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INITIAL-BOUNDARY-VALUE PROBLEMS FOR THE
BONA-SMITH FAMILY OF BOUSSINESQ SYSTEMS

D. C. Antonopoulos ¥ V. A. Dougalis*l and D. E. Mitsotakis*f

September 21, 2008

Abstract

In this paper we consider the one-parameter family of Bona-Smith systems, which belongs to
the class of Boussinesq systems modelling two-way propagation of long waves of small amplitude
on the surface of water in a channel. We study three initial-boundary-value problems for these
systems, corresponding, respectively, to nonhomogeneous Dirichlet, reflection, and periodic boundary
conditions posed at the endpoints of a finite spatial interval, and establish existence and uniqueness of
their solutions. We prove that the initial-boundary-value problem with Dirichlet boundary conditions
is well posed in appropriate spaces locally in time, while the analogous problems with reflection and
periodic boundary conditions are globally well posed under mild restrictions on the initial data.

1 Introduction

We consider the following family of Boussinesq type systems of water wave theory, introduced in [BCSI],

Tt + ug + (UU)Z + aUpyy — bnwzt = 0; (1 1)
Ut + Ny + UUy + CNgga — duwwt = 0; '

where n = n(z,t), u = u(x,t) are real-valued functions of x € IR and ¢t > 0. The dispersion coefficients
a, b, c,d are given by

a%(@Q%)V, b%<92%> (1-v), c:%(lft?Q)u, d:%(lfHQ)(l—u), (1.2)

where 0 < 6 <1 and v, u are real constants.

The systems (1.1) are approximations of the two-dimensional Euler equations and model the irrota-
tional, free surface flow of an incompressible, inviscid fluid in a uniform horizontal channel in the absence
of cross-channel disturbances. As opposed to one-way models, like the KdV or the BBM equations, the
systems (1.1) describe two-way propagation. The variables in (1.1) are dimensionless and unscaled;
and ¢ are proportional to position along the channel and time, respectively, while n(x,t) and u(z,t) are
proportional to the excursion of the free surface at (x,t) above an undisturbed level, and to the horizontal
velocity of the fluid at a height y = —1 + 0(1 + n(x,t)), respectively. (In terms of these variables the
bottom of the channel is at y = —1, while the free surface corresponds to 6 = 1.)

The Boussinesq systems (1.1) are long-wave, small-amplitude approximations of the Euler equations.
Specifically, they are valid when ¢ := A/h < 1, A\/h > 1 and the Stokes number AX?/h3 is of order 1,
[BCSI]. Here A measures the maximum surface elevation above an undisturbed level of fluid of depth
h, and A is a typical wavelength. Appropriate expansions in powers of £ and substitution into the
Euler equations leads to a system of the form (1.1) with dimensionless but scaled variables, wherein the
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nonlinear and dispersive terms (the third-order derivatives) are balanced, being both multiplied by ¢,
while the right-hand side is of order 2. When the right-hand side is replaced by zero, it is expected
the solutions of the resulting system with suitable initial data will approximate for ¢ > 0 appropriate
smooth solutions of the Euler equations in the same scaling with an error of O(¢?t). In [BCL] and [A-SL]
it was proved that the error of this approximation is indeed of O(g%t), uniformly for ¢ € [0, 7], where
T. = O(1/¢), provided the Cauchy problem for the Boussinesq system under consideration is locally
well-posed. (In the present paper we will for the most part consider the systems in their dimensionless,
unscaled form (1.1).)

In particular, we will focus on the Bona-Smith family of systems, [BS], which are of the form (1.1) when
the parameters in (1.2) satisfy v = 0 and b = d. The latter condition implies that p = (4 —662)/3(1 — 6?)
for 6 # 1. Hence, the constants of the Bona-Smith systems are given by the formulas
302 — 1 2 — 302

c= (1.3)

—0, b=d=
a=" 6 3

We will also consider the limiting case obtained by setting § = 1 in (1.3), i.e. the system with a = 0,
b=d=1/3,c=—1/3. The value 6% = 2/3 in (1.3) yields the BBM-BBM systema =c=0,b=d = 1/6,
[BC].
From the analysis of [BCSI] one may infer that the Bona-Smith systems are linearly ill posed if
6% < 2/3. Hence, in the sequel, we will only consider the systems with 02 € [2/3,1]. It also follows from
[BCS]] that the Bona-Smith systems are linearly well posed for (n,u) in H¥*! x H* for s > 0 if % > 2/3,
and in H® x H® for s > 0 if 6> = 2/3. (By H® = H*(RR) for real s > 0 we denote the usual, L*-based
Sobolev classes on IR, and put H® = L2.) It also follows from [BCSI] that the linearized Bona-Smith
systems are well posed in the LP-based Sobolev space pairs W;‘H x Wy for s > 0 and 1 < p < oo, and
ill posed for p = 1 or co. (The BBM-BBM system, i.e. the case where §? = 2/3, is well posed in LP for
1 < p < o0, as explained in [BCSI].)
We turn now to the Cauchy problem for the nonlinear Bona-Smith systems, that we rewrite again for
ease in referencing as
Nt + Uz + (Mu)z — bzt = 0,
ut + N + uuy + Cllzzx — bummt = Oa (14)
b= (302 -1)/6, c=(2—36%)/3, 2/3<6%<1,

for x € R, t > 0. The system is to be solved under the initial conditions

77(507 0) - 770(:6)7 ’U,(ZL', 0) = U‘O(x)v (15)

where 1), ug are given functions on IR. This problem has been studied by Bona and Smith, [BS], in the
case 02 = 1, but it is easy to extend their theory (cf. also [BCSII]) to the general case 6% € (2/3,1]
and obtain the following result: If ng € H' N CP, ug € L?> N C? (where Cf = CF(IR) is the space of
bounded, continuous functions on IR whose first k derivatives are also continuous and bounded), and if
infer no(z) > —1 and

BO) = [ (0 + ell)? + (14 m)d) de < 24l (1.6
then, there is a unique, global classical solution (1, u) of (1.4)—(1.5), which, for each T > 0, is a continuous
map from [0,7] into (H! N CP) x (L? N CZ). If further regularity is assumed for the initial data, then
(1.4-(1.5) is well posed in H**! x H*® for s > 0 or in (H* N C;™') x (L2N C) for integer s > 0.

The key step in the proof of this result in [BS] is establishing an a priori H' x L? estimate for the
solution (n,u). This follows from the fact that (1.4) is a Hamiltonian system, whose Hamiltonian or

“energy” functional
o0

E(t) := / (n* + le[nZ + (1 + n)u?) da, (1.7)

— 00

is invariant for ¢ > 0. The restrictions #2 > 2/3 and 79 > —1 ensure that 1 + 7(z,t) and, consequently,
E(t) remain positive for x € R, ¢t > 0. In the case of the BBM-BBM system, where ¢ = 0, the global



theory breaks down and the Cauchy problem is well posed in H® x H?® for s > 0 only locally in time,
[BC], [BCSII].

