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Abstract

In this Appendix we provide proofs of Lemma 2(ii) and (iii), and of the estimate (16) of the paper “Numerical
solution of Boussinesq systems of the Bona-Smith family”, using notation and results of that paper.

1. Prood of lemma 2(ii)

Let v € H?. Since Ryv € H?,
J Tj41 9 J Tj+1 2
1B P =Y / (o) — 9" dz < Ch2 S / (Ruv) — ') da,
§=0"%; §=0"%;

where v is the interpolant of v in the space of piecewise linear, continuous functions Sy, (0, 2), and
where the second inequality follows from an inverse property on the polynomial space P, _o([z}, 211])
and the quasiuniformity of the mesh x;. Therefore, by Lemma 1

[(Brv)"ll < Ch=H|(Rw) =o'l < Ch™ ([(Rpw) = [| + ([ = '[}) < Cllvll2,

from which there follows that ||[Rpv|2 < C||v||2 due to the H'-stability of Ry. The proof for RY is
entirely analogous. O

2. Proof of Lemma 2(iii)
Let v € WL N H} and let V € S} be such that
(V')X) = (' x)  Vxes. (A1)
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Then, it is not hard to see that V' = B’ , where P, is the L2-projection operator onto

d
Sh(ﬂ - 1,7’ - 1) = %S}g(ﬂa”’) S {1}
Using now the the definition of ap(:,-) and (Al) we conclude that
ap(Rpo —V,x) = (v—=V,x)  VYx €Sy, (A2)

Consider now the problem

O-b0"=v-V inl,
O(—L) = O(L) = 0.
Since by (2)
ap(R}0,x) = ap(©,x) = (v - V,x) = ap(Rjv —V,x) Vx € S},
we obtain that R)© = Rlv — V. Therefore,
I(RR0) e < [(BROY [z + V'L = [|(REO)' | + || Pav’ || o
< C(IRROll2 + [['[| =),

using the stability of the L?-projection in L®°, [1]. By Lemma 2(ii), the elliptic regularity of the
solution © of (A3) and the Poincaré inequality, we see that ||(R}v)’||~ < C||vlw1 , and the second
inequality of emma 2(iii) follows from the result (i) in the same Lemma.
To prove the analogous estimate for v € WL, we let now V = [ (P,v’). Then, V € Si(u,7)
with V/ = Py’ and V(—L) = 0. As before, we have
an(Bpo =V, x) = (v =Vix) VX € Sh,

which gives, if © is a solution of the problem

O-b0"=v-V inl,
O'(-L)=0©'(L)=0

the identity Ryv = Rp© + V. We conclude that ||Ryv|lw < C|lvllwy , arguing as in the first part
of the proof. O

3. Proof of (16)

From (7) of Proposition 5 it follows that

max (mnll2 + lunlly) < C: (A1)

From (6), the definitions of f and g, and Lemma 4(i) we obtain, using (A4), for 0 <¢ < T

Inellz = I G un)ll2 < 1 F (un)ll2 + | Fnun) |2 < C (lunlly + llmnunll1)
< C ([lunllr + nallllunll) < C, (A5)

and



A A 1 -
lanelly = llgCm wn)llx < lelllf (ma)lls + 1 0an)llx + S 1F (i)

< C (IInngell + lmnl + 1z ]])
< C([lmmll2 + llunll1lunll) < C. (A6)

Differentiating in (6) with respect to ¢ we see that
Mo = fune) + Fnneun) + Fnnune),
Uy = Cf Mhaae) + F(M0e) + f(unung).
Therefore, using (A4)—(A6) we have as before, for 0 < ¢ <T

[Mneellz < C (lunell + lnneunlls + [[nnwnd)
< C (lunell + llnellulfunlly + lnnllllunll) < G,

and

l[unellz < C(Imnellz + nell + llunell1llunll) < C.
Continuing inductively we see that (16) holds. O
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