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Concentration in Lotka-Volterra parabolic or integral equations:
a general convergence result

Guy Barles*, Sepideh Mirrahimi’, Benoit Perthame *

March 28, 2009

Abstract

We study two equations of Lotka-Volterra type that describe the Darwinian evolution of a

population density. In the first model a Laplace term represents the mutations. In the second one
we model the mutations by an integral kernel. In both cases, we use a nonlinear birth-death term
that corresponds to the competition between the traits leading to selection.
In the limit of rare or small mutations, we prove that the solution converges to a sum of moving
Dirac masses. This limit is described by a constrained Hamilton-Jacobi equation. This was already
proved in [E] for the case with a Laplace term. Here we generalize the assumptions on the initial
data and prove the same result for the integro-differential equation.

Key-Words: Adaptive evolution, Lotka-Volterra equation, Hamilton-Jacobi equation, viscosity solu-
tions, Dirac concentrations.

AMS Class. No: 35B25, 35K57, 47G20, 49125, 92D15

1 Introduction

We continue the study, initiated in [{], of the asymptotic behavior of Lotka-Volterra parabolic equa-
tions. The model we use describes the dynamics of a population density. Individuals respond differently
to the environment, i.e. they have different abilities to use the environment resources. To take this
fact into account, population models can be structured by a parameter, representing a physiological
trait, denoted by z € R? below. We denote by n(t,z) the density of trait x. The mathematical
modeling in accordance with Darwin’s theory consists of natural selection and mutations between the
traits (see [[[§, P4, P7, B for literature in adaptive evolution). We represent the growth and death
rates of the phenotypical traits by R(z,I). The term I(t) is an ecological parameter that corresponds
to a nutrient that itself depends on the population. We use two different models for mutations. The
simpler way is to represent them by a Laplacian.

{Z?tne —eAn, = "R(z, I.(t), xR >0, Q

ne(t=0)=nd € L'(RY), n?>0,
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I(t) = y Y(x) ne(t, x)dx. (2)

Here € is a small term that we introduce to consider only rare mutations. It is also used to re-scale
time to consider a much larger time than a generation scale.

A more natural way to model mutations is to use an integral term instead of a Laplacian.

{amE = 2Rz, L(1) + L [ LK) by, L) ne(t,y)dy, x€R% >0, -

n(t=0)=nl e L'RY, n? >0,

L(t) = /]R nelt, 2)dr. (1)

Such models can be derived from individual based stochastic processes in the limit of large popula-

tions (see [[3, [4)).

In this paper, we study the asymptotic behavior of equations ([[)-(B) and (f)-() when e vanishes.

Our purpose is to show that under some assumptions on R(z,I), n.(t,z) concentrates as a sum of
Dirac masses that are traveling. In biological terms, at every moment one or several dominant traits
coexist while other traits disappear. The dominant traits change in time due to the presence of mu-
tations.

We use the same assumptions as [§]. We assume that there exist two constants v, ¥as such that
0 < thy <<ty <oo, 1heW°R. (5)
We also assume that there are two constants 0 < I,,, < Ip; < oo such that

min R(zx, I,,) =0, max R(z, Ips) =0, (6)
zeR4 zeR4

and there exists constants K; > 0 such that, for any z € R?, I € R,

ol
sup || R( 1) [lwz.oo (ray < Ka. (8)

T <I<2Iy
We also make the following assumptions on the initial data

—Al|z|+B

I, < Y(x)n(z) <Ipy, and FA, B>0,nl<e < . (9)
Rd

Here we take ¢)(x) = 1 for equations ([)-(f]) because replacing n by 1n leaves the model unchanged.
For equation ([J) we assume additionally that the probability kernel K (z) and the mutation birth rate
b(z) verify

0 < K(z), /K(z) dz =1, /K(z)e'z2 dz < o0, (10)
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bm < b(Z7I) < bum, |vmb(z7[)| <Ly b(zvl)v |b($711) —b(l‘,]2)| <L2|Il _I2|7 (11)
where b,,,, byr, L1 and Ly are constants. Finally for equation (fJ) we replace (f) and (@) by

in [R(z, I,n) + b(x, In)] =0, R(z, Ing) + b, Tng)] =0, 12
min [R(z, In) +b(, Im)] max [R(z, Inr) + bz, Lor)] (12)

A(R +b)

|R(l‘,]1) — R($,12)| < K3|Il — IQ| and — Ky < oI

(z,1) < —K; ' <0, (13)

where K3 and Ky are positive constants.

