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Holder estimates in space-time for viscosity solutions
of Hamilton-Jacobi equations *

Piermarco Cannarsal & Pierre Cardaliaguet *

March 30, 2009

Abstract

It is well-known that solutions to the basic problem in the calculus of variations
may fail to be Lipschitz continuous when the Lagrangian depends on ¢. Similarly, for
viscosity solutions to time-dependent Hamilton-Jacobi equations one cannot expect
Lipschitz bounds to hold uniformly with respect to the regularity of coefficients.
This phenomenon raises the question whether such solutions satisfy uniform esti-
mates in some weaker norm.

We will show that this is the case for a suitable Holder norm, obtaining uniform
estimates in (x,t) for solutions to first and second order Hamilton-Jacobi equations.
Our results apply to degenerate parabolic equations and require superlinear growth
at infinity, in the gradient variables, of the Hamiltonian. Proofs are based on com-
parison arguments and representation formulas for viscosity solutions, as well as
weak reverse Holder inequalities.

Key words: Hamilton-Jacobi equations, viscosity solutions, Holder continuity, degener-
ate parabolic equations, reverse Holder inequalities.

MSC Subject classifications: 49125, 35K55, 93E20, 26D15

1 Introduction

The object of this paper is the regularity of solutions to the Hamilton-Jacobi equation

w(z,t) — Tr (a(z, t)D*u(z, t)) + H(z,t, Du(z,t)) =0 in RY x (0,7) (1)

where H and a will be assumed to satisfy the following hypotheses:
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e there are real numbers ¢ > 2, § > 1 and n+ > 0 such that
1
g|z\q—n_ < H(z,t,z) <0|z|"+n, Y(z,t,z) e RY x (0,T) xRY;  (2)

e a = oo* for some locally Lipschitz continuous map o : (z,t) — o(z,t), with values in
the N x D real matrices (D > 1), such that ||o(x,t)|| < 6 for all (z,t) € RY x (0, 7).

We note that no initial condition is needed for our analysis, nor convexity of H in Du.

For a given viscosity solution u of ([I), the kind of regularity properties we are interested
in are uniform continuity estimates in (x,t) that do not depend on the smoothness of
coefficients but just on the constants that appear in (2)), and on the sup-norm of w.
Another important feature of our approach is that the above equation will not be assumed
to be uniformly parabolic. Indeed, it will be allowed to degenerate to the point of reducing
to the first order equation

ug+ H(z,t,Du) =0 in RY x (0,7), (3)

in which case we will just require ¢ > 1 in (2).
The typical form of our results ensures that any bounded continuous viscosity solution
u of ([l satisfies, for positive time, the uniform Holder estimate

[u(e,t) = uly, )| < C o =y + |t — 5| (4)

where p is the conjugate exponent of ¢, and # > p depends only on the aforementioned
constants. The above result may take a specific form according to the problem we will
consider. For instance, for second order equations we suppose that the Hamiltonian H is
super-quadratic (¢ > 2), whereas for problem (3)) we just need super-linear growth (¢ > 1).
Moreover, for both first and second order problems we can also give a local version of our
result, that is, an estimate that applies to solutions in an open set O C RY x R,.

In order to better understand the problem under investigation it is convenient to start
the analysis with first order equations. In this case, when H(x,t, z) is convex in z, the
viscosity solutions of (B]) can be represented as value functions of problems in the calculus
of variations. Consequently, the regularity of u is connected with that of minimizers. As is
well-known, minimizers are Lipschitz continuous in the autonomous case (see [§], [2], [10],
[12]), so that solutions turn out to be locally Lipschitz when H = H(x,z). On the other
hand, for nonautonomous problems, the Lipschitz regularity of minimizers is no longer
true as is shown in [I], and () is the optimal Holder estimate that can be expected, see
the example in section 5.1l and Remark of this paper. A class of nonautonomous first
order problems for which such an estimate can be obtained is studied in [7]. Unlike the
above references, however, our present results do not require H to be convex in z.

As for second order problems, Hélder regularity results for solutions of wuniformly
parabolic equations have been the object of a huge literature for both linear and non-
linear problems. However, very few results can be found in connection with the present
context, where we drop uniform parabolicity and allow for unbounded Hamiltonians. In
the stationary case, Lipschitz bounds for solutions of uniformly elliptic equations with a
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super-quadratic Hamiltonian were obtained in [I8]. More recently, Holder estimates have
been proved in [6] for viscosity subsolutions of fully nonlinear degenerate elliptic equations
with super-quadratic growth in the gradient.

Our work is mainly motivated by homogenization theory, where such uniform estimates
are necessary to study the limiting behavior of solutions and/or to prove the existence
of correctors (see, e.g., [20] and [22]). For instance, estimate () could be applied to
equations of the form

t
ug(x,t) — Tr <a(:c,t, %, 6—2>D2u6(a:,t)) —l—H(SL’ t,—, 2,Du (x, )) =0

where a(z,t,-,-) and H(x,t,-, -, z) are periodic in RY x R.
A brief comment of the structure of the proof is now in order. Our reasoning involves
three main steps:

1. construction of suitable arcs along which super-solutions exhibit a sort of monotone
behavior;

2. one-sided Holder bound for sub-solutions;
3. application of a weak reverse Holder inequality result.

Let us be more specific on the above points in the simpler case of first order equations.
Our first step consists in showing that, if u is a super-solution of ({I), then for any point
(z,t) € RN x (0,T] there is an arc £ € WP([0,1]; RY), satisfying £() = Z, such that

M@ﬂZMﬂW®+Q[K%W%—m@—ﬂ vt € [0,1 (5)

for some constant C' > 0. Second, using Hopf’s formula, we obtain the following one-sided
bound for any sub-solution u of ({I):

u(z,s) < u(y,t)+C(s— ) Ply —z|P +n_(s—1) Vy € RY Vs >t. (6)

So, choosing y = £(t) in (@) and combining such an estimate with (&), we derive

t_t/ 1€ (s)|Pds < Oy <|§() . |) +Cy  Vte|0,t)

which yields, in turn, the weak reverse Holder inequality

;glmwwwsa(gjlm%wg4wb vi e [0,9). (7)

Observe that ([7) is weaker than the classical reverse Holder inequality used to improve
the integrability of functions (see, e.g., [14]). Nevertheless, we prove that,

/t|€'(8)\d8 <C(i—-0 Vel

3
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for some exponent # > p depending only on structural constants. Finally, we show that
the above inequalities imply estimate (4]) with exactly the same exponent 6.

One of the interesting aspects of our approach is that, using essentially the same ideas
we have just described, we manage to study the second order problem (). As it should
be clear from the above discussion, such a transposition requires a certain familiarity with
some techniques that are typical of stochastic analysis. For instance, the role of £ will be
now played by the controlled diffusion process which satisfies dX; = (;dt + o(Xy, t)dW;,
where W is a standard N dimensional Brownian motion and ( is a p-summable adapted
control. Moreover, the one-sided Holder bound of step 2 will be recovered by the use of
a suitable Brownian bridge. Furthermore, the stochastic version of our reverse Holder
inequality result will require

E [t%f/ttmms} <O\ E [(t%f/tt\gsus)p] +% Vit € (£, 1]

to yield the conclusion that

e[( [ lel)] <ce-a i +B) e

for some 6 € (p,2).

The outline of this paper is the following. In section Rl we fix notation and recall
preliminaries from stochastic analysis, including the basic properties of Brownian bridges.
Section [3 is devoted to weak reverse Holder inequalities. Then, we present our main re-
sults: we study the Holder continuity of solutions to first order equations in section [4,
while second order problems are investigated in section [f (for both problems we give a
global and a local version of our results). In between (section [l), we discuss counterex-
amples to higher regularity.

2 Notation and preliminaries

We denote by x - y the Euclidean scalar product of two vectors x,y € RY and by |z| the
Euclidean norm of z. For any o € RY and r > 0, we denote by B(x,r) the open ball of
radius r, centered at zyo € R™, and we set B, = B(0, 7).

Let D > 1 be an integer. We denote by RV*P the space of all N x D real matrices
equipped with the following norm

ol = v/Trloo™),

where o* denotes the transpose of o and Tr(A) the trace of A € RV*V.
We denote by C'(RY x [0, 77]) the space of all continuous functions v : RN x [0, 7] — R.
For any nonempty set S C RY let S¢ =R" \ S. We denote dg the Euclidean distance
function from S, that is,

ds(z) = ;Ielg |z — 9| Vr € RY.

It is well-known that dg is a Lipschitz function of constant 1.

