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On the Korteweg-de Vries long-wave approximation of the
Gross-Pitaevskii equation II

Fabrice Béthuel ! Philippe Gravejat 2 Jean-Claude Saut % Didier Smets *

March 27, 2009

Abstract

In this paper, we proceed along our analysis of the Korteweg-de Vries approximation
of the Gross-Pitaevskii equation initiated in [ff]. At the long-wave limit, we establish that
solutions of small amplitude to the one-dimensional Gross-Pitaevskii equation split into two
waves with opposite constant speeds £1/2, each of which are solutions to a Korteweg-de
Vries equation. We also compute an estimate of the error term which is somewhat optimal
as long as travelling waves are considered. At the cost of higher regularity of the initial data,
this improves our previous estimate in [.

1 Introduction

1.1 Statement of the results

In this paper, we proceed along our study initiated in [E] of the one-dimensional Gross-Pitaevskii

equation
100 4+ 02T = U(|¥2 — 1) on R x R, (GP)

supplemented with the boundary condition at infinity
|U(x,t)] — 1, as |x| — +oo.

This boundary condition is suggested by the formal conservation of the Ginzburg-Landau energy
1 1
B = [ 10wf+ g [Py
R R

In this paper, we will only consider finite energy solutions to (GH).

The Gross-Pitaevskii equation is integrable by means of the inverse scattering method, and
it has been formally analyzed within this framework in [Lf], and rigorously in [[4]. Concerning
the Cauchy problem, it can be shown (see [I§, [, fl]) that (GD) is globally well-posed in the

spaces
XFR) = {u € L (R,C), s.t. 1 — [u]* € L*(R) and Oxu € H* ' (R)},
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for any k > 1. More precisely, we have

Proposition 1 ([{]). Let k € N* and ¥y € X*(R). Then, there exists a unique solution U(-,t)
in CO(R, X*¥(R)) [] to (GA) with initial data Vo. Furthermore, the energy E is conserved along
the flow.

If u belongs to X' (R) and satisfies

2
<\/§’
3

then it does not vanish, and we may write u = |u|exp i, where 6 is continuous (see e.g. [t]).
Here, we will focus on solutions with small energy, so that in view of the conservation of the

energy, we may write
More precisely, we will consider initial data which are small long-wave perturbations of the

constant one, namely
1

o(x,0) = (1= FN(ex))

o(x,0) = GLﬁ@g(EX),

where 0 < & < 1 is a small parameter, and N? and WY = 9,0¢ are uniformly bounded in some
Sobolev spaces H*(R) for sufficiently large k. We will add two additional assumptions on S
and N?. We will assume that

N2 sty + 119202 pey < +o00. (1)

Here, || - || sy denotes the norm defined on L{, (R) by

/abf(a;)da:
3

€

T =e(x+V2), 2T =e(x—V2t), and 7 = —=t.

(c+ VB), @t = elx — VB N
The definition of the new coordinates = and 2™ corresponds to reference frames travelling to
the left and to the right respectively with speed v/2 in the original coordinates (x,t). We define

accordingly the rescaled functions N and ©F as follows
6 6 szt 41 221
+o4 _

Na (l‘ 77—) - 6_277(X7t) - 6_277<? + 6_37 6—3)’

V2 o) = V2 (1 £ o7 2V,

+/..x
@s (l‘ 77—) = T‘:D(Xv t) c c 6_3’ 23

I fllmew) = : (2)

sup
(a,b)eR2

We next introduce the slow coordinates

3)

where = 1 — p2. Setting

our main result is

'Here, the space X*(R) is endowed with the distance
A a(u,0) = [lu =l Lo (-a,a) + 185w = Oxvl| gri-1.r) + lllul = [v]llz2w).

for some given A > 0 (see e.g. [E, E] for more details).



Theorem 1. Let k > 0 and e > 0 be given. Assume that the initial data ¥q belongs to X*+6(R)
and satisfies the assumption

IN2 ) + 10020 meey + IN2ll s my + €llOFTOND | 2m) + 110202 sy < Koo (5)
Let U™ and U™ denote the solutions to the Korteweg-de Vries equations
oMU+ U +U 0, U =0, (KdV)

and
oUt = .Ut —UTo Ut =0, (6)

with the same initial value as U, respectively US. Then, there exist positive constants €1 and
K1, depending only on k and Ky, such that

U= Cor) = U™ o) ey + 10U Com) = U Cm) ||y < Kae® exp Ko7, (7)
for any 7 € R provided € < e1.

Remark 1. In the original time variable, the Korteweg-de Vries approximation is valid on a

time interval t € [0, 7;] with
Te = 0(7’ 10g§€)’> .
€

Moreover, the approximation error remains of order O(g?) on a time interval ¢ € [0,77] with
T! = O(e73).

In order to explain the statements of Theorem [[, it is presumably useful to recast them in
the context of known results about the long-wave limit of the Gross-Pitaevskii equation. First,
we rewrite ([GH) in the slow coordinates (y, s) = (ex, et) and set

( na £X, 5t)>

wae(ex et),

l

axso(x t)
In this setting, (GP)) translates into the system for n. and w,

Osne — \/§8wa = —%ay(newe)

a Te : ne)? (8)
o Vi, -5 )

It has been shown in [J] that for suitably small data and times, this system is well-approximated
by the linear wave equation. More precisely, assume that s > 2 and

K(3)€2H(Nao7WaO)HHSH(R)xHS(R) <1,

where K (s) refers to some positive constant depending only on s. Let (n, o) denote the solution

of the free wave equation
O — \/ii?ym =0,
_ _ (9)
dsto — /20,n = 0,

with initial data (N2, WY). Then, for any 0 <t < T., we have

H(n67 wE)('? Et) - (n7 m)('? Et)”H“’*Q(R)xHS*?(R)

< K(S)Egt(H(NaanaO)”HSH(R)xHS(R) + (N2, WaO)H%ISJrl(R)XHS(R))’



-1 .
where T. = (K (s)e®||[(N, W) || gs+1myx o))~ - In particular, when [[(N2, W2) || =1 @)x i+ (r)
remains uniformly bounded, then T, = 0(6_3), and the wave equation is a good approximation
for times of order 0(5_3). The general solution to () may be written as

(n,10) = (n",107) + (0", w7),
where the functions (n*, ®) are solutions to (f]) given by the d’Alembert formulae,
(nt(y, s), 0T (y,5)) = (N (y — V25), W (y — v25)),
(0 (y,5), 0 (y,8)) = (N~ (y + V2s), W~ (y + V2s)),

where the profiles N* and W+ are real-valued functions on R. Solutions may therefore be split
into right and left going waves of speed v/2. Since the functions (n*, r*) are solutions to (), it
follows that

9,(N* +W*) =0, and 8,(N~ — W) =0,
so that, if the functions decay to zero at infinity, then
NY F W7

Nt =W+ = 5

Theorem [[] extends our earlier results in [[f] (see also [[] for an alternative approach and
an extension to the higher dimensional case). It shows that the Korteweg-de Vries equation
provides the appropriate approximation for time scales of order (’)(5_3). The definition of
the new coordinate x*, respectively 2™, corresponds to a reference frame travelling to the
left, respectively to the right, with speed v/2 in the original coordinates (x,t). In the frame
corresponding to z~, the wave (n~,mw~), originally travelling to the left, is now stationary,
whereas the right going wave (n™ tv") now has a speed equal to 8e=2. The coordinate z~
is therefore particularly appropriate for the study of waves travelling to the left, whereas the
coordinate ™ is appropriate for the study of waves travelling to the right. In [, we imposed
some additional assumptions which implied in particular the smallness of U, so that it was only
the study of waves going to the left which was addressed. This approach simplifies somehow the
analysis.

In this paper, we remove this smallness assumption, at the cost however of new assumption
(), and we analyze both waves at the same time. Finally, we would like to emphasize also that
comparing Theorem [I] with Theorem 1.4 in [, the error term now involves €2 instead of . As
explained in [, the €2 is somewhat optimal, as the specific examples provided by travelling
waves show. This improvement is related to the fact that we use higher order derivatives. As a
matter of fact, the same improvement holds in the setting of Theorem 1.4 of [ff]. More precisely,

we have

Theorem 2. Lete > 0 and k > 0 be given. Assume that the initial data ¥q belongs to X*+6(R)
and satisfies
IN2|| gt ) + €lOETOND| 2my + 10202 griss gy < Ko (10)
Let N* and W* denote the solutions to the Korteweg-de Vries equation
O-UT F PUT FUFdUT =0,

with initial data N2, respectively 0,0°. There erists positive constants €3 and Ka, depending
possibly on Ky and k, such that

INF(,7) = NECo) ey + VG 1) = 0002 G ey )
< Ky (62 + ||N£ + am@2||Hk(R)) exp Ks|7|,

for any T € R, provided ¢ < e5.



Remark 2. If the term ||N? £ 0,0 m+(r) is small, then the Korteweg-de Vries approximation
is valid on a time interval (in the original time variable) ¢ € [0, T;] with

. O<min{|10g(€)| |log(| NZ' £ 0:02 s (w))| })

g3 g3

In particular, if |N? 4+ 8,07 arr) < Ce®, with o > 0, then the approximation is valid on a
time interval ¢ € [0,77] with T/ = o(e7*|log(e)]). Moreover, if [|NY + 8,02| (g, is of order
O(g?), then the approximation error remains of order O(g?) on a time interval ¢ € [0, T/] with
T = O(e3).

The main difference between Theorems [[] and [ is that the second one involves the functions
NZ and 0,07 instead of UF. The error term in ([LT) involves the quantity || N? 4+ 9,09 H*(R)>
which is small if the wave travelling in the other direction is small. Let us also emphasize that,
in contrast with the assumptions of Theorem [, the assumptions of Theorem P do not involve
any assumption on the M-norm.

Finally, it is worthwhile to notice that similar issues have been addressed and solved in the
case of the long-wave limit of the water wave system. In a seminal work [[L0], Craig proved the
first rigorous convergence result towards the Korteweg-de Vries equation, under assumptions
which are similar in spirit to the ones in Theorem [}, focusing on a wave travelling in a single
direction. Schneider and Wayne [[f] completed the analysis and were able to handle both left
and right-going waves at the same time, a result similar in spirit to Theorem [l Bona, Colin
and Lannes provided a sharp error estimate in [ (see also [[q]). The asymptotics were fully
justified in [[l], as well as in the higher dimensional case. In another direction, Ben Youssef and
Colin considered in [f] similar limits for general hyperbolic systems.

1.2 Some elements in the proofs

The proofs are somewhat parallel with the proofs in [E], so that we will try to emphasize the
new ideas and ingredients. Concerning Theorem [[, the left and right going waves U and Uz
play the same role in estimate ([), so that we may focus for instance on the estimates on U_ .
In order to simplify our notation, we set N. = N;, 0. =0_,U. =U_,U =U", and

r=1" =e(x+V2t).
We also introduce the new notation
1 n 8
Ve(z, 1) = §<N€(x,7') - 8w®€(x,7')> =U; <:17 — 6—27', 7'), (12)

and compute the relevant equations for U, and V,

0-U. + 03U, + U.0,U. = f. — er,, (13)
where
_ 1 2 2 1 _
= ax(gva V. + gUavg) = 0, F., (14)
and g
67"/6 + _28mV€ = g + €2T€7 (15)
g
where 1 ] ]
e = 0y (8§N5 V2 U2 - gUav,g) = 9,G.. (16)

5



The remainder term 7. is given by the formula

N.92N. + (0N:)?
6(1—5N.)  12(1— 5N

re= 0 ( ) = 0.R. (17)

On the left-hand side of ([[J), we recognize the (KdV) equation, whereas on the left-hand side
of ([[§), we recognize the transport operator with constant speed —8¢72, which stems from the
fact that we are working in moving frames with speed +4¢~2. It remains to establish that the

terms on the right-hand side of ([[3) behave as error terms. The first step is to establish that
all quantities are uniformly bounded on finite time intervals.