In both cases, in the limit we expect n(t,z) = 0 or R(x,I) = 0, where n(t,z) is the weak limit of
ne(t,x) as e vanishes. Since the latter is possible at only isolated points, we expect n to concentrate
as Dirac masses. Following earlier works on the similar issue [I9, [, B, B§], in order to study n, we

ue(t,x)

make a change of variable n.(t,z) = e~ ¢ . It is easier to study the asymptotic behavior of u. instead
of ne. In section | we study the asymptotic behavior of u. while ¢ vanishes. We show that u,, after
extraction of a subsequence, converge to a function u that satisfies a constrained Hamilton-Jacobi
equation in the viscosity sense (see [, R0, [, R3] for general introduction to the theory of viscosity
solutions). Our main results are as follows.

Theorem 1.1. Assume (f)-({9). Let n. be the solution of ([§)-(@@), and uc = eln(n.). Then, after
extraction of a subsequence, ue converges locally uniformly to a function u € C((0,00) xR%), a viscosity
solution to the following equation:

O = |Vul? + R(z, 1(t)),

max u(t,z) =0, Vt>0, (14)
zER?
I(t) v I(t) a.e., /¢(x)n(t,x)da: =1I(t) a.e. (15)

In particular, a.e. in t, supp n(t,-) C {u(t,-) = 0}. Here the measure n is the weak limit of ne as e
vanishes. If additionally (u2) is a sequence of uniformly continuous functions which converges locally
uniformly to u® then u € C([0,00) x R?) and u(0,z) = u°(x) in R

Theorem 1.2. Assume (§)-([[3), and (ud). is a sequence of uniformly bounded functions in W1
which converges locally uniformly to u®. Let n. be the solution of ([3)-(l}), and uc = eln(n.). Then,
after extraction of a subsequence, ue converges locally uniformly to a function u € C([0,00) x R%), a
viscosity solution to the following equation:

Ou = R(x,I(t)) + b(z, I(t)) [ K(2)eV¥?dz,

t,z) =0, Vt>O0,
max u(t, z) (16)

u(0,z) = u’(z),
L) — 1() ac. / n(t,z)dzs = I(t) a.e. (17)

In particular, a.e. in t, supp n(t,-) C {u(t,-) = 0}. As above, the measure n is the weak limit of ne
as € vanishes.



These theorems improve previous results proved in [I9, B, [l, B9 in various directions. For the
case where mutations are described by a Laplace equation, i.e. ([)-(f), Theorem [T generalizes the
assumptions on the initial data. This generalization derives from regularizing effects of Eikonal hamil-
tonian (see (P4, [, fl). But our motivation is more in the case of equations (f)-({]) where mutations
are described by an integral operator. Then we can treat cases where the mutation rate b(x, I') really
depends on z, which was not available until now. The difficulty here is that Lipschitz bounds on the
initial data are not propagated on u, and may blow up in finite time (see [[3, §, [[(J] for regularity
results for integral hamiltonian). However, we achieve to control the Lipschitz norm by —u,, that goes
to infinity as |z| goes to +o0.

We do not discuss the uniqueness for equations ([[4) and ([[@) in this paper. The latter is studied,
for some particuler cases, in [§, fi].

A related, but different, situation arises in reaction-diffusion equations as in combustion (see [, [,
La, BT, 3, BQ]). A typical example is the Fisher-KPP equation, where the solution is a progressive
front. The dynamics of the front is described by a level set of a solution of a Hamilton-Jacobi equation.

The paper is organized as follows. In section [l we state some existence results and bounds on n,
and I.. In section f] we prove some regularity results for u. corresponding to equations ([])-(@). We
show that u. are locally uniformly bounded and continuous. In section f we prove some analogous
regularity results for ue corresponding to equations (f)-(). Finally, in section | we describe the

asymptotic behavior of u. and deduce the constrained Hamilton-Jacobi equation ([[4)-([[).

2 Preliminary results

We recall the following existence results for n. and a priori bounds for I, (see also (B, [[7]).

Theorem 2.1. With the assumptions ([{)-B), and I, — Ce? < 1.(0) < I + Ce?, there is a unique
solution ne € C(RY; LY(RY)) to equations ([)-(8) and it satisfies

I =1, —CE<I(t) < Iy +Ceé =14, (18)

where C' is a constant. This solution, ne(t,x), is nonnegative for all t > 0.

We recall a proof of this theorem in Appendix [A]. We have an analogue result for equations (J)-(f):

Theorem 2.2. With the assumptions (8), (1d)-(13), and I,, < I.(0) < Iy, there is a unique solution
ne € C(RT; L' N L®(RY)) to equations ([3)-(f]) and it satisfies

[m < [e(t) < IM- (19)
This solution, n¢(t,z), is nonnegative for all t > 0.
This theorem can be proved with similar arguments as Theorem R.1. A uniform BV bound on I.(t)

for equations ([l)-(P)) is also proved in [f]:

Theorem 2.3. With the assumptions ({@)-(3), we have additionally to the uniform bounds (1§), the
locally uniform BV and sub-Lipschitz bounds

—Lt X 0
%Ie(t) > Ottt / o()n0 () ) 4 (20)

€
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R(z,I7)