4
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For 1 < p < oo we denote by LP(a,b; RY) the space of all p-summable (with respect
to the Lebesgue measure) Borel vector-valued functions € : [a,b] — R, and we use the
shorter notation LP(a,b) if N = 1. Similarly, we denote by W'P([a,b]; R") the Sobolev
space of all absolutely continuous arcs ¢ : [a,b] — RY such that £ € LP(a, b; RY) |

Let now (2, F,P) be a stochastic basis, i.e., a measure space where P is a probability
measure. We denote by LP(Q x [a,b]; RY) the space of all measurable functions (with
respect to the product measure) € : Q x [a,b] — RY, again suppressing the arrival set
when N = 1. In all the above cases, we denote by ||£||,, the standard LP-norm of .

Let (F;) be a filtration on Q. We denote by L¥,(Qx [a, b]; R™) the space of p-summable
stochastic processes, adapted to (F;).

We will repeatedly use, in the sequel, the following classical estimate for solutions of
the stochastic differential equation

dY; = Gdt + o(Yi, t)dW; , (8)
where (W;) is a D-dimensional Brownian motion adapted to (F;).

Lemma 2.1 Let 0 : RY x [0,T7] — R¥*P be a Lipschitz continuous map such that
loll <6, let ¢ € LE(Q x [0,T|;RY) (p > 1), and let Y be a solution of ). Then, for
every r € (0,p] there is a positive constant C(r) such that

el-vi) <o {B]| [ ol +oi-si}  wienn.

E[lY, - Y)[[] = E[‘/tCTdT—i-/tJ(YT,T)dWT }

o) {E “ /:thH +E U/Sta(YT,T)dWT ]}

where C(r) = 2"=U+ (notice that r may be < 1). Moreover, by the Burkholder-Davis-
Gundy inequality and the bound on o,

E U/:J(YT,T)CZWT } <E [(/:Tr(a(YT,T)a*(YT,T)) drﬂ <& |t—s|}.

The conclusion follows combining the above estimates. 0

Proof: For every r € (0,p] and any s,t € [0, T] we have

IN

Let us finally recall some properties of Brownian bridges, which are one of the main
ingredients of our method.

Lemma 2.2 Letp € (1,2) and let o : RN x [0, T] — RY*P be a Lipschitz continuous map
such that ||o|| < §. Then, for any x,y € RY there is a process ¢ € LF(Q x [0, T]; RY)
such that the solution to

{ dY; = (dt + o(Yy, t)dW,
Yo=y

satisfies Yr = x (P a.s.) and

eq:bridge
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T
E{ / |@|pdt} < C(p,6) (T"7ly — afp + 712 (10)
0



Following [13], (Y;) is called a Brownian bridge between (y,0) and (z,7). Estimate (I0)
can be found, e.g., in [19]. We give a proof of Lemma for completeness.

Proof: Without loss of generality, we can assume that x = 0. Having fixed « € (1—1/p, 2)
(for instance o = 3/4 4+ 1/(2p)), let Y; be the solution to

{ dY; = —a 2= dt + o (Y, t)dW,
Yo=y

We claim that
Y, =TT —-t)y+ (T —t)° /tcr(Ys, ST — s)"*dW; (11)
0
and that (I0) holds for ¢, = —aY;/(T —t). Indeed, let
Zy =TT —-t)*y + (T —t)~ /t o(Ys, s)(T — s)"“dW .
0
Then Zy =y =Y, and

47z, = (— aT~T —t)° "y — a (T —t)°! / ta(YS,s)(T— s)‘”‘dWs>dt

+ (T —t)%0 (Y, t)(T — )" “dW,
= —a(T -t Z,dt +o(Y,,t)dW,
Hence, Z;, = Y, by uniqueness. Equality (II]) also implies that Y7 = 0 (P a.s.). Let us
now show that (I0) holds. We have

G=—am——=—al (T —-t)"y—a(l-1)*" /tU(Ys, )T — s)""dW,
0

Therefore,

E UOT \ct\pdt}

T
< 2p—1apT—ap|y|p/ (T—t)p(o‘_l)dt
0

+orlgP /0 T(T _ppla-vg [( /0 ta(YS,s)(T - s)‘o‘dWS)p} dt

< CT "yl
' t p/2
+2p—10(p)ap/ (T—t)P(a—l)E|:</ Tr(g(n,s)g*(n’s))(T_S)_zad8> ]dt
0 0
T
< CT Pl + Clp, §)TH 20w/ / (T — t)PleD g
0

< Cp)TPlyl” + Clp,6)T 72,

the second estimate above being justified by the Burkholder-Davis-Gundy inequality. [J
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3 Weak reverse Holder inequalities

Though sharing the same flavor of most results of common use, the following reverse
Holder inequality lemma, obtained in [7], exhibits important differences in both assump-
tions and conclusion. Since this is absolutely essential to our approach, we will give a new
proof of it which exploits a technique due to [11].

Lemma 3.1 Let p > 1 and let ¢ € LP(a,b) be a nonnegative function such that

: /:ws)dsgA( 1a/:¢<s>ds)p vt € (a.) (12

t—a t—

for some constant A > 1. Then, there are constants 0 = 0(p, A) > p and C = C(p, A) >0

such that .

¢(s)ds < C (t—a)"#(b—a)

a

D=
SR

loll, Vvt €lab]. (13)
Remark 3.2 Observe that, by Holder’s inequality,

/ o(s)ds < (t—a) Flol, Ve lal].

So, the interest of the above lemma lies in the fact that (I3) provides the exponent 1 —1/6
for (t — a), which is higher than 1 — 1/p.

Proof: Without loss of generality we can assume a = 0 and b = 1, the general form of
the result being easy to recover by a rescaling argument. Let us further assume that

¢(t) < (250 t e [0, t(]] a.e. (14)

for some constant ¢y > 0 and some tq € (0,1). Define

f(s) = é/osgb(t)dt Vs € (0,1]

and observe that, just like ¢, f is bounded in a neighborhood of 0. Now, let § > p and
recall Hardy’s inequality (see, e.g.,[15])

( o ) / P(s)ds > / f7(s)ds (15)

Moreover, observe that, in view of (I2),
1 » 1 1 » s
/ 50 fP(s)ds > — [ so 2 QP (t)dt | ds
0 A 0

= %/01 & (t) </t1552d3> dt = ﬁ ( 01¢p(t)dt— /01 tgl#(t)dt) . (16)

eq:0hol_hy;
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Then, combine (I3 and (I6]) to obtain

ot (o) ] [ e 2 gty [ oon

{(9 —ep)A B (931)1)] /015§_1¢p(5)d5 < ﬁ/ol ¢ (s)ds .

Finally, choose # = 0(p, A) > p such that

(6 —9p>A g <931)p

to deduce that, for some constant C' = C(p, A),

/1 s61gP(s)ds < C’/l P(s)ds . (17)
0 0

At this point, the conclusion follows from Holder’s inequality and (I7): denoting by ¢
(resp. @) the conjugate exponent of p (resp. 6), we have

' ds < ! p(%—%) P(s)d p( ' Q(%—%)d )q
/Ogb(s)s_ (/Os gb(s)s> /018 s |
1 P_q P 01 q 1-1 1 01 q 1—1
([ stomas) (2) et <3 (D) b,
0 q q

To complete the proof it remains to dispose of assumption (I4). For any 7 € (0, 1], set

or

IA

L[ o@)dt if s e0,7]

o(s) otherwise.

br(s) =

Then, ¢, is bounded near 0 and ¢, € LP(0,1). We claim that (I2) is still true for ¢,.
Indeed, this is obvious if ¢ € [0, 7]. On the other hand, for any t € (7, 1],

1 t T 1 T p 1 t 1 t
i [awas=7 (7 [ owis) +7 [ oeas<i [ o
t Jo t \ 7/, t ) t Jo
1 t p 1 t p
<A (—/ gb(s)ds) =A (—/ ng(s)ds) .
t Jo t Jo
Therefore, owing to the first part of the proof,
t
[ ortsyas <cilon,  wee ).
0

Letting 7 — 07 gives (I3). O

We now give an adaptation of Lemma [3.1] that will be used in what follows.

8
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Lemma 3.3 Let p > 1 and let ¢ € LP(a,b) be a nonnegative function such that

%/tbgb”(s) ds < A (ﬁ /tbgb(s) ds)p+B Vt € [a,b) (18)

for some constants A > 1 and B > 0. Then, there are constantd] 6 = O(p,A) > p and
C =C(p,A) >0 such that

b
&/MQ@SC@—Wﬁ{wﬂN5M%+wa—®ﬂ viefat].  (19)
Proof: Let ¥(s) = ¢(s) + k where k = BY/?/(AY? —1). In view of (I§), we have

(s [ o) = (2 [ vewa)

Al/p b Al/p b
< 2 [owas+pren=2 [

for every ¢t € [a,b). Therefore, Lemma [B.Jlapplied to ¢ yields—after a change of variable—
the existence of constants # > p and C' > 0, depending on A and p only, such that

‘[w@@:[w@ﬁ—uwwscw—wé@—@%www

The proof can now be completed noting that ||1[|, < ||¢]l, + k(b — a)'/P. O

We conclude this section with a generalization of Lemma [3.1] to stochastic processes,
which will be needed to study second order problems.