Proposition 2. Let k € N. Given any € > 0 sufficiently small, assume that the initial data
Wo(-) = W(-,0) belongs to X*+1(R) and satisfies the assumption

”NSHHk(m + E“8£+1NEO“L2(R) + Hax(agHHk(R) < Ko, (18)

where Ky is some given positive constant. Then, there exists a positive constant K depending
only on Ko and k, such that

NG ) ey + €l NG ) L2 @) + 1000 )l ey < K exp K7, (19)
for any 7 € R. In particular, we have
UG Dl ey + 1V ) ey < K exp K7 (20)

Remark 3. Here and in the sequel, when we write € sufficiently small, we mean that 0 < ¢ < g,
where ¢ is some constant which depends only on Ky, but not on the order of differentiation k.
In the course of our proofs, the constant £ is determined so that, when assumption (@) holds,
the energy of W is sufficiently small in order that (2.3) holds.

It follows from Proposition [ that the quantity r. remains bounded on finite time intervals,
so that the error term £2r. is of order €2 as desired in Theorem [. In contrast, the term f.
describes the interaction of the two waves and is therefore more delicate to handle. Since V;
is not supposed to be small in Theorem [i] (in contrast with Theorem E), f is not small in
general. However, due to the dynamics, the interaction turns out to be of lower order. Indeed,
in view of ([[J), at leading order, the function V. is shifted to the left with speed 8¢~2. Since
the definition of f. strongly depends on the function V%, a related property also holds for f., so
that the average interaction turns out to be small. To provide a rigorous justification of this
last claim, we need however to localize the functions U, and V.. This leads us to use the norm

I llamem)-
As in [H], our proofs rely on energy methods. We introduce the difference Z. = U. —U, which
satisfies the equation

0-Ze+ 7. + U Ze + Z.0U + 2.0, 7. = fo — €21 (21)

In order to compute the L2-norm of 9¥Z., we apply the differential operator 9* to (B1]), multiply
the resulting equation by 9¥Z. and integrate on R to obtain

1 1
SO0 Z ey = — [ Oz )0tz — 5 [ ok (220t
R R

+/%ﬂ%&—¥/%m%&.
R R



Setting

;/ /(a’;ze)z, (22)
0o JR
and integrating in time, we are led to the differential equation
a Zk / /ak-‘rl Z/{Z akZ _ / /ak-‘rl Z2 8k
+ / / ok f.0kz, — & / / .0k Z.
o JR 0o JR

The proof of Theorem [ then follows applying the Gronwall lemma to (R3) provided we are first
able to bound suitably all the terms on the right-hand side of (BJ). The first, second and fourth
terms can be handled thanks to Proposition f. Indeed, we will show in Section [] that these

terms can be bounded as follows
+1 [ ew KIsl 1209l s| ). (2

/T/a;““(uza)afza gK(‘/T/ (9F2.)
//akﬂ (22)k 2. <K< / (0kZ. ' '/ exp K|s| | Z(-, s)|l e (m) ) (25)
. (26)

/ /a;;rsa;;ze gK'/ exp K1s] 1122 (- 8)l| e s
0 R 0

For the third term, we will prove

(23)

Proposition 3. Let € > 0 be given sufficiently small. Given any k € N, assume that the initial
datum Wo(-) = W(-,0) belongs to X*+6(R) and satisfies (f) for some positive constant Ko. Then,
there exists a positive constant K depending only on Ky and k, such that

/ o 1.0k 2.
0 R

< Ke? ((ez 1108 2,7l 2wy exp K| + ‘ | oo Kls] 1269

(27)

)

for any T € R.

Combining (R3) with bounds (P4), (B§) and (7)), we will obtain
0:-28(1) < K(sign(T)Zf(T) + et exp K|T|>

The proof of Theorem [I] will then follow applying the Gronwall lemma.

We next say a few words about the proof of Proposition f]. For sake of clarity, we assume
here that £ = 0. For given 7 € R, we then have

/ /fEZ€:/ / laﬂﬁvg_agvs"i’lam(Ueve)>25
0 R
//av —V.Z. - 0*Z. + UZ //aUVZ

For the first integral on the right-hand side, we use transport equation ([[§) and write

(28)

g2

5x‘/}=§(—57‘/}+ga+€27‘a).

7



This change makes apparent an €2 factor, and then we continue the computation using integra-
tion by parts for the time and space variables as well as the bounds provided by Proposition
. Tt remains to handle the second integral on the right-hand side of (R§), which does not in-
volve as before the spatial derivative 0, V.. We somewhat artificially introduce such a derivative
considering an antiderivative Y. of V. defined by

Ta(va) = /_g;‘/a(yﬂ-)dyv (29)

where the positive number R will be suitably chosen in the course of the computations. We

obtain . -
| [ovvz— [ [auvor.z.
o Jr 0o Jr

The function Y. satisfies a transport equation, namely
8 8

so that it is possible to implement a similar argument as above replacing 9, Y. by the expression
provided by (B{). In order to perform our computation, it turns out that we only need to obtain
some control in time of the L°°-norm of Y., which essentially amounts to controlling the M-
norm of V.. At initial time, this corresponds to assumption () on N? and 9,0?. For later time,
we have

Lemma 1. Let 0 < Ey < ¥ and Ug € M(R) N X*(R) be given such that E(Vg) < Ey. Then,
there exists a positive constant K, depending only on Ey, such that

195 8) || sy +V 2110505 ) | mry < K<H770||M(R) +V2(|0:¢° |y
t (31)
] [ (10 iy + I ey + 109,00 e )

)

In the slow coordinate ¢, Lemma [I] provides a control on the norm ||Y.| fec(r), which is
independent of € and grows linearly in time.

for any t € R.

Lemma 2. Let e > 0 be sufficiently small. Assume that the initial datum Vo(-) = V(-,0) belongs
to X*(R) and satisfies assumption ([§) for k = 3 and some positive constant Ky. Then, there
exists a positive constant K, which does not depend on € nor T, such that

IN-C ) ey + 1002, ) Laucey < K (INlaaqey + 10:0%0 ey + 1)), (32)

for any 7 € R. In particular, we have
1U=Co P llaacey + IV D)Ly < K (108 wagey + IVl aacey + 1) (33)

The proof of estimate (7) follows combining the bounds of Proposition ] and Lemma .

We next give some elements of the proof of Theorem . Notice first that the functions N
and Gx@f associated to the coordinates + and = play the same role in Theorem P, so that
we may focus again for the estimates on N. = N and 0,0, = 0,0_. Recall that the main
differences with respect to Theorem [] are that Theorem | addresses the functions N. and 9,0,



instead of U, and does not involve any assumption on M-norms. The proof of Theorem [ is
however parallel to the one of Theorem [I. We write for the function N,

[Ne = Nl ey < WVellrmy + 10U — Ull ey + 1 = N ey, (34)
since by definition, V. = N. — U.. Similarly, the functions 0,0, and W satisfy
1020 = Wl grwy < IVellarwy + 10 = Ull ey + 1U = W ey (35)

so that the proof of ([[T) reduces to bound each of the terms on the right-hand side of (4) and
(BY). For the H k_norm of V., we invoke again energy estimates, based now on equation (L3).
This yields

Proposition 4. Let ¢ > 0 be sufficiently small. Given any k € N, assume that the initial datum
Uo(-) = U(-,0) belongs to XFTO(R) and satisfies ([[0) for some positive constant Ky. Then, there
exists a positive constant K depending only on Ky and k, such that

IV=Com) e gy < K (V2 ey + €2) exp K7, (36)
for any T € R.
Similarly, concerning the differences between the solutions to (KdV]), « and A on one hand,

and U and W on the other, we invoke a general stability result for the Korteweg-de Vries
equation, which we recall for the sake of completeness.

Lemma 3. Let k € N be given. Consider two functions FO and G° in H*"2(R) and denote F
and G the solutions to (KdV]) with initial data F°, respectively G°. Then, there exists a constant
K, depending only on k and the H**2-norms of F* and G°, such that

IF(7) = GE) sy < KIF® = GOl i gy exp K71, (37)
for any T € R.
In view of Lemma [, and the fact that
uO_WO :N’O_Z/[O:‘/;O’
we are led to
A7) = NG sy + UG T) = W) ey < KNV ey exp K7, (38)

for any 7 € R. Going back to (BJ), it remains to estimate the term ||U. — U/|| g ®) = 1 Zell tr (m)-
An upper bound for this term was given in Theorem [l| using bounds on the M-norm of N, and
0;0.. Here, we use instead the estimates of Proposition [] to bound the interaction terms.

Proposition 5. Let € > 0 be given sufficiently small. Given any k € N, assume that the initial
datum Wo(-) = W(-,0) belongs to X* O(R) and satisfies ([[T) for some positive constant K.
Then, there exists a positive constant K depending only on Ky and k, such that

/ / o 1.0 2.
0 R

for any T € R.

<Ke?(& 4 V2l gy + 10522, 7) | 2wy ) exp K|

(39)

)

(2 1V )| [ xo K1l 125

We then adapt the arguments of the proof of ([]) in order to obtain that
[Ue(-s7) — u('aT)HH’C(R) < K(E2 + |W50”Hk(R)) exp K|, (40)

for any 7 € R. Combining with inequalities (B4) and (BH), and bounds (Bf) and (Bg), this will
complete the proof of Theorem .



1.3 Outline of the paper

This paper is organized as follows. In the next section, we provide the proofs to Proposition [,
and Lemmas [ and ] In Section [, we prove Proposition . The proof of Theorem [] is completed
in Section [, whereas we derive Proposition [|, Lemma [, Proposition f|, and finally Theorem
B in Section f. In a separate appendix, we extend the arguments of the proof of Lemma [] to
provide a rigorous framework for the notion of mass and establish its conservation.

2 Bounds for the rescaled functions

In this section, we establish a certain number of bounds for the rescaled functions N., 9,0, U.
and V., which are useful in the course of the proofs of Theorems [I] and f. We first derive the
Sobolev bounds of Proposition ], and then we compute estimate (B2) of Lemma .

2.1 Sobolev bounds

Two different arguments are under hand to derive the Sobolev bounds given by inequality ([[9).
The first one relies on the integrability properties of (GH). It is proved in [ff] that the quantities

E(9) = E(9),
_ l 2 2 § 2 1/ 2 l/ 3

1 5 5) )
Ba(v) =5 [ 1020P+ g [l + 5 [ 100w+ 3 [ dtalocwr = [ wiotur
15

. § - 2 2 5 /
4/Rn(3xn) + /Rn 0 W[ + 6 7
and

=3 [ lotw+ /\nP RO R T R,
+345/ 20202 — /( 12/0, \1'12——/ 10,0 2|520[2 / 2, (0,0, 930)

—7/|ax1u| (0.0, 93) — 325/na2 0, W[2 — 35/3|a\1f|2—_5/ DO u[t — 176/77,

are conserved along the Gross-Pitaevskii flow, provided that the initial datum Wg belongs to
X*(R). Notice that, for 1 < k < 4, the quantities £}, defined above give a control on the L?-
norms of the functions 0¥ and 9¥~'n. As a matter of fact, invoking the Sobolev embedding
theorem, one can establish that there exists some universal constant K such that

9 k+1
By(@) < K (16l + 11— 1Pl

for any function ¢ € X*(R). Similarly, there exists a positive constant K (E1(1),. .., Ex_1(¢)),
depending only on the quantities F1(¢)), ... and Ex_1(%), such that

002 gy + I = [P gy < KBV, By () Ea(w).

