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Abstract. We consider the Euler equations on the Lie algebra so(4, C)
with a diagonal quadratic Hamiltonian. It is known that this system always
admits three functionally independent polynomial first integrals. We prove
that if the system has a rational first integral functionally independent of
the known three ones (so called fourth integral), then it has a polynomial
fourth first integral. This is a consequence of a more general fact that for
these systems the existence of a Darboux polynomial with non vanishing
cofactor implies the existence of a polynomial fourth integral.

Key words: Euler equations; Rational and polynomial first integrals; Dar-
boux polynomials

1. Introduction

For a given system of (polynomial) ordinary differential equations depend-
ing on parameters, a question is how to identify those values of the param-
eters for which the equations have (rational or polynomial) first integrals?
Except for some simple cases, this problem is very hard and there are no
general methods to solve it.
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In this paper we present a partial result concerning the integrability
problem for the so-called Euler equations on Lie algebras [1-4, 13, 14],
for which the problem is also largely open.

Let us recall some relevant definition. Let (L, |-, -]) be a finite dimen-
sional (real or complex) Lie algebra and L* its dual. For f,g € C°°(L*)
their Lie-Poisson bracket { f, g} is defined by

{f,9}(x) = (2, [df (x), dg()]),

where z € L*, df (z), dg(z) € (L*)* = L™ ~ L, and for x € L* and
y € L, we denote (z,y) = z(y).

Let {e}, ..., e’} be the dual basis to a fixed basis {e1,...,e,} of L. An
element x € L* can be written as = )., z;e}, where the coefficients
x; (real or complex) depend smoothly on z thus defining the functions €
C>®(L*),for1 <i<n.

For a given function H € C°°(L*), the system of differential equations

Wi H), 1<i<n, (L1

is called Euler equations on the Lie algebra L with the Hamiltonian H.

Recall that a function F' € C*°(L*) is a Casimir function of the Lie
algebra L if {f, F'} = 0, for every f € C°°(L*). Itis clear (e.g., [13]) that
a function F' defined on L* is a first integral of system (1.1) if and only if
{F, H} = 0. In particular, the Hamiltonian H and any Casimir function of
the Lie algebra L are first integrals of system (1.1).

Only for Hamiltonians H that are functionally independent of the Ca-
simir functions, the right sides of system (1.1) does not vanish identically.
That is why we will always suppose that the Hamiltonian H under consid-
erations is functionally independent of the Casimir functions.

From now on we will concentrate only on the complex six dimensional
Lie algebra so(4, C), the Lie algebra of the complex Lie group SO(4,C),
and study one of the simplest Euler equations on it, namely the Euler equa-
tions corresponding to the so called diagonal quadratic Hamiltonian.

In an appropriate basis of the Lie algebra so(4, C) (see [1]), the Euler
equations corresponding to the diagonal quadratic Hamiltonian % 2?21 \ix?,
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take the following elegant form:

dx
dTl = (A3 — A)xaxs + (A — A5)x56,
dx
dTQ = (A1 — A3)z123 + (Mg — Ng)wazs,
dx
7; = (A2 — A1)x122 + (A5 — A\g) 2475,
o (1.2)
dx
T: = ()\4 — )\3)[E3£L’4 + ()\1 - Aﬁ)xlzﬁa
dx
where A := (\1,...,A¢) € CO. Exactly the same construction holds for

the Lie algebra so(4,R), where A := (\1,...,\g) € R® and the form of
equations (1.2) remains unchanged.

The Lie algebra so(4, C) admits two functionally independent polyno-
mial Casimir functions. Thus any system of Euler equations on it always
admits three functionally independent first integrals. Indeed, the above sys-
tem possesses three first integrals:

6 6
H1 = 21T4 + T2T5 + T3Tg, H2 = Z:L’?, H3 = Z /\ia:?, (1.3)
i=1 i=1

where the first integrals [/ and H» are Casimir functions of the Lie algebra
so(4, C) and H3 is the Hamiltonian. These three first integrals are function-
ally independent unless all the \;, 1 < ¢ < 6, are equal, in which case the
right hand sides of system (1.2) vanish.

