
shell are the segments ®({(s1,s2)}x] — 8,6[), (s1,52) € w. We respectively denote by z and s the running
points of Qs and of Q5. A function v defined on Qg can be also considered as a function defined on s that
we will also denote by v. As far as the gradients of v are concerned we have V,v and Vv = V,0.V® and

e.g. for a.e. x = O(s)
c|[IVao@)l] < [[[Vsv(s)ll] < CllIVzo()]]],

where the constants are strictly positive and do not depend on §.

Since we will need to extend a deformation defined over the shell Qs, we also assume the following.

For any n > 0, let us first denote the open set

wy = {(s1,82) € R? | dist((s1,s2),w) <n}.

We assume that there exist 79 > 0 and an extension of the mapping ¢ (still denoted ¢) belonging to (C 2 (@Wne )) s

0 0
which remains injective and such that the vectors a—qs(sl7 s2) and 7(;5(817 s2) are linearly independent at
S1

682

each point (s1,s2) € Wy,. The function ® (introduced above) is now defined on @,,, x [—dy, o] and we still
assume that it is a C'— diffeomorphism of that set onto its range. Then there exist four constants CE), c,17 ¢
and C' such that

(2.3 {Vsewnox[—ao,ao], ¢y < V.| < cr, and for @ = B(s) ¢ < |||V, (@) <)
IV @] < IVl < CIVav(@)ll, for ace. z = B(s).

At the end we denote by I, the identity map of R3.

3. Decompositions of a deformation.

In this Section, we recall the theorem of rigidity established in [14] (Theorem 3.1 of Section 3.1). In
Subsection 3.2 we recall that any deformation can be extended in a neighborhood of the lateral boundary
of the shell with the same level of ”energy”. Then we apply Theorem 3.1 to a covering of the shell. In
Subsections 3.4 and 3.5, we introduce the two decompositions of a deformation and we established estimates
on these decompositions in term of ||dist(V,v, SO(3))|| 2.

3.1. Theorem of rigidity.

We equip the vector space R™*™ of n x n matrices with the Frobenius norm defined by

n n
D2 gl

i=1 j=1

A= Al =

(aij) 1<i,j<n’

We just recall the following theorem established in [14] in the version given in [5].

Theorem 3.1. Let Q be an open set of R™ contained in the ball B(O; R) and star-shaped with respect to the
ball B(O; Ry) (0 < Ry < R). For any v € (H*(Q))", there exist R € SO(n) and a € R™ such that

(3 1) { ||Vx’U — R||(L2(Q))n><n < CHdiSt(vx’U; SO(TL))HLQ(Q),

llv —a—Raz||12)» < CR||dist(V,v; S0(n))| 120,
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where the constant C depends only on n and Rﬂ
1
3.2. Extension of a deformation and splitting of the shell.

In order to make easier the decomposition of a deformation as the sum of an elementary deformation
given via an approximate field of rotations (see Subsection 3.4) or a field of rotations (see Subsection 3.5)
and a residual one, we must extend any deformation belonging to (H 1 (Q(;))3 in a neighborhood of the lateral
boundary I'; of the shell. To this end we will use Lemma 3.2 below. The proof of this lemma is identical to
the one of Lemma 3.2 of [17] upon replacing the strain semi-norm of a displacement field by the norm of the

distance between the gradient of a deformation v and S0(3).

Lemma 3.2. Let 6 be fized in (0,00] such that 36 < no and set
Q5 = D(wss x| — 4, 4]).
There exists an extension operator Py from (Hl(Qg))S into (Hl(Q;))3 such that

3 7\ 3
Yv € (Hl(Q5)) , Ps(v) € (Hl(Q5)) , P‘s(v)bs =,
Hdist(VwP(;(v),SO(3))||L2(Q;) < c||dist(va,SO(S))|\L2(Q5),
with a constant ¢ which only depends on Ow and on the constants appearing in inequalities (2.3).
Let us now precise the extension operator Ps near a part of the boundary where v = 1.

Let vy be an open subset of w which made of a finite number of connected components (whose closure

are disjoint) and v be a deformation such that v = Iy on 'y 5 = ®(yox] — 6, d]). Let 7(;’5 be the domain
'y(/)’(; = {(31,82) € o | dist((s1,82), Fo) > 34}

where Fy denotes the extremities of vy. We set

Qf = ®({(s1,52) € (wss \w) | dist((s1,52),7%,4) < 36}x] — ,0]),
Q3 = ({(s1,52) € wss | dist((s1,52),70) < 66} x] — 4,4]).

Indeed, up to choosing §y small enough, we can assume that Q% has the same number of connected compo-
nents as 7. The open set Q} is included into Qj \ Q5. According to the construction of Ps given in [17], we

can extend the deformation v by choosing Ps(v) = I, in Q} together with the following estimates

52) { Ve Ps(v) = Lsll(12(02))0 < Clldist(V0,50(3))l|L2(05),

||P5(’U) - Id‘|(L2(Q(2;))3 S C’(5||d28t(Vzv, SO(3))||L2(95)

From now we assume that 3§ < 7y and then any deformation v belonging to (H 1(Q5))3 is extended to

a deformation belonging to (H 1(Q;))3 which we still denote by v.

Now we are in a position to reproduce the technique developed in [17] in order to obtain a covering of
the shell (the reader is referred to Section 3.3 of this paper for further details). Let A5 be the set of every
(k,1) € Z? such that the open set

Ws, (k1) Z}]{XS, (k+ 1)5[><]l5, (l—|—)5[
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is included in wss and let Nél be the set of every (k,l) € Ns such that
((k+1)8,19), (kd,(I+1)d), (k+1)0,(l+1)0) arein N.

We set Qg’(k’l) = Ws,(k,1) X] — 0, (5[

By construction of the above covering, we have

w C U 55,(]67[).
(kDEN]

According to [17], there exist two constants R and R;, which depend on w and on the constants cé), 0/17 ¢
and C (see(2.3)), such that for any § < (0,70/3] the open set Qs (11) = ®(2s,(1,1)) has a diameter less than
R§ and it is star-shaped with respect to a ball of radius R;4.

As a convention and from now on, we will say that a constant C which depends only upon Ow and on

the constants cé, cll, ¢ and C’ depends on the mid-surface S and we write C(S).

Ro
Since the ratio i of each part Qs () does not depend on ¢, Theorem 3.1 gives a constant C(S). Let
1

v be a deformation in (H'(Q;))? extended to a deformation belonging to (H'(Qy))?. Applying Theorem 3.1
upon each part Qs (1) for (k,1) € N, there exist Ry (1) € SO(3) and ag ;) € R3 such that

33) { Vv = R k) | (£2(Q5, 0.2 < C(9)||dist(Vav; SO3))|IL2(05.1.1))
v = as k1) — R 1) (7 = ¢(kG,10))|(£2(05 112 < C(S)R(S)d||dist (Vv SO3))|12(05 g41y)-

For any (k,l) € Nj such that (k + 1,1) € N, the open set Q;’(k’l) = ®(|(k + 1/2)6, (k + 3/2)d[x]i6, (I +
1)0[x] — 6, 0[) also have a diameter less than R(S)d and it is also star-shaped with respect to a ball of radius
R1(S)d (see Section 3.3 in [17]). We apply again Theorem 2.1 in the domain Q;7(k7l). This gives a rotation
R:s,(k,l)' In the domain Q;,(hl) N Q5. (k1) We eliminate Vv in order to evaluate |||R; ;) — R;)(k)l)|\|. Then
we evaluate |[|Rg, (541, — R;’(k’l) ||. Finally it leads to

C(S . .
(34) 1R eery — Rl < SO {dist(V0: SOE)) 12004 0 + st (V5 SOB 222 110}

In the same way, we prove that for any (k,[) € N5 such that (k,l 4+ 1) € N5 we have

c(s), .. .
(35) R k101) = Rawnlll < 575 {Ildist(Vov; SOB)) 222y 1.0 + ldist (Vorv; SOB)lr2(@s iin) }

3.3. First decomposition of a deformation

In this section any deformation v € (H 1(Q(;))3 of the shell Qs is decomposed as

(3.6) v(s) =V(s1, 82) + s3Ra(s1, s2)n(s1, $2) + Ta(s), s € Qs,

where V belongs to (Hl(w))s, R, belongs to (Hl(w))3X3 and U, belongs to (Hl(Qg))3. The map V is
the mean value of v over the fibers while the second term ssR,(s1,s2)n(s1,s2) is an approximation of
the rotation of the fiber (of the shell) which contains the point ¢(s1,$2). The sum of the two first terms

V(s1,82) + s3Ra(s1, $2)n(s1, s2) is called the elementary deformation of first type of the shell.
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The matrix R, is defined as the Q1 interpolate at the vertices of the cell ws (1) =]kd, (k+1)d[x]ld, (I+1)d[
of the four elements R (1), Rs (k+1,), Re,(k,141) and Rs (x41,41) belonging to SO(3) (see the previous
subsection). We can always define paths in SO(3) from Ry (1) t0 Re,(k+1,1), Re, (k) 10 R (k,141)> R, (k+1,0)
to R, (k+1,141) and Ry (x,141) t0 Re,(k41,141)- That gives continuous maps from the edges of the domain w; (1 1
into SO(3). If it is possible to extend these maps in order to obtain a continuous function from ws ;) into
SO(3), then it means that the loop passing trough Ry (11), Re,(k+1,1)» R, (k+1,141) and R (141 is homotopic
to the constant loop equal to Ry (). But the fundamental group m1(SO(3), R (k) is isomorphic to Zso
(the group of odd and even integers), hence the extension does not always exist. That is the reason why we
use here a Q1 interpolate in order to define an approximate field of rotations R,. In the next subsection we
show that if the matrices Rs x41,1), Rs,(k41,141) and Ry (r141) are in a neighborhood of Rg (x,) then this

extension exists and we give in Theorem 3.4 a simple condition to do so.