Our aim in the paper at hand is to study the well-posedness of three types of initial-boundary-value
problems (ibup’s) for systems of Bona-Smith type on bounded spatial intervals [—L, L], L > 0, in which
the system and the initial conditions n(z,0) = no(z), u(x,0) = we(x), z € [—L, L], are supplemented
by three types of boundary conditions posed at x = +L for ¢ > 0. In our study we follow the general
scheme of proof of [BS] adapting it to the case of the boundary-value-problems at hand. First, in
Paragraph 2.1, we analyze the ibvp with nonhomogeneous Dirichlet boundary conditions, wherein 1 and
u are prescribed as given functions of ¢ at both endpoints. We prove that this ibvp is well posed, for
example in pairs of appropriate spaces of smooth functions, locally in time. (An analogous result for the
BBM-BBM system was proved in [BC].) Having in hand such a well-posedness result, enables one to
consider this type of boundary conditions, realized, for example, from temporal records of experimental
measurements of 77 and u at two stations along a channel where a two-way surface wave flow has been
established, to solve the resulting ibvp by an accurate and stable numerical scheme, and compare the
numerical solution with experimental values at points € (—L, L) in order to assess the effectiveness
of the particular Boussinesq system to model the flow. An energy type proof yields that, in general,
the temporal interval of existence of solutions of this ibvp, written in dimensionless but scaled variables,
wherein the nonlinear and dispersive terms in (1.4) are multiplied by the small parameter €, is of the
form [0,T.], where T. may be taken independent of €. (As was previously mentioned, for the Cauchy
problem T, = O(%)) In Paragraph 2.2 we study the ibvp with reflection boundary conditions, i.e. with
Nz = 0, u = 0 prescribed at x = £L for all ¢ > 0. These are useful for studying the (ideal) reflection of a
wave impinging on a rigid wall, vertical to the direction of the motion. With these boundary conditions
the ibvp for the Bona-Smith systems for 62 € (2/3,1] is globally well-posed, under mild restrictions on the
initial data, analogous to those required for the proof of the Cauchy problem previously outlined. Global
well-posedness follows from the fact that the analog on [—L, L] of the Hamiltonian (1.7) is conserved
under the reflection boundary conditions. Finally, in Section 2.3 we prove that the periodic initial-value
problem for the Bona-Smith systems with 62 € (2/3,1] is globally well posed under similar restrictions on
the (periodic) initial data. For the BBM-BBM system (#? = 2/3) we can only prove local well-posedness
for the reflection and the periodic ibvp.

The well-posedness of these ibvp’s provides a firm theoretical foundation for deriving and rigorously
analyzing numerical methods for the Bona-Smith systems. In a sequel to this paper, [ADM], we discretize
the three ibvp’s using the standard Galerkin-finite element method with piecewise polynomial functions in
space and the classical fourth-order Runge-Kutta scheme in time, analyze the convergence of the resulting
semidiscrete and fully discrete schemes, and use them in numerical experiments to study phenomena of
interactions of solitary wave solutions of these systems and their interactions with the boundary.

Many of the theoretical results of the paper at hand were first proved in [A]. Some were announced
in preliminary form in [AD1] and [AD2].

2 Initial-boundary-value problems

Let I = (—L, L) for some L > 0. In this section we study three initial-boundary-value problems (ibvp’s)

for some Boussinesq systems of the form (1.1). Specifically, we seek functions 1 and u defined for = € [
and ¢ > 0 and satisfying for = € I, ¢t > 0 the system

U + Uy + (nu)z + aUpyy — bnwzt = 0;

Ut + Ny + UUy + CNgga — duwwt = 0; (21)

with given initial conditions

n(x,0) = no(x), u(z,0) = up(x), rvel, (2.2)

and several types of boundary conditions for v and n at © = +L, ¢t > 0. Specific hypotheses about the
coefficients a, b, ¢, d will be made in each case.



2.1 Nonhomogeneous Dirichlet boundary conditions

We start by considering the subclass of systems of the form (2.1) with b=d > 0, a =0, ¢ <0, i.e. the
systems
e + Uy + (nu)m — b?’]mmt = 0, _
>
Ut + My + Wity + g — bigge =0, L 120 (2.3)

which include the Bona-Smith family (1.4). We supplement (2.3) by the initial conditions (2.2) and
nonhomogeneous boundary conditions of Dirichlet type for  and u at both ends of the interval I, given
for t > 0 by

n(iLat) = hl(t)v n(Lvt) = h?(t)a u(vat) = Ul( ) (L t) = U2(t)a (24)

where h;, v;, i = 1,2, are given continuous functions.
To analyze the ibvp consisting of (2.3), (2.2), (2.4) we shall write it first in integral form, cf. e.g. [BS],
[BD], [BC]. With this aim in mind, given a suitable function f defined on I we consider the following
two-point boundary-value problem
w—bw" =—f", xel,
w(—L) =w(L) =0.

Let G be the Green’s function for (2.5) defined for z, & € I by

(2.5)

G(z,€) = ! { wy (§wa(x), ?

5 g 1";
W 1(@)wz(§), <L

)

where w; (z) := sinh L\JF” wa(z) = sinh LJEI’ and W := wiw) —wiwe = *ﬁ sinh 27%. Then, the solution

of (2.5) may be expressed in the form

w(z) = (Apf)(z) = / G OF(de (2.6)

In what follows, for a nonnegative integer k, we denote by C’kiz C*(I) the Banach space of real-
valued, k-times continuously differentiable functions defined on I. equipped with the norm ||v||gr :=

max max [v) (2)]|. We also let H* = H¥(I) denote the usual (Hilbert) Sobolev space of (classes of
p

0<j<k zel
real-valued functions on I having generalized derivatives of order up to k in L? = L?(I). We equip H*

4 1/2
with the norm ||v]|) := (Zf:o o) ||2) , where || - || denotes the norm on L? = H°. (The inner product

on L? will be denoted by (-,-)). In addition, Hj will denote the subspace of H! whose elements vanish

at = +L. We denote norms of the spaces LP = LP(I), 1 < p < oo, by ||+ ||z». On occasion we shall also

use the Sobolev space W = W} (I) for p =1 and p = 0o, whose usual norm we will denote by || - ||Wk
The following 1emma gives some properties of the hnear operator Ap that will be useful in the sequel

Lemma 2.1 Let Ap be defined by (2.6) and M denote positive constants depending on b, not necessarily
the same at any two places. The the following hold:

(i) If v € LY, then Apv € Wi and |Apv||~ < M||v||11, [[Apv| < M| 1.
(ii) If v € L2, then Apv € H and | Apv||1 < M|v]|.
(iii) If v € HY, then Apv € H? and ||Apv|2 < M|v||;.

(iv) Ifv € C™, m >0, then Apv € C™ L and || Apv||gm+r < M||v|cm, where M = M (m,b).