For the Lie algebra so(4,C), on the constant level manifolds of two
functionally independent Casimir functions, any Euler system, at least lo-
cally, can be reduced to the standard Hamiltonian equations with two de-
grees of freedom (see Secs. 6.1-6.2 and Theorem 6.22 from [13]). Therefore
whatever the chosen notion of integrability, the system (1.2) in order to be
integrable needs a supplementary first integral H4, functionally indepen-
dent of Hy, Ho and Hs, called shortly a fourth integral. The only known
cases when a fourth integral exists are the Manakov case, defined by the
condition

M = XMAs(Xa + A5 — A3 — Xg) + Ao As( A3 + Ag — A1 — \g)
+ A306(A1 + A — A2 —X5) =0,

and the product case, defined by the conditions

A =M, Ad=X5 A3= .
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In both cases the fourth integral can be found among the polynomials of
degree 2 at most (see [1,9, 15]).

In our study, we will concentrate only on the existence of a fourth ratio-
nal integral. In fact, it is well known, its absence implies the absence of an
algebraic fourth integral [7,17,18] as well as the absence of a meromorphic
fourth integral defined on some neighbourhood of 0 of C5 [19].

In [15], two of us proved the following theorem:

Theorem 1.1. If for some \ € CS, the Euler equations (1.2) admit a ratio-
nal fourth integral, then they admit a polynomial fourth integral.

Let us note that from the validity of Theorem 1.1 in complex setting, its
validity in real one follows immediately.

The proof of Theorem 1.1 presented in [15], based on Holomorphic Rec-
tification Theorem (see Theorem 1.18 in [5]) is elementary but quite long
and quite involved. The aim of this note is to present a simpler proof based
on the more powerful Holomorphic Frobenius Integrability Theorem (see
Theorem 2.9 in [5]). The present paper is self-contained and independent
of [15]. To put it in such a form some overlaps with [15] were unavoidable.

The paper is organized as follows. In Sec. 2 we collect various facts
needed for the proof. In Sec. 3, Theorem 1.1 is obtained with the help of
more general Theorem 3.1. Actually, the proof of Theorem 1.1 is based
on the study of so called Darboux polynomials (see Sec. 2.1) for the Euler
equations (1.2) and the rich symmetry properties of these equations and
Theorem 1.1 is a direct consequence of Theorem 3.1 concerning Darboux
polynomials. Let us stress that all proofs are completely elementary.

Finally let us note that in [8] exact counterparts of Theorems 1.1 and
3.1 are proved for so called natural polynomial hamiltonian systems of an
arbitrary degree of freedom.

2. Preliminaries
2.1. Darboux polynomials

Consider a polynomial system of ordinary differential equations defined in
Cn
dzj _
dt
For a holomorphic function £’ defined on some open subset of C™, let us
define

AdF)=>" oFy.

0x;
i=1 g

The operator d is called the derivation associated with system of differential
equations (2.1).
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A polynomial P € C[zy,...,z,] \ C is called a Darboux polynomial
of system (2.1) if for some polynomial S € C[zy,...,x,] we have

d(P) = SP. (2.2)

The polynomial S is called a cofactor of the Darboux polynomial P. When
S # 0, P is called a proper Darboux polynomial. When S = 0, P is
nothing but a first integral of system (2.1).

Here we mention some properties of the Darboux polynomials that we
will need throughout:

(D1) Let P; and P» be non-zero relatively prime polynomials that are not
first integrals of system (2.1). Then the rational function P;/P; is a
first integral of system (2.1) if and only if P, and P> are its proper
Darboux polynomials with the same cofactor.

(D2) All factors of a Darboux polynomial of system (2.1) are also its Dar-
boux polynomials.

(D3) If P, and P, are two Darboux polynomials of system (2.1) with co-
factors S7 and Sa, respectively, then P P is also its Darboux poly-
nomial with cofactor S; + So.