Theorem 3.3. Let v € (Hl(Q(;))S, there exist an elementary deformation (of first type) V + s3Rqn and a
deformation U, satisfying (3.6) and such that

[l gy < COlldist(Vov, SOE) 12
||V55a|‘(L2(Qé))9 < C||di8t (Vzv,50(3 >||L2(Q5)

||dist(Vav, SO(3))||L2(05)

H 8sa (L2(w)® — 63/2

Has (L2(w)3 — 51/2||d28t(v v SO( ))”LZ(Qs)

|Vav — Ra||(L2(Q§))9 < C||dist(Vov, SO3))||r2(0s)

| dist(Ra, SOB3))|| 12w < 51/2||dzst(V 0, SO3))||12(ay)

where the constant C' does not depend on 9.

Proof. The field V is defined by

1 6
(3.8) V(s1,82) = 2—5/ v(s1, S2, 53)dsg, a.e. in w.
-5

Then we define the field R, as following
V(k,1) € N, R (k0,16) = R (k1)

and for any (s1,s2) € Ws,(k,1), Ra(s1,52) is the @y interpolate of the values of R, at the vertices of the cell

W, (k,1)+
Finally we define the field 7, by

Ta(s) = v(s) — V(s1, $2) — ssRa(s1, s2)n(s1, $2) a.e. in Q.

From (3.4) and (3.5) we get the third estimate in (3.7). By definition of R, we obtain

c ..
(39) Z ||Ra - Rts,(k,l)H%L2(w5,(;€,l)))9 < KHdzst(va, SO(?’))H%2(Q5)
(k,)EN]

Taking the mean value of v on the fibers and using definition (3.8) of V it leads

(3.10) Z IV — as, k1) — R, (k1) (¢ — DK, l5))||%L2(ka,”))s < Cé|dist(V v, SO3))|72(0y)-
(k,)EN]



From (3.3), (3.9), (3.10) and the definition of T, we get the first estimate in (3.7).

We compute the derivatives of the deformation v to get

0
(3.11) a—svl — V0 (b1 + 53

on @ =V,v (t2 + s3

7) ov
381 ’ 882

on — =V,vn.

o) os
We consider the restrictions of these derivatives to 5 ;). Then, from (3.3) and (3.9) we have

v 8n
(3.12) H@ R (b + 537

< C||dist(V40,50(3))[172(0,)-

(1

’ L2(Qy)) H@s;», ‘(L2(Q ))3

0 0
By taking the mean value of a—v -R, (ta + 83 8—n) on the fibers we obtain the fourth inequality in (3.7).
Sa Sa

Observe now that

. _ov v ooon  oR. o oo
s,  0sq  0Osq 3 95, TP 08y Ds3  Os3

— R,n.

(3.13)

Then, from (3.12) and the third and fourth inequalities in (3.7) we obtain the second estimate in (3.7). The
fifth inequality in (3.7) is an immediate consequence of (3.3) and (3.9). The last estimate of (3.7) is due to
(3.4), (3.5) and to the very definition of the field R,. O

Since the matrices Ry (1,;) belong to SO(3), the function R, is uniformly bounded and satisfies
HR<LH(L°°(w))9 < \/5
Let (k,l) be in Ns. By a straightforward computation, for any (s1,s2) € ws, %,y we obtain

[[Ra(s1, s2)RY (s1,82) — Is||| < C{|IIRs,5.0) — Ris i1 || + [ Rs,6.0) — R i)
R, 1,141) — Ra (k1,04 + 1R, (k11,0) — Ra 104011
|det (Rq(s1,52)) — 1] < C{|/|IRs,(k.t) — R, k1.0l + [[Ro,(6.0) — R (411

IR, (k141) — R, (k1,040 || + [ R, k1,00 — R g0l

where C' is an absolute constant. Hence, from (3.4) and (3.5) we deduce

- HRR—Jﬂm@P_&MWWVUﬂxmm@w
3.14
1det(Ra) ~ lz2e) < 5175 ldist(V v, SOB)llz2(ay

3x3

Notice that the function R,R? belongs to (H'(w)) and satisfies

(3.15)

||dist(V v, SO(3))

H OR,RT
054

(L2w)° 53/2 l£2(29)-

3.4. Second decomposition of a deformation.

In this section any deformation v € (H 1(Q5))3 of the shell Qs is decomposed as

(3.16) v(s) = V(s1, $2) + s3R(s1, s2)n(s1, s2) + 0(s), s € Qs,

8



where V belongs to (Hl(w))s, R belongs to (Hl(w))3X3 and satisfies for a.e. (s1,s2) € w: R(s1,52) € SO(3)
and v belongs to (H 1(Q5))3. The first term V is always the mean value of v over the fibers. Now, the second
one s3R(s1,s2)n(s1, s2) describes the rotation of the fiber (of the shell) which contains the point ¢(s1, $2).
The sum of the two first terms V(s1, s2) + s3R(s1, s2)n(s1, s2) is called the elementary deformation of second
type of the shell.

Theorem 3.4. There exists a constant C(S) (which depends only on the mid-surface S) such that for any
vE (Hl(Q(;))3 verifying

(3.17) ||dist(Vzv, SO(3))|| 120y < C(S)5%/2

then there exist an elementary deformation of second type V + ssRn and a deformation U satisfying (3.16)
and such that

||6||(L2(Q(;))3 < C(SHdZSt(Vm’U SO(3))‘|L2(QJ)
IVDll(z2(05))e < Cl\dwt(v v,50(3))llz2(s)

(3.18) | % dist(V v, SOB))] |12 0y

(L2(w))° ~ 63/2
Has H(Lz(w = 51/2”‘1“'5(V v SOB) ez
|Vav — ||(L2(Qé))9 < C||dist(Vyv, SO(3))||22(05)

where the constant C' does not depend on 9.

Proof. In this proof let us denote by C7(S) the constant appearing in estimates (3.4) and (3.5). If we

assume that

V201(9)

(3.19) =

ldist(V,0: SOB)) 20 <

l\D\»—l

then, for each (k,I) € N5 we have using (3.4) and (3.5)

l\D\>—~

[R5, (k141 — R, ey ll] <

N |

[R5, (k+1,0) — R, eyl <

3x3

Thanks to Lemma A.2 in Appendix A there exists a function R € (W1 (w))
the matrix R(s1, s2) belongs to SO(3) and such that

such that for any (s1, s2) € w

V(k,1) € N, R (kd,10) = Ry (-

From (3.4), (3.5) and Lemma A.2 we obtain the estimates (3.18) of the derivatives of R. Due to the corollary

of Lemma A.2 we have

| dist (Vav; SO(3))|12(0y)-

C
(3.20) IR =~ Rallzzwye < 5775

All remainder estimates in (3.18) are consequences of (3.7) and (3.20). O



4. Two nonlinear Korn’s inequalities for shells

In this Section, we first precise the boundary conditions on the deformations and in Subsection 4.1, we
deduce the first estimates on v and Vv. Then we show that the elementary deformations of the decom-
positions can be imposed on the same boundary than v. The main result of Subsection 4.2 is the Korn’s
inequality for shells given.

Indeed these conditions depend on the boundary condition on the field v. We discuss essentially the
usual case of a clamped condition on the part of the lateral boundary of Qs. Let 7o as in Subsection 3.2,
and recall that

l—‘o’(; = CI)(’)/OX] — 57(5[)

We assume that

v(z) ==z on Tgs.

Due to the definition (3.3) of V, we first have
(4.1) V=¢ on 7.

4.1. First H!'- Estimates

Using the boundary condition (4.1), estimates (3.7) or (3.18) and the fact that ||[Ral|(fe(w))sxs < V3 and
[IR[|(Loo (wyysxs < V3, it leads to

1 .
(4.2) [Vl < € (1 + 573 ldist (Voo SOz )
With the help of the decompositions (3.6) or (3.16), estimates (3.7) or (3.18) and (4.2) we deduce that
1 .
ellascaye + 5llo — Viieaieas + 1 Vatllizz@ayp < O(572 + lldist(V v, SO@)12a)-
The above inequality leads to the following first "nonlinear Korn’s inequality for shells”:
(4.3) [0 = Lallza@uyy + 11V = Tallaauyye < C(6Y2 + ldist(Tov, SO3)) oy

together with
||(’U — Id) - (V — qﬁ)H(Lz(Qé))?, < 05(51/2 + ||dist(va7 SO(3))||L2(95)).

Let us notice that inequality (4.3) can be obtained without using the decompositions of the deformation.

Indeed,we first have

[[|Vo(z)||] < dist(Vo(z),SO(3)) + V3,  for ae. z

so that by integration
Vatllecny < € (872 + [ldist(V,0, SOE) l2cay) ).