€

oty > —Ct+ / (1+ 9(@)nl () dz, (21)

dt

where C' and L are positive constants and o(t) = fRd ne(t,z)dz. Consequently, after extraction of a
subsequence, Ic(t) converges a.e. to a function I(t), as € goes to 0. The limit I(t) is nondecreasing as
soon as there exists a constant C independent of € such that

[ v R - oo

€
We also have a local BV bound on I.(t) for equations (f)-(H):

Theorem 2.4. With the assumptions (§)-(L3), we have additionally to the uniform bounds ([[9), the

locally uniform BV bound

_it 0 0
%[e(t) 2 —C,—|—e% /ng(x)R(xalg) +b($,IE)

€

dx, (22)

T
/ L1 ldt < 20'T + €, (23)
o | dt

where C', C" and L' are positive constants. Consequently, after extraction of a subsequence, I.(t)
converges a.e. to a function I1(t), as € goes to 0.

This theorem is proved in Appendix [B.

3 Regularity results for equations ([)-(2)

In this section we study the regularity properties of u. = elnn,, where n. is the unique solution of
equations ([l)-([@). We have

Ue

1 1 ue 1 1 ue
Oone = —0wucec, Vne=—-Vucee, An.= (—Au6 + —2|V’LLE|2)€T.
€ € € €

Consequently u, is a smooth solution to the following equation

Ope — eAue = |Vuel? + R(z, I(t)), z€R,t>0, (24)
uc(t = 0) = eIlnn?.

We have the following regularity results for wu..

Theorem 3.1. Let T > 0 be given. Then uc < D?, where D = B + (A? + K2)T, and we define
ve = V2D? —u.. With the assumptions ([i)-(9), for all to > 0 ve are locally uniformly bounded and
Lipschitz in [ty, T] x R? |

1
2Vt
where C(T) is a constant depending on T, K1, Ko, A and B. Moreover, if we assume that (u)¢ is a

sequence of uniformly continuous functions, then u. are locally uniformly bounded and continuous in
[0, co[x R4,

Vo] < C(T) + (25)

We prove Theorem B.1] in several steps. We first prove an upper bound, then a regularizing effect
in z, then local L* bounds, and finally a regularizing effect in ¢.



3.1 An upper bound for u,
From assumption (f]) we have u?(z) < —A|z|+ B. We claim that, with C = A? + Ko,

uc(t,x) < —Alx|+ B+ Ct, VYt >0. (26)
Define ¢(t,x) = —A|z| + B + Ct. We have
A(d—1)
]

Here K is an upper bound for R(x, I) according to (§). We have also ¢(0,z) = —Al|z|+ B > u?(x).
So ¢ is a super-solution to (P4) and (R€) is proved.

01 — eNNd — V> — Rz, I(t)) > C + e —A?— K5 > 0.

3.2 Regularizing effect in space

Let u = f(v), where f is chosen later. We have
O = F ()00, Opu= ()00, Au= f'0) D0 + ["(0)| Vol
So equation (R4) becomes

R(z,1)
filv)

Bv — eAv — [EJ;”/’/((S)) n f’(v)] Vo2 =

Define p = Vu. By differentiating (B7) we have

(27)

o G LE® Ve o LE) PP o
i~ spi =2 [£ 4 )] wu- - | L - LU ) (9o,
W) L 1 oR

Flr et ey

We multiply the equation by p; and sum over ¢:

2 ue 2 e ue 2
ol — Yoo 2 [ L 1 )| w0 L L T g

(0) 2 fio) )2
_f”(”) T 2 1 .
prop e DI gy Vel

First, we compute ) . (Ap;)p;.

2
> (Lpipi =) A% = |Vpif?

7 7

_A‘pP \V/ 2
= a5

= pl&lp| + IVIpll = > IVpil*.



We also have

PO
VIR = 3 P < 5l = 3 i = X 9
% 1,] J

It follows that

Z(Api)pi < lplAlpl.

)

We deduce

, [
t (”)} Ve [f(v) ()2

) | »
S~ B el + g Valt

From (26) we know that, for 0 < ¢t < T, u. < D(T)?, where D(T) = /B + CT. Then we define
f(v) = —v? 4 2D?, for v positive, and thus

/")

" 3
o) + 7)o (28)

Ayl — eAlp| 2 [

D(T) < wv,
/ B 1 1
f (U) - _2U7 and |f/(’U)| - % E)
My — '), _ 1 1
f (U) - _27 and ’f/(v)g‘ - W < Wu

"y ae 2
J;’((v)) — e‘?l((v))Q + f”(v)] =2+ 61)—12 > 2.

From (R§), assumption () and these calculations we deduce

)y =0, - [e

olpl f"(w) 3
Bl —catpl—2 | L8 1 )] - Vol 420 - 372101 - 52 <0
Thus for 6(T) large enough we can write
Ip| f'w) 3
o = <l =2+ £1(0) - Vlpl + 2l - 0 <o (20)

Define the function



(t2) = y(0) = 2 +0.