(D4) Let us suppose that the right-hand sides of system (2.1) are homoge-
neous polynomials of the same degree. Let P be a Darboux polyno-
mial of system (2.1). Then its cofactor S is homogeneous and all ho-
mogeneous components of P are also Darboux polynomials of sys-
tem (2.1).

See [11] for more details.

2.2. Permutational symmetries

The Euler equations (1.2) possess an invariance property, called permuta-
tional symmetry. In general, permutational symmetries can be described as
follows. Let x = (z1,...,2,) € C", A = (A1,...,An) € C", and let
V(z,A) = (Vi(z,A),..., Vih(x, A)) depends holomorphically on (x,\) €
C?". Let us consider the following system of differential equations

— =V(z,N). 2.3
=V (@) 3
Let o be an element of the symmetric group Sy, i.e., the group of all per-
mutations of {1,...,n}. For a = (aj,...,a,) € C", we will denote

o(a) = (ag(1)s - -+ > Ag(n))-
A permutation o € S,, will be called a permutational symmetry of sys-
tem (2.3) if for all (x, \) € C?", we have

Vi(o(z),0(N) = eV (@, A), 1<k <n,

where ¢ = =1 is a constant independent of k. Clearly, all permutational
symmetries of system (2.3) form a group.
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Theorem 2.1. Let 0 be a permutational symmetry of system (2.3).
(a) If F = F(x) is a first integral of system (2.3), then the function
F = F oo~V is a first integral of the system

d

dizf = V(z,0(\). 2.4)
(b) If P = P(x) is a Darboux polynomial of system (2.3) (see (2.2)),

then

d(P) = SP,

where P = P o o1 S=25o o Y and d is the derivation associated with

system (2.4).

For the proof of (a) see Sec. II of [9]. The proof of (b) follows the same
line.

The group of permutational symmetries of the Euler equations (1.2)
consists of 24 elements. Among others, it contains the following five per-
mutations:

7(1,2,3,4,5,6) = (2,1,3,5,4,6),
73(1,2,3,4,5,6) = (3,2,1,6,5,4),
74(1,2,3,4,5,6) = (4,2,6,1,5,3), (2.5)
75(1,2,3,4,5,6) = (5,4,3,2,1,6),
76(1,2,3,4,5,6) = (6,2,4,3,5,1).

For more details see Sec. II of [9] where, in its notations, 7o = 01, 73 = 03,
T4 = 07, T5 — 08001 al’ldT6 = 070 03.

Let P be a proper Darboux polynomial of system (1.2), that is d(P) =
S P, where d is the corresponding derivation and S € Clzq, ...,z \{0}.
Since the right-hand sides of system (1.2) are homogeneous of the same
degree, it follows from (D4) that the cofactor is a homogeneous linear form,
ie.,

6
S = E Q;T1,
i=1

where a; € C, 1 < ¢ < 6, are some complex constants and at least one of
them is non-zero, say «;, # 0.

According to (2.5) 7;,(i9) = 1. Now, Theorem 2.1b implies that without
any loss of generality, we can always assume that «; # 0. This fact will be
used in the proof of Theorem 1.1.

From now on, d will always denote the derivation associated with the
Euler equations (1.2).
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2.3. Another invariance property

Beside permutational symmetries, the Euler equations (1.2) possess also
another invariance property related to the change of signs of the couples of
variables (z1,x4), (2, 5), and (z3, zg) respectively. More precisely, let
us denote:

7'14(1'1, T2,x3,T4,Ts, xﬁ) = (_xla X2,x3, —T4,Ts5, xﬁ))
Tos (21, T2, X3, T4, X5, T6) = (T1, —T2, T3, Ta, —T5, T6), (2.6)
7‘36(331, X2,T3,T4,T5, L6 (!Eh X2, —x3,T4,Ts5, —$6)~

(14), (ij) = (25), and (ij) = (36),

) =
) =
It is easy to see that for (i)

Tz'j_l OdOTZ’j = —d,

which means that under any of the transformations of (2.6), the right side
of equations (1.2) changes the sign.

