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Central limit theorems for eigenvalues of deformations of
Wigner matrices”

M. Capitainef, C. Donati-Martin* and D. Féral®

Abstract

In this paper, we study the fluctuations of the extreme eigenvalues of a spiked finite rank
deformation of a Hermitian (resp. symmetric) Wigner matrix when these eigenvalues separate
from the bulk. We exhibit quite general situations that will give rise to universality or non
universality of the fluctuations, according to the delocalization or localization of the eigenvectors
of the perturbation. Dealing with the particular case of a spike with multiplicity one, we also
establish a necessary and sufficient condition on the associated normalized eigenvector so that the
fluctuations of the corresponding eigenvalue of the deformed model are universal.

Résumé

Dans ce papier, nous étudions les fluctuations des valeurs propres extrémales d’une matrice de Wigner
hermitienne (resp. symétrique) déformée par une perturbation de rang fini dont les valeurs propres non
nulles sont fixées, dans le cas ol ces valeurs propres extrémales se détachent du reste du spectre. Nous
décrivons des situations générales d’universalité ou de non-universalité des fluctuations correspondant
au caractere localisé ou délocalisé des vecteurs propres de la perturbation. Lorsque I'une des valeurs
propres de la perturbation est de multiplicité un, nous établissons de plus une condition nécessaire et
suffisante sur le vecteur propre associé pour que les fluctuations de la valeur propre correspondante
du modele déformé soient universelles.

Mathematics Subject Classification (2010): 60B20, 15A18, 60F05 .
Key words: Random matrices, deformed Wigner matrices, extremal eigenvalues, fluctuations, localized
eigenvectors, universality.

1 Introduction

Adding a finite rank perturbation to a GUE matrix, S. Péché [Pe] pointed out a sharp phase transition
phenomenon : according to the largest eigenvalue of the perturbation, the largest eigenvalue of the
perturbed matrix should either stick to the bulk and fluctuate according to the Tracy-Widom (or
generalized Tracy-Widom ) law or should be extracted away from the bulk and have then fluctuations of
Gaussian nature. In the lineage of this work, in a previous paper [C-D-F], we have studied the limiting
behavior of extremal eigenvalues of finite rank deformations of Wigner matrices. We established their
almost sure convergence. The limiting values depend only on the spectrum of the deformation Ay
and on the variance of the distribution of the entries of the Wigner matrix. On the contrary the
fluctuations of these eigenvalues strongly depend on the eigenvectors of Ay. Indeed, in the particular
case of a rank one diagonal deformation whose non-null eigenvalue is large enough, we established
a central limit theorem for the largest eigenvalue which deviates from the rest of the spectrum and
proved that the fluctuations of the largest eigenvalue vary with the particular distribution of the
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entries of the Wigner matrix. Thus, this fluctuations result differs from that of the full rank one
deformation case investigated in [Fu-K] and [Fe-Pel] since this latter case exhibited universal limiting
distributions.
Let us recall these results in the complex setting, having in mind that similar results hold in the real
symmetric case. In the following, given an arbitrary Hermitian matrix M of size N, we will denote by
M(M) > -+ > Ay(M) its N ordered eigenvalues; we will denote the centered gaussian distribution
with variance v by N(0,v).
The random matrices under study are complex Hermitian matrices (M y )y defined on a probability
space (€, F,P) such that
W

My \/N + Apn. (1.1)
Ay is a N X N deterministic Hermitian matrix of fixed finite rank and whose spectrum does not
depend on N. The matrix Wy is a N x N Wigner Hermitian matrix such that the N? random
variables (Wx )i, ﬂ?ﬁe((WN)ij)iq, ﬂ%m((WN)ij)Kj are independent identically distributed with
a centered distribution p of variance o2.
As the rank of the A x’s is assumed to be finite, the Wigner Theorem is still satisfied for the Deformed
Wigner model (My )y (cf. Lemma 2.2 of [B]): the spectral measure 3 Zivzl O, (My) of My converges
a.s. towards the semicircle law ps. whose density is given by

dpise 1
7 %)