Proof: (i): Let v € L2. Then, if I1(z) := [*, wjv and I3 := f whv, x € I, we have, by (2.6)
Apv = —— [ws Iy + wr To]. 2.7)
DV = bV Wzl T~ Wil2 .



It is clear that I;, and therefore Apv belong to the space W. Moreover, for x € I, using the definitions
of the w;, we have

1 § ! L !
(Apv)(@)| < W[“’?(“’”) / o]~ wa (o) / w2|v|]

1
< wow) — wiws)|v][Lr = 5||U|\L1a

1
L
bW |
from which the two estimates in (i) follow. To prove (ii) note that it follows by the definition of I; that
for v € L?, Apv € Hi. In addition, for ¢ € H{}, integration by parts gives

(ADUa (b) + b((ADU)/a (b/) = (Ua (b/) - %(wQIl + ’l,UlIQ, (b) - %(wéll + wIIIQ’ (b/) = (U’ (b/)

Putting ¢ = Apv we obtain the estimate in (ii). To prove (iii) note that for v € H! we have, in L?, that
Apv —b(Apv)" = =0/,

from which (iii) follows in view of (ii). Finally, note that if v € C°, then Apv € C* by (2.7). Moreover,
for x € I, by the properties of the w;

1 v, L 1
(Apo)@)] < 57 <w2<w> | wi-w@ [ w> Iolleo < —=lvlce,

and
! 1 1 / * / / L / 2
[(Ap)(@)v] < gllvlice = 757 | —wa(2) L w w (z) s [vllco = 3 llvllco,
and the required estimate follows for m = 0. For m > 1 use the relation
(Apv)™ Y — p(Apw)mFD) = _y(m+1) (2.8)

and obtain the result by induction. (I

Consider now the ibvp (2.3), (2.2), (2.4). Inverting the operator 1 —bd2 under the boundary conditions
in (2.4) we obtain from the first p.d.e. of (2.3), after one integration by parts in space, the following
differential-integral equation valid for z € I, ¢t > 0

w(x) w1 ()
. Pi(t) + .

ne(x, t) = R4 (t) + Ap(u + nu)(x,t), (2.9)
where p 1= sinh(QL/\/l;). If we perform analogous operations on the second p.d.e. of (2.3) we encounter
the term Apny,. Now, using the definition of Ap and integration by parts, it is not hard to see, for a
twice differentiable function v on I that

Apv" = =(v' + Bv' + Apv), (2.10)

=

where, for v € C, the operator B is defined as

1 _
= NG (v(—L)wz(x) + v(L)wyi(x)), xe€l. (2.11)

Hence, Apnze = %(771 + Apn + Bn,), and it follows from the second p.d.e. of (2.3) that for z € I, t > 0

(Bu)(x)

wi ()
1 1

ug(z,t) = vy (t) + %(ﬁpn + B )(z,t) + Ap(n+ %UQ)(:E, t), (2.12)



where Ap = Ap + 8,. Integrating now (2.9) and (2.12) with respect to ¢ yields the system

(e.0) = (o) + 2 () < m) + D na(t) < o)) + [ Aput i (213
(1) = uo(@) + 22 (uy (1) — 1 (0)) + wléx) (va(t) — v2(0)) + /0 E(ZDn + Bp,) + Ap(n + %ﬁ)} dr.

(2.14)
It is clear that any classical solution (1, u) of the i.b.v.p. (2.3), (2.2), (2.4) satisfies the system of integral
equation (2.13)-(2.14) in its temporal interval of existence.

In the sequel, given a Banach space X, and some positive number T' we shall denote by C(0,T; X)
the Banach space of continuous maps v : [0,7] — X with norm [|v|c,r;x) = supo<i<r|[v(t)]|x. In
particular, when X = C™ we shall frequently denote C* = C(0,T; C™) and the corresponding norm by
el

V\?e proceed now to establish uniqueness and local existence of solutions of the system of integral
equations (2.13)-(2.14).

Proposition 2.1 Let 0 < T < oo, ng € C, ug € C°, hy,v; € C([0,T)), i = 1,2. Then, the system
(2.18)-(2.14) has at most one solution (n,u) € Ck x C%.

Proof: Let (n;,u;), i = 1,2, be two solutions of (2.13)-(2.14) in C% x C%. Then, with 5 := n; — 1,
u = u; — ug, we have for 0 <t < T

t
n(t) = / Ap(u+mu + ugn)dr, (2.15)
0

u(t) = /0 E(/TDU + Bn,) + Apn+ %AD((M + uz)u)} dr. (2.16)

Using Lemma 2.1(iv) we conclude from (2.15) that for some positive constant M; = M (b) there holds
for t € [0, T

t t
[n(®)llcr < My {(1 + lnllcg)/o [u(r)l|godT + ||1L2||c;/0 |77(7)||00d7] :

Since from (2.11) for any integer m > 0 there exists a constant ¢; = ¢1(m,b) such that for v € C°
[Bolcm < ermax(lo(L)], [o(=L)]) < eilfvflco,

it follows from (2.16) and Lemma 2.1(iv) that for ¢t € [0, T

t t
[u®)]co < Mo [Ilm +U2HC%/ IIU(T)IlcodT+/ |77(7')||01d7] ,
0 0

for some positive constant My = Mz (b, ¢). We conclude therefore that for ¢ € [0, 7] and some constant
co we have

In(@ller + llu®)llco < 02/0 (In()ller + lu(r)llco)dr,

from which, by Gronwall’s lemma, we infer that n =« = 0. O

Proposition 2.2 Let 0 < T < oo, g € C*, up € CY, hi,v; € C([0,T]), i = 1,2, and By := ||nollcr +
2

luollco + H%(gl);] E (|h: ()| + |vi(t)]). Then, there exists a To = To(T, Bo) € (0,T] such that the system
t€[0,T] 4
i=1

(2.13)-(2.14) has a unique solution (n,u) € Cp, x O, .



Proof: With Tj to be suitably chosen, let £ be the Banach space Cz, x C3, with norm ||(v, w)| s :=
[vllez + [[wllcg . Consider the mapping I': E — E defined by
0 0

t tr. 1
I(v,w) = (H+/O Ap(w + vw)dr, U +/O |:§(ADU + Bv,) + Ap(v+ §w2)] dT) ,

where, cf. (2.13)-(2.14),

~

wr (z

ws () B
m (h1(t) — h1(0)) + "

wa(x) . L&) o
1t = vi(0)) 4+ = = (v2(#) — v (0)).