In particular, the conservation of the quantities Ej (V) along the Gross-Pitaevskii flow provides
bounds on the Sobolev norms of the functions ¥ and 7, which only depends on the X*-norms
of the initial datum Wq. In the rescaled variables, we obtain

10



Proposition 2.1 ([ff]). Let 0 < k < 3 and £ > 0 be given sufficiently small. Assume that the
initial datum Wo(-) = U(-,0) belongs to X¥T1(R) and satisfies assumption ([[§) for some positive
constant K. Then, there exists a positive constant K, which does not depend on € nor T, such
that

INC ) gy + €l NP2y + 10006 () |k ry < K, (2.1)

for any T € R.

Inequality (R.1]) presents the advantage to be uniform in time. We will invoke this property
to derive Lemma P. We believe that inequality (R.I]) remains valid for higher order Sobolev
spaces. However, it seems rather involved to prove this claim since this requires to compute, or
at least to describe precisely, the higher order invariants of (GH) (see [f] for more details).

In order to compute higher Sobolev bounds, we rely on the energy estimates derived in
[l in the context of the wave limit of the Gross-Pitaevskii equation mentioned above in the
introduction. More precisely, given any k € N and any positive number Fy < %, we consider
some initial datum ¥y € X*(R) such that E(¥g) < Ey. Then, there exists a positive constant
mo, depending only on Fj, such that

< o) < - 2.2
m x,t)] < —, .
0= o
for any (x,t) € R? (see [[]] for more details). Under this additional assumption, the computation
of energy estimates for system (f]) achieved in Proposition 1 of [[J], provides the inequality

I
AT (1) < K(k,mo)e? (122 - L) (195, D)l 4105 D ) (TEO+ 22 23)
where K (k,mg) is some positive constant which does not depend on ¢ nor ¢, and where the

function y. is defined by

1€ OpNe g2
Ye = We + — , where m, =1 — —n,,

V2 me 6

while the notation T'*(¢) refers to the functional

1
TE () = [08me (-, 1)1 3amy + lme (1) 2080 1) 32 ny- (2.4)

In view of (R.9), and since we have

the quantity F'g controls the H¥-norms of n. and y.. Going back to the original setting, we have

in particular,
144 t
0(4) —
L) = g3 E<\II<’E>>’

so that, by the conservation of the energy,

144
o) = —5 E(Wo). (2.5)
Proof of Proposition [§. In the case k < 4, Proposition [ is a direct consequence of Proposition
R In the case k > 4, the proof of Proposition | is obtained applying the Gronwall lemma
to inequality (B-3J), using identity (B.§) and bounds (R-). We conclude rescaling the derived
inequality in the variables N, and 0,.0-..

11



More precisely, invoking assumption ([[§) for k£ = 0, we first compute in the rescaled setting,

3

€ g2 amNg 2
B0 = oy [ (ar20.007 + vop 4 0D ) < e (2:6)

where M? =1 — %NEO and K is a positive constant depending only on Kj. In particular, given
any ¢ sufficiently small, assumption (2-2) holds for mg = 3, so that in view of (23) and (25),

we are led to
/ Ac(s)ds
where

Ac(t) = K (k,mo)e? (1 + ellne (1) 2o ) (1027 (-, )| oo ) + 1029, D)l oom)) - (28)

k() <%0 exp‘/ s)ds

1
+ 8E(\I/o (exp

- 1> (2.7)

We now rescale inequality (B.7]) in the variables N. and O, using the fact that

A 2V/2 AT 2V/2
N:(z,7) =n. (a: ~ = 6—27'), and 0,0.(z, T) = we (x ~ 23 )
In this scaling, definition (2.4) may be written as
2\/_7' 1
Er) = TE(257 ) = 105N, ) ey + 1ML m) 205V () ey (2.9)

where Y; = 0,0, + \’/E—ast and M. =1 - e % Ne. Similarly, definition (B-§) may be rescaled as
\/_ 22T
< g2 )

5
62

A7) = = K (k,mo) (1 +€l| Ne(- 7)llzo ) (10 Ne (-, 7)o + 102 Y=(, 7)[[oe ),

/O " A(s)ds /0 " A(s)ds| - 1).

Invoking assumption ([[§) for k¥ = 2, and the Sobolev embedding theorem, Proposition P.1]
provides

so that inequality (P.7) becomes

18

Vi) < VEO)exp + 2350 (e

A7) < K,
for any 7 € R, where K is some positive constant depending on k and Ky. Hence, by (R.6),
YE(T) < (YE(0) + K) exp K7].
The proof of ([[9) then follows from definition (R.9) and inequalities (2.9). Inequality (PQ) is a
direct consequence of definitions (l) and ([2). O

2.2 Bounds in the space M(R)

We turn first to the proof of Lemma . As mentioned in the introduction, inequality (BJ) is a
rescaled version of inequality (BI]), using the Sobolev estimates of Proposition R.1] to bound the
integral on the right-hand side of (B]).

12



Proof of Lemma B. In view of definitions (f), inequality (B]) may be recast in the variables N.
and 9,0, as

NG, ) ) 10206 (5 D ey < N2y + 110202 )

<|’8§NE(’73)HL°°(R) + ”NE(HS)HI%VZOO(R) + ”89696(':3)“%00(R)>d3

)

so that by the Sobolev embedding theorem,
NG )y 1020 (- T)lLaeey < IV Laeqy + 1802 mey

T (2.10)
(12N )l oy + 1N ) sy + 190020 ) 301 ) s

Invoking assumption ([[§) for & = 3, we deduce from Proposition R.1] that the integrand on the
right-hand side of inequality (2.10) is bounded by some constant depending only on Ky. This
completes the proof of (BF). Inequality (BJ) is then a direct consequence of definitions (f]) and

(2. 0

We next prove Lemma, [l.

Proof of Lemma [I. The proof of Lemma [ relies on the conservative form of the system of

equations satisfied by 1 and 0x¢ which may be written as

{ O — 205 (0xp) = —20x (ndxyp),

2 2
01(0x) = Oxn = =300 = 0s (0wl + o + (145 )

(2.11)

As already mentioned in the introduction, we recognize on the left-hand side of (R.11]), a trans-
port operator 7, given by
T = (0 — 20,0y — Ox).

Introducing the variables

= %(n + \/58)(@), and v = %(77 - \/58)(90), (2.12)

we diagonalize the transport operator 7, so that (R.11) becomes

Or — /20w = — B (ndp) — Y203 — V20 (310epl? + By + ),

)
92 D)2 (2.13)
Orv + V20xv = —Ox (ndp) + PO + \/%X(§|5x90|2 + 2+ s )
Given any real numbers a < b, we deduce from the first equation of (R.13) that
b—v/2t

T B

At this stage, it is worthwhile to recall that, since F(¥g) < Ey, inequalities (R.9) hold for some
positive number mg, depending only on Ej, so that

8t</abu(x - ﬁt,t)dx>

< K (10200, )l ey + 00Dl ey + 10 ) ey )

13



where K is some positive constant, depending only on Ey. Performing an integration in time,
this may be recast as
‘ / z, 0

+K\ [ (10 oy + )y + 10 ) e )

b

(:E—\/_ttdl‘

(2.14)

Applying the change of coordinates y = & — v/2t to the left-hand side of (B-14), and invoking
definition (), we are led to

t
(-, H)llaeey < uu<-,o>||M(R)+K\ /0 (1020, )l 2w )+ 10 ) Be gy + 192, ) ooy ) |

The same proof applies to the second equation in (R.1J) and this provides the same inequality
for the function v. Combining with definitions (R.13), inequality (BI]) follows. O

3 Estimates for the interaction terms

This section is devoted to the proof of Proposition ] which provides estimates of the interaction

term [ [ OF f.05Z. in (P3).

3.1 Proof of Proposition J

Given any integer k and any number 7, the interaction term fOT fR Ok f.0F Z. may be written in
view of definition ([[4),

T T 1 1
/ / 0y 1-052. = / / o5 (GV2 = 2.+ ULV ) 9L .,
0 JR 0 JR

so that by the Leibniz formula,

/T/ aﬁfsalzgzs = I.(7) + Je(7), (3.1)
0 R

where we denote

k
T 1 1 ; . .
E/ / <éa§+1(v§) — O3V, + §§ jc,gﬂachaaﬁ“—ﬂx/a)agza,
0 R 5
J=0

M= 1/ /8’;+1U5V€8§ZE. (3.2)
3Jo Jr

In view of (B.1)), the proof of Proposition fJ reduces to bound each term in the integrals I.(7) and
J-(7) combining the estimates of Proposition | and Lemma [] with some Hélder inequality and
Sobolev embedding theorems. In particular, we will repetitively invoke the following bounds of
the nonlinear functions f., g., r., F., G. and R., as well as the following estimates of the time
derivative 9, U, and of the solution ¢ to (KdV]) with initial datum U?.

and
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Lemma 3.1. Let ¢ > 0 be given sufficiently small. Given any k € N, assume that the initial
datum Wo(-) = W(-,0) belongs to X**6(R) and satisfies ([L0) for some positive constant Kj.

Then, there exists a positive constant K depending only on Ky and k, such that
107U, )| rerawy + N feCo I e @y + 196G Tl anre @y + 1172 (s 7| ez w) (3.3)
+ 1 ECo )l sy + |G (o Tl grrs ) + 1R (7| sy < K exp K7l

for any T € R. Similarly, there exists a positive constant K depending only on Ky such that
10U, T ey + UG T rs @) < K, (3.4)
for any T € R. In particular, we have
100 2y m) iy + 122 ks < K exp K, (35)
for any T € R.

Notice that the estimates of Lemma B.] do not contain any &2 factor. In order to make
apparent such a factor, we rely on equations ([§) and (B(). Indeed, in view of ([5) and (B0),
the space derivative of the functions V. and Y. may be replaced by the time derivative of V,
and Y, respectively, up to some remainder terms, the whole being multiplied by the desired &2
factor.

Concerning the integral I., all of its terms involve space derivatives of V., so that we may
invoke the argument above to gain a €2 factor. More precisely, we obtain

Lemma 3.2. Let ¢ > 0 be given sufficiently small. Given any k € N, assume that the initial
datum Wo(-) = W(-,0) belongs to X**6(R) and satisfies ([L0) for some positive constant Kj.
Then, there exists a positive constant K depending only on Ky and k, such that

2 ko T o
Lo -gmyo [ [ erave.
j=1

(3.6)
< K€2<(€2 + Ha];ZE('7T)|’L2(R)) exp K|7| + ‘ / exp K|s| || Z= (-, 8)|| gre myds ),
0
for any T € R.
The sum in the first line of (B.6), namely
k L) T . .
et [ [ otrosivau, @)
= 0o Jr

corresponds to some remainder terms mentioned above in the computation of the space deriva-
tives of V, related to the computation of the term

k
> ¢l BUT IV Z,
§=0
appearing in I, . The estimates of the sum (B.7) is more involved, so that we postpone its
analysis in Lemma B.4 below.