Poincaré inequality then leads to (4.3). This is the technique used to derive estimates in [16].
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4.2. Further H'- Estimates

In this subsection, we derive a boundary condition on R, and R on 7 using the extension given in
Subsection 3.2. We prove the following lemma:
Lemma 4.1. In Theorem 3.8 (respectively in Theorem 3.4), we can choose R, (resp. R) such that

R, =13 on v, (resp. R=13 on 7),

without modifications in the estimates of these theorems.
Proof. Recall that 'y(; 5 Q}; and Q§ are defined in subsection 3.2. We also set

Qg = @({(31,52) € wss | dist((s1,52),7) < 30} x] — 5,6[)

Let us consider the following function

. 1.
ps(s1,s2) = inf {1,sup (O7 %dzst((sl, $2),70) — 1)}7 (s1,89) € R,

This function belongs to W>°(R?) and it is equal to 1 if dist((s1,52),70) > 66 and to 0 if dist((s1, s2),70) <
34. Let vs be the deformation defined by

v5(s) = @(s1,52) + s3n(s1, s2) + ps(s1,52)(v(s) — d(s1,52) — s3n(sy, s2)) for a.e. s € wzsx] — 6,0/
By definition of vs, we have
vy =0 in Q;\ 02, vs = Iy in Q3.

which gives with (3.2)

(4.4) Vv — vx%”(p(g’é))g < C|dist(Vyv,50(3))||L2(0y)>
. [lo — v(;H(LQ(Q;))B < C4||dist(Vev, SO(3))| L2 (0s)-
Hence
(45) { ||dz’st(Vzv57SO(3))HL2(Q;) <|[|Vzv — V1U6||(L2(Q;))9 + ||dz’st(va,SO(S))HLz(Q;)
< COldist(Vav, SO(3))L2(05)

where the constant does not depend on 4.

Since vs = I in 9%, the R,’s and the R’s given by application of Theorem 3.3 or 3.4 to the deformation
vs are both equal to I3 over 7. Estimate(3.7) and (3.18) of these theorem together with (4.4)-(4.5) show
that Theorems 3.3 and 3.4 hold true for v with R, = I3 and R = I3 on ~p. O

The next theorem gives a second nonlinear Korn’s inequalities, which is an improvement of (4.3) for
energies of order smaller than 63/2 and an estimate on v — V which permit to precise the scaling of the
applied forces in Section 7.

Theorem 4.2. (A second nonlinear Korn’s inequality for shells) There exists a constant C which does not
depend upon & such that for all v € (Hl(Q(;))3 such that v=1I4 on T

11



(46) ||’U — Id|| L2 QJ))S + ||V v _I3H(L2(Q5))9 < ||d28t(v v SO( )||L2(Qa)’
and
(4.7) (= 1Ta) = (V = D)ll(z2(0s))s < Clldist(Vav, SO3))][L2(s):

where V is given by (3.8).
Proof. From the decomposition (3.6), Theorem 3.3 and the boundary condition on R, given by Lemma 4.1,

the use of Poincaré’s inequality gives

IRa — Tall(ar1(wyye < 53/2|\dzst<v 0, 50(3)) 11 (0y)

(4.8)
||dist(Vav, SO(3))||r2(05)

H 83a

Using the fact that t, = a@i and the boundary condition (4.1) on V, it leads to

[e3%

(Lz 3 - 63/2

c .
IV = dllwrwye < 5575 ldist(Vav, SOB3))|L2(as

Using again the decomposition (3.6) and Theorem 3.3, the above estimate implies that v — I; satisfies the
nonlinear Korn’s inequality (4.6). At last the decomposition (3.6), which implies that (v — I3) — (V — ¢) =
(Rq —Is)s3n + g, the first estimate in (3.7) and (4.8) permit to obtain (4.7). O

Let us compare the two Korn’s inequalities (4.3) and (4.6). Indeed they are equivalent for energies of
order §3/2. For energies order smaller than §%/2, (4.6) is better (4.3) which is then more relevant in general
for thin structures.

The decomposition technique given in Section 3 also allows to estimate the linearized strain tensor of

an admissible deformation. This is the object of the lemma below.

Lemma 4.3 There exists a constant C which does not depend upon & such that for all v € (Hl(Qg))3 such
that v =15 on Ty

) Hvxv + (vxv)T - 213H(L2(Q5))9 < CHd’LSt(VIU, 50(3))||L2(Q5){1 + ||di5t(viv’ 50(3))||L2(Q6)}

1

Proof. In view of the decomposition (3.6) and Theorem 3.3 we have

(410)  [|Vav+ (Vo0)" = 203 12, )0 < Clldist(Vav, SOB3))|L2(05) + C8*[Ra + RE = 205 120

Due to the equalities

R, + R7 — 2I; = R,R,R” + RT — 2R,R” + R, (Is — R,R7) + 2(R, R —I)
= (Ra — I3)°R] + Rq(Is - RoRY) + 2(R,R] — T5)

and to the first estimate in (3.14), it follows that
T 2 ¢
(4.11) HRa—i-Ra _2I3H(L2(w))9 < CH(Ra —Ig) H(L2(w))9 + m”dlst(vzﬂ), SO(3))|‘L2(95).

12



Since ||(Ra — I3)?[|(22(w))® < C||Ra — 13|‘%L4(w))9 and the fact that the space (Hl(u)))3X3 is continuously
imbedded in (L4(w))3X3, we deduce that

c . ..
(4.12) H(Ra — 13)2||(L2(w))9 S ﬁ”dlSt(VﬂvvvSO(S))H%Q(Q(S)

From (4.10) , (4.11) and the previous estimate we finally get (4.9). O

Remark 4.4. In view of (3.7) and since the field R, belongs to (L (w))3*3, the function (R, — I3)?
belongs to (Hl(w))3X3 with
O(R, —Iy)?
HTBH(LQ( .- 53/2||dzst(V 0, 80(3))lL2(0y)-

Hence, with Lemma 4.1, |[(Rq — I3)?||(22(0))0 < 53/2 ||dist(Vov, SO(3))||12(0s) Which gives together with
(4.10)-(4.11)

c, ..
|Vav + (Vov)T ngzst(va,SO(S))|\L2(Q5).

213H L2(Q5))° =
Notice that the above estimate is worse than (4.9) at least as soon as the energy is smaller than §/2. O

Let us emphasize that in view of estimates (3.7)-(3.18), (4.3) and (4.9) one can distinguish two critical
cases for the behavior of the quantity ||dist(V,v, SO(3))||r2(0s) (Which will be a bound from below of the

elastic energy)

0(8%2),

dist(V v, 2 -
|| 18 (V v 30(3))||L (Qs) {0(55/2)

Estimates (4.2)-(4.3) show that the behavior ||dist(V,v, SO(3))||12(0s) ~ O(5'/2) also corresponds to an
interesting case, but the estimates (3.7) and (4.8) show that the decompositions given in Theorems 3.3 and
3.4 are not relevant in this case which, as a consequence, must be analyzed by a different approach.

In the following we will describe the asymptotic behavior of a sequence of deformations vs which satisfies

| dist(Vavs, SOB3))||12(0y) ~ O6%2).
5. Rescaling Q5

As usual when dealing with a thin shell, we rescale Q5 using the operator
(Ilsw)(s1, 82, S3) = w(s1, s2, s3) for any s € Qs

defined for e.g. w € L?(€2s) for which (Ilsw) € L?(2). The estimates (3.7) on ¥, transposed over {2 lead to

5Tl (22 e < C61/2||dist(v 0, 80(3))[|L2 ()

Ha;iv 2y 51/2||d25t(v v,50(3))l|L2(0s)
(5.1) Haﬂv [ 51/2||dzst(v 20, S0(3))l|22(0y)

HaHUaH(L?(Q s < O0Y2||dist(V v, SO(3))||12(0s):
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and estimates (4.8) on v — I give

a0~ Tl < 53/2\|dzst<v 0, 500)) 121,
1 I g < 53/2||dzst<v 20,5002 (0
5.2
(5.2) IIWH T 53/2||dzst(v v, 50(3))||12(0y)
1 I o < i laist (V20 SOG) |22,

6. Limit behavior of the deformation for ||dist(V,v, SO(3))||r2(g;) ~ 6%/

Let us consider a sequence of deformations vs of (H 1(95))3 such that
(6.1) ||dist(Vzvs, SO(3))||12(0,) < C6/2.

For fixed § > 0, the deformation vs is decomposed as in Theorem 3.3 and the terms of this decomposition
are denoted by Vs, Ry and T, 5. If moreover the hypothesis (3.17) holds true for the sequence vs, then vs
can be alternatively decomposed through (3.16) in terms of Vs, Rs and ¥s so that the estimates (3.18) of
Theorem 3.5 are satisfied uniformly in 6.

In what follows we investigate the behavior of the sequences Vs, Rq s and 7, 5. Indeed due to (3.20) all
the result of this section can be easily transposed in terms of the sequence R;s and the details are left to the
reader.

The estimates (3.7), (5.1) and (5.2) lead to the following lemma.

Lemma 6.1. There exists a subsequence still indexed by § such that

Vs — V' strongly in ( H'(w) )3,

R,s =~ R weakly in ( (w) ) 3 and strongly in (LQ(w))BXB,

1
— Va5 =0 weakly in (L*(w;H' (—1,1)))3,

(6.2) 62
%(% - Ra,ét@> — Z, weakly in (Lz(w))3’
%( T sRas — I3> — 0 weakly in (LQ(W))ng’

where R belongs SO(3) for a.e. (s1,$2) € w. We also have V € (H2(w))3 and

)%
. 22 —Rt,.
(6.3) D5, R
The boundaries conditions
(6.4) V=0, R=1; on o,

hold true. Moreover, we have

{ [Isvs — V'  strongly in (Hl(Q))s,

(6.5) 9

II5(V,vs) — R strongly in (LQ(Q)) .