Lemma 3.4 Let (2, A,P) be a probability space. Let p € (1,2) and let £ € LP(Q x (a, b))
be a nonnegative function such that

E {% /atfﬁ’ds] < AE {(ﬁ /atgsds)p} o _Ba)g Vie (a,b]  (20)

for some positive constants A and B. Then there are constants 0 = 6(p, A) € (p,2) and
C =C(p,A) > 0 such that

E {(/:gsds)p} <Ot —a)y {(b—a)§’1||§||§+B(b—a)%’§} vt € (a,b] .

Proof: Under the extra assumption that & is bounded (P a.s.) for a.e. ¢ near a, say for
a.e. t € (a,tp), let us define

t
2 = ﬁ/ Eods (Pas.) Vte (a,bl.

!These are the same constants given by Lemma .11

9
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Then, for any 6 € (p,2), Hardy’s inequality (I3) yields

<0%01)p/b<t —a)o ' & dt > /b(t —a)itfdt (Pas.)

Owing to assumption (20)), we have

EUab(t—a)’e’—l zfdt} /(t—a 115:[ t_a/gsds }
> —/ t_asl{ Li /gp ]—(t_Baﬁ}dt
= %EUG (t—a)"Q/a £§dsdt} —%/@b(t—a)%_g_ldt

0

20B

= o=oal [/ab{(b—a)%—l _ (s—a)%—l}ggds] At

a)g_

o
2

(21) |Hardy_stoc:

(22) |eq:RHI_sto

Now, taking the expectation of both sides of (2I]) and chaining the resulting estimate with

([22)) we obtain

{(p _HH)A + (efl)p}E Uab(t—a)’él ffdt}

0

20B

2 Gt 0= e[ L] -

or

(o (750) bl [

Sﬁ(b—a)glﬂi Ub ,{’dt} ﬂﬁij}zm

Thus, choosing 6 = 6(p, A) € (p,2) such that

(6 _9p>,4 g Qfl)p

we deduce that, for some positive constant C' = C(p, A),

(b—a)

(b—a)

E Uab(t—a)é’l gfdt} gc{(b—a) “E [/b fdt] +B(b—a)é”z’} .

By Holder’s inequality and (23]), we have, for all ¢ € (a, b],

o[ [ca] - [( 1o v o)
=F k/at(‘s —a)s” )% /at(s —a)oter ds}

b

p
[

p
[

2
2

Y2
2

(23) |eq:stepl_s

<Ot —ayh {(b_ )i 'E Uab ,{’dt} + B(b— a)%—g}

10



which in turn implies the conclusion. Finally, our extra assumption that & is bounded
near a can be removed arguing as in last part of the proof of Lemma [3.1] O

4 First order equations

In this section we shall be concerned with the first order Hamilton-Jacobi equation

ug+ H(z,t,Du) =0 in RY x (0,7) (24)
where 5 9 5
U U U
T “ (8:161 ’ ’ &'EN)

The data H and u will be assumed to satisfy the following hypotheses:

o H:RY x (0,7) x RY — R is a continuous function such that
1
g\z|q—77_ < H(z,t,2) < 0|27+, V(z,t,2) € RN x (0,T) x RY (25)
for some constants ¢ > 1,0 > 1 and ny > 0;

e u:RY x (0,7) — R is a bounded continuous viscosity solution of (Z9).

Moreover, we shall denote by p the conjugate exponent of ¢, i.e.,
1 1

__|__:1’
P 4q

and we shall fix a constant M > 0 such that
lu(x, t)| <M V(z,t) € RN x (0,T) (26)
(eg. M = SUP (z,t)eRN x (0,T) [u(,t)]).

In what follows, a (universal) constant is a positive number depending on the given
data ¢, d, N,n+ and M only. Universal constants will be typically labeled with C, but also
with different letters (e.g., 6, A,...). Dependence on extra quantities will be accounted
for by using parentheses (e.g., C(r) denotes a constant depending also on r).

Theorem 4.1 Let u € C(RY x [0,T]) be a viscosity solution of B4) satisfying (26).
Then there is a universal constant 6 > p such that, for any T € (0,T],

[u(e, 1) = uly, 5)| < C(7) ||o =yl + ¢ = 5|7 (27)
for all (x,t), (y,s) € RN x [1,T] and some constant C(7) > 0.

Remark 4.2 The main point of the above theorem is that estimate (27) holds uniformly
with respect to H and u, as long as conditions (25]) and (26) hold true. In particular,
C(7) is independent of the continuity modulus of H.

11
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4.1 Proof of Theorem [4.1]

Let us set
H (2)=6|z|"+n,.  2eRY

and ]
H(z):5|z\q—n_ z e RV,

We begin the analysis with a kind of optimality principle for super-solutions.

Lemma 4.3 Let u € C(RYN x [0,T]) be a viscosity super-solution of
u+H, (Du)=0 in RY x(0,7) (28)

satisfying 26). Then, for any (7,t) € RY x (0,T)] there is an arc & € WIP([0,¢]; RY),
satisfying the end-point condition £(t) = T, such that

Wz z o0+, [ ks -)  weld (@)
where 5=/
¢y = pgp/1’ (30)

Proof: The requested arc will be provided by an approximation procedure. Let (Z,t) €
RY x (0,T]. For any positive integer n let us set

t
= ty =Fkr, (k€{0,...,n}).

We shall first construct a finite set of points (xy)}_, such that z,, = z and

p
Tp—1 — Tk

w(xg, ty) > u(rp—1,ti-1) + C, 7y — 1, Tn (31)

n

with C, given by (30). Having set x,, = Z, we proceed as follows to construct x;_; from

x) that we assume given for some k € {1,...,n}. Let v, be the viscosity solution of
vy + H+ (DU) =0 in RY x (tkfl, T) (32>
vz, tp 1) = u(z, tpy) z€RN.

As is well-known, v, is given by Hopf’s formula

vz, t) = min {(t — 1y 1) H* ( A ) —i—u(y,tkl)} Y(z,t) € RY x (t_1,T] ,

yeRN t—tp_1

where HY is the convex conjugate of H, i.e.,

H} (w) = max {z-w—H,_(2)} =C,|w]’ —n,

2€RN

12
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with C, given by ([B0). Since u is a super-solution of (B2)), the comparison principle yields
u(+,t) > vg(-,t) for any t € [ty_1,T]. In particular, for ¢ = t;, we obtain that, for some
point z,_; € RV,

p

Tp—1 — Tk 0.7,
= =0,

w(xg, te) > vp(@n, te) = w(@p—1,tk—1) + C. 7

Tn

The construction of (zx)}_, can thus be completed by finite backward induction.

Next, for any positive integer n, let &, : [0,] — R be the piecewise linear interpola-
tion of the above set (xy)}_, such that &,(tx) = x) for any £ =0, ... ,n. We note that
BI) can be rewritten as

(b)) 2 b))+ C, [ 16 ds =l — i) (=1 ).

Summing up the above inequalities gives

W@ 2w + O, [ g@Pds—n =) E=0 ). 69

Since u is bounded, (&,)nen is bounded in WHP([0,7]; RY). Then, there is a subsequence
of (£,)nen Which weakly converges in W1P([0,#]; RY) (hence converges uniformly) to some
limit arc & which satisfies () = z. Passing to the limit in (33) for such a subsequence

gives (29). O

Remark 4.4 Observe that, owing to (26)), for any arc £ which satisfies (29) we have

[ 1eepas < 2L0L 3
; c

+

We now turn to the analysis of sub-solutions of
u+H (Du)=0 in RY x(0,7) (35)

Lemma 4.5 Let u € C(RY x [0,T]) be a viscosity sub-solution of [BH). Then, for any
s,t € [0,T], with s > t,

U(.T, 8) < U(y,t) + C—(S - t)lip‘y - x|p +77—<8 - t) Vx,y € RN )

where
op/a
- pqp/q ’ (36)
Proof: Let v be the viscosity solution of
vi+H_ (Dv)=0 in RN x (t,T) (37)
v(z,t) =u(x,t) xeRN.