For the polynomial 7' € C[z1, ..., x|, let us denote T(;;y := T o 7.
Thus if 7'is a first integral of the system (1.2), then T(14), T{25), and T(3¢)
also are first integrals of this system.

Moreover, if P is its Darboux polynomial, that is, d(P) = SP, then
d(P;)) = —S(ij)Pj)- In particular, if

d(P)(z) = (c1x1 + aoxg + asxs + auxg + asxs + agxe) P(x), (2.7)
then
d(P14))(7) = (0171 — a2 —a3r3+uxs—a575—T6) P14y () (2.8)

and

d(P25))(7) = (—o171 + aor — a3T3 — auzs + a5T5 — aeT6) Pos) (7).
2.9)

2.4. Explicit form of some linear differential operators

On CS, equipped with coordinates (1, .. ., zg), we consider the linear dif-
ferential operator X;;, for 1 <7 < j < 6, defined by the formula

8(H17H25 H37 G)

8(331,...,i’i,...,ﬂ?j,...7$6)

X;;(G) = det

where G is a holomorphic function on CS, the functions H;, Hy, H3 are
given by (1.3), and Z,, means the absence of z,.

Two such operators X5 and Xsg will play a crucial role in the proof
of Theorem 1.1 and we need an explicit formula of them. To simplify the
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notations, we write: \;j; = \; — \j for i # j, 1 < 4,5 < 6. A direct
calculation gives the formulae:

2 2
Xos = (A63123T6 + A343T4 + Aa6Taxf

/N

2 2
AM6T1T6 + A412123T4 + A6aTiTe

+
/N

2 2
/\133311'3 + )\613?1:(}6 + )\361'3.%'4336

+ o+
/N /N

0
2 P
X36 = ( As2x12225 + A242524 + Aa52475 e

/N

2 2
M5T1T5 + A1 210224 + A542T5T5

+

/N N N

2 2
A221T5 + A512125 + Ao5T224T5

)

)

)

/\3133%:103 + AuT17476 + )\43353%21)

)

)

. )
)

>N

2
+ (Ao12722 + AMaz12425 + Ag2207

It is easy to see that outside of some very special subcases of the Mana-
kov case, these two differential operators are not identically zero. Note that
Xos(Hy) = X36(H,) =0,1 <7 <3.

2.5. Linear partial differential equations

Let us consider the following system of k, where 1 < k < n — 1, linear
partial differential equations

n

oF
> aij(r)5— =0, 1<j<k (2.10)
i=1 ¢

where a;;, 1 < i < n, are holomorphic functions defined on some open
subset U C C™.

Theorem 2.2. Let vg € U be such that rank A(xg) = k, where the matrix
A(zx) = (aij(x))1<i<ni<j<k. Let us suppose that F and F, . .., F,,_} are
holomorphic on U solutions of system (2.10) such that Fy, ..., F,_ are
functionally independent at x, that means that the vectors (grad F.)(zo),
1 < r < n —k, are linearly independent. Then there exists a neighbour-
hood V of the point (Fy(xg),. .., Fn_k(x0)) and a holomorphic function
{2 defined on V, such that for any x in some neighbourhood of xy we have

F(z) = Q(Fi(2), ..., Foi(2)). 2.11)
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This result is a direct consequence of Holomorphic Frobenius Integra-
bility Theorem (see Sec. 2.11.20 in [12], Theorem 2.9 in [5] and Appendix
8 in [6]).

Throughout, I/ denotes a subset of C® defined by the condition that for
all 1 < i < j < 6, and any point z € U, the vectors (grad H1)(z),
(grad H2)(2), (grad H3)(2), (grad x;)(z), (grad z;)(z) are linearly inde-
pendent. Unless all A\;, 1 < ¢ < 6, are equal, I/ is always an open dense
subset of C. Below, when saying that identity (2.11) is locally fulfilled, we
will understand that this is so on a neighbourhood of some point from /.