In contrast, the integral .J. does not contain any derivative of V.. Our argument does not
rely anymore on ([[§), but instead we introduce the function Y. in the right-hand side of (B.9)
for some suitably chosen number R. We then invoke (BQ) to gain some 2 factor. This provides

15



Lemma 3.3. Let € > 0 be given sufficiently small. Given any k € N, we assume that the initial
datum Wo(-) = W(-,0) belongs to X*+6(R) and satisfies () for some positive constant Ko. Then,
given any T € R, there exist a positive number Ry and a positive constant K, depending only on
Ko and k, such that

2 T
J(1) =5 /0 /R 03 J 10, U

< Ke-:?((e? 10 Ze( ) eey) exp K7 + \ [ e KIS 12209 s

(3.8)

)

Once again, the integral on the left-hand side of (B.§) corresponds to some of the extra
remainder terms in (B(J). The estimates of this integral are also more involved, so that we
postpone its analysis in Lemma B.4 below.

for any choice of the number R of definition (RY) in (Ry,+00).

In order to achieve the proof of Proposition ], it remains to estimate the interactions terms

2 T k . ) )
K.(r)= / / OFf XU, + > i ok 0N IVLOIUL ), (3.9)
24 Jo Jr =

which appear on the left-hand side of (B.6) and (B.§). Using the bounds of Proposition ] and
Lemmas P] and B.1], we compute the estimate

|K:(7)| < Ke? exp K|7|,

for any 7 € R. However, this bound is not sufficient to complete the proof of Theorem [}, since it
would provide an ¢ factor instead of an &2 factor in ([). In order to gain some further ¢ factor,
we iterate the argument, and replace once more the space derivatives of V; and Y., which appear
in the expression of K.(7), by the time derivatives of V, respectively Y., plus some additional
remainder terms. We obtain

Lemma 3.4. Let € > 0 be given sufficiently small. Given any k € N, assume that the initial
datum Uo(-) = W(-,0) belongs to X*+(R) and satisfies ({) for some positive constant Kq. Then,
given any T € R, there exist a positive number Ry and a positive constant K, depending only on
Ky and k, such that

|K.(7)| < Ke* exp K|7|, (3.10)

for any choice of the number R of definition (R9) in (Rg,+00).
Proposition [ follows combining Lemmas B.J, and B4.

Proof of Proposition [ completed. Given any 7 € R, we first fix the number R such that (B.§)
and (B.10) hold. Then, in view of (B-1)), (B.6), (B.§) and (B.9), we have

/ / aﬁfsaﬁze _KE(T)
0 R

< K€2<(€2 + HﬁﬁZa(-,T)HLz(R)) exp K|7| + ‘ /0 exp K|s| || Ze (-, 8)Il e (myds

so that (R7) is a direct consequence of (B.10). This concludes the proof of Proposition f. O

The rest of this section is devoted to the proofs of Lemmas .1, B.3, B.q and B.4.
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3.2 Proof of Lemma B.T]

Concerning the nonlinear functions f., F;, g. and G, it follows from definitions ([4) and ([[),
the Leibniz formula, the Holder inequality and the Sobolev embedding theorem that

I fell v ry + Ngell ey + 1 Fell i my + 1 Gell mrws (my

) (3.11)
< K (el sy + Vel zmsagey + (10 sy + Vel ) ).

where K is some positive constant depending only on k. Similarly for r. and R., we have in

view of ([[7),

I7ell e ry + 1| Rell e my < KHNé:Hl;{—:il(R)||N€||Hk+3(R)

) (3.12)
< K (IUellenqey + Vel ) (10 mvsqey + 1Vellpessy)-

Notice that for (B.12), we also invoke the bound

2
1
mogl—e—ng—,
6 mo

which is a consequence of (R.9). Combining (B.11]) and (B.13) with the bounds of Proposition [,
we obtain (B.3)), except for the time derivative 0, U.. For this function, we have in view of ([LJ),
[10-Uell ey < NUell i3y + Ianlﬁqu(R) + 1 fell egry + 52H7’a”Hk(R)a

so that the bound for 0,U. follows from the previous bounds on f. and r. combined with the
bound on U, of Proposition P

For the uniform bound (B.4) on U, we invoke the integrability properties of the Korteweg-
de Vries equation. As a matter of fact, equation (KdV]) owns an infinite number of invariant
quantities which control the H*-norms of the solutions (see e.g. [[1]). Therefore, the H*-norm
of a solution U at time 7 is controlled by the H*-norm of its initial datum U° = U?. More
precisely, there exists a positive constant K, depending only on ||U?|| H*(R)» Such that

1A ey < K

for any t € R (see [§]). This control is uniform with respect to ¢ provided that ||U?|| HE(R) 18
bounded independently of . Since U solves the Korteweg-de Vries equation, the H*~3-norm

of 0;U is then uniformly bounded with respect to . Thus, under assumption (fj), we obtain
inequality (B.4). Estimate (B.5) follows combining the definition of Z. with (B.3) and (B.4).

3.3 Proof of Lemma B.2
Given any 7 € R, we split the expression of I.(7) into three terms
I(1) = (1) + L(7) + I3(7), (3.13)

where

nn=g [ [ dzekr ), (3.14)

IL(r)=— / / O Z.0EV,
0 R
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and
1
I3(r z§§ :c,gﬂ/ /a’f LOIUOE TV

We now compute estimates of each term Iy (7). For the first one, we have

Step 1. Under the assumptions of Lemma [3.3, there exists a positive constant K depending

only on Ko and k, such that
L) / / ok (V2)ok .

< K ((e2 10 Ze () gy exp K| + ' /O exp K 5| [1Z(+5) o gy ds

(3.15)

In order to obtain the €? factor on the right-hand side of (B-13), we write the transport
equation satisfied by 9%(V2), namely

2 2 4
0, (05 (v2)) = =0, (95 (VD)) + S0k (9:V2) + SOk (V). (3.16)

and replace 051 (V2) in (B:14) by its expression provided by (B:16). Integrating by parts in
time and using the fact that Z? = 0, the integral I;(7) becomes

L(r) = /a’f (2, 1) (V2) (x, dm+—/ /a o 7.9 (V2)

hll k k s k k
+24/0 /Ramzaax(gava)jtm/o /Ramzaax(rava).

We now apply the Leibniz formula, the Holder inequality and the Sobolev embedding theorem
to obtain for the first term on the right-hand side of (B.17),

(3.17)

/ 8I;Za(m, T)ajg (Vf) (,7)dx
R

< KHa!chE('vT)”LQ(R)”VE('vT)”Hk(R)HV&('vT)”HkH(R)'

Hence, we deduce from () that there exists a positive constant K depending only on K and
k, such that

‘/5525(%7)3';(‘/52)(%7)@ < K05 Z(.7) || 2 (my exp K 7. (3.18)
R

Similarly, in view of Lemma B.1, we have for the third and fourth terms

‘/ /a!chaa];(gava +‘/ /a!;ZEa!g(raVa
0 R 0 R

|8§Ze||L2(R)HVs||Hk+1(R)(HTsHHk(R) + [I9e Nl e ry)

(3.19)

gK‘ / exp K|s| 052, )] 2 ds
0

The analysis of the second term on the right-hand side of (B.17) is more involved since estimate
(B19) requires to gain some further €2 factor. We first replace 9,0%Z. by its expression given
by (B1). We obtain

/ /a Ok 205 (V2) = I (r) + I(r / /ak (V2)ak ., (3.20)

18



where

Il(r) = _/ /aﬁg(vﬁ) (aﬁg”ze + okt (UZ:) + 1a’;“(zf)),
0 JR 2

I (1) 5—52/ /85(\/62)857"5.
0 JR

We then estimate each of the above integral I f (7). Integrating by parts in space the first one,
we have

and

= [ [ (ks (vekz. v okt (v2)okwz.) + 5o (v2)0k(22) ),
0 R

so that, using again the Leibniz formula, the Holder inequality and the Sobolev embedding
theorem,

N | IVl 22y (12 sy Vel (s oy + 1 Zelvon)) |

In view of the bounds of Proposition i and Lemma B.1], we are led to

R < 5| [ oxp KIs|12:6,9) s sy (3.21)
Similarly, in view of the bounds of Proposition f| and Lemma B.1], we compute
I (7)| < Ke? /0 IVell gre oy I Vel i gy el i ey | < K€% exp K. (3.22)

Combining (B-20) with (B:21) and (B-23), we are led to

/ 0,029 (V2) / / o (V2) 0k f.
0 R 0 R

< K< exp K|r| + ‘ / exp K13| 12, ) sy ds
0

In view of (B.17), (B-1§) and (B.19), this completes the proof of Step [l.

We now turn to the integral I5(7) for which we have

Step 2. Under the assumptions of Lemma [3.3, there exists a positive constant K depending

only on Ko and k, such that
e 7 k427, ok
+ _/ /8x+ Vaa:cfa
8 Jo Jr

< K2 (24 1820, age) exp K|+ ‘ | oo KISl 1269l ey s

(3.23)

The proof is similar to the proof of Step fil In view of ([[§), we have integrating by parts in
time and using the fact that Z° = 0,

/ak POV, (2, 7)d — —/ /a ok Z.05+2y,

- = / / 8§+2958§Z€— - / / ok+2r 0k Z.
8 Jo Jr 8 Jo Jr

19
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Similarly to (B.1§), we compute for the first term on the right-hand side of (B.24),

\ / O Z.(w, )V (2, 7)da| < K|O8Z.(.7) oqwy exp K7, (3.25)

while for the third and fourth terms, we have similarly to (B.19),

/ /8I;+2958];Z ‘/ /8k+27’58k
0 R

Concerning the second term on the right-hand side of (| ), we replace as above 9,0%Z, by its
expression given by (B1)). This leads to

/ /aak Z MV, = (1) + I3 (7 / /a’f“va’ffa, (3.27)

Iy(r) = - / / a§+2m<a§+3za+a§+1(uza) +la’;+1(zg)>,
o Jr 2

I2(1) = —52/ /8§+2V58§r€.
0 JR

Following the lines of the proofs of (B.21) and (B.23), we obtain

<K / exp K| [052:( )]l zyds.  (3:26)

where

and

7)< K\ /0 xp K1s| [1Z(+8)] gy ds

and
|122(7')| < Ke?exp K|

/ 0,08 Z.0ET2V, — / / IV £
0 R 0 R

< K< exp K|r| + ' / exp K13| 12, ) sy ds
0

Estimate (8.23) follows combining with (B.24), (8:25) and (8-24).
We finally consider the finite sum I3(7).