2Vt

Since y is a solution to (R9), and y(0) = oo and |p| being a sub-solution we have

1
|p|(t7$) < y(t,l‘) =S +9

2Vt
Thus for v, = v/2D? — u,, we have

1
Ved(ta) < 5= +0(T), 0<t<T. (30)

3.3 Regularity in space of u. near t =0
Assume that u? are uniformly continuous. We show that u. are uniformly continuous in space on

[0,T] x R%.

For 6 > 0 we prove that for h small |uc(t,z + h) — uc(t,z)] < 6. To do so define wc(t,x) =

ue(t,r + h) — ue(t,r). Since u? are uniformly continuous, for h small enough |w.(0,z)| < %. Besides

we satisfies the following equation:

Owe(t, ) — eAwe(t,z) — (Vue(t,z + h) + Vuc(t,z)) - Vwe(t,z) = R(z + h, I(t)) — R(z, I(t)).
Using assumption (§) we have
Orwe(t,z) — eAwe(t,z) — (Vue(t,z + h) + Vue(t, z)) - Vwe(t,z) < Ka|hl|.
Therefore by the maximum principle we arrive at
n[%gadx\wg(t,x)\ < n[%gadx]we(O,a:)] + Ko|hlt.
So for h small enough |uc(t,x 4+ h) — u(t,z)| < 6 on [0,T] x R%.

3.4 Local bounds for u,

We show that u, are bounded on compact subsets of |0, co[xR%. We already know from section B.1] that
u, is locally bounded from above. We show that it is also bounded from below on C = [tg, T] x B(0, R),
forall R>0and 0 <tg < T.

From section B.1] we have u(t,x) < —A|z| + B+ CT. So for € < €, €y small enough and R large

enough
!/

ue —Alz|+B+CT I
/ eedr < / e e dr < — 2.
|z|>R z|>R ALY

We have also from ([[§) that




I/
e<cdr > "
/]Rd Uar

We deduce that for all 0 < € < ¢y and R large enough

I/
e<dr >
/|:c|<R 20m

Therefore there exists €1 > 0 such that, for all € < ¢

Jzo € RY |zo| < R, ue(t,zo) > —1, thus wv(t,x0) < V2D?+1

From Section B.2 we know that v are locally uniformly Lipschitz

lvet,z + h) — vt 2)] < (C(T) + 2%/%)|h|,

Thus for all (t,x2) € C and € < ¢;

1
t,z) < E(to, T, R) := /2D(T 2 — )R
ve(t, r) < Eto 1+ ( 2\/%)

It follows that
uc(t,x) > 2D*(T) — E%(to, T, R).

We conclude that u, are uniformly bounded from below on C.

If we assume additionally that u? are uniformly continuous, with similar arguments we can show
that u. are bounded on compact subsets of [0, co[xR?. To prove the latter we use uniform continuity
of u, instead of the Lipschitz bounds of v.

3.5 Regularizing effect in time

From the above uniform bounds and continuity results we can also deduce uniform continuity in time
i.e. for all n > 0, there exists # > 0 such that for all (¢,s,z) € [0,7] x [0,T] x B(0, g), such that
0 <t—s<#,and for all € < ¢y we have:

|u€(t7$) - u6(87$)| < 77/'

We prove this with the same method as of Lemma 9.1 in [H] (see also [L1]] for another proof of this
claim). We prove that for any n > 0, we can find positive constants A, B large enough such that, for
any z € B(0, g) and for every € < ¢

ue(t,y) —ue(s,z) <n+ Alx — y[z + B(t —s), for every (t,y) € [0,T] x B(0, R), (31)

and
uc(t,y) = ue(s,x) > —n — Alx —y|* = B(t — ), for every (t,y) € [0,T] x B(0, R). (32)

We prove inequality (BI]), the proof of (BJ) is analogous. We fix (s, ) in [0, T[xB(0, %) Define

E(t.y) = ue(s,x) +n+ Aly — 2> + B(t —s),  (t,y) € [, T[xB(0, R),



where A and B are constants to be determined. We prove that, for A and B large enough, £ is a
super-solution to (24) on [s, T]xB(0, R) and £(t,y) > ue(t,y) for (t,y) € {s} xB(0, R)U[s, T|x9B(0, R).