Let Br be the closed ball in E with center 0 and radius R > 0. Let (n;,u;) € Bg, i = 1,2. As in the
proof of Proposition 2.1 and with notation introduced therein, we have

H(x,t) :==no(x) + (ha(t) — h2(0)),

g

U(z,t) :==uo(x) +

ITCr,u1) = T(n2,u2) e < MiTo[(L+ [Imll&y ) lur — uallog, + lluzlleg llm —n2lles, ]
+MoTo[[|ur + uzllcg [[ur —u2llco + [lm —nz2llcy ]
0 0 0
< ®H(7717u1) - (7725“2)”1?7 (217)

where O := Ty[M; + Ms + R(M; + 2M>)]. Moreover, if (n,u) € Bg it holds that

IT(n, w)| = IT(n,u) =T(0,0)[l& + (0,0)]| =

<
< OR+|[|(H,U)|le < OR+ 1o, (2.18)

where ¢ is a constant depending on (3. If we choose now R = 2¢;6 and Ty < 2[M1+IV[2+112(M1+2M2)] €
(0,7, we see that © < 1 and OR + 18 < R. Hence, in view of (2.17) and (2.18), the contraction
mapping theorem applies to I' consider as a mapping of Bpg into itself. Consequently, I" has a unique
fixed point (n,u) € Br, which is the required solution of (2.13)-(2.14). O

We are now ready to establish a local existence-uniqueness result for the classical solutions of the ibvp
(2.3)-(2.2)-(2.4).

Theorem 2.1 Let 0 < T < oo, g € C3, ug € C%, hy,v; € CY([0,T)), i = 1,2, and suppose that the
compatibility conditions

no(—L) = h1(0),m0(L) = h2(0),uo(—L) = v1(0), uo(L) = v2(0), (2.19)

are satisfied. Then, the solution (n,u) € C%U X CJQU of (2.13)-(2.14), whose ezistence and uniqueness were
established in Proposition 2.2, lies in C%O X C%O, and is a classical solution of the ibvp (2.3), (2.2), (2.4)
in the temporal interval [0, Ty).

Proof: Consider the system (2.13)-(2.14) of integral equations. It is straightforward, by repeating the
contraction mapping argument of Proposition 2.2, using out hypothesis on the regularity of the data,
and Lemma 2.1(iv) to establish the existence and uniqueness of a solution (n,u) in the Banach space

2
C3, x C3, for a suitably small T € (0, T}, depending on Bs := ||no||cs + [|uol|c2 + max, > i)+ vi ().
te|0, .
1=1

In addition, it is not hard to see that 1 and u, given by (2.13), (2.14), respectively, are differentiable with
respect to ¢ and that their derivatives n;, u; are by the formulas (2.9) and (2.12), respectively. Since we
assumed that h,v; € C1([0,T]), i = 1,2, use of Lemma 2.1(iv) gives now that (n;,u;) € C3 x CF,.
Suppose that T < Tp. Then, by Proposition 2.1, the solution pair (n,u) € C%Z X C%Z coincides, on
[0, T3], with that in C}, x Cf, guaranteed by Proposition 2.2. By a standard argument, cf. [BS] Section



5, its existence interval may be extended to [0,Tp]. For this purpose, it is necessary to establish an a
priori estimate of ||77||C%0 + HuHC%O independent of Ty. Since (n,u) € C7, x CF,, from (2.13) and using

Lemma 2.1(iv) we have for ¢ € [0, Tp]

2 t
|Mw<wwﬂ+Q@g§me+CAO+MMMM0¢}
1=

where, here and in what follows, C will denote various constants independent of ¢ and 75 not necessarily
the same in any two places. Since n € C%U, we conclude that for ¢ € [0, Ty]

t
nww<0%+/WMamx (2.20)
0

2
where 81 := ||nollc2 + |luollcr + max, > " |hi(t)] + [vi(#)]. Similarly, from (2.14) we obtain, for ¢ € [0, Ty]
te|0, :
1=1

2 t
Juller < Mﬂm+0£%%ZNMM+CAOMMrHW%JW
=1

t
<l [nle + fulenyar]. 22)
0
From (2.20), (2.21) and Gronwall’s lemma we infer that
Inlloz, + llulley, < CBre™,

which is the required a priori estimate.

At this point we have established the existence of a unique solution (1, u) of (2.13)-(2.14) with the
properties that (n,u) € C3, x C7, and (n,u;) € C3, x CF,. This solution is a classical solution of the
ibvp (2.3), (2.2), (2.4) in the temporal interval [0,7p]: That it satisfies the initial conditions (2.2) is
obvious from (2.13)-(2.14). Using the compatibility conditions (2.19), the definitions of the operators
AD, B and the the functions wi, we , and the fact that G¢(£L,{) = 0, we may also check that the
boundary conditions (2.4) are satisfied for ¢ € [0, Tp]. In addition, differentiating (2.9) twice with respect
to = and using the definition of w;, we and (2.8) for m = 1, we see that for = € I, t € [0, Tp] we have
N — bNpgr = —0x(u+nu), which is the first p.d.e. in (2.2). Finally, from (2.12), differentiating twice with
respect to x we have, similarly, that for x € I, t € [0, Tp]

1 1
Up — by = % [ADU + Nz — b(ADU)m] — Clgaa + (I - baﬁ)AD(n + 5“2) = *&c(?? + 5“2) — CNzax,

where, in the last equality, we used twice (2.8) for m = 1. Hence, (1, u) is also a classical solution of the
second p.d.e. in (2.2). O

Remark 2.1: One may readily establish higher regularity of the solution provided the data are more
regular. For example, by a straightforward extension of the proof of Theorem 2.1 one may show that if
no € C™H ug € C™ and hy,v; € CY([0,T)), i = 1,2, for integers m > 2, £ > 1, and some 0 < T < o0,
and if the compatibility conditions (2.19) hold, then the classical solution (n,u) of the ibvp (2.3), (2.2),
(2.4) has the properties that (n,u) € C%noﬂ x Ctand (9fn, Ofu) € C’%H x Cp, for 1<k < L. O

Remark 2.2: Local in time well-posedness of the ibvp at hand may also be established in appropriate
pairs of Sobolev classes. For example, it is straightforward to prove, by a modification of Proposition 2.1,
that for any 7 > 0 the integral equations (2.13)-(2.14) have at most one solution (n,u) € C(0,T; H?) x
C(0,T; H') provided g € H?, ug € H' and e.g. h;,v; € C([0,T]). (For this purpose use the properties
(ii) and (iii) of Ap, cf. Lemma 2.1.) In addition, the proof of Proposition 2.2 may be adapted to yield local
existence of a solution (n,u) € C(0,T"; H?) x C(0,T'; H') of (2.13)-(2.14) for some 7" < T, depending on



= |lnoll2 + |lwollx + maX Z |h;(t)| 4 |vi(t)]. This solution coincides with the classical solution of the

ibvp established in Theorem 2 1 if the data satisfy the additional regularity and compatibility conditions
in the statement of that theorem. (]