By (B.27), we are led to

)

Step 3. Under the assumptions of Lemma [3.3, there exists a positive constant K depending
only on Ko and k, such that

2 pT 2 k . T ‘ '
w5 [ [okwaatn -5y et [ [ sknotvow.
o Jr o o Jr

§K€2<(€2 + HE?!;Za(-,T)HLz(R)) exp K|7| + ‘ /0 exp K|s| || Z= (-, 8)|| e (myds

(3.28)

)

The proof is similar to the proof of Steps [| and B In view of ([[§), we have integrating by
parts in time,

I3(1) = %Zc,gH(— /R O Z (2, )OI U, T)O* IV (2, 7)dx + /0 /R 0.0k 2. 00UV,
j=0

+ / / O 2.0,00U.0F IV, + / / O 2.9 U0 g + &2 / / ok ZaagUaaiz—jra).
0 R 0 R 0 R

(3.29)
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The estimates of the first, fourth and fifth integrals on the right-hand side of (B.29) are similar
to (B.1§) and (B.25) for the first one, (B.19) and (3.2¢]), for the other ones. More precisely, we
obtain

‘ | 042w 100U (0.0 Vel 7)a| < KNOEZ T ngey exp KIrl, (330)

+‘ / / ok 2.9 U0k Ir,
0 R

Similarly, for the third integral, we have

respectively

/ a!chaa%Uaagg_jga
0 R

gK‘/ exp K|s| 105 Z-(-,8)|| 2 ds
0
(3.31)

[ dzo.0i0.050v.
R

s\ AP A A

_ (3.32)
SK‘/ exp K|s| HZ?!;ZE(',S)HLQ(R)CZS
0

where we invoke (B.3) to bound the time derivative 000U

The second term on the right-hand side of (B.29) is more involved to estimate. We first
introduce as above the expression of 878§Z5 given by (), so that

ZO,@H/ /aak Z.OUOEIV, = I3 (1) + I2(7) + I3(7), (3.33)
7=0
where
7)) = — CkH/ /89U IV, (83+k2 + O UZ.) + 08 (2.0, Z))
7=0
A => cl, / / XUV f.,
and

I3(r) ——E2ZCg+1/ /aJU IV k..

7=0

We then estimate each of the above sum Ig (7). Integrating by parts in space the integrals in
I(7), we obtain

Zo,g+1/ /<a3 (01U-0k=V2 )0k 7. + 0, (0505 V. ) (9 (U Z2) + ak(z2))>

7=0

Following the lines of the proof of (B.21)), we are led to

B < K] [ [ oo K129l (334
Concerning the integral I3(7), we have as in the proof of (B.22),
1I3(7)| < Ke®exp K|7|. (3.35)
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Finally, applying the Pascal rule and the Leibniz formula to I2(7), we obtain

L(r / /8kUV 8kf5+2()’ 1/ /ajUﬁk V.0 f-.
Combining with (8.29), (B.30), (B-31), (B-33), (B-33), (B.34) and (B.39), estimate (B.2§) follows.

We are now in position to complete the proof of Lemma B.9.

End of the proof of Lemma [B.3. In view of identity (B.I3), and estimates (B.I7), (B-23) and
(B-29), we have

2 [T 1 1 g2 k o T . ,
IE(T) - g/O /IRaI;feaﬁ(éVg - 8:%‘/5 + gUeVe) - ﬂ chi 1/0 /R@';feaﬁ ]Vgagchg
j=1

)

§K62<(62+ ||8£Z€('77_)HL2(R))eXpK|7_|+'/0 exp Kls| | Z=(-, s)l e (r) ds

(3.36)
On the other hand, in view of the definition of f.,
/ /a’“fga’f( V22V, 41 UV / /a’fﬂFa’*c —0.
Combining with (B.36), this completes the proof of (B.4). O

3.4 Proof of Lemma

The proof is similar to the proof of Lemma B.3. Given any 7 € R, we introduce the function Y.
in the expression of the integral J.(7). In view of (B0) and (B.g), this yields

) =3 / / o008 20,02 = 2 (1(7) + 1lr) + (), (3.37)
0 R
where
) = e / ’ / O U 08 2.0. 7.
8 0 R X T )
2 T
Jo(7) = % / / ITUOFZ. (G, + £°R.), (3.38)
0 R
and

2

% (Ge(—R, s) +e?R.(—R, S))) </ MU (x, )0k Z.(x, s)dm) ds.
: (3.39)

J5(r) = /0 (VB8 -

We now consider each of the above integrals Ji(7). For the first one, we have

Step 1. Under the assumptions of Lemma [3.3, there exists a positive constant K depending

only on Ko and k, such that
82 T b1 i
B -5 / / PHUT.0E S
o Jr

< K€2<<€2 + Haﬁza(’aT)|’L2(R)) exp K||7| + ‘/ exp K|s| |05 Z2(-, 5)|| 12 () ds
0

(3.40)

)
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We first integrate by parts in time the integral J;(7), and use the fact that Z9 = 0 to derive

2 T
JI(T) = ——/R8I;+1U€(ﬂj‘,T)algze(ﬂj‘,T)Te(l‘,T)dl‘ + %/0 /Raﬁ—i—laﬂ'Usa];ZETe

2 T
+< / / O +1U.0,0% 2. Y.
0 R

We then invoke Proposition P and Lemmas [] and B.]] to bound each term on the right-hand side
of (B.41]). Notice in particular that in view of assumption (f), Lemma [ provides

(3.41)

1= 8) ey < V=G 9) ey < K (1+ |s]), (3.42)

where K denotes some positive constant, possibly depending on Ky, but neither on € nor s.

Hence, applying the Holder inequality to the first term on the right-hand side of (B.41]), we
are led to

/R5§+1Ue($>T)aﬁze(xﬁ)"fs(:ﬂﬁ)dfﬂ <N OE T U ) 2 @105 Ze (T 2y 1 Te () 2o @)

so that by (B() and (B.49),

< K05 Z=(.7) || 2 () exp K| 7. (3.43)

MUz, 1) Z (2, 7)Y e (, T)d:
R

Similarly, for the second term on the right-hand side of (B.4])), we compute

/ oo U0k Z. Y.
R

SK'/O (1+ s 10510, U- (-, )| L2z 105 Z2 (-, )| 2 @y s

so that by (B.J),

‘ / / o*lo.U.0kz. Y.
0 R

We finally turn to the last term on the right-hand side of (B.41). In view of (R1), we can write

/ /ak“U 0.0k 2., = Ji(r) + JE(r / /ak“U Y0k f., (3.45)

. (3.44)

SK‘/ exp Ks| 05 Z2(-, )| 2w ds
0

where

Ji(r) =~ /0 /]R O (0572 + 5 (ZU) + %a’;“(zf)).

2 T) = —52/ /8§+1UET58§7‘5.
o Jr

Concerning the integral J{(7), we integrate by parts in space to obtain

and

= / / <8§Zec‘9§(8§+1UETE)+8§(Zeu)8x(8§+1UaT€)+%8§(Z§)8x(8§+1U€TE)>,
0 JR
so that

[J1 ()] < '/0 1 Ze |l e ) NUe N sy (1 Cell ooy + NVell s ry) (1 4 U s gy + HZeHHkH(R))‘-
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Hence, by ()’ (@)a (@) and ()7

(7)) gK‘/O exp KI3| 12, )l sy ds|. (3.46)
Similarly, the integral JZ(7) is bounded by
[T (1)| < Ké&? /0 105 Ul 2y | el oo (m) 105 Te | 2Ry | < K2 exp K 7. (3.47)

Combining (B.49) with (B.4q) and (B-47), we have

‘ / / okHu.ookz.x. — / / oFHu. Y. ok f.
0 R 0 R

<t (e Klrl+ | [ exp KIs 1205 lun o

so that (B.4Q) follows from (B.41)), (B.43) and (B.44).
We now turn to the second integral Ja(7).
Step 2. Under the assumptions of Lemma [3.3, there exists a positive constant K depending

only on Ko and k, such that

| Ja(7)| < Ke? : (3.48)

/0 exp K|s| 0822, 8) 2wy ds

for any T € R.

Applying the Holder inequality and the Sobolev embedding theorem to definition (B.3§), we
obtain

2
&
|J2(7)| < 3

Y

/0 105 Ue |12 ) 108 Zell p2ry (1 Gell 22wy + €2 Rell 22(x))

so that (B.49) follows from (R(Q) and (B.9).

Concerning the last integral J3(7), we finally derive

Step 3. Under the assumptions of Lemma [3.3, given any T € R, there exist a positive number
Ry and a positive constant K, depending only on Ky and k, such that

T(r)| < K& <e2 exp K17] + \ / exp K|s| 10522, )| 12y ds
0

), (3.49)
for any choice of the number R of definition (R9) in (R1,+00).

Combining estimates (R() and (B.3) with definition (B.39), we have

| J3(7)| §‘ /0 (“/z-:(_Rv )+ &||Gell oo (m) + 54HR€||L°°(]R)) 105 Ul o) 0% Ze | 2wy

(3.50)
<K

| (VR 22) exp Kl 104220 5) sy

We then invoke (B.F) to write

1
2

< K'exp K'|7|

)

/ V(—R, )| exp K|s| [0 Z-( )| sy ds
0

/ |V-(—R, s)]zds
0
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where K’ is some further constant depending only on K and k. Next, we have

Vo(=R,s)> < /_R ((Ve(az,s))2 + (ax‘/;(x,s))2)da:,

—00

so that

\ VR e Kl 1082209

/ / + (0, Ve(z, 8))2)d:1:d8 :

By the dominated convergence theorem, the integral on the right-hand side of (B.51)) decays to
0 as R — 400, so that there exists a positive number R; such that

(3.51)
K’ expK'|7|

: (3.52)

+ (03 Vz(z, 8))2)d:1:d8 < &8

for any R > R;. Combining with (B.50) and (B.51), this provides (B.49).

We are now in position to complete the proof of Lemma B.3.

End of the proof of Lemma [3.3. Estimate (B.§) follows from applying bounds (B.40), (B.49) and
(B-49) to definition (B.37). O

3.5 Proof of Lemma B.4

Though the proof is similar to the proofs of Lemmas B.3 and B.3, the computations are somewhat
more technical. In view of definition ([4) and the fact that 9, Y. = V., we first decompose the
quantity K.(7) as

52 : j Lo
= JZ:;)C ( ~ Kj(r )+§K3(T)>>, (3.53)
where
Ki(7) :/ /a’f“ (VAo (3.54)
K (7) / /ak+3vaﬂr k=Y, (3.55)
and
Ki(r / /a’fﬂ (UVo)oix. ot .. (3.56)

We then estimate each of the above integrals K. f (7).

Claim 1. Leti € {1,2,3} and 0 < j < k. Under the assumptions of Lemma 5.4, given any
T € R, there exists a positive number Rg, and a positive constant K, depending only on Ky and
k, such that '

|K(1)| < Ke? exp K||7], (3.57)

for any choice of the number R of definition (9) in (Rg,+00).

We postpone the proof of Claim [[] and first complete the proof of Lemma B.4.
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Proof of Lemma [7.4. Estimate (B.10) follows from combining decomposition (B.53) with bounds
(B:59). 0

We now turn to the proof of Claim [l.

Proof of Claim []. We split the proof in six cases according to the values of i and j.

Casel.i=1and1 <5<k,

Using the fact that 0,Y. = V., we have in view of definition (B.54

K{(7) / /a’f“ (V2o v.akt i,

),

so that integrating by parts in space
Ki(r / / (o5 (v2)oi—'v. ) oo, (3.58)
In view of ([[§) and (B.16), we now have
k+1(172) i1 g2 k+1(172) i—1 1 k-+1 2 gk+1
0 (041 (V)05 MVz ) = =0 (O (V2)TVe) + 5 = o, (057 (9-V2) + €20+ (V7))
+ ﬁakﬂ (VQ) <8j_1 + 2991y )
8 x € x Ge x g
so that (B.5§) becomes after an integration by parts in time,
K = 5| [avawporv] -5 [ (aekvekn ey
R 0 JR

+28’£‘jU58£‘1%(8’;“(95V) + 25 (V. )) + OFIULOF T (V2) (ag—lge +a—:2ag,—1r€)>.
(3.59)

We finally argue as in the proof of Lemma B.9 using bounds (B(Q) and (B-3) to bound any term
on the right-hand side of (B.59). This provides estimate (B.57) in case i =1 and 1 < j < k.