14



Proof. The convergences (6.2) are direct consequences of Theorem 3.3 and estimate (4.8) excepted for
what concerns the last convergence which will be established below. The compact imbedding of (H 1(w))3X3

n (L4(w))3X3 and the first convergence in (6.2) permit to obtain

R,; — R strongly in (L*(w SXS,
(66) { 8 glyin (L*(w))

det(R,,5) — det(R) strongly in  L*3(w).

These convergences and estimates (3.14) prove that for a.e. (s1,52) € w: R(s1,52) € SO(3). The relation
(6.3) and (6.4) and the convergences (6.5) are immediate consequences of Theorem 3.3 and of the above

results. We now turn to the proof of the last convergence in (6.2). We first set

R, s(s1,52) =Ras (5{%},5{%2]) a.e. in w.

From (3.4), (3.5) and (6.1) we have

(6.7) [IRa,s — R , (w))3x3 < Cé.

From (6.6) and the above estimate, we deduce that
(6.8) R.s; — R strongly in (Lz(w))?’xg.

1 ~
Now we derive the weak limit of the sequence S(Ra’5 —R,). Let @ be in C5°(02)**® and set M5 (®)(s1,52) =

/ <I>(5 [8—1} + 216, 5[8—2} + 225) dz1dzy for a.e. (s1,s2) in w. We recall that (see [3])
]0 1[2 (5 (5

(® — Ms(®)) =0 weakly in (LQ(w))3X3

SN

Ms(®) — @ strongly in (LQ(w))?)X?’

We write

/ Roas (2~ My(®)) + / S(Rus — Ros) My (@)

OR.; OR.,
/R,“; (® — My(®)) + /( 3516+ 3526)M6(¢)+K5

/5 a,0 a5q)

where |Ks| < C0||VR,, (@))3%3|[V®||(£2(w))3x3. In view of the properties of M;(®) recalled above, of
(6.2) and (6;4), we deduce from the above equality that

)

~ 41(8R OR

1 3x3
“(Rys — Ry =4 = kly i L? .
5(R s —Rays) 95, + 832) weakly in  (L*(w))

Now in order to prove the last convergence of (6.2), we write

1/~ - ~ ~ - ~
(RE5(Ras — Ras) + (Ras — Rao) Ras + (Rus — Ras)” (Ras — Rus))

it -

]

and we use estimates (3.14) and (6.7), the strong convergence (6.8) and the above weak convergence. O
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The following Corollary gives the limit of the Green-St Venant strain tensor of the sequence vs.

Corollary 6.2. For the same subsequence as in Lemma 6.1 we have

1 )
(6.9) %H(g((vxv(g)Tvxv(g — 13) — (t1]t2] n)fTE(tl |to|n)~! weakly in  (L*(Q))?,

where the symmetric matrix E s equal to

R R 1 0v 1
Sgaisln'Rtl-l-Zl Rt1 536 n- ].—'\;t2+ {ZQ Rtl +Zl Rtg} 2?95713 Rt1+§leIl

R 1 1
6.10 Ss—n-Rts + Z5 - Rt 9% Rt -Z5-R
( ) * 388211 2+ 22 2 295, 6724—2 2 -

and where (t1 |ta|n) denotes the 3 x 3 matriz with first column t1, second column ts and third column n
and where (t1 [t [n)~T = ((t; | t2 |n)_1)T

Proof. First from estimate (3.7), equalities (3.13) and the convergences in Lemma 6.1, we obtain

1 R
E(H(s(vm) — Ra,(;)ta — Sgg—n + Z, weakly in (L2(Q))3,
Sa
1
)
Then thanks to the identity

(H(;(Vacv(;) - Raﬁ)n — 66% weakly in (LQ(Q))S.
3

1 1 1
%H(;((vaa)Tvxv(S - 13) = %H(S((vxvé - Ra,é)T(vxvé - Ra,é)) + %Riéﬂa(vxva o Ra,é)
1 1 7
+ 55 16(Vavs — Ras 5) Ras + 2—5(R55Ra,5 —1I3)

and again to estimate (3.7) and Lemma 6.1 we deduce that

1 OR v
gﬂé((vxvé)Tvxvé —I3) —(t1]t2|n)” (S:sa*n + 21| 53 11 + 2o | 853) R

IR "o
+RT(53—n+ Z \53 n+ Z, | a; )(tl to |n)~!

Os
weakly in (LI(Q)) .

(6.11)

Now remark that

R OR
6.12 —n Rty =_—n- Rt
( ) D51 n-nty = D55 n-Rt;.
. . T . rOR  ORT
Indeed, deriving the relation R* R = I3 with respect to s, shows that R D5, + 95 R = 0. Hence, there
R [e3%
exists an antisymmetric matrix A, € L?(w;R3*3) such that g— =RA,. Since there exists also a field a,
Sa
belonging to (L2(w))3 such that
Yz € R3, A,z =a, ANz

oV
Now we derive the equality 5. = Rt, with respect to sg and we obtain
Sa

PV 0ROt 2
to + RO _RASt, R .
05055 D5 T Vo Btot R yedss
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It implies that Ajty = Aoty from which (6.12) follows. Taking into account the definition of the matrix E,
convergence (6.11) and the equality (6.12) show that (6.9) holds true. O

Remark 6.3. There exists a constant C such that

LQ(w)) '

‘Rt ) H ‘Rt ‘
2 LQ(w)+ 381 2

H851 H (L2 (w))? H@sa (L2(w))9 - <H851 ‘ L2(w) + H852

With the same notation as in the proof of Corollary 6.2, we have

2
H H(LQ(M))Q = HAQH(L2(W))9 = QHaOzH%Lz(w))?,.

Recalling that a; A to = as A t1, we obtain a, - n = 0 and then

2
[l = e s = ool = 5l e

7. Nonlinear elastic shells

In this section we consider a shell made of an elastic material. Its thickness 20 is fixed and belongs to
10,250]. The local energy W : Sz — R™ is a continuous function of symmetric matrices which satisfies
the following assumptions which are similar to those adopted in [14], [15] and [16] (the reader is also referred

to [6] for general introduction to elasticity)

(7.1) Jc>0 suchthat VE€S; W(E) > c|||E||?,
(7.2) Ve >0, 30>0, suchthat VEcS; ||[E]||<0 = |[W(E)-Q(E)| <¢||E|?

where @ is a positive quadratic form defined on the set of 3 x 3 symmetric matrices. Remark that @ satisfies
(7.1) with the same constant c. From (7.2) and the continuity of W we deduce that

(7.3) VCy >0, 3C; >0, suchthat VE€S3; |[||F]||<Co = |W(E)|l <Cil||E]||.
Still following [6], for any 3 x 3 matrix F, we set

1 .
- W) = W(§(FTF713)> if  det(F) > 0

+ 0 if  det(F) < 0.

Remark that due to (7.1), (7.4) and to the inequality |||FTF — L3||| > dist(F, SO(3)) if det(F) > 0, we

have
(7.5) W(F) > Ldist(F, SO(3))?

for any matrix F.

Remark 7.1. As a classical example of a local elastic energy satisfying the above assumptions, we mention
the following St Venant-Kirchhoff’s law (see [6], [12]) for which

W(F) = %(tT(FTF — 1))+ Ler(FTF —1o)?) i det(F) >0

+ oo if det(F) <0.
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In order to take into account the boundary condition on the admissible deformations we introduce the

space
(7.6) Us = {ve (H Q) lv=1Ts on Tos}.

Now we assume that the shell is submitted to applied volume forces fs € (L?(£25))? and we define the
total energy J(v) over Ug by

(7.7) J)= [ W(Ve)(@)dz — [ fs5(x)-v(z)de.
Qs Qs

To introduce the scaling on fs, let us consider f in (L?(w))? and g in (L?*(£2))3 such that

1
(7.8) / g(s1,82,55)dS5 =0 for a.e. (s1,s2) € w.
-1

Let k > 1 and assume that the force fs is given for z = ®(s) by

(7.9) fs(x) =6 f(s1,82) + (5"“_19(817 $9, %3) for a.e. = € Q.

The fact remains that to find a minimizer or to find a deformation that approaches the minimizer of J(v)
or of J(v) — J(Ig) is the same. Let v be in Uy, thanks to (2.3), (4.6), (4.7), (7.8) and (7.9), we obtain

(10) | [ gs(e) (0= L) @)da] < €O s + oz s ev, SOB)llz2(0n)
s

In general, a minimizer of J does not exist on Us. In what follows, we will investigate the behavior of

the functional —— (J(v) = J(I4)) using I-convergence (see Remark 7.2 for a few arguments which justify

the study of this quantity). Hence, we consider a deformation v of Uy such that

(7.11) st () — (1) < O

where C does not depend on ¢ and v. Using (7.5) and (7.10) we obtain

Clldist(Vov, SOB) B o,y — CF 2z + llgll 2@ Idist(V20, SO@)lz2(ay) < C16%.
Hence, we have
(7.12) ||dist(V,v, SO(3))|| 20,y < C3" /2

where the constant C' depends on the sum || f[|(z2(w))s + |9l (£2())> and of Cy.

In the spirit of what follows the proof of Theorem 4.1, let us notice that if one uses (4.3) to estimate

the contribution of the forces in the energy, one obtains
||dist(V,v, SO(3))||12(g,) < COLTHI/2,

Indeed, the above estimate is the same as (7.12) for forces of order 62, which is, as far as we know, a critical

case above which no asymptotic studies were achieved. For smaller forces, estimate (7.12) is much better
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and this shows that for smaller energies our technique of decomposition which lead to the second Korn’s

inequality given in Theorem 4.1 is more relevant in order to justify the limit models for k > 2.