3. Proof of Theorem 1.1.

Let us suppose that the irreducible rational fraction Py /P, where Py, Py €
Clx1, ..., xz¢], is a first integral of system (1.2) and that P; (and thus also
P,) is not its first integral. Then (D1) from Sec. 2.1 implies that P; and P»
are proper Darboux polynomials of system (1.2). Since the right-hand sides
of system (1.2) are homogeneous of the same degree, it follows from (D2)
and (D4) that system (1.2) admits also an irreducible homogeneous proper
Darboux polynomial P and its cofactor is a homogeneous linear form, i.e.,

6
S = E T,
i=1

where a;, 1 < ¢ < 6, are some constants. Since S # 0, at least one of
its coefficients is not zero. As explained in Sec. 2.2, without any loss of
generality we can assume that o # 0.

Theorem 1.1 is now a direct consequence of

Theorem 3.1. If for some \ € CS, the Euler equations (1.2) have a proper
Darboux polynomial, then they have a polynomial fourth integral.

Proof. Let P be a proper Darboux polynomial of the Euler equations (1.2).
Without any lost of generality we can suppose that P is an irreducible and
homogeneous polynomial. The proof is naturally divided into three almost
independent parts.

Fart 1. Construction of a polynomial first integral.

From (2.7) and (2.8) it immediately follows that R = P P14 is a Dar-

boux polynomial of system (1.2) with cofactor 2(a1z1 + ayz4), i.e.,
d(R)(z) = 2(a121 + cuxs) R(x), 3.1)
Thus from (2.9) one deduces that the polynomial U = R,y satisfies
d(U)(z) = =2(aqz1 + auxg)U(2),
and finally (see (D3) in Sec. 2.1) that
(V) =0,
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where
V:=RU = RR(25) = (PP(14))(PP(14))(25) = PP(14)P(25)P(14)(25)-

This means that V' is a polynomial first integral of the Euler equations (1.2).

The main difficulty is to decide whether V' is a fourth integral. We will
prove that this is always the case outside of some very special subcases of
the Manakov case. This is proved in Part 2 if the polynomials R and U are
relatively prime and in Part 3 if this is not the case. As in the Manakov case
the polynomial fourth integral always exists, this will prove Theorem 3.1.

Part 2. R and U are relatively prime polynomials.

We have to decide when the first integrals H;, H», Hs (see (1.3)) and
V' are functionally independent. Let us suppose that they are functionally
dependent.

Then forall o, 1 < <6

X;;(V) = Xi;(R)U + X;;(U)R = 0. (3.2)

We will prove that outside of very special subcases of the Manakov case
this contradicts oy # 0.

We have supposed that the polynomials 2 and U are relatively prime
and thus (3.2) shows that either R divides X;;(R), i.e.,

X,i(R) = fi;R, (3.3)

where f;; is a homogeneous polynomial of second degree, or X;;(R) =
X;;(U) = 0. For the first possibility, according to (3.2) and (3.3), we have
that

Xi;(U) = —fi;U. (3.49)

In particular Xo5(R) = fa5R and Xo5(U) = — fo5U. Applying to the
first identity the change of variables 725 (see Sec. 2.3), we conclude that
X25(U) = (f25 OT25>U and finally that fo5 = — fo50795. But this is impos-
sible because fo5 cannot depend on x5 and x5. Indeed, the maximal powers
of 25 and of =5 in Xo5(R) are never greater than their respective maximal
powers in R. Thus fo5 = 0 and consequently Xo5(R) = Xo95(U) = 0.