Case 2. i=1 and j = 0.
When j = 0, we also integrate by parts in space to obtain
- / ' /R 0, (9 (V2)1.) 0k, (3.60)
We then combine (B.16) with (Bd) to esotablish
0, (B (VL) =~ (51 (V2)T.) + S0 (0541 (ae) + 2205 (12))
+§%“@ﬁ@k+¥&)—%%“@ﬂ@%%ﬁd+¥&bﬁﬁ>+%PRJ%“Wﬁ,
so that (B.60) becomes after an integration by parts in time,
K9(1) i{/ak U095 (V)Y } ——/ /a OIUOETH (V2) Y.
/ / oh-iu. (n (057 (g:V2) + 208 (ra12) ) + 251 (v2) (e +E2R€)>
T 4

(R - SR - SRRY) [0 (02),
(3.61)
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We then estimate any terms on the right-hand side of (B.61)) similarly to the terms on the
right-hand side of (B.59). Using bounds (), (B.3) and (B.42), we are led to

). (3.62)

We then argue as in the proof of Step [] of Lemma B.J. Given any R > R;, where Ry is chosen
so that (B-53) holds for any R > R, we obtain
T —-R 9 %
/ / (V2+(212)°)| < K exp K'Jr],
0 —00
(3.63)

where K’ is some further positive constant depending only on Ky and k. Combining with (B.62),
this completes the proof of (B.57) in case i =1 and j = 0.

Case 3. i=2and 1< j<k.

) < K (2 exn KJrl+ \ | (V=R + 2160 8) | + £ Rel5) o) exp K] ds
0

so that by the Sobolev embedding theorem and (B.3),

KY(7)] < K(ez exp K|r| + ' [ VR exp s s
0

< K'exp K'|7]

/ Vo(—R, 5)| exp K|s| ds
0

The proof is similar to Case [l Using the fact that 9, Y. = V;, and integrating by parts the
derivative 0K 3V, we have in view of definition (B:59),

K)(r / /a’f“vaﬁlvak“ iv. +2/ /8k+1V83V8k+2 iy,
+ / / oI VA5 s VAt; La i A O
0 R

so that integrating by parts the derivatives of Uk,

Ki(r // a’f“vaﬁlv)a’f iv. —2// a’f“vaﬂv)ak“ i,

(3.64)
_/ /8x 8I;+1V;8%_1V;)8I;+2_]U€-
0 JR
In view of ([[§), we now remark that
2 2
0 (A0 V2) = =0, (Va0 Ve ) + S (OLVe0g. + 0 Vel )
8 8 (3.65)

4
e CAR I )

for any (I,m) € N2. We then introduce the expression of the functions 9, (0LV.07'V.) given by
(B-6]) in the three integrals on the right-hand side of (B.64), integrate by parts in time as in the
proof of Case [, and bound the resulting terms using estimates (R0) and (B.3). This provides
inequality (B.57) in case i =2 and 1 < j < k.

Case 4. i =2 and j =0.

The proof is similar to Cases [} and |. We first integrate by parts as in (B.64) to obtain

K3(r / /a (05,0, V) ok iU, —2/ /a (OEHVVL) ok,
— / / Oy (OFTVY L) 0k 2.
0 JR
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Concerning the first and the second integrals on the right-hand side of (B.6(), we then replace

the functions 0, (OF*H1V.V.) and 9,(05+1V.0,V.) by their expression given by (B.67), integrate

by parts in time as in the proof of Case [, and bound the resulting terms using estimates (R0)
. This provides

and (
‘/ /a (050, V2) 0k U, / /a (A AT a8

In contrast, for the last integral on the right-hand side of (B.66), we combine ([[§) with (B0) to
establish

By (aj;“vara) - —%87 (a’;ﬂvara) + %Ta (8';“95 + 623§+1T5> + %aﬁ“m(@ + 5235)

< Ke?expK|7|.  (3.67)

2
€
— SOV (Ge—R. ) + ERe(—R. ) ) + Vo~ R, OV,
so that after an integration by parts in time,

/ /6 6k+1VT ak+2 jU |:/ak+2 ]U ak+1VT:|

T

0
2 T ) )
+% / / (aTa’;”—JUEa’;HVETE + 8’;*2‘3U€(T8 (05 g + 205" re)
o Jr
k+1 2 ! e? et k+2—j77 gk+1
FOEV(Ge+2R)) ) + [ (V=R ) = SG(—R,) = ZR(=R, ) | 062005V,

0 8 8 R

We finally argue as in the proof of Case P Using bounds (0), (B.J), (B.42) and (B.63), we are

led to i
/ / 0, (5T 1V ) 92T
0 R

so that (B.57) follows for i = 2 and j = 0 from (B.6d) and (B.67).
Case 5. i=3and 1< j<k.

< Ke?exp K|7],

The proof is similar to Cases [l and . Using the fact that 9,T. = V. and applying the
Newton formula to (B.56), we are led to

k+1 ‘
3(m) =) _ClaKk]. (3.68)

where the integrals IC{ are given by
Kl = / / V..o eI (3.69)
o JrR

Assuming first that [ > j, our arguments to estimate the integrals IClj then depend on the parity
of the difference [ — 5. When [ — 7 = 2m is even, we can write

m m—1
oLV V. = —(_;) o (@) + Z;)(—l)pi?x (e Pviap ),
=

so that (B.69) becomes
/ / a]+m_l‘/;)2)8I;+1_1U58];+1_jUE

n B // ) alm—l—p‘/sagjﬁ'—l—l-p‘/e)a§+1—lU€aI;+1—jU€‘
o Jr

,..[\3

i~
Il
o
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We then replace the functions 0, <(8£+m_1VE)2> and 0, <8l I=py gi—tte V) by their expressions
given by (B.64) and argue as in the proof of Cases ] and Jj to obtain that

k]| < Ke?exp K|7]. (3.70)

In contrast, when | — j = 2m + 1 is odd, we can write

m—1
, —1)m , ,
ORIl gk t=iy, = %(%((8';_3_’”%)2) + Z;)(_l)pax <8§—J—pU58’;—1+1+pUE), (3.71)
p:

so that (B.69) becomes after an integration by parts in space,

_1\ym+1 T ) )
) i | [o(@r v @’
2 0o Jr
m—1 T
S [ ook el ok ek e
0 0 R

p=

We then complete the proof of (B.70) as in the case | — j was even. The proof is similar when
j > | permuting the roles of j and I. Hence, (B.70) holds for any choice of j and k. In view of
(B.69), this concludes the proof of (B.57) when i =3 and 1 < j < k.

Case 6. i =3 and j = 0.

The proof is similar to Case . Applying the Newton formula to (B.5G), we are led to

k+1
J(r) = _CL, K], (3.72)
where the integrals IC? are given by
KY) = / / ALV ORIy ok, (3.73)
o JR

When [ = 2m is even and positive, we can write using the fact that 9,1, = V¢,

= )max<(ag—1m)2) + 0, (07T +n§ 1ro, (97 PV.0TVL), (3.74)

p=1

afcva'ra =

so that () becomes

am 1V )8k+1 lU 8k+1U +/ / al 1VT )8k+1 lU 8k+1U

+Z / / 8l =Py gp- 1V>ak+1 Lok
p=1
(3.75)

We then rely on the arguments of the proofs of Cases f| and [ to bound any integrals on the
right-hand side of (B.7§) in order to obtain

IKY| < Ke? exp K|7|. (3.76)
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When [ = 2m + 1, we invoke (B.71)) as in the proof of Case [], instead of (B.74), and complete
the proof of (B.76) similarly.

Finally, for [ = 0, we write

_} ! 2\ (gk+1 2
= 2/0 /Ram(ra)(ax U:)". (3.77)

In view of (B{), we have

2 2
0p(T2) = =20, (T2) + T Te(Ge + R = Go(~R, ) = 2Ro( =R, ) ) + 2V~ R, )T,

8
so that integrating by parts in time, (B.77) becomes

2 T
]C8:_€_|:/T2(8k+lU) :| / /T28k+1U8 ak—l—lU +/ %(—R,‘)/Tg(a§+1U5)2
0 R

_// G + 2R, — G.(—R,-) — Ra(_Ra')>(8§+lU€)2’
(3.78)

Using bounds (20), (B-3), (B-42) and (B.6J) to estimate the right-hand side of (B.7§), we deduce
(B.79) for I = 0 provided we choose R > R as above. Combining with (B.79), this completes

the proof of (B.57) in case i =3 and j = 0.

In view of the proofs of the six previous cases, we finally choose Ry = Ry to conclude the
proof of Claim . O

4 Proof of Theorem [J

We now turn to the proof of Theorem [|. As mentioned in the introduction, we focus on the
coordinate x = 2~ = &(x + 1/2t) and the associated functions U. = U= and U = U~. Given any
k € N, we first recall identity (), which may be written as

8 Zk :_2/ /ak-‘rl Z/{Z ak / /8k+1 Z2 ak
+2 / / O .08 7. — 262 / / or.okz.,
0 JR 0 JR

with Z. = U. —U. We then bound inductively any term on the right-hand side of (B3) in order
to apply a Gronwall lemma to the quantity Z¥(7) defined by (B2), and derive inequality ([).

For k = 0, identity (R3) may be recast as

0. 29(r //OL{Z2+2//]’€ —25//7“5 . (4.1)

so that in view of Proposition ], and bounds (B-3) and (B.4)), we have

8, 20(r) < K(|z£<7>| f e

/0 exp Kls| 12 9)ll 2 ds| + (1207 e +s)epr|T|>,

where K is a positive constant depending only on Ky. Using the inequality 2|ab| < a? + b? and
the identity

0. 2(7) = 1 Z:(, 7 sy (4.2)
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we are led to the differential inequality
2:2%(1) < K<sign(7)Z§(7’) +etexp K!T\), (4.3)

so that
\ZQ(T)\ < K/€4epr/\7'],

where K’ is some further positive constant depending only on K. Combining with ({.3) and
(E-3), this provides ([]) for £ = 0 (and the functions U= and U ™).

We now assume that ([)) holds for any 0 < j < k—1, i.e. that there exists a positive constant
K depending only on Ky and k, such that

”Zg(‘,T)Hkal(R) < Ke?exp K|7, (4.4)

for any 7 € R. We then bound any integral on the right-hand side of (B3). For the first one, we
compute by the Leibniz formula,

k—1

/ /ak“ UZz.)okz. _Zc,gH/ /a’f“ U Z.0% 7. + /<;+ / /au (9kz.

=0
)- @

so that by (B.4) and ([L.4), we are led to
< K< / (9:2.)°
0 JR
The estimates of the second integral on the right-hand side of (PJ) are similar. The Leibniz
formula yields

//ak+1 (Z2) akz_ZCi+1/ /ak+1 Jzaﬂza’fz+2k+1//az (8kZ.

so that by the Holder inequality and bounds (B.H) and ([£4), we are led to

/ St (UZ.)ok z.
R

| exp K| 105 Ze (-, )l 12 () ds

oy (22) 0, +e?