According to section B.4, ue are locally uniformly bounded, so we can take A a constant such that
for all € < €,

8 || we |l (0,11xB(0,R))
R? '
With this choice, £(t,y) > ue(t,y) on OB(0, R) x [0,T], for all n, B and x € B(0, %) Next we prove

that, for A large enough, &(s,y) > uc(s,y) for all y € B(0, R). We argue by contradiction. Assume
that there exists n > 0 such that for all constants A there exists y4, € B(0, R) such that

A>

ue(syyA,e) —’LLE(S,JZ‘) > 77+A|yA,e _33|2' (33)
It follows that
‘ _ x‘ < %
YAe > A’

where M is a uniform upper bound for || uc [[ze(j0,71xB(0,r))- Now let A — oco. Then for all ,
lya,e — x| — 0. According to Section B.3, uc are uniformly continuous on space. Thus there exists
h > 0 such that if |y, — | < h then |ue(s,ya.) — uc(s,z)| < 5, for all e. This is in contradiction with
(B3). Therefore £(s,y) > wue(s,y) for all y € B(0, R). Finally, noting that R is bounded we deduce
that for B large enough, £ is a super-solution to (24) in [s, 7] x B(0, R). Since wu, is a solution of (R4)
we have

uclt,y) < &(ty) = ue(s,a) +n+ Aly — 2>+ B(t — ) forall (t,y) € [s,T] x B(0, R),

Thus (Bl)) is satisfied for ¢ > s. We can prove (B2) for ¢t > s analogously. Then we put z = y and
we conclude.

4 Regularity results for equations (B)-(@)

In this section we study the regularity properties of u. = elnn,, where n. is the unique solution of
equations (B)-([) as given in Theorem P.4. From equation (J) we deduce that u. is a solution to the
following equation

ue (t,xt+ez)—ue(t,z)

{atue = R(z, I.(t) + [ K(2)b(z + ez, I)e™ 0" dz, 2R, t>0,

34
ue(t = 0) = elnn?. (34
We have the following regularity results for wu..

Theorem 4.1. Define v = nt = exp(u.), where n. is the solution to equations ([)-({}]). With the
assumptions (§)-(13), and if we assume that (u?). is a sequence of uniformly bounded functions in
WL then u. are locally uniformly bounded and Lipschitz in [0, co[ xR,

As in section [] we prove Theorem [L.1 in several steps. We first prove an upper and a lower bound
on ue, then local Lipschitz bounds in space and finally a regularity result in time.
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4.1 Upper and lower bounds on u,

From assumption (fl) we have u%(z) < —A|z| + B. As in section B.1] we claim that

uc(t,z) < —Alz| + B+ Ct, Vt > 0. (35)
Define v(t, z) = —Alz| + B 4 Ct, where C' = by [ K(2)e??ldz + K. Using () and ([) we have

O — R(z, I.(t)) — /K(z)b(az ten L) s 0 - K, - bM/K(z)eAZdz > 0.

We also have v(0,z) = —A|z| + B > u2(x). So v is a supersolution to (B4). Since () verifies the
comparison property, equation (B4) verifies also the comparison property, i.e. if u and v are respec-
tively super and subsolutions of (B4) then v < u. Thus (BY) is proved.

To prove a lower bound on u. we assume that u? are locally uniformly bounded. Then from equation
(B4) and assumption ([j) we deduce
atuE(tax) 2 _K27
and thus

ue(t,x) > —||U8||LOO(B(O7R)) — Kot, Vz € B(0,R).

Moreover, |Vu?| being bounded, we can give a lower bound in R?

uc(t, z) > inful(0) — |Vl poo || — Kot, Vo e R (36)

4.2 Lipschitz bounds

Here we assume that v, is differentiable in x (See [[[5]). See also Appendix [J for a proof without any
regularity assumptions on ..

Let p. = Vu, - x, where Y is a fixed unit vector. By differentiating (B4) with respect to x we obtain

Ope(t,x) = VR(x, I(t)) - x + /K(z)Vb(x +ez, 1) - XeuE(t’x+€ze)7u€(t'x) dz

I3 t, — Pe t, ue(t,ztez) —ue(t,z)
+ /K(z)b(az +ez,[6)p (f,2 +€z) = pel :E)e S
€

Thus, using assumptions (§) and ([[]), we have
ue (t,xt+ez)—ue(t,z)
Ope(t,x) < Ky + Ly /K(z)b(az +ez, I )e c dz (37)

(1, — Pe(t, @) uweltates)—ue(tr)
+ /K(z)b(:ﬂ+ez,]e)p (b, +€2) = pel x)e e
€

11



Define we(t,z) = pc(t,x) + Liuc(t,z) and A (t,z,2) = w From (B7) and (B4) we
deduce

we(t,x + €2) — we(t, x) Ae(t,2)
€

dz

atwe - K2(1 + Ll) - /K(Z)b(m + €z, IE)
<20 / K(2)b(x + ez, [)e* "9 dz
B Ll /K(Z)b(x + €z, Ie)Ae(t, x, Z)eAe(t’m’z)dZ

=1 /K(z)b(az + ez, I )eReto2) (2— Ad(t,z,2))dz

< Libyre,

noticing that e is the maximum of the function g(t) = €!(2 — t) in R. Therefore by the maximum
principle, with C} = Ko(1 + L1) + L1bpre, we have

we(t,x) < Cyt + max we(0, ).
R
It follows that

pe(t,z) < Crt+ || V! |[poe +L1(B + Ot) + L ([ V|| oo 2] + Kt — ul(z = 0)) (38)
= Cgt + Cg|$| + 04,

where Cy, C3 and Cy are constants. Since this bound is true for any |y| = 1, we obtain a local bound
on |Vugl.