13
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By Hopf’s formula,

o(z,s) = min {(3 — t)H* (Z:f) +u(y,t)} V(z,s) e RN x (t,T),  (38)

where H*, the convex conjugate of H_, is given by

H* (w) =max {z-w—H_(2)} = C_|w[’ +1_

2€RN

Since u is a sub-solution of ([B7), by comparison u(-,s) < o(-, s) for all s € [¢,T]. So, (B3
yields
U(.T, 8) < @('Tv 8) < C— (S - t>17p|y - x|p + n_ (S - t) + U(y, t)

for all (y,s) € RN x (t,T), as desired. O

Next, we derive a weak reverse Holder inequality for the arcs that satisfy (29)).
Lemma 4.6 Let:
o uec C(RY x[0,T]) be a viscosity sub-solution of [BH) satisfying (26);
o £ WLP([0,1; RYN) be an arc satisfying 29) with T = £(1).
Then

t_t/ I€/(s)[Pds < O <ti_t/t |§’(5)|ds> +Cy  Vte[0,) (39)

where

Co="0"5 and 0y =1 (40)
+
Proof: Let t € [0,t). By Lemma 5]
- n -z’ n
w(@,t) < u(l(t),t) +(t—t) O[> +n_(t—1)

< u(E(t).t) + (-1 C (t_t/ €/(s |ds> o (f—1).

Combining (29) with the above inequality we obtain

C+/t €(s)Pds —n, (F— ) < (F— 1) C_ <%/t \g'<s>|ds> b (i—1),

which in turns implies (39). O
In view of the above results, Lemma yields the following.

14



ovHolAppli| Corollary 4.7 Let u € C(RY x [0,T]) be a viscosity solution of

w4+ H(z,t,Du) =0 in RY x(0,7) (41)

satisfying 28), let 7 € (0,T) and let (z,t) € RN x (7,T]. Then there exist an arc
& € Wie([0,1]; RY), satisfying the end-point condition £(t) = T and inequality 29), and
a constant 6 > p, depending only on q and &, such that

/tt\§’<s>\dsgc<r> (-0 Vel (42)

for some constant C(7) > 0.

Proof: First observe that, owing to (23]), u is a super-solution of (28) and a sub-solution
of (B5). Then, Lemma can be applied to construct an arc ¢ satisfying (29) together

with £(¢) = Z, while Lemma ensures that (B89) holds true for Cy, Cy given by ({0).
So, Lemma implies the existence of constant 6 > p and C5 > 0, depending only on
C; = 6%/ and p, such that

(£~ 1)

— vt € [0,1],
tr

t 1
[ s < ca {jet + ke } =2
t

where k = Cé/p/(Cll/p —1). Using the definition of Cy, C and upper bound (34) for ||£]|,
yields (42]). O
Proof of Theorem[{.1] : We will obtain two Holder estimates in space and time, respec-
tively, each of which will be uniform in the other variable.

Space regqularity. Fix 7 € (0,T]. Let t € [r,T] and let 2,7 € RY, 2 # Z. From Lemma [L5]
u(z,t) is bounded from above by

uz, ) < uly,t) +C_(E—=)"Ply—af +n.(I—t) YyeRY,

for all ¢t € [0,¢). Taking, in such an expression, y = £(¢), where & is the arc provided by
the conclusion of Corollary 7, yields, owing to (29)),

u(@,f) < u(€(t),t) + C_(E— )" P|E(t) — a" +n_(E 1)

<
< (@ D)+ (F— )10 [[6(t) — & + |7 — 2| P+ n(E 1)

for every t € [0,1), where n =n_ + 1, . Therefore, since

=

0=l < [ €@l <o) -0t weeld,

on account of (42)), we obtain

w(a,B) —u(@,f) < (F—t)iPC { O(r) F— )5 + |7 — 1 }p Yp(E—1)  (43) [eq:pre+xho

15



for every t € [0,%]. Now, suppose |Z — z| < min{1,7!7%/%}. Then there is a number
t € [0,¢] such that
f—t=|z—a|7.
Hence, (3)) yields
09—

u(w,?) —u(z,f) < C(r)|z - a|™
for some new constant C(7) > 0. On the other hand, the above inequality is trivial for
|Z — 2| > min{1, 7'7'/%} since u is bounded. Moreover, the reasoning is symmetric with
respect to z and . So, we have shown that

<

-Pp

I V2,7 € RV, (44)

]

uz, 1) —u(z,8)] < C(7)z — |

Time regularity. Let € RY and let 7 <t <t <T. Applying Lemma atr =7 =y,
we obtain

To estimate the above left-hand side from below, let £ be as in the first part of the proof.
Then, owing to (29),

u(§(t),t) < u(z,t) +n,(t—1). (46)
On the other hand, in view of (44]) and (42),

w(E(t),t) > u(z,t) — C(r)|E(t) — x|
= (47)

1 — 6—p

> m@w—mﬂ(ﬁw@mg“ > u(@,t) — O(r)(F—1)'7" .
Combining (46) and ([@T) we conclude that

(@, 1) = u(@,t) > =, (F—t) = C(r)(f — 1) "
Since (0 — p)/6 < 1, recalling (@) we finally get
lu(z, 1) —u(z, t)| < C(r)|[t -9 P  vzeRY vtic|rT)]. (48)
The conclusion follows from (44) and ({#g). O

4.2 Local regularity for first order equations

The Holder regularity result of the previous section can be given a “local version”, that
is, a form that applies to solutions of the first order Hamilton-Jacobi equation

u + H(x,t, Du) =0 in O, (49)

where O is an open domain of RY x R;. The Hamiltonian H : O x RY — R is still
assumed to satisfy the growth condition

1
g|z|q—777 < H(z,t,z) < 6|z|74n, V(z,t,2) € O x RY (50)
for some constants ¢ > 1,0 > 1 and 1. > 0. Recall that p is conjugate to ¢, and set

O, ={(z,t) € O : doe(x,t) > p} Vp>0.

16
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Theorem 4.8 Let u be a continuous viscosity solution of ([A9) satisfying |u| < M in O

for some M > 0. Then there is a universal constant 8 > p and, for any p > 0, a constant

C =C(p) > 0 such that

u(wt) —uly, ) < C[le—y& +1t=s|F] V@0, €0, (51) [eqman]

Proof: Let p > 0 be fixed and let (2,t) € O4,. In order to simplify notation, we will
assume that p < 1/4, ¥ = 0, and ¢ = 2p. Clearly, this implies no loss of generality. Set
T = 4p and note that

By, x (0,T)CcC O.

Again without loss of generality, we can and will assume that the Hamiltonian has been
extended to RY x R; x R, and that such an extension (still labeled by H) coincides with
the original Hamiltonian on By, x (0,7") and satisfies (25) on the whole space with the
same constants that appear in (50).

STEP 1: Let us show that there is a universal constant o > 0 such that, for any (z,?) €
By, x (0,T), there is an arc £ € W([0,¢]; RY), with £(¢) = 7, satisfying

@) —z[ <p (52)
and _
w(@d) > ul€t),t)+C, / €/(s)[Pds =, (1) (53)

for all t € [(t — ap?/®P=D) 1], where C, is defined by (30).

PROOF: Let ¢(z) = ¢(|z|) be a smooth function defined on RY such that |¢| < M in
RY, ¢ = M in Bs,, and ¢ = —M in Bj,. Since ¢ is a trivial super-solution of (28), the
function @ : RY x [0, 7] — R defined by

B uN¢ in By, x[0,T]
0=
~M in B x[0,T]

is also a super-solution of (28) satisfying, thanks to (26), « = w in Bs, x (0,7"). So,

applying Lemma to @ we deduce that for any (z,t) € By, x (0,T") there is an arc
€ e Whp([0,1]; RY), with £(f) = 7, such that

a7, ) > (& (), 1) + C. / E(s)fPds —m, (F—1)  Veel[od]. (54)

Moreover, recalling Remark (4.4,
t 2M
[g@pas< = e
t C+

since p < 1/4. So, by Hélder’s inequality,

(0 - ol < (2

+

) ’ (t — t)l_% vt € [0,1]. (55) |eq:taillex
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Therefore, taking

()
oa=|——— ,
2M +n,

inequalities (54) and (B3]), combined with the fact that « = w in Bs, x (0,7, give (52)
and (B3)).

Hereafter we will assume, without loss of generality, that p > 0 is such that

ag?/ o) < .

STEP 2: Let (Z,t) € By, x (p,T). We will show that there exists universal constants
6 > p and C > 0 such that, if ¢ is an arc in WP([0,#]; RY) satisfying (52), (53)) and
&(t) = (as in Step 1), then

=

d 6—p — _
/ €' (s)]ds < Cp~ 7D (£ 1)~ vt € [t —ap®V 4. (56)
t

Moreover, for any (x,t) € Bs, x [0,t) and y € Bs,,
u(z,t) < uly,t) + C_(E—t) Ply—af + Cp 7i(t—1). (57)

where C'_ is defined by (36]).

PROOF: Let ¢ be a function as in Step 1 such that ||D¢|l.. < C/p for some universal
constant C'. Then, —¢ is a stationary sub-solution of

w+H (Dw)=0 nRY x(0,7). (58)
where _
{H(z):§z|q—ﬁ z€RY
n_ = max{n_, C?/(6p7)} .
Let us set

_ [un(=¢) i By, x(0,T)
T in B, x (0,T).