7 gKQ / 100 Ze e 108 2212
0

[ e K1 1082..5) s )
0

(4.6)
We now recall that 0,Z. = %(0,N: + 020.) — 9,U, so that, combining bounds (1) and (B-4)
with the Sobolev embedding theorem,

102 2= (- 7) | Lo (m) < K,
for any 7 € R. Hence, by ([.6),

/8k+1228k <K< /a’f

Concerning the last integral on the right-hand side of (@), we invoke (B-3) to obtain

g2 / / okr.okz.
0 R

Therefore, in view of (R7), ([.H) and ([.7), we are led to the differential inequality

epr\s\ 105 Ze (-, 5)l 22wy ds

) am

< K2 [ exp Klsl 0820, eds|
0

Z?TZf(T) < K<sign(T)Zf(T) +etexp K\T!),
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so that by the Gronwall lemma, inequality () also holds for the integer k. By induction, this
completes the proof of (}) for the functions U= and U~.

We next say a few words of the proof for the functions U and U*. Setting
1
‘/5+(.Z', T) = §(N;—($, T) + 8x@;—($, T))a

the functions U and V. satisfy the system of equations

— 0, UF +3UF + U0, US = fF — %], (4.8)
where 1 ]
1 = 0n (GO = 2V + SUFVE),
and 3
- 0.V + 6—28:0‘/? =gF +e*rd, (4.9)
where

1 1 1
gt = 0,(ONT + S (V) = S(U2)? = SULVE),
and the remainder term r is given by the formula

f L NFRNE | QNHOND) 2 (ONEP
TR -gNT) B0 gNTR BTNy

r

Up to a reverse orientation of time, equations ([.§) and ([.9) are identical to equations ([[3J)
and ([[§). In particular, we can apply to the functions 7 — UZX (-, —7) and 7 + V.7 (-, —7), the
analysis developed above to prove ([]) for the functions U. = U; and V.. Given any k € N, the
associated initial datum

(U0, V5 ,0) = (5 (N0~ 2,02, (N0 + 0,07) ),

also satisfies assumption (E), so that there exists some constant K depending only on Ky and
k, such that
[UZ (=) = U 7)) < K exp K7, (4.10)

for any 7 € R. Here, the function U denotes the solution to (KdV]) with initial datum
U(-,0) =UX(-,0).
By the uniqueness of the solution to (f]) for any fixed initial datum in H*(R), we notice that

U(-,—7) =UT(-,7). Reverting the orientation of time in (f.10), this completes the proof of ()
for the functions U and UT.

5 Proof of Theorem 2

In this section, we provide the proof of Theorem [. This first requires to show Proposition f,
Lemma [] and Proposition f.
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5.1 Proof of Proposition

In order to estimate the H¥-norm of V., we apply the differential operator 8'; to ([§), multiply
the resulting equation by 0%V, and integrate by parts on R x (0,7). In view of definition ([i),
this yields

@i = [@ve e [ [ b (VAR — 2Li(r) 4 g Lalr) = SLar) + 2L,

(5.1)
where
Li(r) = / [ okrvat,
0 R
Lo(r) = / / UL
0 R
Ls(T) ;/ /8!;*1(U5V;)8§V;,
0 R
and

Ly(T) 552/ /Gﬁrac‘)'jva.
0o Jr

We now estimate each integral L;(7) as in the proof of Theorem [. For the first one, we have

Step 1. Under the assumptions of Proposition [, there exists a positive constant K depending
only on Ko and k, such that

82 T
n()+ 55 [ oot @) e (2 4 10V i + 108V D) exo K

] [ e KIS IV )
0
(5.2)
In view of ([L§), we compute
/T/ak+2U ak—l—lv :_i /ak+2U 8kv T_’_i/q—/a ak+2U 8kv
0 R €T eYx £ 8 R €T eYgp Ve 0 8 0 R TY 2 eYgyp Ve
2 T
5 [ [ ok, + ok,
8 Jo Jr
so that by (B() and (B.3),
62 T
00 =5 [ [ kvt <xe (4 108V2lbage + 108VC oy ) exp K] -
5.3

| [ exp R1s 18V 9as )
In view of ([[f), we next write

| [okrvoke = [ [ okru(ormov+ S0kt (2) - ok (12) - 30k (U.12)),
0o JR 0o JR 2 6 3

so that integrating by parts, we are led to

| [orvate g [ [ avata oz

0o Jr 6Jo Jr

=— / / OFTSU.ORV. — / / 8§+3Ua(38§(‘€)—laﬁ(UEVE))-
0o JrR 0o Jr 2 3
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Combining (P0) with the Leibniz formula, the Holder inequality and the Sobolev embedding
theorem, we deduce that

T 1 T
| [ ekt g [ ] arvasiw?)

Invoking (p.3)), this completes the proof of (f.2).
We similarly derive for the fourth integral on the right-hand side of (p.1]).

gK\ /0 exp K|s] [V (- 8)l sy s

Step 2. Under the assumptions of Proposition [, there exists a positive constant K depending
only on Ko and k, such that

82 T
na(r) = 5 [ [ ok v <e?( (& 4+ 105V liay + 108V o)) exp KT

)

The proof is identical to the proof of Step [l], so that we omit it, and instead we turn to the
fifth integral on the right-hand side of (f.1)).

+' /0 xp KJs] [V (- 8)] s oy s

Step 3. Under the assumptions of Proposition [, there exists a positive constant K depending

only on Ko and k, such that
Za(r)] < B2 (62 4 106V2ln + 108V ) o Kl + | [ exp 1o 108V 9 na]).
0
(5.4)

Using the Leibniz formula, we are led to

k+1 ' ‘
T) = Zc,gﬂﬁg(f), (5.5)

= / / MU DIV.OF VL
0 R

In view of (B.6§), given any 0 < j < k, we have integrating by parts in space, then in time,

2 T ) )
£i(r) [/a’*c IU.9V.0kV. ] —i/ /aTa’;—JUgagcm’;%
0 8 0 R

. . . 4 T . . .
= / / U (V. g + OEV.0lg.) — = / / I (QV.br. + OEV.0ir),
8 Jo Jr 8 Jo Jr

so that by (BQ) and (B-3),
)

where

0] < K (2 (1EV2la + 10V llue) exp K| + ‘ [ oo Kls| 192V 5) o
(5.6)

For j = k + 1, we can also invoke (B.63) to establish that
LE(r //Ua ((0kV2)2) = 5[/ (08 V2) ] //aUa'f
25 [ [ vk (oo + 2ok
8 Jo Jr

so that (b.6) follows similarly. In view of (b.§), this completes the proof of (5.4).
Using (B.3), we now compute directly the next estimate of the integral Ls(7).
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Step 4. Under the assumptions of Proposition [, there exists a positive constant K depending
only on Ko and k, such that

|La(7)] < Ke?

/0 exp K|s] 05V 8) ey ds|.

We finally complete the proof of (Bf) by induction.

End of the proof of Proposition []. Let us denote
55(7) = Ssup |]3’;%(-, S)HLZ(R)-
s€(0,7)
For k = 0, we have in view of (b.1]), and Steps [l, |, Bl and [,
[ Vetw e < V2 + K(( V2 2y + Vel ) 2wy ) exp K7

)

S < (IVON3aqe) + Ke*) exp Klr| + Ke?exp K|r| S2(r).

_l’_

| oo Kls| IVa8) ey ds

so that

Using the inequality 2ab < a? 4 b%, this completes the proof of (Bd) for k& = 0.

‘We now assume that @) holds for any 0 < k < k—1 and establish it for k = k > 1. Invoking
the Leibniz formula, we compute

Kk—1

| [ortumom =S e, [ [ anovaivay. - ke [ [ oo,
0 IR =2 0 JR o Jr

so that by the inductive assumption and bound (R0),

\ | [arwe.
0 R

<K (V2w + ) (V2o +2) exo K

)

Combining with (5.1)), the inductive assumption and Steps [il, B, f and fi, we are led to

+‘ /0 exp K1s| 05V, )| 2 ds

SE(T)? < NOEVE oy + K (2 + V2l ) (22 + V2 ey + SE(7)) exp K.

Using again the inequality 2ab < a? 4 b2, this completes the proof of (Bg) for k& = s. By
induction, this concludes the proof of Proposition [ O

5.2 Proof of Lemma B
Since F' and G are solutions to (KdV]), their difference H = F' — G is solution to
O-H+03H + FO,H + HY,G = 0. (5.7)

In order to prove (B7), we now compute inductively energy estimates on (5.7).
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For k = 0, we multiply (5.4) by H and integrate by parts on R to obtain

8T</RH2> :/R<8xF—28mG)H2. (5.8)

Since F? and G° are in H?(R), we recall (see also the proof of (B.4)) that in view of the
integrability properties of (KdV]), there exists a constant K depending only on the H?2-norms
of FO and G°, such that

1EC D a2w + 1GC T 2@ < K,
for any 7 € R. Applying the Hélder inequality and the Sobolev embedding theorem to (f.§), we

are led to
8T</H2> gK/H2,
R R

so that (B7) follows from the Gronwall lemma.

We now assume that (E?I) holds for any 0 < k < k — 1 and derive it for k = k > 1. For this
purpose, we apply the differential operator 9% to (5.7), multiply the resulting equation by 9%H
and integrate by parts on R. This provides

%@(/R(agﬂ)z) = —/Ra;(FaxH)a;H—/Ra;;(HaxG)@;H- (5.9)

By the Leibniz formula, the first integral on the right-hand side of (f.9) reduces to

/ 05 (FOH)OfH = >  CJ / HFOTITHOH — % / O, F (0 H)?.
R R R

J=1

In view of the integrability properties of (KdV), there again exists some constant K depending
only on the H**2-norms of F° and G, such that

IEC ) sz + 1GC ) sz @) < K

for any 7 € R. Hence, we are led to

/8;(F8xH)8§H‘ < K| H |3 )
R

The same estimate holds for the second integral on the right-hand side of (5.9). Invoking the
inductive assumption, we deduce that

67(/]1{ (8:H($,T))2d$> ‘ S I((/}R (8;H($,T))2d$ + HFO _ GO‘|%—IN71(R) eXpK|7-|> ‘

Inequality (B7) follows applying the Gronwall lemma. By induction, this concludes the proof of
Lemma fJ.

5.3 Proof of Proposition f

The proof is a direct adaptation of the proof of Proposition [ using only assumption ([[()). In
view of (B.]), and Lemma B.9 which remains valid under assumption ([[(J), we have

T T k T
/ / Ok f08Z:| < K ( / / MUk Z| + 2 / / O fLOFTIV.IU.
0 JR o JR —ilJo Jr

+e? (52 + Ha];Za('vT)”LQ(R)) exp K|7| + ¢ /0 exp K|s| | Z: (-, 8) || rr (m) ds

(5.10)

)
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where K refers to some positive constant depending only on Ky and k. We then invoke Propo-
sition ] to bound the first and the second integrals on the right-hand side of (f.10). Combining
with (R0) and (B.3), this leads to

/ / U V.OF 2,
0 R

< K (VO ey +<2) <z—:2 exp K || +

k T
w2 Y| [ [ otrokivoiu,

/0 exp Ks] 082, 8)l| 2 sy ds

)

In view of (5.10), this completes the proof of (B9), and of Proposition f

5.4 Proof of Theorem P completed

As mentioned in the introduction, we first focus on the coordinate x~ and the associated func-
tions N. = N7 and ©. = O . Theorem [ then follows from combining decompositions (B4) and
(BH) with estimates (B6), (BJ) and (Bd), once ({Q) is established, which we do next.