Remark 2.3: Consider, for simplicity, the case of homogeneous boundary conditions and write the
system (1.4) in dimensionless but scaled variables to obtain the ibvp

e+ Uy +e(Mu)z — EbNgar = 0,

. .
Up + Nz + EUUG + ECNzay — ELULL = 0, vel, 120, (2.22)
n(x,0) = no(z), u(x,0) =ue(x), v €1, (2.23)
n(£L,t) = u(£L,t) =0, t >0, (2.24)

where e = A/h < 1, cf. the remarks in the Introduction. If b > 0 and ¢ < 0 we may derive local a priori
estimates in H2N H} x H} for the solution (1, u) of (2.22)—(2.24) by the energy method. These estimates
are valid on a temporal interval [0, T;], where T. is independent on . To see this, multiply the first pde
in (2.22) by n and 7,, and the second by u, and use integration by parts and the boundary conditions
(2.24) to obtain, for t >0

1d (", , ) L
3q / (n” + ebn)dz + / (uen + e(nu)yn)dz = 0,
t ], .
1d [* L
1d [* L
—— (u? + ebul)dx + / (Nett — ECNgzuy )da = 0.
2dt |, .,

Multiplying the second identity by —ec and adding all three we finally obtain the energy identity
1d 22 e [F 9 9 L
(77 +e(b—c)n? — e%ben2, + u? + ebul)dr = —= N ugdr — ce (Nu)zNeadz.  (2.25)
2 dt 2J)-1 -L

By the Cauchy-Schwarz and the Sobolev-Poincaré inequalities we have, for some generic constant C

independent of e,
L
/ n*uydx
—L

L
/ (N2 UNzz + NUaNze)dx
—L

< Amllzelinlllluell < Clinlline |l

< Nullzoe 1z e |+l Lo [1wa 1922 ]| < Cllne |12l

L
/ (M) e Nzadx
-L

Using now Holder’s inequality we get
ellallinalllusll = lInll"2lnall) (2 lusll)

Cllnl® +2llna | + ¥/ [lus)|*)
CUlnll? + ellmall* + ellus )2,

<
<

and

2 nal) el (€2 uell)
Cellnall® + 2[Ine | + ellus]|?)*/.

&1z 1 |z

IN

Therefore, if

L
L =1I(t) := / (1 +e(b— o) — 2ben?, + u? + ebul)da,



(2.25) implies that

dl.

—= <o
a — ¢ 7

from which (0
I(t) < ()

S - CtyL0)

for ¢ sufficiently small. Therefore we have local in time a priori H? N H} x H} estimates for the solution

of (2.22)—(2.24) on a temporal interval [0, T;], where T, = O (W . Since
L
10 = [ 1+ 0= ) = <belrf)? +u + <blup Pl

and 0 < € < 1, it is clear that 7. may be taken to be independent of ¢. If ¢ = 0 (the BBM-BBM case) a

similar proof yields a priori Hi x H} estimates on [0,7%] where T is independent of ¢. O
Finally, let us note that the generalization of the analysis of this section to systems of form (2.1) with

a=0,c<0andb>0,d>0 with b # d is immediate.

In addition, a similar analysis may be applied to the analogous ibvp for Boussinesq systems of ‘reverse’
Bona-Smith type, i.e. systems with a < 0, c=0, b > 0, d > 0, with Dirichlet boundary conditions of the
type (2.4), to yield e.g. well-posedness with (n,u) € C(0,Ty; C?) x C(0,Tp; C3) for small enough Tp.

In the case of systems of BBM-BBM type (a = ¢ =0, b > 0, d > 0) we have local well-posedness in
the balanced spaces C(0, Tp; C?) x C(0,Tp; C?) as Bona and Chen have shown in [BC]. In this case, the
proof of the analog of Theorem 2.1 is simpler.

2.2 Reflection boundary conditions

In this paragraph we shall study the well-posedness of ibvp’s for some systems of the form (2.1) in the
case of reflection boundary conditions at the endpoints of I, that is in the case of homogeneous boundary
conditions of Neumann type for n and of Dirichlet type for u.

First we consider ibvp’s of this kind for systems of Bona-Smith type, rewriting them here for the
convenience of reader:

N+ Uz + (Nu)z — bNzar = 0, 7
vel, t>0, 2.26
Ut + Nz + uuy + Cllzxx — buzzt = 07 - ( )

where b > 0, ¢ < 0. The systems are supplemented by initial conditions
n(x,0) = no(x), u(z,0) = uo(x), rel, (2.27)
and the boundary conditions

Ne(—L,t) =n.(L,t) =0, u(—=L,t) =u(L,t) =0, t>0. (2.28)

As was done in the previous section, we shall convert first this ibvp into a system of integral equations.
For this purpose, consider the two-point boundary value problem with Neumann boundary conditions

w—bw" =—f zel,

w'(~L) = w'(L) = 0. (2.29)

Let G be the Green’s function for (2.29) defined for z,¢ € I by

R 1 w (f)w (‘T)a - < € < €,
Ci(w.8) =~ { 1 (@)nle), z<E<L,

10



where wy () := cosh (L\;%I), wa () := cosh (L\;B””), W = wiwh — wjwy = —ﬁ sinh 27%. Define the linear

operator Ay as
L

(AN f)(z) ::/LGlygf(f)df. (2.30)

Note that if e.g. f € C! with f(—L) = f(L) = 0, then w = Ay f is a classical solution of the boundary-
value problem (2.29). In the following lemma we prove two properties of Ay that will be needed in the
sequel.

Lemma 2.2 (i) Ifv € L?, then Ayv € H' and ||Ayv|j1 < max (1, 1) |Jv].

(ii) If v € C™ for m > 0, then Ayv € C™ and ||Anv||gm+1 < M|v||gm, for some constant M
depending on m and b.

Proof: Let v € L?. Then, if I (z) := [*, wiv and L(z) := sz whv we have, by the definition of Ay,

1
ANU = —W(wgll + wllg), (231)
and
I 1 1 !/ !/
(ANU) = g v — W(WQIl —|—w1[2) . (232)

Hence, using the definitions of w;, we see that Ayv € H! and v — b(Anv)' € Hi. It follows that for any
¢eH!

(0= b(ANY,¢) = (Wb + Wi, ) = (Anv,),

which yields the required estimate in (i) if we put ¢ = Ayv. To prove (ii), note that for v € CY, it follows
from (2.31) that Ayv € C'. In addition, ||[Axv||co < My(b)||v||co and [[(Axv) ||co < Ma(b)||v]|co, from
which (ii) follows for m = 0.