Note that u is a sub-solution of (58] such that u = u in Bs, x (0,T"), because u is a
sub-solution of (58) and |u| < M in By, x (0,T'). Let us now apply Lemma 6l to @, (z,t)
and §: since u = u in Bs, x (0,7'), £ satisfies

(50 > G(El), ) + C, /t E)Pds—n (F—1) Ve [f—ap/o g,

we have
1 t 1 t p )
) Eors < [lelas) v viel-ape
—t ), )

t—1t

18
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for some constants Cy = (n, +17_)/C, = C}/p? and C; = §*/9 > 1. Then, by Lemma
B3 we obtain the existence of universal constants > p and C” > 0 such that

¢ LN (=) B
[ igas < o (el + kot 2L e -,
t % pir-1)
where )
cr C C 1
h=—"—=—=— and [¢],<[2M+n,)/C.]r<C

K =
cy -1 p7 o prt

for some universal constant C. Estimate (56]) follows from the above inequality. Moreover,

u being a sub-solution of (58]), Lemma [£.5] ensures that

(D) < dly,t)+ (E—0"PC |y —af + 7 ([ —1)

for any (x,t) € RY x [0,%), y € RY. Since u = u in B;, x (0,7, (57) follows for some
constant C'.

Step 3: We can now complete the proof of Theorem A8l

Space regularity: Let t € [p, T, let x,Z € By, be such that x # z, and let £ be the arc of
Step 1. Taking t € [t — ap?” P~V #) and y = £(¢) in (B7) yields

u(w,f) < ul€(t),t) + ({E —t)PC_IE(t) — 2P + Cp 71 (f — t)

<
< u(@ )+ () PC[|E(t) — T + |7 — | [P+ Cp T (E - t)

for some universal constant C’. Hence, in view of (B4,

0—p

_ _ P _
w(a,B) —u(z,7) < (f—1)PC. { Cp a0 (F— )6 + |7 — 2| } L O FT(E—1) (59) [eq:pretxho
Now, suppose |7 — z| < al?"1/%p. Then there is a number ¢ € [t — ap?”?~V #] such that

_ 6—p _0_
t—t=p@De-1 |x —z|7T1.

_0_ _
+C/(|IE—1‘|)9—1<C/,/(|ZE—1‘|>
P - P

for some new universal constants C”, C"” > 0. Therefore,

So, owing to (B9),

B
|
s

0—p
9—1

R
|
—

u(z,t) —u(z, ) < C” (@)

S

—p

r — 0—1 —

M) VZ,x € By, t € [p,T] with |z — z| gaeelp.
p

m@a—w@mzc(

Time reqularity: Let z € B, and p <t <t <T. Applying inequality (57) at z =z =y,
we obtain

w(@ ) —u(z,t) < Cpri(f—t).
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To estimate the above left-hand side from below, let £ be given by Step 1. Then
u(§(t), ) < u(@ 1) +n, (t—1).
Arguying as in the first step, we can choose a universal constant 3 € (0, a) such that
€t -z <aTp Ve[t BV ]
Then, using the space regularity estimate we have just shown and (B6l), we obtain

-p

|

mameu@ﬁ—c(@%?@)l

0—p

0—1

t o) .
ZU@ﬁ—C<;/K%W% > u(z,t) — Cp b (f— 1)
P Jt

Thus,
p(0—p) _ —p
lu(z,1) — u(z, )| <C p D (F—1)F
for all z € B, and all ¢, ¢ € [p, T| satisfying [t — ¢| < Bpr/@=1). O

Remark 4.9 A simple analysis of the above proof allows to compute the dependence on
p of the constant in (B1I) as follows

p(0—p) 6—p

u(, s) — u(y, t)] < C |p T ry — 2|75 + p D (£ — 5) "

for all (z,s), (y,t) € O, such that |z — z| < kp and [t — 5| < kp7 1, where C,k > 0 are
universal constants.

5 Examples

In this section we investigate two questions naturally arising from Theorems [4.1] and 4.8
First, one may wonder whether the solutions of ([49]) satisfy stronger a priori estimates
than (51), independent of the regularity of H. We address such a question with an example
showing that uniform Lipschitz estimates cannot be expected even for a simple Hamilton-
Jacobi equation in one space dimension. Second, one may ask if the local Holder estimates
for solutions in an open domain can be extended up to the boundary. Surprisingly—and
in stark contrast to the stationary setting (see [6])—this is not the case: we will exhibit a
solution of a first order Hamilton-Jacobi equation with constant coefficients which turns
out to be discontinuous at the boundary of the domain.

5.1 Counterexample to Lipschitz continuity

The following example is inspired by [I]. In particular, Lemma [5.1] and Proposition
could also be deduced from the results of the above paper.
Let us fix v € (2 —v/2,1) and define

&)=t Vtelo,1].
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Lemma 5.1 For every t € [0,1)
t+h ) 2 )
, .
| 16@Ps < Zlaterm - 6P vhe 011, (60)

Proof: Let t € [0,1) and define
t+h 9
Xxm=3[ €o()Pds — 3 [&o(t+ ) =& Vhe (0,11

Let us observe, first, that X;(h) < 0 for A > 0 small enough, since limy o X;(h)/h < 0. In
order to obtain that X;(h) < 0 for every h € (0,1—¢], let us show that X;(-) is decreasing.
Indeed, for any h € (0,1 — t],

Xih) = It +mP — 5 (€olt+B) = &)t + 1)+ g [&olt +B) — Eo(t)

_ <€0(t+hf)L_§0(t)) [K(h)2—4n<h>+2] (61)

where
L h&E+h)
Yi(h) = Eo(t +h) —&(t)

Now, since &j is an incresing concave function, Y;(h) < 1. Moreover,

he(t+h)  A(t+h)!

Yi(h) > = =7 >2-V2.
) = So(t +h) (t+h)t ! v2
Since y? — 4y + 2 < 0 for every y € (2 — v/2,1], X/(h) < 0 owing to (GI)). O
Now, define
1 if z=¢(t
ooty =L T=50) Y(z,t) € R x [0, 1]
2 if o # §0<t> )
and

if x=1
g(x) = y 1 ’ Vr e R
G if z#1

where G is a real number such that

G > -1 (62) |eq:G
Let us consider the functional

Je] = / a(€(t). DIEOPdE 1 g(€(1) Ve € W([0,1]).
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Proposition 5.2 &, is the unique solution of the variational problem
minfJlg] : ¢ € WH(0,1]), £(0) = 0} (63)

Proof: To begin with, let us note that the minimum in (63)) does exists owing to well-known
existence results for functionals with lower semicontinuous data (see, e.g., [4] section 3.2]).
So, let &, be a solution of (63)) and observe that £.(1) = 1 since otherwise

,7/2

2v —1

J6] 2 9(6.(1) =G > = J&] -

Now, suppose that the open set {t € (0,1) : &.(t) # &(t)} is nonempty and let (1, t2)
be a connected component of such a set. Then, &.(t;) = &(t;) for i = 1,2. Define

&i(t) = {5*(75) ?f t €[0,t1] U [ta, 1]
Eo(t) if tE (ty,ta).

Then & € W12([0,1]) satisfies £,(0) = 0 and & (1) = 1. Moreover, in view of Lemma [5.1]

Jie) = / a(6u(6), DI (1)t + / et Pt + / A& (), D [EL(B)Pdt + g(1)

t1 to

< [ e nig i+ Lol - SOIE | ateo. 01w+ o)
[§1(t2) — &i(t1))]

S / a(&.(1), DL () 2dt + g(1)

2 — 1 t

_ /0“a<§*<t>,t>\£;<t>|2dt+2
< J&]

in contrast with the optimality of &,. Therefore, &, = & and the proof is complete. U

Let us now fix two sequences
a, :Rx[0,1] - R and ¢g,:R—R (n>1)

of continuous functions such that

L < < >
{Z—Q"(x’t)—2 2l ey eRx 0,1

an(x,t) 7T a(xz,t) n— oo

and

1<y, < Vn>1

Sgle)<gle) nz1 o
gn(@) T g(x) n — 00

For instance, one can take

n

ay(z,t) = min {2 , njz — & ()| + Z %} V(z,t) € R x [0,1] (64)

k=1
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and
gn(z) = min {G , n|z — 1|} Vz e R. (65)

Define, for all n € N,

Jn[f]Z/O an(§(t), D)€' ()Pdt + ga(6(1)) V&€ WH([0,1]).

Proposition 5.3 For every n € N let &, be a solution of the variational problem
min{J,[¢] : &€ W([0,1]), £(0) = 0}.
Then &, — & in WH2([0,1]) as n — oc.