We have thus proved that R satisfies the equation

0(Hy, H>, H3, R)
3(1:1, X3, T4, ZEG)

Xo5(R) = det =0. (3.5)

Let us note that not only U = R o 795 but also U = R o 73¢. This is
so because R is a homogeneous polynomial of even degree and contains
monomials that have only an even sum of powers of 1 and z4. Thus the
monomials of 2 containing an even sum of powers of z9 and 5 contain
also an even sum of powers of z3 and x¢ and respectively, the monomials
of R containing an odd sum of powers of x5 and x5 contain an odd sum of
powers of x3 and xg.
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As U = RoTsg, exactly in the same way as (3.5), we prove that f35 = 0
or, equivalently, that

0(Hy, Hy, H3, R)
8(1’1, x2,T4, l’5)

Xa6(R) = det = 0. (3.6)

Equations (3.5) and (3.6) represent a system of linear homogeneous par-
tial differential equations for R. This system has four solutions: Hy, Ho, H3
and R. Consequently, H;, Ho, Hs, and R are also solutions of the linear
homogeneous partial differential equation

Y(®) =0, (3.7

where Y = [Xas5, X36] is the commutator (Lie bracket) of the vector fields
X25 and X36.

The three vector fields X925, X36 and Y are necessarily linearly depen-
dent on C. Indeed, let us suppose that they are linearly independent. Sys-
tem (3.5)-(3.7) has three functionally independent solutions H;, Hs and
Hj;. Then, according to Theorem 2.2, the fourth solution R of this system
is represented locally as a function of H;, Hs, and Hs, i.e., R is a first
integral of system (1.2). But this is a contradiction because R is a proper
Darboux polynomial of (1.2).

We compute the vector field Y (using Maple) and obtain

2 2
Y = |Aoszozs(N63x123%6 + A342324 + AagTax§)
2 2
+ A63x3x6(A52T1T2T5 + AoaT5T4 + AasTaT5)

+ (M223 + Asazd) (A132122 + Ne12122 + A3g232476)
o
8.%'1

(A343 + Mapxd) N i2w123 4+ Asyp 22 + >\25$2964335)]
2 2
(AMaz122 + 2M452425) (M132125 + Ag12125 + A\3623%46)
(

+
+
+ (2As517125 + A1axomq) (Ae3T12326 + )\34:1:§x4 + )\463:4552)} 6;332
+ {()\41961333 + 20642476 ) (M122125 + A\s1 7125 + A5 22475)
+ (2M162176 + Aq12374) (As221 2225 + Aoaw3ay + )\453341%)} ;;3
+ [)\52$2$5()\13$19€§ + A61212§ + A36233476)

+ A367376(A127175 + A512172 + AosTamams)

+ (/\13;1?% + )\61;10%)()\52;1:1332365 + )\241‘%3;4 + )\45364;10%)

0
+ ()\21:133 + )\15$§)()\63$1$3l‘6 + )\343;'?)):134 + )\461‘41‘%)] (97164
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+ [(2)\12901@ + A17475) (A63T173T6 + A34T374 + \agT4Tg)
+ (A1z125 + 2A4z224) (A137123 + Ae12128 + >\36$3964966)} 8(335
+ [(2/\31361333 + Mazaz6) (A52212225 + Aoax524 + A5 T4773)
+ (Aaz16 + 2)\43x3x4)()\12x1x% + >\51:c193§ + )\25(1521‘4%5)} pr

Let N be the 3 x 6 matrix composed by the coefficients of vector fields
X5, X36 and Y. The linear dependence of those vector fields means that
the condition

rank NV < 2 (3.8)
should be fulfilled. We consider two cases:
Lo A1 # Mg,
2. A= M\

Case 1. Let Ni93 be the minor of N that consists of first, second and
third column. In particular, condition (3.8) implies

d = det N123 = 0.
The Maple computation of § gives
0 = \14010203,
where

2 2 2 2 2 2 2 2
0 = )\31.7}1$3 + )\16.1‘1566 + 2XMg3x1T3T4%¢ + )\34$3l‘4 + )\465547567
02 = A56T1T5T6 + N6aT2T4T6 + Aa523T4T5,

2.2 2.2 2.2 2.2
03 = )\12.7}1$2 + )\511‘11‘5 + 2 o521 L0425 + )\42$2l‘4 + )\541‘41}5.