To prove the result for general m, note that (2.31) and (2.32) imply, if v € C!, that b(Ayv)” =
v' + (Anv). By induction, if v € C™, m > 1, we obtain that

(Ayo) ™D = % (Ay)™D 4 v<m>] , (2.33)

from which the required estimate in (ii) follows. O

Consider now the ibvp (2.26)—(2.28). Inverting the operator 1 — 92 under the boundary conditions
in (2.29) and taking into account the fact that u satisfies homogeneous Dirichlet boundary conditions at
x = £ L, we obtain from the first p.d.e. in (2.26), for z € I and ¢ > 0, that

n = An(u + nu). (2.34)

Inverting now the operator 1 — bd2? under the boundary conditions in (2.5) we obtain from the second
p.d.e. in (2.26) that uy = Ap(cnzs + 1+ 2u?). Taking into account (2.10) and the fact that (2.28) and
(2.11) imply that Bn, = 0, we see that

c ~ 1
up = EADU +Ap(n+ 5“2)7 (2.35)

where we put again Ap = Ap + 8,. Integrating (2.34) and (2.35) with respect to t yields the system of
integral equations

n(z,t) = no(x) +/O AN (u+ nu)dr, (2.36)
u(z,t) = ug(z) + /0 EADU + Ap(n+ %zﬁ) dr, (2.37)

11



where z € I, t > 0. It is clear that any classical solution of the ibvp (2.26)—(2.28) satisfies in its temporal
interval of existence the system of integral equations (2.36)—(2.37).

As in the previous section, we study first the uniqueness and existence of solutions of (2.36)—(2.37).
For this purpose we shall denote HY. = C(0,T; H'), L2 = C(0,T; L?).

Proposition 2.3 Let 0 < T < oo, ng € H*, ug € L2 Then, the system (2.36)—(2.37) has at most one
solution (n,u) € H¥ x L.

Proof: Let (n;,u;), i = 1,2, be two solutions of (2.36)—(2.37) in H: x L2. Then, with n := 1 — ns,

u = u; — ug, we have for 0 <t < T

t
n(t) = / An (u+ mu + uzn)dr, (2.38)
0

u(t) = /Ot [gflpn + Ap(n+ %(ul + Ug)u):| dr. (2.39)

Using Lemma 2.2(i) and Sobolev’s theorem we have from (2.38) for some positive constant My = M (b)
that t € [0, T]

In(®)l < A, [<1+||m||H;> | e + el [ |n<¢>||1df]

In addition, using (2.39) and Lemma 2.1(i) we have, for some constant M2 (b) and for ¢ € [0, T

t t
lu()]) < Mo [ [l + o+ el [ ||u<r>|dr] |

By our hypotheses on 7;, u; there follows for ¢ € [0,T] and for some constant ¢; that

In(@)lh + [lu@)] < 01/0 (Un()ll + Tu()[)dr,

which, by Gronwall’s lemma, leads to n = u = 0. (|

Remark 2.4: Suppose that (19, ug) € C™+! x C™, for some integer m > 0. Then, using (2.38) and
(2.39) and the properties of Ap, Ay given by Lemma 2.1(iv) and Lemma 2.2(ii), we may prove, in a
manner similar to the proof of the previous proposition, that given 0 < T' < oo, the system (2.36)—(2.37)
has at most one solution (n,u) € C7+ x O O

Proposition 2.4 Suppose that (1o, ug) € H* x L? and 3 := ||noll1 + ||uol|. Then, there exists a positive
number T = T(3) such that the system (2.36)—(2.37) has a unique solution (n,u) € Hk x L2.

Proof: With T to be suitably chosen, let E be the Banach space H: x L2 with norm |[|(v,w)||g :=
[vll g2, + lwllzz. The mapping T': E — E given for (v,w) € E by

¢ ¢
L(v,w) = <7}0 +/ AN (w + vw)dT, ug +/ [g/ipv + Ap(v + %wQ)] dT> ,
0 0

is well-defined, as may be seen by the properties of Ap and Ay in Lemma 2.1(i) and Lemma 2.2(i),
respectively. Let Br be the closed ball in E with center 0 and radius R > 0 and let (1;,u;) € Bg,
i =1,2. As in the proof of Proposition 2.3, we have, using the properties of Ap and Ay and Sobolev’s
theorem, that

[T, ur) =T, u2)le < MAT[(L A+ Imllga)llur — wallzz + lluzllzz Im — n2ll g ]
+MT[|Im = 2l s, + [lur + w2z [lur — ual| L2 ]
< ®H(nlau1> - (7725“2)HE5 (240)
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where © := T[M; + My + R(M; + 2M5)]. In addition, if (n,u) € Bg it follows that

IT(n, w)ll e I, ) =T(0,0)||& + U0, 0)[| &

<
< ORA+|[(mo, uo)l|lr < OR+ . (2.41)

Choosing R = 28, T = 2[M1+M2+112(Ml+2Mz)]’ we see that © = 1/2, and OR + 3 = R. Consequently,
(2.40) and (2.41) imply that the contraction mapping theorem applies to the mapping I' : B — Bgp.
Therefore, I has a unique fixed point (1, u) € Br, which is the required solution of (2.36)—(2.37). O

It will be found useful in the sequel to have local in time existence results for solutions of (2.36)—(2.37)
in spaces of smooth functions as well. With this aim in mind, we define for integer m > 0

C' :={velC™:v(-L)=v(L) =0}

and _
Ot i={ve ™ /(L) ='(L) = 0}.

The spaces C§”, 56”“ are obviously closed subspaces of the Banach spaces C™ and C™*!, respectively.
With this notation in mind, we have:

Proposition 2.5 Given a nonnegative integer m, and (no,ug) € 56"+1 x C§, let vm = ||nollgm+r +
lluollcm. Then, there exists Ty = T (ym) > 0, such that the system (2.36)-(2.37) has a unique solution
(n,u) € C(Ova;Ccr)nJrl) x C(0, Tm; CF").

Proof: With T, to be suitably chosen, let F,, be the Banach space C(O,Tm;ég”l) x C(0,T,; CF")
with norm ||(v,w)||g,, := ||v||c;n,+1 + |wllcg . Consider the mapping Iy, given for (v,w) € E,, by

t t
~ 1
T (v,w) = (no +/ An(w + vw)dT, ug Jr/ [gADv + Ap(v+ §w2)]d7'.
0 0

That T'), is well defined on E,, and has values in C%”mﬂ x Cp! , follows from our hypotheses on the
initial data and by Lemma 2.1(iv) and Lemma 2.2(ii). Let ¢(z,t) := no(z) + fg An(w + vw)(z, t)dr.
Differentiating ¢ with respect to x, using (2.32) and the facts that w € C(0,T,,; C§*), no € 6‘6”“, yields
that ¢, (£L,t) = 0,0 < t < T}, In addition, it follows from the hypothesis ug € CJ*, v € C(0, T)n; 5’6”“),
and the definition of Ap that v := ug + fg[gfl[)v + Ap(v + fw?)]dr vanishes at © = +L. Therefore,
Iyt By — E,. The rest of the proof follows, mutatis mutandis, that of Proposition 2.4, when use is
made of the estimates in Lemma 2.1(iv) and Lemma 2.2(ii) to establish that I',, is a contraction map
from B to B, where B is a closed ball of center zero and suitable radius in E,,, provided T, is taken
sufficiently small. (I

We are now in position to prove a local well-posedness result for classical solutions of the ibvp (2.26)—
(2.28).