Proof: Since (&,), is bounded in W12([0,1]), we can assume, without loss of generality,
that (&,), weakly converges to some limit & in W2([0,1]). Consequently, &, — &,
uniformly as n — oo.
Now, observe that,
lim sup J, ,] < J[&] (66)

n—oo

since J,,[¢,] < J,[&] and, by monotone convergence, J,[&] — J[&] as n — oco. Moreover,
for any fixed n > 1 and all m > n, J,[&n] > Ju[&n] in view of the monotonicity of a,,
and g,,. Therefore, recalling (60)),

owing to the lower semicontinuity of .J,,. Since, by monotone convergence, J,,[&.] — J[&,]
as n — 00, we conclude that J[{,] < J[¢]. But we know that &, is the unique solution of
@3)). So, & = & as requested. O

Since & is just Holder continuous with exponent v, and &, — &y uniformly in [0, 1],
the above result implies that (£,), cannot be equi-Lipschitz.

Proposition 5.4 Let 0 < 7 < 1. Then the sequence of (value) functions

un<x,t>=inf{ [ anles) 90e 6 s + a6 €€ W), £<t>=x} (67)

is not equi-Lipschitz in R x [0, 7].

Proof: Let 0 < 7 < 1 and suppose u,, is Lipschitz continuous in R x [0, 7], with the same
constant K > 0 for every n > 1. Let &, be as in Proposition Then the optimality
principle ensures that

un(O,O)I/O an(€n(s), 9)I€,(5)Pds + u(t,&u(1))  VEE[0,1].

Therefore,
5 | 160F s < 0,(0.0) =t 6u(0) < K(e+ 16,0 Ve e [0.7]
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whence

2 t
fn§t> < %/ € (s)2ds < 2K (1 + D Wt € (0,7].
0

The above inequality in turn implies that |&, ()| < ¢(K)t for every ¢t € (0, 7], uniformly
for n > 1, which is incompatible with the fact that &, — & uniformly in [0, 1]. O

&n(t)
t

Since u, above is the (unique) viscosity solution of the corresponding Hamilton-Jacobi
equation, from Proposition [B.4] we directly obtain the following corollary, which answers
(negatively) the first question at the beginning of section [l

Corollary 5.5 For any integern > 1 let a,, and g, be given by ([64)) and (63)), respectively,
and let u, be the viscosity solution of

Py rx01)
—u =0 in

" day(x, t) ’
u(z, 1) = gp(x) r eR.

Then (uy,), is not equi-Lipschitz in R x [0, 7], for any 0 < 7 < 1.

Observe that the above equation is of the form (49), after the change of variable t — 1—t,
and satisfies condition (28) uniformly in n.

Remark 5.6 A careful examination of the proof of Proposition [£.4] actually shows that
no uniform Hélder bound can be true for (u,), on R x [0, 7] with a Hélder exponent in
the o variable (resp. ¢ variable) greater than 1 —1/4/2 (resp. 3 —2+v/2). Notice that such
an optimal exponent is of the form (6 —2)/(0 — 1) (vesp. (6 —2)/0) for § = 1 + /2 in
agreement with (27).

5.2 Counterexample to boundary continuity

Our next example gives a negative reply to the second question raised at the beginning
of section

Example 5.7 Let R, = (0,00) and consider the Hamilton-Jacobi equation

n 1 [0u
u p— —_
R
Assumption (25) is obviously satisfied with ¢ = 2. Now, define u : O — R by
L z? 1 ifa?>t-1
u(x,t):mm{l, 7}: 2 .,
(t—1), o ifrt <t -1

Then, v is a continuous function in O satisfying 0 < u < 1. Moreover, it is easily checked
that u is a solution of the above equation in O\ I', where I' is the arc of parabola

F={(zt)ecO : 2*=t—-1}.

2

=0 in O=R% (68)

So, since u is locally semiconcave in O (see [5] for details), u is a viscosity solution of
([68]). On the other hand, u is discontinuous at (0,1) € dO because, for instance,

1
lim u(x,1) =1 while  lim wu(x,1+ 22?) = 3 O

z—0t z—0t
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6 Second order equations
In this section we are concerned with second order Hamilton-Jacobi equations of the form
w(z,t) — Tr (a(z, t)D*u(z, t)) + H(z,t, Du(z,t)) =0 in RY x (0,7)  (69)

where e
D?u(z,t) = ( " (a, t))
O;0x; 1<ij<N

is the Hessian matrix. The data will be assumed to satisfy the following hypotheses:

o H:RY x (0,7) x RY — R is a continuous function such that
1
slelf = < Hwt,2) <O+, V(w,t2) € RY x (0,T) xRV, (70)

for some constants ¢ > 2, 0 > 1 and ny > 0 (super-quadratic growth);

e there exists a locally Lipschitz continuous map o : RY x (0,7) — R¥*P such that

a(x,t) =o(x,t)o"(z,t) and |o(z,t)]| <9 V(z,t) € RN x (0,7); (71)

e u:RY x (0,7) — R is a continuous viscosity solution of (69) such that |u| < M in
RY x [0, T].

As before, a universal constant will be a positive number depending on the given data
q,0,M,n_,n, and N only. Recall that p is the conjugate exponent of g.
The main result of this section is the following Holder estimate.

Theorem 6.1 Let u € C(RY x [0,T]) be a viscosity solution of [69) such that |u| < M
in RN x [0,T]. Then there is a universal constant 0 > p such that, for every T > 0,

|U(.T1,t1> — U(.TQ,tQ)‘ S C(T) Ul’l - .’172‘(97]))/(071) + |t1 - tQ‘('g*p)/G] (72)
or any (r1,t1), (T2,12) € X |T, ana jor some constan T) > U.
¢ ty) € RY T] and tant C 0

As for Theorem (.8, the main point of the above result is (72)) holds true uniformly with
respect to H and a, as long as conditions (70) and the bound |u| < M are satisfied. In
particular, # and C'(7) are independent of the continuity moduli of H and a.

6.1 Some preliminary results

For notational simplicity, we prefer to replace the forward equation (69) by the backward
one

—w(z,t) — Tr (a(z,t)D*u(x,t)) + H(z,t, Du(z,t)) =0 in RY x (0,7T) (73)

(which should be coupled with a terminal condition). Note that the change of variable
t — T —t turns a solution of (69) into a solution of (73), provided a(x,t) and H(z,t,2)
are replaced by a(z, T —t) and H(z,T —t, 2).
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Throughout this section we shall need to keep track of the constants n, and n_:
indeed such a dependence is essential for the proof of Theorem For this purpose, we
will denote simply by C (or Cy, C1) constants which depend only on d, M, p, T and N.
Dependance with respect to 7 and 7, will be made explicit by the use of parentheses.

Let us begin with some estimates for super/sub-solutions of (73).

Lemma 6.2 Let u € C(RY x [0,T]) be a super-solution of
— uy — Tr (aD*u) + 6| Dul? + 1, =0 in RY x (0,7) (74)
satisfying |u| < M in RN x (0,T). Then, for any (Z,t) € RN x (0,T) there is a stochastic

basis (0, F,P), a filtration (F;)i>, a D-dimensional Brownian motion (W) adapted to
the filtration (F;) and a process ¢ € LX(Q x [t, T];RYN), such that the solution to

dX; = (dt + v20(X;, t)dW,
{ Xi==x (75)
satisfies t
we.) 2B a4 O, [ lopas| -0 wewT o)

where C', > 0 is the universal constant given by ([B0).

Proof: Let W be a D-dimensional Brownian motion on some probability space (€2, A, P)
and associated filtration (F;). Throughout the proof, for any y € RN, t € [0,T], ¢ €
LE(Q x [t,T]; RY) we denote by Y®'¢ the solution to

dY, = (ods + 20 (Y, 8)dW,
Yi=x

Let n be a large integer,
T=1/n and  tp=t+k(T—1t)/n for k € {0,...,n}.

Let us fix an initial condition (z,#) € RY x [0,T]. We are going to build a control
(" e L2 (Q x [, T];RY) and a process Y™ = Y®'¢" such that

th+1
U(Y;f27 tk) > E |:U(Y;f::+17tk+1) + C+ /t |C;L|p ds — (71+ + 7—)7— ‘ ftk:| (77)
k

for any £ <n — 1.

For any k > 1, let v* be the solution of (74)), defined on the time interval [0, #;], with
terminal condition u(-,t;). From a classical representation formula (see, for instance, [9])
we have

tg
Hot = it B, [ s = -]
t

CeL? (x[t,ti;RN)

26

eq:H+Stoch

IneqgStoch



for any (z,t) € RY x [0,#). Since u(-, ) is continuous, one can build, thanks to the
measurable selection theorem (see [3]), a Borel measurable map z — Z%* from RY to
LE (2 X [tg_1,t]; RY) such that

th_1,2%F "
Hatn) 2 B [0 w0 [ |z pds - (07| e RY.
te—1

We now construct Y™ and ¢™ by induction on the time intervals [tg, tx11). On [f,t1) we
set (' = Z7" and Y™ = Y®5¢" | Assume that ¢" and Y™ have been built on [t,t;_;). Then
we set
("= Z "
Thus, (¢", Y™) satisfies ({T7)).
Next, from (77)) we get that

and  Y" =YY% on [, 1) .