As we consider now the case A\; # A4, then the condition § = 0 implies
that either 61 = 0 or d9 = 0 or 05 = 0. From d; = 0 we obtain

AM=XA3=N=X¢
that is a subcase of the Manakov case. From d2 = 0 we obtain
A= A5 = Ag
that is a subcase of the Manakov case. From d3 = 0 we obtain
AM=d=M=]X5

that is a subcase of the Manakov case.
In this way we conclude that in Case 1 condition (3.8) is eventually
fulfilled in some subcases of the Manakov case only.
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Case 2. In this case, condition (3.8) is fulfilled. Equations (3.5) and
(3.6) have four functionally independent solutions. We know three of them
explicitly: they are Hy, H and Hs. As it is easily seen, equations (3.5) and
(3.6) have also the solution

R = )\4233% + )\451‘%.

We prove that out of the Manakov case, R is functionally independent of
Hy, Hy and Hj. Indeed, if R were functionally dependent on Hy, Hj, and
Hjs, then R would be a first integral of the Euler equations (1.2). We com-

pute d(R) and obtain

d(R) = 2(X24A347179T3 + M54 A64T12T5T6 + A2a\6aToTaTg
+ A54A342324T5).

A necessary condition for the equation d(R) = 0 to hold is that either
Ao = A\g or A3 = A\4. Let us first suppose that Ao = A\4. Then

d(R) = 2X5475(N6a126 + A34T374)

and therefore either A5 = A4 or A3 = \y = )Ag. Both possibilities together
with the condition of Case 2, i.e., A1 = M4, lead to subcases of the Manakov
case.

Let us suppose now that A3 = A4. Then

d(R) = 2X64w6(A542125 + AoaTomy)

and therefore either A\g¢ = A4 or Ay = A4 = A5. As above, both possibilities
lead to subcases of the Manakov case.

So far we have proved that outside of the Manakov case the functions
Hj, Hy, H3 and R are four functionally independent solutions of equations
(3.5) and (3.6). By Theorem 2.2 we know that locally any other holomor-
phic solution of those two equations is a function of Hy, He, H3z and R.
Thus our Darboux polynomial R, being a solution of equations (3.5) and
(3.6), is represented locally in the following way

R= W(H17H23 H37 R)?

where W is some holomorphic function.
The polynomial R satisfies equation (3.1) and therefore

ow
Cl(R) = Td(R) = 2(0411‘1 + 0441'4)VV,
OR
which shows that the functions Hy, Ha, Hs, R, d(R) and a1 + aqy are
functionally dependent. Thus the determinant A of their Jacobi matrix is
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identically zero, i.e.

Ty Ty Te T x2 x3
Hal T2 xs3 Tq T5 Ze
)\41’1 /\25132 )\3%3 /\45134 )\5%5 )\63;6
A =16 0 Agxze 0 0 Agszs 0
0d(R) 0d(R) 0d(R) 8d(R) 9d(R) 9d(R)
o1 0z Oxs 0xy4 oxs Oxg

oq 0 0 oy 0

Il
e

It is easy to compute A (using Maple) but this is not necessary. As A
equals zero identically, we can compute it only for some fixed particular
values of certain variables x;, 1 <17 < 6.Forx; = 0,25 = 0,and zg = 0
we obtain easily (and without any computer algebra tools) that

A = 1601292323 A34 M2 (Noa M3 + A3aha523) = 0. (3.9)

xr1=x5=x6=0
As aq # 0, identity (3.9) is fulfilled in three cases only:

A. A=Ay,
B. A3 = A4,
C. A= 25 = 6.

Case A. We compute A for 1 = 0, zo = 0, and z3 = 0 and obtain

A = 16&1A35A43A64xix§x6 =0. (310)
r1=x2=x3=0, 2=y
As a1 # 0 identity (3.10) is fulfilled if and only if either A5 = A4 or
A3 = Agor A\g = A\y. Each of these possibilities together with the conditions
A1 = Mg and A9 = A4 leads to a subcase of the Manakov case.
Case B. We compute A also for z; = 0, zo = 0 and 3 = 0 and obtain