Proposition 2.6 Suppose that (ng,ug) € 6’5’ x C3. Let (n,u) € H: x L% be the solution of the sys-
tem (2.36)-(2.37), whose existence and uniqueness was established in Proposition 2.4. Then, n,n: €
C(0,T;C3), u,us € C(0,T;C3) and (n,u) is a classical solution of the ibup (2.26)—(2.28) in [0,T].

Proof: Consider the system of integral equations (2.36)—(2.37). By Proposition 2.5, there exists a
positive Ty = T (y2) where 2 = ||nollcs + ||uo||cz, such that a unique solution (1, ) of this system exists
in C(0,Ty; C3) x C(0, Ty; C2). (It is not hard to see from (2.36) and (2.37) that 7 and u are differentiable
with respect to ¢ and that 7, and wu; are given by (2.34) and (2.35), respectively. Use of Lemma 2.1(iv)
and Lemma 2.2(ii) gives that (n, us) € C(0,Ts; C3) x C(0,Ty; C2).)

Suppose that T < T. By Proposition 2.3 the solution pair (1, u) coincides on [0, T5] with that in
HL x L2 guaranteed by Proposition 2.4. As was done e.g. in Theorem 2.1, if an a priori estimate of
[nllcz + [lullcz independent of T is established, then the argument of Proposition 2.5 may be repeated
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to extend the solution from 75 to T2(1) > T5 and then for T2(1) to T2(2) > T2(1) and so on, reaching 7" in a
finite number of steps.

To establish this a priori estimate, note that (2.36), Lemma 2.2 and Sobolev’s theorem yield for
te€0,T]

t
[nller < llmoller + C(1 + H??HH;)/ l[ullcodr, (2.42)
0

where C' in the sequel will denote generically various constants independent of ¢ and 7. In addition,
from (2.37), Lemma 2.1(iv) and (i), we have for t € [0,T]

t
lulloo < lluollco + C(T|JullZs, +/0 Inllcrdr). (2.43)

From (2.42) and (2.43) and Gronwall’s lemma we conclude that for some constant C' depending on T,
17l 3., [l 2z and fnollcr + [luollco, we have

Inlley. + llullcg < C.

Using this estimate and similar arguments we may easily obtain the required a priori estimate of
[nllcz + llullcz, and finally the needed estimate of [|n[|cs + [[uflcz .

At this point we have established the existence of a unique solution (n,u) of (2.36)—(2.37) with the
property that (n,u) € C(0,T,C3) x C(0,T; C2), (and such that (n;, u;) € C(0,T,C3) x C(0,T;C2).) This
solution is a classical solution of the ibvp (2.26)—(2.28). Indeed, differentiating twice (2.34) with respect
to x we have, by (2.33), for z € I, t € [0, T], that

M+ baor = An (u+ nu) = B[AN (u + 7u)lae = (v + nu)s-

In addition, differentiating twice in (2.35) with respect to z and using the last argument of the proof of

Theorem 2.1, we conclude that (n,u) also satisfies the second p.d.e. of (2.26) for x € I, t € [0,T]. We

conclude that (n,u) is a classical solution of the ibvp (2.26)—(2.28) for ¢ € [0, T]. O
Consider a classical solution (7, u) of the system (2.26). If we write the latter in the form

nt+PI:07
ut+QLE:05

with P:=u+nu —bng, Q :=n+ %uQ ~+ Nye — bugy, there follows that
The boundary conditions (2.28) imply that P(+L,¢) = 0. In addition, we may easily check that
L 1 L
/ (@ + ue P)dx = 5&/ (n* + u® + nu® — cn?)dx.
—L —L

Using these observations and integrating (2.44) with respect to « on I we conclude that classical solutions
of (2.26)—(2.28) conserve the ‘energy’ functional

L
B = [P+ el + (14 m)u?) o, (2.45)
-L
i.e. they satisfy E(t) = F(0) in the temporal interval of their existence. The functional F is analogous
to the Hamiltonian of the Cauchy problem for the same system, [BS], [BCSII].
The conservation of F leads to a global existence result for classical solutions of the ibvp (2.26)—(2.28)
under mild restrictions on the initial data:
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Theorem 2.2 Suppose that (no, ugp) € 6‘3 x C2 and that no(z) > —1, = € I. Suppose also that

L 1/2
Ll
_ 2 2 2
B0) = [+ 16l + (14w < 55 (2.40)
Then, given any T* € (0,00) there exists a unique classical solution of the ibvp (2.26)—-(2.28) in [0,T*].

Proof: From our hypotheses and Propositions 2.4 and 2.6 there follows that there exists a T = T'(3) > 0,
where 8 = ||no||1 + ||uo]|, such that the ibvp (2.26)—(2.28) has a classical solution in [0, 7T]. It also follows
that there is a to > 0 such that 1 +n > 0 in [—L, L] x [0, ¢9]. Consider now the Sobolev type inequality

v+ L

[0 < L ([l + 21" ]1), (2.47)

which is valid for any v > 0 and v € H!. To prove (2.47) consider the set {¢,}n>0 of functions on T
1/2

given by ¢o(z) = (2L)"Y2, ¢ (z) = (Mﬁ_ﬁ) cos ”“(;LJFL), n = 1,2,.... It is straightforward to

check that {¢n}n>0 is an orthonormal basis of H ! and that the ¢,, are also orthogonal in L2. It follows
that for any v € H' we have v = Y. o and, with a, = (v, ¢n)1, where (-,-); denotes the usual inner
product in H'. Hence, for any v > 0 we have

[oll* + 2210117 = > vnlanl, (2.48)
n>0
where v, := %, n > 0. Moreover, for x € I
1 4L 1/2 AL 1/2
< N “ro . o o n < 719 . o9 o mni-
|’U(.’L‘)| 2L|a0| + Z 41,2 +7’L27T2 |a | Z 412 +TL27T2 |a |
n>1 n>0
Therefore,
Jol2e € 3 e >
o L2 nPmt)y e
4L 1 4L 1
and (2.47) follows from (2.48) and the estimate —_—— = — + <
nz>0 (412 + n?m2)y2 L ~27n2 ey (%)2
> > =
1 AL oy w1 1
L 272 2L 2 L ~
From (2.47) with v = |¢['/? we infer for t € [0, o] that
L+ L+ ]!
2 2
m®) o < WE(t) = WE(O) =: A\ <1,

using the invariance of E and the hypothesis (2.46). Therefore, ||7(¢)||co < A < 11in [0, %], implying that
min, 7 n(x,to) > —X > —1. So this argument may continue up to t = T yielding