4.3 Regularity in time

In section [f.9 we proved that u, is locally uniformly Lipschitz in space. From this we can deduce that
Oy is also locally uniformly bounded.

Let C = [0,T] x B(zo, R) and S be a constant such that || uc [[z~()< S1 for all € > 0. Assume that
R’ is a constant large enough such that we have u.(t,z) < —S; in [0, 7] x R:\B(zq, R'). According to

(BY) there exists such constant R’. We choose a constant S such that || Vu || L0 ([0,T] x B(wo, ') < 52
for all € > 0. We deduce

we(t,z+ez)—ue(t,z)

|Opue| < [R(z, Le(t))] + /K(Z)b(ﬂf + ez, Ie)e : (Lotesi<r + Ljpyesrr)d2
< Ky + bM/K(z)eS”]l|x+ez|<R/dz + bM/K(z)]lx+EZ>R/dz
< Ky +by (14 /K(Z)652|Z|dz).
This completes the proof of Theorem [L.1].
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5 Asymptotic behavior of u,

Using the regularity results in sections | and ||, we can now describe the asymptotic behavior of u,
and prove Theorems [[.]] and [[.3. Here we prove Theorem [[.1. The proof of Theorem is analogous,
except the limit of the integral term in equation ([[f). The latter has been studied in [19, [[3, [, RJ].

Proof of theorem [I.1. step 1 (Limit) According to section [, u, are locally uniformly bounded and
continuous. So by Arzela-Ascoli Theorem after extraction of a subsequence, u,. converges locally uni-
formly to a continuous function wu.

step 2 (Initial condition) We proved that if u? are uniformly continuous then u, will be locally
uniformly bounded and continuous in [0, 7] X R?. Thus we can apply Arzela-Ascoli near t = 0 as well.
Therefore we have u(0,x) = lir% ue(0, ) = u®(z).

step 3 (ma)gu = 0) Assume that for some t,x we have 0 < a < wu(t,z). Since u is continuous
zeR

u(t,y) > § on B(z,r), for some 7 > 0. Thus we have n(t,y) — oo, while ¢ — 0. Therefore I(t) — oo
while € — 0. This is a contradiction with ([[§).

To prove that max u(t,x) = 0, it suffices to show that lin% ne(t,z) # 0, for some 2 € R From (P4)
zeR €—
we have

ue(t,r) < —Alz| + B + Ct.
It follows that for M large enough

—Alz|+B+Ct
lim ne(t, x)dr < lim e € =0. (39)
=0 Jiz|>M =0 Jiz|>Mm
From this and ([[§) we deduce
/
lim ne(t, z)de > .

we (t,x)

If u(t,z) < 0 for all |z| < M then lin%) e«

contradiction with (B9). It follows that max u(t,z) =0, Vt>D0.
zeR

= 0 and thus liné f\x\<M ne(t,z)de = 0. This is a

step 4 (supp n(t,-) C {u(t,-) = 0}) Assume that u(tg, z9) = —a < 0. Since u, are uniformly contin-
uous in a small neighborhood of (g, 20), (¢, ) € [to—6, to+0] xB(xo, §), we have u(t,z) < —§ < 0 for e

. we (t,z)
)hm e~ e dtdr = 0.

e—0

small. We deduce that f(t’x)e[t0_67t0+6}XB(xOﬁ) n(t, z)dtdr = f(t,x)e[to—é,to+6}xB(xo,é

Therefore we have supp n(t,-) C {u(t,-) = 0}.
step 5 (Limit equation) Finally we recall, following [f], how to pass to the limit in the equation.

Since u, is a solution to (B4)), it follows that ¢(t,z) = ue(t, ) — fg R(z,1.(s))ds is a solution to the
following equation

Orpe(t, ) — eNpe(t, ) — |V (t, z)|> — 2V (t, z) - /0 VR(z,1.(s))ds
:e/ AR(w,IE(s))ds—H/ VR(z,I.(s))ds|?.
0 0

13



Note that we have I.(s) — I(s) for all s > 0 as € goes to 0, and on the other hand, the function
R(z,I) is smooth. It follows that we have the locally uniform limits

t

lim R(a;,IE(s))ds:/O R(z,I(s))ds,

e—0 Jo

t

t
lim [ VR, I(s))ds = / VR(z, 1(s))ds,
€= 0 0

t

t
liII(l) AR(m,Ie(s))ds:/ AR(x,1(s))ds,
«=0.Jo 0

for all ¢ > 0. Moreover the functions fg R(x,1(s))ds, fg VR(z,I(s))ds and fg AR(x,1(s))ds are
continuous. According to step 1, u(t,z) converge locally uniformly to the continuous function u(t, x)
as € vanishes. Therefore ¢.(t,x) converge locally uniformly to the continuous function ¢(t,x) =
u(t, z) — fot R(x,1(s))ds as € vanishes. It follows that ¢(t,z) is a viscosity solution to the equation

orp(t,x) — |Vb(t,z)|* — 2Vo(t,z) /0 VR(x,1(s))ds
:\/0 VR(z,I)ds|*.