A = 160&1)\54)\1216)\4211342111751'2 =0. (3.11)
r1=x2=x3=0, 3=\

As a1 # 0, identity (3.11) is fulfilled if and only if either Ay = A4 or
A = Agor Ao = 4. Each of these possibilities together with the conditions
A1 = Mg and A3 = A4 leads to a subcase of the Manakov case.

Case C. This case is directly a subcase of the Manakov case.

Thus the assumption that H;, Ho, H3 and V are functionally dependent
when R and U are relatively prime can eventually be true in some very
special subcases of the Manakov case only.

Remark. We have to note here that there are, indeed, some subcases of the
Manakov case when our procedure does not lead to a fourth integral. For
example, when \; = Ay = A5 = A\¢ = 0 and Ay = —A\3 (subcase of
the case C), the polynomial P = 2 + w3 is a proper Darboux polynomial
of the Euler equations (1.2). Applying our procedure on P, one obtains,
however, a polynomial first integral that is functionally dependent on H3.
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But we know that in the Manakov case there always exists a polynomial
fourth integral. That is why we do not exclude the Manakov case from the
condition of the theorem.

Part 3. R and U are not relatively prime polynomials.

We have for R and U

R = PP(14) and U = P(25)P(14)(25).

Since the polynomial P is irreducible, the polynomials P14y, P(25) and
P14)(25) are also irreducible. Thus polynomials R and U are not relatively
prime in the following 8 cases only:

1. P= P(25);

2. P= —P(25),

3. P = Pua2s)

4. P = —P14)(25);

5. P(14) = P25), that is, equivalent to case 3;

6. P(14) = —P(25), that is, equivalent to case 4;

7. P14) = P(14)(25) that is, equivalent to case 1;
8. P14y = —F(14)(25), that is, equivalent to case 2.

Let us examine case 1. The cofactor of P is
Q1T1 + QX2 + a3T3 + Xy + A5T5 + QL.
According to (2.9) the cofactor of P95 is
—Q1x] + Q2T — A3x3 — 4T4 + Q5X5 — AET6-

Since P and Py5) are equal in the case under consideration, comparing the
two cofactors we find

a1 =0, a3=0, ag =0, ag =0.

This contradicts, however our assumption that or; # 0. In the same way,
cases 2,3 and 4 alsoleadtoa; = 0. O

As an example of an application of the constructing procedure of the
fourth integral described in the above proof, let us consider the product
case when \; # Ao and A; # A3. One can easily see that in this case the
polynomial

A A
P:%azg—kxg%—%m-ﬁ-x@,

where ¢ = v/A13A21, is a proper Darboux polynomial of system (1.2) with
cofactor ¢(x1 + x4). Here P = P14y and thus R = PPy = P? and

U= (P?) s = P(225). Finally, the polynomial

A 2
V =RU = (PP(25))2 = —TE(:EQ + $5)2 + (565 + 1‘6)2
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is a fourth integral of (1.2). In fact, in this example, already PFo5) is a
fourth integral.

The explicit form of the polynomial fourth integral when Ao # A; and
Ao # Ag or when A3 # A and A3 # Ao follows now from Theorem 2.1b
applied to the permutational symmetries 7 = 75 o 73 and 72 respectively.

Remark. When comparing our system (1.2) with its ”twin brother”, which
are the Euler-Poisson equations of heavy rigid body motion (see [2,3,14,16,
17]), we conclude from [20] (see also [10]) that for these equations the exact
counterpart of Theorem 1.1 holds. Nevertheless, the exact counterpart of
Theorem 3.1 for the Euler-Poisson equations fails. Indeed, in the non-inte-
grable so-called Hess-Appelrot case, proper Darboux polynomial exists.
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