L+ n(a,t) >1—X>0,
for x € I, t € [0,T]. Hence,
L
E(0)=E(t) = /L(U2 + lefnz 4+ (1= Nu?)dz > M([n(0)[IF + lu®)]?),

where M = min(1, |¢[,1 — A) > 0, implying that the quantity ||n(¢)||1 + ||u(t)|| is bounded by a constant
independent of . We conclude that the contraction mapping argument of Proposition 2.3 may be repeated
a finite number of times to reach any T < oo, thus proving the theorem. O
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Remark 2.5: The condition 1 + 179 > 0 in I is a natural one and means that initially there is water
in the channel at all points = € I, since the bottom in this choice of variables is at depth —1. As we saw
in the proof of the above theorem, this condition and the assumption (2.46) imply that the channel never
runs dry. As a consequence, E(t) remains positive for all ¢ and global existence of classical solutions
follows. The specific form of the constants in the Sobolev inequality (2.47) allows us to recover the bound
lc|'/? (cf. [BCSII]) as L — oo in the right-hand side of (2.46). O

Let us point out that it is quite easy to generalize the analysis of this section in order to obtain local
existence of classical solutions (i.e. up to Proposition 2.6) of ibvp’s with reflection boundary conditions
for systems of the form (2.1) with a = 0, ¢ < 0 and b > 0, d > 0 with b # d. However, such systems
are not Hamiltonian and global existence does not follow from our arguments. In the case of BBM-BBM
type (a = ¢ =0, b > 0, d > 0) systems, we have local well-posedness in C(0,T;Cg) x C(0,T;Cg), but
even in the case b = d global existence of smooth solutions does not follow from our arguments since
¢=01in (2.45).

2.3 Periodic boundary conditions

Finally, in this paragraph we shall study the well-posedness of the initial-periodic-boundary-value problem
(ipvp) for some systems of the form (2.1). As the general scheme of proof resembles that of the two
previous subsections we shall just state the results omitting the proofs. As usual we first consider the
Bona-Smith system. We seek functions 7, u, 2L-periodic in x for ¢ > 0, satisfying the system

e+ Uz + (M) — g = 0, B N
W + Ny + Uty + o — bty =0, TEL 120, (2.49)

where b > 0, ¢ < 0. The systems are supplemented by the initial conditions

n(z,0) = no(z), wu(x,0)=up(z), ze€l, (2.50)

where 19, ug are given 2L-periodic functions. As usual, we convert first this ipvp into a system of integral
equations. For this purpose, consider the two-point boundary-value problem with periodic boundary
conditions ~

w—bw" =—f', xel,

w(—L) = w(L), (2.51)

w'(=L) = w'(L),
where suppose, for example, that f € C! is 2L-periodic. (In this section we shall denote by C’;f the
subspace of C* consisting of 2L-periodic functions v, whose derivatives v/, - - ,v*) are 2L-periodic. We
shall also denote by H; the space of 2L-periodic functions in H'.) Define the linear operator

L
Ahia) = [ Gl ) (€)de, (2:52)
~L
where G, is the Green’s function for (2.51) defined for z,¢ € I by

Gp(2,€) = 20w’ (L)

1 w(szfL% 7L<§<1'5
w(lx—&+ L), xz<&<L,

where w(z) := cosh - fe C' with f(—L) = f(L), then w = A, f is a classical solution of (2.51). It
is proved in [A] using the representation (2.52) and Fourier analysis that the following Lemma holds:

Lemma 2.3 Let A, be defined by (2.52) and M denote generic constants depending on b. Then, the
following hold:

(i) If v € LY, then Apv € W and || Apv||pe < M||v||z1, ||Apv]| < M|jv| L1-
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(i) If v e L?, then Apv € H) and || Apv|[y < M|[v]].
(iii) Ifve C,m >0, then Apv € Cothand ||Apv||gmer < M||v]lom, where M = M (m,b). O

In analogy to what was done in the previous two subsections, we may derive from (2.49)—(2.50) the
system of integral equations

n(z,t) = no(x) —l—/o Ap(u + nu)dr, (2.53)
u(z,t) = up(x) + /0 [gflpn +A,(n+ %UQ) dr, (2.54)

where z € I, t > 0, and flp := Ap + 0. Using Lemma 2.3, we see that the following analogs of similar
previous results are valid:

Proposition 2.7 Let 0 < T < oo, 19 € Hy, ug € L?. Then, the system (2.53)-(2.54) has at most one

solution (n,u) € C(0,T;H,) x L. O

Proposition 2.8 Suppose that (10, u0) € Hy x L* and 3 := ||no|[1 + ||uol|. Then, there exists T = T(j3) >
0 such that the system (2.53)~(2.54) has a unique solution (n,u) € C(0,T; H}) x L. O

Proposition 2.9 Suppose that (no,ug) € C’;”Jrl x C}" for a nonnegative integer m, and let vm =
lnollcm+1 + ||uollcm. Then, there exists Ty, = Tim(ym) > 0 such that the system (2.53)-(2.54) has a
unique solution (n,u) € C(0,T;Cy*t1) x C(0,T;Cy"). O

Combining these results we may prove the following local well-posedness result for the ipvp (2.49)—(2.50).

Proposition 2.10 Suppose that (no,uo) € Cp x C7. Let (n,u) € C(0,T;H}) x L be the solution
of the system (2.53)—(2.54), whose existence and uniqueness was established in Proposition 2.8. Then,
n,ne € C0,T;C3), u,up € C(0,T5C3) and (n,u) is a classical solution of the ipup (2.49)-(2.50) in the
temporal interval [0,T). O

It is easily seen, integrating (2.44) with respect to = in (—L, L) and using the periodic boundary conditions
on u and 7, that classical solutions of the ipvp (2.49)—(2.50) conserve the energy functional E(t) given
by (2.45). Therefore, one may prove again a global existence result under mild restrictions on the initial
data, analogous to Theorem 2.2. The Sobolev inequality (2.47) should be replaced now by the inequality

v+ L
ol < (557 ) ol 447111

valid for any v € HI} and v > 0; this inequality may be established again by Fourier expansions, cf. [A].

Theorem 2.3 Suppose (19, up) € Cg X Cf, and that no(z) > —1, x € I. In addition, suppose that

g 2 1\2 2 2L|C|1/2
EQO)= [ (5 +lel(no)” + (1 +mo)ug)dr < +———7. (2.55)
- L L + |C|

Then, given any T € (0,00), there exists a unique classical solution of the ipvp (2.49)—(2.50) in [0,T).0

In closing, let us point out that taking L. — oo in (2.55), one may recover the constant % that
appears as a bound of E(0) in the analogous theorem proved in [BS] for the Cauchy problem for the
Bona-Smith system with ¢ = —1/3.

The local existence results of this section (i.e Propositions 2.7 to 2.10) are easily generalized for
systems of the form (2.1) with a =0, c < 0 and b > 0, d > 0 with b # d. Similar local existence and
uniqueness results may be proved by the same techniques for systems of BBM-BBM type (a = ¢ = 0,
b,d > 0), establishing that (n,u) € C(0,T;C2) x C(0,T;C?) for small enough positive T, and also
for the ‘reverse’ Bona-Smith systems (a < 0, ¢ = 0, b > 0, d > 0) for which it may be shown that
(n,u) € C(0,T;C3) x C(0,T;C3) for small enough T'.
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