In other words u(t, ) is a viscosity solution to the following equation

ouu(t,z) = |Vu(t,z)|> + R(z, I(t)).

O
A Proof of theorem 2.7
A.1 Existence
Let T > 0 be given and A be the following closed subset:
A={ueC(0,7), L' (RY), u >0, | ult,) |1, < a},
KoT
where a = (f ngdx) e e . Let ® be the following application:
d:A— A
U — v,

where v is the solution to the following equation

(40)

dv —elv =2R(z,I,(t), z€eR,t>0,
v(t =0) =n?.

14



I,(t) = Y(z)u(t,x)dx, (41)

and R is defined as below

R(z,I) if Lo <I<2Iy,
R(z,I) =< R(z,2Iy)  if 20y <1,
R(z, L) if 1<p.

We prove that
(a) @ defines a mapping of A into itself,
(b) @ is a contraction for 7" small.

With these properties, we can apply the Banach-Picard fixed point theorem and iterate the con-
struction with 7T fixed.

Assume that u € A. In order to prove (a) we show that v, the solution to (fi0)), belongs to A. By
the maximum principle we know that v > 0. To prove the L' bound we integrate (f0)

/vda:—/ —R(z,I,(t))dz < = maxR(wI()/vdwgé/vdx,
dt € zeRd €

and we conclude from the Gronwall Lemma that

KoT
|v|l< </n8da:> et =a.

Thus (a) is proved. It remains to prove (b). Let uj, us € A, v1 = ®(u;) and vy = ®(ug). We have

@@q—vﬁ—e&@l—m):%Km—wﬁR@Jm)+w(R@Jm)—R@J@»]

Noting that || vo |1 < a, and |R(z, I,,) — R(z, I,)| < Ki|lu, — Lu,| < Kivar || ur — ug || we
obtain

K 20 K1
— o1 =2 < =2 or—va g+ [ ug —up 11 -
dt €
Using v1(0, -) = v2(0,-) we deduce
2a K1, KT
| v1 —v2 ”L;’OL}CS Tz(e o = 1) [ ur —ug HL?"L}C .

KoT = KoT

Thus, for T" small enough such that e (e«

-1)< 4KK720 ® is a contraction. Therefore ®
19 [’
has a fixed point and there exists n. € A a solution to the following equation

Rz, I(t), x€R,0<t<T,

Oine — €Ane =
ne(t =0) = n(.



With the same arguments as [A.J we prove that IT’” < I(t) < 2Ip and thus n. is a solution to

: KT KT Kt
equations ([l)-(B) for t € [0,7]. We fix T small enough such that e—= (e~c — 1) < SKiga Ty Lhen
we can iterate in time and find a global solution to equations ([l)-(f).

Applying the maximum principle to the equation we deduce that n. is nonnegative.

A.2 Uniform bounds on [(t)

We have
le d
[ v@ntoys = [ v@ondtaint ¢ [ v@ndtoRe L0
dt dt R4

We define ¢y, = xr - ¢ € WS?C(RC[), where xr is a smooth function with a compact support such
that XL‘B(O,L) =1, XL‘R\B(O,ZL) = 0. Then by integration by parts we find

V() Ane(t, v)dr = DAY (x)ne(t, z)dz.
R4 Rd

As L — 00, ¢, converges to 1) in W2°°(R?). Therefore we obtain

lim DAY (z)nedr = Ap(z)nede,
L—oo Jpd Rd
lim/ Yr(x)Anc(t, z)dr = Y(x)Ane(t, z)dz.
L—oo JRpd R4

From these calculations we conclude

dl.
P Ap(z)ne(t, x)dx—l- T,Z)( Jne(t,z)R(x, I(t))dx.
Rd
It follows that
—1I I I —1I I I
Tt R 1) < Gy s g et gy R L)
Let C = ClKl . As soon as I, overpasses I; + Ce?, we have R(z,1.) < —CK—ff = —¢2 gﬂll and thus ddltf

becomes negatlve. Similarly, as soon as I, becomes less than I,,, — C'€?, Cg; becomes positive. Thus
(I8) is proved.