From the assumption (7.9) on the applied forces and the estimate (7.12), the results of Sections 3 and
4 permit to obtain estimates of V, R,, 7, and Vv — R, with respect to §. Still for the deformation v € Uy
satisfying (7.11), we have using (7.4) and (7.5)

&
Zl'(va)Tvxv - I3H(2L2(Q5))3><3 < J(’U) - J(Id) + o fls : (1} - Id)
)

< 18”4 O V(| fll 2 wys + gl z2(0)s) Idist(Vav, SO3))] 220y
Due to (7.12) we obtain the following estimate of the Green-St Venant’s tensor:

1 T K—1/2
(7.13) I5{(V20) Vav = T} 20,00 < €9 /2,
We first deduce from the above inequality that v € (W14(Qs))? and moreover since x > 1

(714) ||va||(L4(Qé))3xa < C(S%

Furthermore, there exists two strictly positive constants ¢ and C' which does not depend on ¢ such that for

any v € Uj satisfying (7.11) we have

(7.15) —c6* T < J(w) — J(1y) < 082
We set
(7.16) M = viergs (J(v) = J(I3)).

As a consequence of the inequality in (7.15) we have

ms
(7.17) —c< 21 <0.
We denote

. ms,k
(7.18) My = gljné 52r—1

Remark 7.2. Under assumption (7.8) and (7.9) on the forces, the quantity J(I,) is of order §**1. Hence
if K > 2 then due to (7.15) the infimum of J(v) is of order 6*T1. As a consequence for £ > 2, the relevant

M. For k = 2, J(I4) and the infimum of J(v) have

quantity which describes the limit behavior is 521

J
the same order §% and we derive the I'- limit of the energy E;;&).
8. Limit model in the case x =2

J(vs)

In this section we derive the I'-limit of the functional which corresponds to the case k = 2. We

53
begin with the lim-inf condition.

Let (v(;) be a sequence of deformations belonging to Us and such that

0<5<d0

. J(vs)
(8.1) éljnz) 5

< 400

19



Upon extracting a subsequence (still indexed by §) we can assume that the sequence (vs) satisfies the

condition (7.11) (recall that J(I,) is of order §%). From the estimates of the previous section we obtain

||dist(Vzvs, SO(3))||2(0,) < C3¥/2,
1
(8.2) Hi{vﬂff‘}?vwvé - I3}H(L2(Qé))3x3 < 063/23
||vwvé||(L4(Q5))3><3 < s/t

For any fixed § € (0, dp], the deformation vs is decomposed following (3.6) in such a way that Theorem 3.3

is satisfied. There exists a subsequence still indexed by ¢ such that (see Section 7)

Vs — V  strongly in (Hl(w))d

R,; —R weakly in (H'(w))**?,

(8.3) 1,8Vs , 3
5 (a—sCY — ngta) — Z, weakly in (LQ(w)) ,
1 .
5—21_[5@@75 — v weakly in (L*(w; H'(-1, 1)))3

where R(s1, s2) belongs to SO(3) for a.e. (s1,52) Ew, V € (HQ(W))3 together with

v

4 = =1 d — =
(8 ) V (rbv R 3 on 7o, an 88a

Rt,.

Furthermore, we also have (see (6.5), (6.9) and estimate (8.2))

IIsvs — V'  strongly in (Hl(Q))B,
(8.5) II5(V4vs) — R strongly in (Lz(Q))3X3.
1 .
%Htg((vxv(;)Tvzv(; - 13) — (t1 ]tz |n)"TE(t; [ty |n)~? weakly in  (L?(Q2))?,
where
OR OR 1 1 0v 1
S3—mn-Rt; + 21 -Rt; S3—n-Rta+-{Z:-Rt1 + Z; - Rt -— Rt1 + =21 - R
3851n 1+ 21 1 365111 82+2{ 2 11+ 21 2} 28833 1+2 1
R 1 0v 1
E= Ss—n-Rts + Z5 - Rt -—— Rty + =25 R
* 3832n 2+ Z9 2 295, y2+2 2 n
* * 87;)3 ‘Rn

Remark that, due to the decomposition (3.6), the convergences (8.3) and (8.5) imply that

IIs5(vs — Vs)

(8.6) -

— S3(R —I3)n strongly in (LQ(Q))?’.

Now, recall that

J(v 1 1
(8.7) o) _ /Q 55 W (515 ((Vvs)T Vs — L) )15 det(V9)|

7/ f~H5U§|H5 det(V¢)| — / qg- ‘H(s det(vfb)|
Q Q
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In order to pass to the lim-inf in (8.7) we first recall that that det(V®) = det(t1|t2|n)+s3 det (g—n t2 | n) +
s1

s3 det (t1| | n) + 52 det ( On \ On | n) so that indeed II5 det(V®) strongly converges to det(t;|tz|n) in
L>(Q) as tends to 0.

We now consider the first term of the right hand side. Let € > 0 be fixed. Due to (7.2), there exists
6 > 0 such that

(8.8) VE €8s, |[[E|l| <0, W(E) > Q(E) —¢l||E||”.

We now use a similar argument given in [5]. Let us denote by x the characteristic function of the set
AY = {s € O |||[T15((V4vs)TVevs — I3) (s)]]| > 6}. Due to (8.2), we have

2
(8.9) meas(A) < 02—2.

Using the positive character of W, (8.2) and (8.8) give

| 55T (T c03)) M det(F0)] = [ W (GT5((709)7 V.05 = 1)) (1 = x5 det (V)

2/@(25 5(V505) "V g5 — 1) (1 — X)) 0y det (V@) — Ce

1
In view of (8.9), the function x4 converges a.e. to 0 as § tends to 0 while the weak limit of %H(; ((va(;)Tva(;—

I5)(1—x3) is given by (8.5). As a consequence and also using the convergence of IL det(V®) obtained above,

we have

lim 512W(H5(V 05) )15 det (V) > / Q((t1 lto |n) " TE(t; | to |n)*1) det(t1|t2|n) — Ce.
5§—0 Q

As ¢ is arbitrary, this gives

(8.10) m/ﬁ%’m?(ng(vm))nédet(vq» z/ﬁ@((t1|t2|n)*TE(t1\t2|n)*1)det(t1|t2|n).

6—0

Using the convergences (8.5) and (8.6), it follows that

lim (/Qf.né(va)né det(V<I>)+/ g Lols) det(v<1>)) ~L(V,R)

§—0 Q 1)

where L is defined by

/ 2f det(t1[t2n) + /1 g(.,.,Sg)Sg,[det(nghg|n)+det(t1|g—n|n)}d$’3)-V
(8.11) w = ! o2

+/ / . ,53)53d53) -Ron det(t; [ts|n).

From (8.7), (8.10) and the above limit, we conclude that

(8.12) tim 710 /Q Q((t1 2 1m) B(t |2 [m)~") det(t1[f2}n) ~ LV, R).

6—0
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In order to bound from below the right hand side of (8.12), we first write

OR OR 1 Ov
S3—n-Rt; + 2 S3—n-Rty + Z ——— Rt
385111 1+ 211 388111 2+ Z12 295, 1
OR 1 0v
E = _ . —_—
* Sg a8211 Rtg + ZQQ B 653 Rt2
* * 788;}3 -Rn

where ¥ is defined by
7-Rty, =7 Rty + S32Z,-Rn 7-Rn=7-Rn

and where
1
Zo3 = =124 - Rt Z3 Rty t.
B 2{ Bt <p ¥

Now for almost any fixed (s1, $2) in w, we apply Lemma B.1 of the appendix to the quadratic form

5331 + b1 5331 + b1
) . Szag + by Szag + bg
_ _ Ssaz +b Ssas + b
ty |t TE(t, |t ) det(t4]t dS:/A BE T P T8 | ds
(el B a0 detttstafmydss = [ A | TR S [ dse
c2(53) c2(93)
c3(S53) c3(S53)
where A is a symmetric positive definite constant 6 x 6 matrix
A, A
A = PN
AT Ag
R OR OR 1 v 1 0v
d wh = (=—n-Rt;,=—n-Rty, —n-Rts), b = (211,212, 2 dc= (== Rty, ==
ana w fre a (851n 1 3511'1 2 852n 2)7 ( 11, <12, 22) and ¢ (2 Sg 1 28S3
Rto, % -Rn). Then, if we define the function w € (L?(w; H'(—1,1)))? by
3
(813) w = % -+ SgAglAg(leel + 21262 + 22263)
we have

/QQ((tl|t2|n)_TE(t1|t2|n)_1)det(t1|t2|n) z/Q((t1\t2|n>—TE(t1|t2\n)—1)det(t1|t2\n)

Q
where
OR OR 1 ow
S3—mn-Rt; S3—n-Rty —— Rt
3831n 1 3(3%111 2 2%‘% 1
~ 1 ow
( ) * 836821’1 RQ 2(353 R2
w
* a5, ®n

1

Moreover since w is defined up to a function of (sq,s2), we can assume that / w(s1, $2,53)dS3 = 0 for
-1

almost any (s1, s2) in w.
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Let U,,;;,, be the set

’

Uniin = { (V' R) € (12(@))° x (' @) x (P (-1, 1) |

1

’

W (s1,82,93)dS5 =0 for a.e. (s1,52) €w,

V/ = ¢a Rl =13, on 0, /

-1
, oV’ ,
R (s1,s2) € SO(3) for a.e. (s1,52) €w, — =R ta}.
054
The set U,y is closed in the product space. For any (Vl, R/ﬁ/) € U,in, we denote by Jnr, the following

limit energy

(8.15) Inve(V R @) = / Q((t1 1t |0) TE (61 [t2n) ") det(ta]t2n) - LOS,R)
Q
where
oR OR' . 19w .
Sz—n Rty S3——n Rty - Rt
3 881 n ! 3 651 n 2 2 653 !
~ oR ., 10w
8.16 E = S3—n-Rty -—— Rt
( ) * 3 D59 n 2 295s 2
8@/ '
— R
* 955 n

’

’ 8V /
Indeed notice that in U, and Jnr, the matrix R could be eliminated using the relation 5. = R t,
Sa

and the fact that R* € SO(3). Doing such a elimination would lead to an intricate expression of the strain
tensor E and this is why we prefer to work with the two fields V' and R and to keep the constraint in the
definition of U,,;;,.