12
e, 2B |y + O, [ TGP as = e -D|  vesno1o (@
t

In particular, since u is bounded, we have the following bound for (":

E[/tT\gg\pdS] <C  Wn>0 (79)

for some universal constant C. Let us set A} = f{t (rds for all t € [t,T]. Then (79),
combined with Lemma [2.1], implies that

E[A} —AIF]<Clt—s" and B[V —YP]<Clt— s

for any s,¢ € [¢,7] and some universal constant C. Furthermore , since Y7 = z and
A7 =0, (Y™, A") satisfies Prokhorov’s tightness condition. So, by Skorokhod’s Theorem
we can find a subsequence of (Y, A™) on some probability space (€2, .4, P) which has the
same law as (Y™, A") and converges uniformly on [¢t, 7| with probability 1 to some limit,
say (Y, A). Since A" is absolutely continuous a.s. so is A". Set (' = LA”. Then, by (79),
E] ffT }@}p ds] < C for all n > 0. Therefore, (up to a subsequence labeled in the same
way) (C") converges weakly in LP to some limit, ¢, which a.s. satisfies A, = ftf (sds for all
t € [t, T]. Moreover, M := Y*—z— A" has the same law as Y," —7 — A} = ﬁa(Y;”, s)dWs.
Thus, M™ is a continuous martingale satisfying

t
(M, M), :/ (00*)i;(YD, s)ds Vs e [t,T].
t
Hence, by [21] Theorem 12], M := Y, — & — A, is also a continuous martingale with
(M;, M;); = f;(cra*)ij(Ys, s)ds for all s € [t,T]. Owing to the martingale representation
theorem (see, e.g., [I7, Theorem 3.4.2]), there is a D—dimensional Brownian motion
W = {W,, F,, t € [t,T]}, defined on an extension (2, A, P) of ({2, A, P), such that
¢
}Q—i—At:Mt:/a(}g,s)dWS vt e [t,T] .
t
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Consequently, Y; = 7 + f;fsds + f;a(}_/s,s)dws for all ¢ € [t,T]. So, recalling (78), a
classical lower semicontinuity argument yields

u(;f,f)ZfE[u(K,t)+C+/t}Es}pds—m(t—t_) Vi e [t,T],
7
which concludes the proof. O]
Lemma 6.3 Let u € C(RY x [0,T]) be a sub-solution of
— uy — Tr (aD?u) + %|Du|q —n_=0 in RN x (0,7) (80)

satisfying |u| < M. Then, for all (z,1) € RN x (0,T) and all (y,t) € RN x (¢,T),

w(@ ) < uly )+ C {y— 2P — D P4 (- DR b - D) (8)
for some universal constant C > 0.

Remark 6.4 In particular, if v is a sub-solution of the stationary equation
1
—Tr (aD?u) + 5|Du|q —~6=0 in RY
then inequality (8I)) implies that, for any z,y € RY and any 7 > 0,

u(z) < u(y)+C{ly —afPr P+ 7722} 49 7,

for some universal constant C. Thus, choosing 7 = |z—y|? yields u(z) < u(y)+C |y—z|*7?,
that is, u is Holder continuous. This way we can partially recover one of the results in [6].

Proof: Let us fix t € (¢, T). Let v be the solution of equation (80) with terminal condition
u(-,t), and let (W;);>¢ be a D-dimensional Brownian motion on some stochastic basis
(Q, F,P), with associated filtration (F;);>7. Then, by a classical representation formula

(see, e.g., [9]),

<

B t
@)=, ot Bl e [ aPds (-
t

CeLp, QX [F RN

where C'_ is the constant given by (B6) and X*¢ is the solution of (7). Owing to Lemma
2.2, we can choose ¢ € LF (Q x [t,¢]; RY) so that X< is a Brownian bridge between
(7,t) and (y,t) which satisfies

E {/tt |§s|pd$:| <C{ly—zPt -0+ (t— 1))

for some constant C' depending only on p and 4. Since u is a sub-solution of (80), the
comparison principle yields

wed) < o@D £ Eluln)+C. /ttlés(w)\pdSJr??_(t—ﬂ

< uly, )+ C{ly—aPt -0 "+ (=0 P 4 (t—1)

for some new constant C' (depending only on p and ). OJ
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bSolStoch2] Lemma 6.5 Let u € C(RY x [0,T]) be a sub-solution of BQ) satisfying |u| < M. Fizx
(z,t) € RN x (0,T) and ¢ € LP(t,T;RY), and let X be the solution of (TH). Then, for
any v € RN and t € (1,T),

u(z,?) — Blu(X,, 1) _‘
<cft—00r (B](Jf 16hds) ] +1e—aP) + (1 =022} 4g - (B [ewEeriw

for some constant C' > 0.
Proof: Fix t € (¢,T) and apply Lemma to y = Xy(w). Then, for almost all w € €,
w(@, ) < u(Xe(w),t) + C {|Xuw) — 2P (t— D1+ (t = D2 g (1 —F)

Hence,

u(z,t)
< E[u(Xe, )] + C{E[X, — 2] + |z — 2)(t = )'7 + (¢ = )72} +n_(t ).

Since, on account of Lemma 2.1]
t p ,
Bl - <o e |( [ leas) | +a-0t}.
t
the conclusion follows. O

LemABStoch| Lemma 6.6 Let u € C(RY x [0,T]) be a sub-solution of BQ) such that |u| < M and let
7 € (0,T). Then there is a universal constant 0 € (p,2) and a constant C(1,1,) > 0 such
that, for every (z,t) € RN x (0,7 — 1), every ¢ € L2,(¢, T;RY), and every solution X of
(78)) satisfying ([Q), we have

t p
E [(/ |<s\ds) } < Clrm)(t—tPF  Vie (LT].
t
Proof: First, observe that, by Lemma applied to x = 7,

oted) < Bluxet)+ ¢ (=078 [( [ glas) [+ a-007) 4o -

for all t € [¢,T]. Moreover, in view of ([ZG]),

Bl )] < u(wd) - C.E| [ oas] +n,-D  vee 1]

Hence,

E| t ras| <coe-oe|( [ t |<s|ds)p] FOME-DT? weiT).
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for some constants Cy and Cj(n,). Then, owing to Lemma [B.4], there are constants
0 € (p,2) and C'(n+) > 0 such that

B [( [ o) ] < e g+ 0 =2 we i,

Since u is bounded by M, assumption ([76]) implies that |||, < C(n, ). So, we finally get

e[( [ 1cias) | < ctmnpue-ors e,

because t < T — 1. 0

6.2 Proof of Theorem

We are now ready to prove Theorem [6.Il As above, we will work with the backward
equation (73] instead of the forward one. Since 1, and 7_ are here fixed, we shall omit
the dependence on such variables of all constants in the proof.

Let u be a continuous, bounded solution of (73)). Thanks to the growth assumption
for H, u is a super-solution of ([{4]) and a sub-solution of (80).

Space regqularity: Fix (z,1) € RN x (0,7 — 7) and let x € RY. By Lemma B2 there is a
process ¢ € LI, (Q x [¢t,T];RY) and a solution X to (75) such that (76) holds. So,

w(@,B) > Efu(X, )] —n,(t—7) Ve [LT). (83)

Also, Lemma ensures that

E [(/tt\gsus)p] <OMt—Brt Ve T (84)

for some universal constant 6 € (p,2) and some constant C'(7) > 0. Furthermore, applying
Lemma [6.5, for any ¢ € (¢,T] we have

u(e, 1) — Efu(X,, 1) )
<C{@—-D"E |(J1Glds) | + 12— al(t = D+ (¢ =D (- D).

Plugging ([83) and (84)) into the above inequality leads to
u(e,t) <u(@8) + 0t —8) + C(r)(t = )P+ Clz —afP(t =)' + Ot — )72
for any t € (¢,T), where n =10, +n_. Since 1 > 1 —p/2 > (6 —p)/0 (recall that 6 < 2),
u(x,t) < u(z,t) + C(r)(t — )P/ L Clz — x|P(t — )P .
Then, for |z — Z| sufficiently small, choose ¢ = £ + |z — Z|%/~1 to obtain

u(z,t) < u(z,t)+ C(r)|z — z|@P/6-D,
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Time regularity : Let now t € (0,7 — 7). Then, in light of (83),
u(@, 1) 2 Elu(X;,0)] - . (t ).
Now, applying the space regularity result we have just proved, we obtain
wawnzm@w—Cﬁmhx—ﬂ%ﬂ.