Proof of inequality (BQ). The proof is an adaptation of the proof of Theorem [|. For k = 0,
coming back to (f.1)), we deduce from (BY), (B-J) and (B-4) that

9, 2°() gK(|z£<T>| yEn ||v;°||L2<R>)\ /0 exp K1s| [1Z:(, )l 2qmds

+2(2 4 V2l + 120 o) e K ).

where K is some positive constant depending only on K. Using again the inequality 2|ab| <
a? 4+ b? and identity ([.3), we are led to the differential inequality

0r22(r) < K (sign(r) Z2(7) + (2 + VOl 2w exp K7 )

so that )
122(7)| < K'(£2 + [Vl r2(r)) " exp K'|7],

where K’ is some further positive constant depending only on Kj. Combining with ({.J) and
(E3), this provides (i) for k& = 0.

We now assume that ([f0]) holds for any 0 < j < k—1, i.e. that there exists a positive constant
depending only on Ky and k, such that

1ZeCo )iy < K (€2 + IVl 1 (my) exp K| 7],

for any 7 € R. We then bound any integral on the right-hand side of (2J). For the first and
second ones, we have following the lines of the proofs of (f.5) and (.17),

‘ | [onwuzsiz)«| [ [ o(zieiz.
o JR o Jr
§K<‘/O /R(8'£Z€)2 +(52+\|‘/;0\|Hk1(R))‘/0 exp K|s| ‘|O§ZE(',S)‘|L2(R)CZ$>.

Concerning the last integral on the right-hand side of (BJ), we invoke (B-3) to obtain

62/ /8';7458';25
0o JR

+

(5.11)

< Ke?

/ exp K13 1082, )| 2 gy ds
0
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Therefore, in view of (B9) and (p.1), we are led to the differential inequality
0- 2% (1) < K(SigH(T)Zf(T) + (& + V2l ) exp K|T|>7

so that by the Gronwall lemma, inequality (fi(]) also holds for the integer k. By induction, this
completes the proof of ([i(]). O

We are now in position to end the proof of Theorem f.

End of the proof of Theorem []. As mentioned above, Theorem [ is a direct consequence of de-
compositions (B4) and (BH) and estimates (BA), (BY) and (fid), when the coordinate x~ is consid-
ered. For the functions N and 9,07, the proof reduces as in Theorem [] to consider the system
of equations (.§)-({.9) instead of the system ([LJ)-([[§). Since the functions 7 + UX (-, —7) and
T +— VI (-, —7) are solutions to ([[J) and ([[§), we can apply Propositions f] and f| to them in
order to obtain inequalities () and () in the coordinate 2+. Combining with the versions of
(B4) and (BY) in the coordinate x*, and Lemma [, this provides () in the coordinate ™, and
concludes the proof of Theorem . O

A Defining a notion of the mass for (GP)

The purpose of this appendix is to provide a framework where the notion of mass for the one-
dimensional Gross-Pitaevskii equation may be rigorously handled. At least on a formal level,

the mass may be defined by
1

m(W) = 5/R(1—|x11|2), (A1)

and it is a conserved quantity along the Gross-Pitaevskii flow. Indeed, a solution ¥ to (GH)
satisfies the conservation law

O = 20, ((1¥,0,7)), (A.2)

where we denote as above n = 1 — |¥|2. Hence, we have

oum(¥) = /]R By = /R 0, (1%, 0,1)) =0,

provided that the functions ¥ and 7 are sufficiently smooth and decay suitably at infinity.

The quantity m(z)) is however not well-defined in general for an arbitrary function 1 in the
energy space X!(R). Consider for instance, the function 1 defined by

_ ]
1/1(95) - ‘.Z"—i-l’ VZ’GR,

which belongs to X!(R), but for which m(¢) = +oo. In order to circumvent this difficulty, we
introduce the set
Xm(R) = {y € XY(R), st. 1 — [¢]* € M(R)}.

We first claim that the Gross-Pitaevskii equation is well-posed in this new functional setting.

Lemma A.1. Given any function ¥y € X (R), there exists a unique solution V(- t) to ([GH)
in CO(R, X p(R)) with initial datum ¥o. Moreover, there exists a universal constant K such that

In(®) = 0wy < K (B(W0) (1+ B(W0)3) It = |+ In(t) = n(s) 2w )s (A3)

for any (s,t) € R2.
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Remark A.1. In view of Proposition [] and Lemma [A-]], the Gross-Pitaevskii equation is also
globally well-posed in the space

XMR) = {p € XK(R), s.t. 1 - [¢] € MR)},
for any k > 2.

Proof. We recall that in view of Proposition [, the Gross-Pitaevskii equation is well-posed in
X1(R) with conservation of the energy E, i.e.

E(¥(-,t)) = E(¥y), (A.4)

for any ¢ € R. Therefore, the proof of Lemma [A.]] reduces to show that the function n(-,t) =
1 — |¥(-,t)|? associated to the unique solution W(-,¢) in the space X'(R) is continuous with
values in M(R). This fact is a direct consequence of ([A.d) which we show next.

For the proof of (A.J), we introduce a cut-off function x € C*°(R) such that 0 < y <1,
x(z) =1, for £ <0, and x(z) =0, for z > 1,

and denote
x(a —z), for x < a,

Xap(z) =< 1, for a <z <b,
x(z —b), for z > b,

for any given numbers a < b. When ¥ is a solution to (GH) in X*(R), identity (A.J) holds in
the sense of distributions and involves quantities which are in H~*(R), so that we may multiply
(A.2) by the test function y,p and integrate by parts to obtain

8t</ "7Xa,b> = / 81&77Xa,b = 2/ 8x(<i\1’76m\1’>)>(a,b = _2/<iqjy8x\1j>am>(a,b-
R R R R

By the Cauchy-Schwarz inequality, we are led to

()

where we denote I(a,b) = (a—1,a)U (b,b+1). We now recall that it is proved in [[Z] that there
exists some universal constant K such that

[ellze < K(1+ E(@)?), (A.6)
for any ¢ € L?(R), so that (A.§) may be recast as

at(/RnXa,b>‘ < K(1+E(‘I’)%)E(‘I’) ;

where K denotes a further positive constant, depending only on our choice of the function y.
Integrating in time and invoking the conservation of the energy provided by ([A.4), we are led to

/ (01 1) = 1(+8)) Xap
R

b
'/wxa,b—/ wH/ X
R a I(a,b)

for any function ¢ € X'(R), so that (A-J) is a consequence of (A7) and (AF) (for v =
n(t) —n(s)). This completes the proof of Lemma [A.]. O

(A.5)

<2|| “I"axXa,bHLZ(I(a,b)) Hax\IlHLQ(I(a,b))’

N

<K(1 +E(\y0)%)E(qf0)%|t —s]. (A7)

Notice finally that

< K|¥ll 2 (1(a)) (A.8)
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‘We now turn to the notion of mass and define

_ 1 : * 2 : 0 2
m* () = §<linlf§f/o (1=l )+1;n3§&p/y (1— ¥l )>, (A.9)
and . . 0
() = g (smint [ (1= 6P?) + timng [a- 7)) (A.10)

for any function v € X (R). Recall that the above integrals are bounded and continuous
functions of x and y, when v belongs to X((R), so that m* () and m™ () are well-defined f.

We next show that both the quantities m™* and m™ are conserved along the Gross-Pitaevskii
flow provided that the initial datum ¥ belongs to X((R).

Lemma A.2. Given any function Vo € X (R), we have
m+(\I’(-7t)) = m+(\1j0)’ and m_(\lj('7t)) = m_(\PO)v (All)
for any t € R.

Proof. Given any numbers a < b, we deduce from (A-4), (A-H) and ([A.f) that

o[ xas )| < K+ B0 10082000

for any fixed t € R. Integrating this relation in time, combining with ([A.§) and applying the
Cauchy-Schwarz inequality in time, we are led to

/ab n(z,t)de — /ab n(z,0)dx

< K (1+ B(¥)3) /t(na W) atany + 1 8) =60l z2(aany ) ds

N

l

K<1+E Wy)3 (

|8 U(z,s)|* + |77(x,8)|2)d:£d8

n |t|||n<-,o>uLza<a,b>)>.
(A.12)

On the other hand, it follows from the conservation of the energy that

/t/ (1,3 U(x,s)]? + l\ﬁ(l’ 8)\2>dxds
0 JR 2 r ’ 4 )

so that, by the dominated convergence theorem,

= [t| E(¥g) < +o0,

¢ 1 1
/ / (—]E?x\ll(x,s)lz + —\n(az,s)\2>da:ds — 0, as a — —oo and b — +oo.
I(ap) \2 4

Similarly, since 7(-,0) belongs to L?(R),
Im(; 0)lz2(r(apyy — 0, as @ — —oo and b — +oo.

The conclusion then follows from ([A.13), and definitions ([A.9) and ([A.1Q). O

2In our definitions of m™ () and m™(¢), the number 0 may be replaced by any arbitrary other real number.
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When the function 1 — [¢)|2 belongs to L'(R), the quantities m™*(¢) and m™(v)) are equal to
the mass of ¢ defined by ([A.1]). However, for an arbitrary map in X (R), the quantities m™ (1)
and m~(¢), which are preserved by the flow, may be different. In order to define a generalized
notion of mass, we are led to restrict ourselves to an even smaller class of maps. More precisely,
we consider the subset of X y((R) defined by

X(R) = {9 € Xm(R), st m™ () =m™ ()},
and define the generalized mass of an arbitrary function ¢ € X\((R) as the quantity

1

2 <£Too /Ox (1—[9l*) + (A /yo (1- \W)). (A.13)

2
S
Il
3
T
S
Il
§I
=
Il

We then have

Proposition A.1. Given any function ¥g € Xp(R), there exists a unique solution V(-,t) to
GD) in CO(R, X (R)) with initial datum V. Moreover, we have

m(¥(-,1)) = m(¥o), (A.14)
for any t € R.

Proof. Proposition A1 is a direct consequence of Lemmas [A.1] and [A.3. Given any function
Uy € Xpq(R), there exists a unique solution ¥ to (GH) in C°(R, X ¢(R)) with initial datum ¥,.
Since m™*(¥g) = m™(¥y), it follows from Lemma [A-J that

m+(\I/(-, t)) = m_(\Il('7 t))a

so that W(-,t) belongs to Xx(R). Equality (A.14) then follows from ([A.11) and (A.13). O

Remark A.2. As already mentioned, if the function 1 — |¥g|? belongs to L!(R), then the
function ¥y belongs to Xp((R), and it follows from Proposition [A.]] that the generalized mass
of the solution ¥(-,t) to (GP)) with initial datum Wq is well-defined for any time ¢ € R and

conserved by the flow. Notice however that we do not claim that the function 1 — |¥|? remains
in L'(R).

Remark A.3. In our proofs, we use several estimates involving control on the norm | - ||
which are closely related to the conservation of the generalized mass. The conservation of the
generalized mass itself does actually not provide any bound on the solution W(-,t). We believe
that this fact is of independent interest. In particular, it might be relevant for the physical
phenomena the equation was designed to describe.
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