From (8.12)-(8.15) we deduce that

(817) Ine (V,R,w) < lim

which gives the lim-inf condition in the definition of the I'- convergence.

In order to obtain the lim-sup condition for the I'-limit, we first prove the following Lemma.
Lemma 8.1. Let (V,R,E) be in Uyp, there exists a sequence ((Vg,Rg,Eg))é of (W22 (w))? x
>0
(Whoe(w))3*3 x (W (Q))3 such that

(8.18) Vs=¢, Rs=1I3 on 7, ws =0, on yx]—1,1],
with
Vs — V  strongly in  (H*(w))?
Rs — R strongly in  (H'(w))>*?
1
E(R‘S —R) — 0 strongly in (L*(w))**3
(8.19) 1/0Vs . 2 3
5 (E - Rgta) — 0 strongly in (L (w))
Ws — w strongly in  (L*(w; H'((=1,1)))3,
53105 — 0 strongly in  (L*(Q))?,
Sa
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and moreover

||dist(Rs, SO(3)) [ Lo~ (w) < :

H Vs }
(L=w)? — 8

050

1
§7 - R6ta
1

(8.20)
1R [Ew.oe yyoxs + sl [fwr.= e < (@02

The constant ¢, is given by (2.3).

Proof. For h > 0 small enough, consider a C$°(R?)-function 1, such that 0 < ¢, <1

Pn(s1,82) = 1if dist((s1,52),7) <h
Up(s1,82) =0 if dist((shsz),%) > 2h.

Indeed we can assume that

Tl Q

C
(8.21) [¥nllwreee) < 20 [[¥nllwae @) <

Since w is bounded with a Lipschitz boundary, we first extend the fields V and R,, = Rn into two fields of
(H?(R?))? and (H'(R?))? (and we use the same notations for these extentions). We define the 3 x 3 matrix
field R € (H'(R?))3*3 by the formula

(8.22) R = (% %mn) <t1|t2|n)_1.

. aV o / . . .
By construction we have e R t, in R? and R = R in w. At least, we introduce below the approxima-
EN

tions V), and Ry, of V and R as restrictions to @ of the following fields defined into RZ:

/ 1
Vh(Sl,SQ) = 72 V(Sl +t1752+t2)dt1dt2,
97h B(0,3h) 9
(8.23) , 1 , a.e. (s1,82) €R
R (s1,52) = 7/ R (81 + t1, S2 + t2)dt1dts,
" 9rh? Jp(0,3m)
and
(8.24) Vi =otn + V(1= vn),  Ru=Istn + Ry(1—wp), inw.

Notice that we have

Vi € (W™(R?))?, Ry € (WHe(R*)>?,

(8.25)
Vi € (W™ (w))?, Rj, € (WH™(w))?*3, Vi =¢, Rj=1I3 on 7.

Due to the definition (8.22) of R" and in view of (8.23) we have

V, — V strongly in (H?(R?))?,
(8.26) { h gly in (H*(R7))

R;z R strongly in (Hl(RQ))3X3
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and thus using estimates (8.21)

Vi, — V  strongly in (H?(w))3,
oo { \ (H2(w))

R, — R strongly in (H'(w))**3

Moreover using again (8.23) and the fact that R* — Ry, strongly converges to 0 in (H'(R2))**3 we deduce
that

]_ ’ ’
E(Rh ~R) — 0 strongly in (L?(R?))3*3

and then together with (8.21), (8.22), (8.24) and (8.27) we get

1

E(Rh —R) — 0 strongly in (L?(w))**?,
1,0
F(O Ryta) — 0 strongly in (L7(w))"

We now turn to the estimate of the distance between Ry (s1,52) and SO(3) for a.e. (s1,52) € w. We apply
the Poincaré-Wirtinger’s inequality to the function (u;,us) — R’ (u1,uz) in the ball B((s1,s2),3h). We

obtain

/ IR (1, u2) — R, (51, 52)|| Purduus, < CH2 TR P 5001 00005
B((s1,s2),3h)

where C' is the Poincaré-Wirtinger’s constant for a ball. Since the open set w is boundy with a Lipschitz

boundary, there exists a positive constant ¢(w), which depends only on w, such that
[(B((s1,52),3h) \ B((s1, 52),2h)) Nw| > ¢(w)h?.

Setting mp(s1, s2) the essential infimum of the function (uy,us) — |||R(u1,us2) — th(sl, s2)]|| into the set
(B((s1,52),3h) \ B((s1,52),2h)) Nw, we then obtain

c(w)h?mi(s1,52)% < CR?||VR |72 (B ((s1.0) 310

Hence, thanks to the strong convergence of R;L given by (8.26), the above inequality shows that there exists
hé which does not depend on (s1, s2) € @ such that for any h < hé

dist(Ry,(s1,52),50(3)) <1/8  for any (s1,s2) € @.

Now,

0(3)) < 1/8,
e in the case dzst( S1,82) ) < h, (s1,82) € w, by definition of R}, we have Rp(s1, s2) = I3 and then
dist(Rp(s1,52),50(3)) =

e in the case h < dzst((sl,SQ),fyO) < 2h, (s1,82) € w, due to the fact that R’ = I3 onto 7, firstly we

have

e in the case dzst((sl, $2), 7 ) > 2h, (s1,82) € w, by definition of Rj, and thanks to the above inequality
we have dist(Ry,(s1, s2), S
1,8

IR = Lslltr2(ug, . poxa < CREIVR[[FLa (g, | yyaxs
where w4, = {(s1,52) € R? | dist((51,32),70) < kh}, k € N*. Hence
1Ry, = Tsl|Te (e poxs < CRAIVR L2 g, s
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The constants depend only on dw.

Secondly, we set M the maximum of the function (u1,us) — ||[Is — Ry, (u1,uz)||| into the closed set
{(u1,u2) € w | h < dist((ur,u2),7) < 2h}, and let (s1,s2) be in this closed subset of w such that

My, = |||Ts — Ry, (s1, 52)] ||
Applying the Poincaré-Wirtinger’s inequality in the ball B ((51, S2), 4h) we deduce that

V(s1,55) € B((s1,52),h),  [[[Ry(51,52) — Ry (51, 52)l[| < ClIVR [l(z2(B((51,50).4m)))2-

The constant depends only on the Poincaré-Wirtinger’s constant for a ball.

If My, is larger than CHVR/||(Lz(B((Sl,32)y4h)))3 we have

’ 2 ’
Th?(My — C||VR |(L2(B((s1.52),410))°) " < [IRp = s[|[TL2(B(s1.00).00)°
<IIRy, = L3lIEz2(ugy, yaxe < CR|[VR |2

Weh,~))? 73

then, in all the cases we obtain

Mh < CHVR ||(L2(W6h.'y0))3><3'

The constant does not depend on h and R’. The above inequalities show that there exists hg such that for
any h < hg

|||th(51,32)—13\|| < C||VR,H(L2(w5hWO))3><3 <1/8 for any (s1,$2) € w such that h < diSt((Sl,SQ),’YO) < 2h.

By definition of Ry, that gives |||Rx(s1,s2) — Is||| < 1/8.

Finally, for any h < max(hy, hy) and for any (s, s2) € @ we have
dist(Ry(s1,82),50(3)) < 1/8.

Using (8.22) and (8.23) we obtain (recall that || - H2 is the euclidian norm in R?)

V(s1, $2) € w, H@V/

a?h(sla52)_Rh(31a52)ta(31v52)H2 < Chl[9l (w2 w3 +C (VI (2 (wsn )2 TR (21 (wsn))5x3)

where wap, = {(s1, s2) € R? | dist((sl,SQ),aw) < 3h}.
We have

oVy,
054

’ 8 ’
“Rjta) + 50 (6= V)

v,
—Rpte =(1— z/Jh)(ash

Thanks to the above inequality, (8.21) and again the estimate of |||R; — Is||| in the edge strip h <
dist((sl, 52)770) < 2h we obtain for all (s1,2) € w

192%
| G 1082 = Rsn, )t sr, )
<C (|l w2 (wyys + VIl (a2 (wsnys + IR (a wanyzxs + 16 = VIlia2 wan o ))2xe) -
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The same argument as above imply that there exists hg < maux(hg7 hg) such that for any 0 < h < hy and for

any (s1,$2) € w we have

(8.28) H Dn

1
(s1,52) Rh(31732)ta(51752)H2 <3
From (8.21), (8.22), (8.23) and (8.24) there exists a positive constant C' which does not depend on h such
that

C
(829) ||RhH(W1°°(w))5><3 < E{HVH(HZ(UJ)):S + HRH(Hl(w))L‘Xd}
Now we can choose h in term of §. We set
h = K, d € (0, do)

]. !’
and we fixed £ in order to have h < hg and to obtain the right hand side in (8.29) less than oo (e is
€1
given by (2.3)). It is well-known that there exists a sequence (E(;) satisfying (8.20), the convergences

n (8.18) and the estimate

5€(0,80]

1
w . <— .
|| 5||(W1 Q)3 > 4\/5615

|

Let us now consider an arbitrary element (V, R, E) of U, and the corresponding sequences ((V(;, Rs, E(;) ) s
>0
given by Lemma 8.1. The deformation vs is then defined by

(8.30) vs(s) = Vs(s1, 89) + s3Rs(51, 52)n(s1, 82) + 6°W;s (sl, S9, %3>7 for s € Q5.