Moreover, by Lemma 2.1

t 0—p .
E [lXt —3—7|H} <E [(/ ICs\dS) 9_1] + C(t _{)25—9,1) .
t
Also, by Hoélder’s inequality and (84]),

o[(f k] < ([ ) 2=

Notice that (# —p)/(2(0 — 1)) > (6 — p)/0 since 6 < 2. So,
w(@,0) > u(z,t) — C(r)t—1) 7 .
To derive the reverse inequality, one just needs to apply Lemma with y = & to get
w(z,t) < u(z,t) +Ct -0 P2+ (t—1).

This leads to the desired result since 1 —p/2 > (0 — p)/6. O

6.3 Local regularity for second order equations

We will now obtain a local version of Theorem [6.1l Let O be a non-empty open subset
of RY x R, and consider the second order Hamilton-Jacobi equation

w(z, t) — Tr (a(z, t) D*u(z,t)) + H(z,t, Du(z,t)) =0 in O. (85)
As before H : O x RV — R satisfies the super-quadratic growth condition
1
g\z|q—77_ < H(z,t,2) <0|z|"+n, V(z,t,2) € O x RN,

for some constants ¢ > 2, § > 1 and 74 > 0. Moreover, a = oo* where o : O — RV*P
(where D > 1) is assumed to be bounded by ¢ and locally Lipschitz continuous.
For any p > 0, let us set O, = {(z,t) € O : doe(x,t) > p}.

cuStochLoc| Theorem 6.7 Let u be a continuous viscosity solution of (8H) satisfying |u| < M in O
for some M > 0. Then there exists a universal constant 6 > p and, for any p > 0, a
constant C(p) > 0 such that

0—p 6—p
[u(er, 1) = (@, )] < Cp) { o = wal 5 4 1 — 1] 7" }
for any (z1,t1), (22, t2) € O,.
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Proof: Let us fix a point (z,1) € O and let p = tdoe(Z,t). Without loss of generality we

can assume that £ =0 and ¢ = 27", where T" = 4p. Notice that
By, x [0,T] C O.
Changing t to T'— t, we can also assume that u is a solution of the backward equation

—w(x,t) — Tr (a(z, t)D*u(, 1)) + H(z,t, Du(z,t)) =0 in By, x (0,7).

Without loss of generality we can extend H and o outside of By, x [0, 7] so that (70) holds
in RY x [0,7], and o is bounded by ¢ and locally Lipschitz continuous in RY x [0, 7.

Let ¢ = ¢(|z]) be a smooth function such that |¢| < M in RY, ¢ = M in Bj,,
and ¢ = —M in Bj,. Let 7,(p) > n, and 7j_(p) > n_ be such that ¢ is a (stationary)
super-solution of

— wy(x,t) — Tr (a(z, t) D*w(z, t)) + 6| Dw(z, t)|"+ 77, (p) =0 in RY x (0,T), (86)
while —¢ is a sub-solution of

— wy(z,t) — Tr (a(x, t) D*w(z, t)) + %|Dw(x, T —n_(p)=0 in RY x (0,T). (87)
Then, the map u defined by

- U//\(b inB4p><(0,T)
T M wmBg, % (0,7)

is a super-solution of (8G) which satisfies © = u in Bs, x (0,T"), whereas

_ . J uv(=¢) in By, x(0,T)
T M in BS, x (0,T)

is a sub-solution of (87) such that @ = in Bs, x (0,7).

Recall that, on account of LemmalG.2] for every (z,t) € RY x (0, T) there is a stochastic
basis (€2, F,P), a filtration (F;);>¢, a D-dimensional Brownian motion (W;);>7 adapted to
(F:), and a process ¢ € LP,(Q x [t, T]; RY) such that the solution X of (75]) satisfies

t
w02 B a4 0. [ lobas| —npe-0  werT @
t
with C, given by (B0).
STEP 1: Let (Z,t) € By, x (0,T) and let X be as above. Then we claim that
PX,— 2| > g < C(p)(t— P Ve [RT) (39)
(hereafter, C'(p) denotes a constant depending only on N, ¢, d, M, ny and p). In particular,

[E[a(t, X,)] — E[a(t, X))l < Clp)(t =8 Vte[t,T]. (90)
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PROOF: Since @ is bounded by M, (88]) implies that

E Utt|<s\pds] <C(p) WVtel|t,T]. (91) [poundzetap

Now, by the Bienaymé-Chebyshev inequality and Lemma 2.1] we obtain

Pl -z < ot < Se) A |<s\ds] -0,

-
| <u-tre ] [laras] < cope-ir.

Also, by Hoélder’s inequality and (@T]),
t p
B || [ Ilas
t
Since p/2 > p —1, (B9) follows. To show ([@0), recall that @ = & = u in Bs, x (0,7"), with
u and @ bounded by M. Hence, owing to (89),

Efa(t, X,)] - E[a(t, X,)]| < 2MP[X, ¢ By,]
< 2MP(X, — 7| > o] < Clp)(t — B

STEP 2: Our next clam is that, for all (z,%) € By, x (0,7 —p) and ¢ € L7, (2 x [t, T]; RY)
such that the solution X to ([70)) satisfies (88]), we have

t p
E Cs ds) } <C(p t— BP0 Vielt, T 92) |ineqxixiSt
(/e (o) .71 (92) [imeqrixist
for some universal constant 6 € (p,2). Moreover, for any « € By, and any t € (¢, T,
a(z,t) — E[a(X, t)]
t p
gc{ t—1)tr (E[ / Clds ] + x—xp) +(t—t 1—p/2}+f; t—1) (93) [eq:EstiSub
(t—19) (] 1Glds)"| 1z =l ) + =) (t—7) (93) [eqrEsvisub

PROOF: Inequality (@3] is a straightforward application of Lemma [6.5. Combining (88])
and (@0) gives

t
iz, ) > E [a(xt, n+e. [ |<s|pds} - - CpE - Ve ET].
i
Putting together the above estimate with (Q3), for = &, we obtain

|| t|<s\pds} <ce-oe|( [ t|<s\ds)p] L)t - D)

So, ([@2) follows from Lemma [3:4] for some constants 6 € (p,2) and C(p) > 0.

STEP 3: We can now proceed with the proof of Theorem [6.7. Without loss of generality,
in what follows we will assume that 6 is so close to p that

0 —
Tp <p-—1. (94) |thetaclose:
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Space reqularity: Let (z,t) € By, X (0,7 — p) and let © € By,. Thanks to Step 1 we can
find ¢ € LP(Q x [t, T]); RY) and a solution X to (7)) satisfying (88). Since u = @ = u in
Bs, x (0,T), combining (88)), (92) and ([@3) with ([@0) yields, for any t € (£, 7)),

u(z, )
< u(z,t) + C(p) {(t - (E K/tt |<s\ds)p] +z - x\”) +(E =) (- ﬂ”‘l}
<u(z, )+ Clp) {(t =)' + ]z —al'(t = )"},

where we have also used () and the fact that 1 —p/6 < 1—p/2. For t =t + |z —z|?/®~D
(for |z — z| sufficiently small) we then obtain

0—p

uw(x,t) <u(z,t)+C(p)|lx —z|o1 .

—

Time regularity: In view of (88) we have that
u(Z, 1) > E[u(Xy, 0)] =0, (t - 1)

forallt € [0,T7 — p) and t € [t,T]. Since @ and u are bounded functions that coincide on
B, recalling (89) we conclude that

E[a(X0t)] > E[u(Xe,t)lxem,] — MBIX, - 2| = g
> E [U(Xta t)lXteBQp] - C(p) (t - E)p_l :

We now need to three further estimates. First, observe that, owing to our space regularity
result above,

=3

v

E [u(X;, t)1x,en,)] E [u(Z,t)1x,ep,,] — C(p) E [|Xt _ j|2%]

0—p

u(@,t) - Clp) {E [1X, - al#H] + (¢ - o1}

v

Second, by Lemma 2]

0—p

0—p 0—1

E[|Xt—f|m} <CE “/tgsds

}+C(t—f)%.

Third, by Hoélder’s inequality and (02),

B [( [ 1) ] < ctoe -7

So, combining all the above inequalities we obtain
u(@, 1) 2 (@, 1) = Clp) {(E =D+ (1= D70 4+ (=D } =i (¢ - D).
Hence, recalling (94]) and the fact that (0 — p)/(2(6 — 1)) > (0 — p) /6, we get
0—

u('fva = u(“%’t) o C(p)(t o Z)Tp
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In order to show the reverse inequality, we just need to invoke Lemma 6.3} indeed,
taking y = ¥ we get

u(@, D) < u(@,t) + Ot — D' +i_(p)(t — 1) .

The desired result follows since 1 —p/2 > (0 — p)/6. O
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