B A locally uniform BV bound on I, for equations (B))-(@)

In this appendix we prove Theorem P-4, We first integrate () over R? to obtain

%Ie(t) _ %/ne(t,:n)(R (2, 1(6)) + b (., L.(1)) ) da
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Define J.(t) = %Ig(t). We differentiate J. and we obtain

d

S = L /nﬁ(t,:n)%(x,]e(t))dx

+ ;2 / (R(a;, I) + b(x,[e)) [ne(t,x)R(x,Ie) + /KE(y —x)b(y, IE)nE(uy)dy] do.

We rewrite this equality in the following form

%Je(t) zlJe(t)/nE(t ;C)W( L)z + — /ne(t,w)(R(x,I)+b(x,]))2d:r

//K = 2)(R(x, 1) = R(y, 1)) by, Ie)ne(t, y)dyda
_//K —)(b(z, I) = b(y, 1)) b(y, Le)ne(t, y)dyda.

It follows that

CZJ() %Je(t)/ne(t,;p)wgp,[ﬁ(t))dx—1—Eiz/ne(t,:n)(R(:n,I)+b(:p,[))2d:r

K L
—%//K(Z)Mb(:ﬂ+€Zafe)ne(t,:n+ez)dzd;g

> %Je(t) /ng(t,x)ww,h(ﬂ)dm + ;2 /ne(t,x)(R(a:,I) + b(a:,I)) dx — ﬁ

€
where C is a positive constant. Consequently, using ([[3) we obtain

GO0 = =2

€ €
From this inequality we deduce

Thus (R2) is proved. Finally, we deduce the locally uniform BV bound (R3J)

/0 dt (t)|dt = / = dt—|—2/0T(i[E(t))_dt

dt
< Iy — I, +20T+0(1).
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C Lipschitz bounds for equations (B)-(@)

Here we prove that u. are locally uniformly Lipschitz without assuming that the latter are differn-
tiable. The proof follows the same ideas as in section (.2,

Let ¢ = %. From (B4)) we have

O (ue(t,x + h) — uc(t, x) + ¢h(2uc(t,x + h) — uc(t,z)) — (1 + 2¢h)R(x + h, I.) + (1 + ch)R(x, L)

= /K(z)b(a:—i—h—kez,lg)e dz—/K(z)b(a:—Fez,IE)e

ue(t,z+h+ez)—ue(t,z+h) we (t,x+ez)—ue(t,x)
€ €

dz

ue (t,z+h+ez)—ue(t,z+h) we(t,x+ez)—ue(t,x)
€ €

+¢h( / K(2)2b(x + h+ ez, I )e dz — /K(z)b(:lt +ez, I )e dz)

Define o = Yelbetz)zue(te) g welbathtz)-uebath) - A(¢ 1) = 2u (¢, 2+ h) — uc(t, z) and we(t, z) =

€ €
w + ¢A(t,x). Using the convexity inequality

el <e*+eP(B— ),
we deduce
hdpwe(t,z) — (1 + 2eh)R(z + h, 1) + (1 +ch)R(z, I.)
< /K(z)b(a: +ht ez, 1) (€% + eB(6 — 0))dz — /K(z)b(a: ez I)e dz
+eh( / 2K (2)b(z + h+ ez, I.)ePdz — / K(2)b(x + ez, I.)e*dz)

< /K(z) (b(x 4+ h+ez, 1) — bz +ez,I))edz
At,z +ez) — A(t, x)

€

+/K(z)b(az—l—h—kez,lg)eﬁ(ﬂ—a+Eh )dz
+7¢h / K(2)b(x + h+ ez, I.)e? (2 — 28 + a)dz — Eh/K(z)b(x + ez, I )e%dz.

From assumptions (f) and ([[1) it follows that

ef We(t, T + €z) — we(t, x)
€

dz

Orwe(t, x) < /K(z)b(a: +h+ez I
+ Ky + 36K + / K(2)(ebare® (2 — 26 + a) + (Libas — @by)e®)dz.
Notice that
ehare® (2 — 28 + a) + (Libys — @by )e® = hpre® (2 — 28 + ) — Libyre®,

is bounded from above. Indeed if we first maximize the latter with respect to # and then with respect
to o we obtain
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bME2
Ly

ehpre® (2 — 26+ a) — Libyre® < 2ebpre? — Lybyre® <

We deduce

t,x +ez) —we(t,x)
€

dz + G,

Owe(t,r) < /K(z)b(m +h+ezI)e? wel

where G is a constant. Therefore by the maximum principle, (BY) and (Bd) we have

we(t,x) < Gt+ || Vug ||Le —2¢A|z + h| + 2¢B —Eug(x =0)+c| Vug Lo ||

Using again (B3) and (B) we conclude that

ue(t,x + h) —u(t, )
h

< (G+2ZKy)t +2( — A+ || Vil ||pe ) (Jz] + 2|z + h]) (42)
+3¢B+ || VU || —3¢inf ul(z = 0).
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