Step 1. Estimate on ||ILs(Vovs — Rs)|| 1o (q))axs and ||dist(Vgvs, SO(3)) ]| Loc (w)-
Using (3.11) and (8.30), we first have

(Vavs — Re)ta = Vs Ryt + 5380 4 52905 _ (Vv — Rg)ss3 on
(8.31) 8;(; 054, 084 054
(Vevs — Rs)n = 5875;5
We first estimate the L>°-norm of II5(V,vs — Rs). We have
I5(Vavs — Ry) - I5(V,®)
(8.52) (% — Rty + S50 %Rj g;”j [ % — Rty + S50 ZRS 8sa iy 5653)'
Thanks to (2.3), (8.20) and (8.28) we obtain
(8.33) |5 (Vovs — Re)|[ (Lo (0))3xe < i

From (8.20) and (8.33) we deduce that there exists a positive constant C such that

(834) HH(;((VQUU(;)TVQCU(; - I3)H(LC>C(Q))3><3 S Co.
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In view of (8.18) and (8.33) we deduce that

||dist(Vavs, SO(3))]] o (w) <

N | =

and then we obtain

(8.35) for a.e. se€ Qs det (vag(s)) > 0.

Step 2. Strong limit of %Hg ((va(;)TVmU(; — 13).

Tanks to the convergences of Lemma 8.1, (8.20) and (8.32) we have
(8.36) ||TLs (va(; — Rg)H(Lz(Q))sxs < (.

We write the identity (V,vs)TVovs — Iz = (Vevs — Rs)TRs + RéT(Vzvg —Rs) + (Vavs — Rs)T(Vpvs —
R;) + (Rs — R)TRs + RT(Rs — R). Due to (8.20), (8.33) and (8.36) we have

(8.37) |‘H5((V17}5)Tvm1}5 — I3)H(L2(Q))3><3 < C6.
In view of (8.18), (8.20), (8.31) we deduce that

%H(;((vm —R)t,) — SggTRn strongly in  (L*(Q))3
(8.38) 05

lnts((vwv& -~R)n) — 8—wn strongly in  (L?(Q))?

d 0S3

Now thanks (8.33) and the strong convergences (8.38) we obtain

1 .
%H(;(vag —~R) — 0 strongly in (L*(Q))?
and then using the above identity, we get
1 ~ .
(8.39) %Hg((vxv(;)Tvxvg —I3) — (t1|t2n) TE(t1[t2|n) "' strongly in  (L*(Q))**?,

where E is given by (8.14).
J(vs)

R

Step 3. The ;iim

—0

Let € be a fixed positive constant and let 6 given by (7.2). We denote x§ the characteristic function of
the set A = {s € Q;[|[ILs((Vavs) Vavs —I3)(s)]|| = 6}. Due to (8.37), we have

52

(8.40) meas(AY) < 6’0—2

and from (8.35) we have det (V,vs(s)) > 0 for a. e. s € Q5. Due to (7.2), (7.4) and (8.39) we deduce that

Ty [ 551 XD W (1s(V09) s det(V0) < [

Q((t1 1t |n) TE (b1 [ £2] 1) ") det(t[t2[n)
§—0 Q O

+ 6/ (61 162 | )~ TE(t1 [ t2 [ 0) !]|[ det(ta]ta]n)
Q
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where E is given by (8.14). Thanks to (7.3), (7.4), (8.37), the strong convergence (8.39) and the weak

convergence ~x4 — 0 in L?(Q) we obtain

4]

_ 1, ~ — 1 1
1im/ 7X§ W(H(;(va(;))ﬂg det(V@) < (C; lim / ,Xg |||*H5((VI’U5)TVIU§ — Ig)m 11 det(V(I)) =0
5—0 Jq 62 6—0 Jo 0 20

Hence for any € > 0 we get

im iW(Hg(vxvg))ngdet(vq>)g/Q((t1|t2|n)—Tﬁ(t1|t2|n)—1) det(t1|t|n)

2
50 Jqo 0 Q

+ 6/ (61 [t2 | 1)~ "E(t1 |t |0) 7 ||* det(t1]ta|n)
Q
Finally

. 1~ .
(8.41) im SzﬁW(H(;(Vzv(;))H(;det(Vfb)g/QQ((tl\t2|n)’TE(t1|t2\n)’1) det(t1[ts|n).

As far as the contribution of the applied forces is concerned, proceeding as in the proof of the lim-inf condition

and using the convergences (8.18) gives

(8.42) g%(/ﬂf.n(;(w)ng det(V@)—&—/ﬂg-ILsgvé)Hg det(V(b)) = L(V,R).

From (8.41) and (8.42), we conclude that

— J(vs)
i =5

< / Q((t1 to | n)"TE(t; |t |n)—1) det(ty[t2n) — L(V,R) = Jnr(V, R, ).
Q

The following theorem summarizes the above results.

J()

Theorem 8.2. The functional Jyy, is the T'-limit of 55 in the following sense:

e consider any sequence of deformations belonging to Us and satisfying

(”5)o<5g50

and let (V&Ra,é,@a,é) be the terms of the decomposition of vs given by Theorem 3.3. Then there exists
(V, R,@) € Upiin such that (up to a subsequence )

Vs — V  strongly in (Hl(w))3,

R,s =~ R weakly in (Hl(w))SXB,

7]
(5.
1

6—2H56a75 — v weakly in (L*(w; H' (-1, 1)))3

- Ra,ata> — Z, weakly in (LQ(w))S,

where W is defined by (8.13) as a function depending of R, Z, and . We have

Ine(V,R,w) < hjm JE;;(S)

9
(=)
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e for any (V7R, E) € U,iin there exists a sequence (v5)0<6<60 belonging to Ug such that

— J(U5)
m =5

<Inet(V,R,W).
Moreover, there exists (VO,RO,EO) € Upiin such that

, . 1 . _ . _
(8.43) my = }1_1)% (5—3 Ulenéa J(U)) = JINL (VO, Ry, wo) = (V,R,%l)lélUmm JINL (V, R, w)

The next theorem shows that the variable W can be eliminated in the minimization problem (8.43).

Theorem 8.3. Let (Vo,Rg) be given by Theorem 8.2. The minimum mq of the functional Ty over Upin

satisfies the following minimization problem:

(8.44) m; =FnNL (Vo,Ro) = (V’RI)Ilei{l/nlm FNL (V,R),

where
Vain = { (W R) € (H2(@))* x (H'@)™* | V=9, R=I5 on7,

R(s1,82) € SO(3) for a.e. (s1,82) € w, aaTV = Rta}7
and
OR OR
Fni(V,R) = / Gopar <£n : Rtﬁ) (gn : Rtﬁl) det(ty[t2|n) — L(V, R)

where a5, g are constants which depend only of the quadratic form Q and the vectors (t1,to,n).

Proof of Theorem 8.3. In order to eliminate w, we fix (V, R) € V,in and we minimize the functional
JINL (V, R, ) over the space

1

W:{me(L?(w;Hl(_Ll)))f3 | / W(s1, 59,94)dS3 =0 for a.e. (51,52)€w}.

-1

We first write

Ey Eq
A~ A Ei» E»

_TE 1 @ Qo Eo Ej2
Q((t1 1t |n) T (b1 [ £2]n) 7" )| det(ta]t2n)| = L EE | R | detttaltaln)
Q ol &, . = Ei; E,

Q@ 1 Qs Eo3 Eo;
E33 E33

where @1, @2 and @3 are matrices belonging to (L>(w))3*3® moreover @1 and @3 are symmetric. They

depend of the coefficients of the quadratic form @ and the vectors (t1,t2,n) and they satisfy

§11 &11 §11
~ PN 12 &2 12
Q1(s1,52) © Qa(s1,82)
' 51 . ’ 81 . So2 || €22 > co|§\2 for any £ = §22 € R% and for a.e. (s1,82) Ew
N L 13 €13 13
Q3 (s1,82) © Qs(s1,s2) §o3 &a3 §23
§33 £33 &33
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where ¢ is a positive constant.

Through solving simple variational problems (see [18]), we find that the minimum of the functional

INL (V, R, ) over the space W is obtained with

1 a—Rn Rt
5@(.,.,53) - Rty ) gﬁ !
1 _ 2 *\H-1AT o
(8.45) gﬁ(w - 53) - Rbo (53 3>Q3 @ 0s1 n- Rtz
E(.,.,Sg) -Rn @H.th
882
1_
5’(0(., o Sg) . Rtl
Replacing %@(-7 . S3) - Rto by its value given above we obtain
@(., . 53) -Rn
1%151‘/ Inve(V,R,w) = Fnr(V,R)
OR OR
—n- Rt —n- Rt
gsln ! gsln !
2 ~ A~ A A R R
= 7/ (@1 —@Q205'Q7) | -—=m Rty | - | =——n-Rty | det(ts]t2jn) —L(V,R).
3 w gsl (381
R R
— t — t
a8211 R 2 a8211 R 2

The symmetric matrix @1 — @géglég belongs to (L°°(w))3*3 and moreover it satisfies

. 11 . 11 , B 11 ,
(Q1 Q203 QQ) &0 &2 | > colé]” for any £ = | &12 | € R® and for a.e. (s1,52) € w.
a2 a2 22

9. A few remarks.
1. In the case of a St-Venant-Kirchhoff material, the above analysis and a classical energy argument

show that if (1)5) is a sequence such that

0<35<5o

" i 2 (08)
6—0 (5‘3 ’

then there exists a subsequence and (Vo, Ro) € Vyiin, which is a solution of Problem (8.44), such that the

sequence of the Green-St Venant’s deformation tensors satisfies
1 T _ .
%Hd((vxvd)Tvxvé —1I3) — (t1|t2|n) "Eo(t1[t2[n)™"  strongly in (L*(2))**?,

where Ej is defined in (8.14) with Wy given by (8.45) (replacing R by Ry).

2. Let us give the explicit expression of the limit energy Fyr in the case where S is a developable

surface such that the parametrization ¢ is locally isometric

V(Sl,Sg) cEw Hta(81,32)||2 =1 tl(Sl,Sg) 't2(81,82) =0.
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We consider a St Venant-Kirchhoff’s law for which we have

W(F) = %(W(FTF ~Iy)" + %tr((FTF ~15)?) if det(F) >0

+ 00 if det(F) <0,

so that @ = W. For any (V, R,ﬁ) € Upyin, the expression (8.15) gives

2 ®)” + putr(B))] - LV R)

Ine (V. R, W) :/

Q

where E is defined by (8.16). It follows that the elimination of @ in Theorem 8.2 is identical to that of
standard linear elasticity (see [19]) hence we have

(.., S3) = —ﬁ(SQ )(gfin Rt; + g—fzn Rtg)R
and then
2F & 2 R R 2
Fvi(V,R) = 3(1_V2)/ (a-v) a%; (a%n Rt;) +u<a—81n Rti+ 5o Rt;) | - LV R).

3. It is well known that the constraint S—Z = Rt; and % = Rt, together the boundary conditions are
strong limitations on the possible deformation for the limit 2d shell. Actually for a plate or as soon as S is a
developable surface, the configuration after deformation must also be a developable surface. In the general
case, it is an open problem to know if the set V,,;;, contains other deformations than identity mapping or
very special isometries (as for example symetries).

Appendix A

In this section the vector space R™*" of all matrices with n rows and n is equipped with the Frobenius

norm. We set
Y =]0,12,  Bs= {x ER?; [|x||2 < 1}, Sy = {x ER?; [|x]2 = 1}.

We denote R, the rotation with axis directed by the vector a € S3 and with angle of rotation about this
axis 0 € R,

(A.1) vx € R3, Ra0(x) =cos(d)x + (1 —cos(d)) < x,a > a+sin(f)aAx.

Let Ry and R; be two matrices in SO(3). Matrix Rg represent the rotation Ra, g, and matrix R4

represent the rotation Ra, g,. The linear transformation in R3
z — 2(sin(61)a; — sin(bp)ag) A
has for matrix R; — Rg — (R1 — Rg)? and we have

: : 1
[ sin(61)a; — sin(6o)aol|, = TﬂlllRl ~Ro — (R —Ro)"]| < \flllRl Roll].
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To any matrix R in SO(3) we associate the vector b = sin(f)a where R is the matrix of the rotation Ra ¢.

This map is continuous from SO(3) into B3 and from the above inequality, we obtain

1
IR — Ts]f].

bl <

If cos(#) # —1, using the vector b we can write the rotation Ry ¢ as

(A.2) Vx € R3, Ra,0(x) = cos(f)x + 1—&—%05(9) <x,b>b+bAx.

Let Ry and R; be two matrices in SO(3) such that
IIRo — Ral| < 2v2.

Now we define a path f from Ry to Ry:

e if Ry = Ry we choose the constant function f(¢) = Ry, t € [0, 1],

e if R; # Ry, we set Ry = Ry 'Ry, there exists a unique pair (ag, f2) € S3x]0, 7| such that the matrix
R, represent the rotation with axis directed by the vector ay and with the angle 8. We consider the rotations

field Rac),0(¢) given by formula (A.1) where

a(t) = ag, 0(t) = tba, te[0,1]
and we define f(¢) as the matrix of the rotation Ro o Ra(s),9(:) Where Ry is the rotation with matrix Ry.
Lemma A.1. The path f belongs to W1°°(0,1; SO(3)) and satisfies

(A.3) £(0) = Ro, £(1) = Ra, H H (L (0,1))?

IR0 = £FO)|I] < [[[Ro — Ral]-

< Sl[R1 = Rolll],

s
2

Proof One has

™ m
=v20, < —|||R2 = Is||| = =|||R1 — Rol|]-
% e = V202 < 5 1R = Tl = S11Rs Rl

Moreover

1R — £0)1| = 155~ R (0]l = 2v2sin (%21 < 2v3sin (2) = |11, ~ Rl = |[IRo — R 1.

Lemma A.2. Let Rog, Ro1, Rip and Ryy be four matrices belonging to SO(3) and satisfying

(A4)  [|[Rio — Rooll| < I[IRo1 — Rooll| < [[|R11 — Roall < [[IR11 — Raol|| <

N) =
Sl
S
l\D.\ =

There ezists a function R € W1 (Y; SO(3)) such that

(A ) {R(0,0) = Ryo, ].:{(O7 1) = Ry, R(I,O) = Ry, R(l, 1) =Ry,
IVR/| (L (vy)o < C{|l[R10 — Roolll| + [[[Ro1 — Roolll| + [[[R11 — Rox|[|| + [[[R11 — Raoll[|}-
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and where the functions 1 — R(x1,0), 21 — R(z1,1), 22 — R(0,22) and zo — R(1,z2) are paths
given by Lemma A.1.
Proof. We denote

f00,01 the path from Rgp to Roq,

fo1,11 the path from Rg; to Ry,

fo0,10 the path from Rgp to Rip and

fo1,11 the path from Rg; to Ry; given by Lemma A.

From Lemma A.1, we have

{ I[|£00,01(t) — Rool|| < 1, [1fo1,11(¢) — Rooll| < 1,
vt € [0, 1],
I[lfo0,10(¢) = Rool[| <1, [[[for,11(¢) — Rool|| < 1.
For any ¢t € [0, 1],
to matrix Ryg foo,01(f) we associate the vector bog o1 (%),
to matrix Raolfoml(t we associate the vector b1 11(t),
( ) and
to matrix Rofolf(n’u(t we associate the vector boq 11 t).
Let b be the vectors field

) (
) (
to matrix R601f00710 t) we associate the vector bog 10(t

) (
defined by

bo0,10(0) ( = boo,01(0)) if (z1,22) = (0,0),

x x i
! boo,10(z2) + 2 boooi(z1) f 0<zi+22<1
T+ To T1 + T2
b($1,$2) = 1 — X1 1 — X9

big11(x2) + boia1(z1) if 1<z +z0<2
2

2—x1 — To 2—x1—x
b01,11(1)( = b10,11(1)) if (z1,22) = (1,1).

This function belongs to (WLOO(Y))3 and satisfies

— 1
V(zi,z9) €Y, |b(z1,22)]2 < —=.

V2

Now we introduce the rotations field R(z1,x2) given by formula (A.2) where b(z1, z2) is defined above and

where

0(x1,x2) = arccos \/1— < b(z1,22),b(x1,z2) >, (z1,22) €Y.

Let R(x1,22) be the matrix of the rotation Rgg o R(z1,x2) where Rgg is the rotation with matrix Rgg. It
is easy to check that R satisfies the conditions (A.5). O

Corollary of Lemma A.2. Let R, be the @Q; interpolate of the matrices Rog, Ro1, Rip and Rq;. There

exists a strictly positive constant C' such that

IR = Rall(z2(vys < C{|[IR10 — Roolll| + |[[R11 — Roull[| + [|[Ro1 — Rool||| + || R11 — Ruolll|}-

Appendix B
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Lemma B.1. Let Q,, be the positive definite quadratic form defined on the space R3 x R3 x (Lz(—l, 1))3

by
Ssa; + by Ssa; + by
) Ssas + bs Ssag + ba
3 3 2/ 3 . Ssasz + bg ) Ssaz + bg
V(a,b,c) € R’ x R? x (L*(-1,1))", Qm(a,b,c) 7/71A c1(Ss) c1(Ss) dSs
c2(S3) c2(Ss3)
c3(S53) c3(S3)

where A is a symmetric positive definite constant 6 x 6 matriz. For any (a,b,c) € R3 x R3 x (L2(—1, 1))3,

there exists d in R> which depends only on b and A such that
Qm (aa ba C) Z Q?n (aa 07 Cc— d)

Proof. We write
A, A,

AT 1 Ag

where A; and A3 are symmetric positive definite 3 x 3 matrices. We set

d=-A;'Alb.
1
By a straightforward calculation and using the fact that / S3dSs = 0, we obtain
-1

Qm(a,b,c) = Qmn(a,0,c —d) + Qn(0,b,d).

The positivity of Q then gives the result. O
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