= o2 402 — x2 1[_20,20] (:C) (12)
When Ay = 0, it is well-known that once u has a finite fourth moment, the first largest (resp. last
smallest) eigenvalues of the rescaled Wigner matrix Wy /v/N tend almost surely to the right (resp.
left)-endpoint 20 (resp. —20) of the semicircle support (cf. [B]). The corresponding fluctuations,
which have been first obtained by Tracy and Widom [T-W] in the Gaussian case and then extended
by Soshnikov [So] for any symmetric probability measure p having subgaussian moments, are gov-
erned by the so-called Tracy-Widom distributions. Note that the exponential decay condition (with
symmetry assumption) has been replaced by a finite number of moments in [R], [K]. Under the
subexponential decay assumption, the symmetry assumption on p in [So| was replaced in [T-V] by
the vanishing third moment condition and very recently, Erdés, Yau and Yin [E-Y-Y] proved the edge
universality under the subexponential decay assumption alone.

Let us describe how the asymptotic behavior of the extremal eigenvalues of the perturbed Wigner
matrix may be affected by the perturbation by considering the particular case of a rank one pertur-
bation Ay with non-null eigenvalue 6. For a large class of probability measures p, it turns out that
the largest eigenvalue A\ (M y) still tends to the right-endpoint 20 if 8 < o whereas A;(My) jumps
above the bulk to pp = 0 + % if # > 0. This was proved by Péché in her pionnering work [Pe] when
u is gaussian, extended in [Fe-Pel] when p is symmetric and has subgaussian moments but in the
particular case of the full rank one deformation Ay given by

and finally established in [C-D-F] for general Ay when p is symmetric and satisfies a Poincaré in-
equality.

Moreover, considering the perturbation matrix defined by (1.3), Féral and Péché [Fe-Pel] proved that
the fluctuations of A\;(My) are the same as in the gaussian setting investigated in [Pe] and in this
sense are universal. Here is their result when 6 > o:

Proposition 1.1. If u is symmetric and has subgaussian moments
L
VN (M (M) = pg) = N(0,07)
where o9 = o4/ 1 — ‘g—z.

The proof of this result relies on the computations of moments of My of high order (depending on
N) and the knowledge of the fluctuations in the Gaussian case, established by Péché [Pe].



On the other hand, for the strongly localized perturbation matrix of rank 1 given by
Ay = diag(6,0,---,0)

with 8 > o, we proved in [C-D-F] that the fluctuations of A; (M y) vary with the particular distribution
of the entries of the Wigner matrix so that this phenomenon can be seen as an example of a non
universal behavior :

Proposition 1.2. Let u be symmetric and satisfy a Poincaré inequality. Define

6? 1 /my — 30+ ot
=gz o w=3(T )t g (14
where myg := [ x*dp(x). Then
cex/ﬁ()\l(MN)—pg) N {M*N(O,’U@)}. (1.5)

In the present paper, we consider perturbations A of higher rank of Wigner matrices associated
to some symmetric probability measure p satisfying a Poincaré inequality. The a.s. convergence of
the extreme eigenvalues has already been described in [C-D-F] (see Theorem 3.1 below). Whenever
the largest eigenvalues of My are extracted away from the bulk, we describe their fluctuations which
depend on the localization of the eigenvectors of A, as already seen in the above rank 1 examples.
We investigate two quite general situations for which we exhibit a phenomenon of different nature.
To explain this, let us focus on the largest eigenvalue 6; of Ay. We assume that #; > o so that the
largest eigenvalues of My converges a.s towards pg, = 61 + ‘e’—f > 20 .

First, when the eigenvectors associated to the largest eigenvalue 0, of Ay are localized, we establish
that the limiting distribution in the fluctuations of A\;(My), 1 < i < k;, around py, is not universal
and we give it explicitely in terms of these eigenvectors and of the distribution of the entries of the
Wigner matrix, see Theorem 3.2.

Secondly, if the eigenvectors are sufficiently delocalized, we establish the universality of the fluctuations
of \;(My), 1 <i < ky, see Theorem 3.3 .

Actually, in the rank one case, this study allows us to exibit a necessary and sufficient condition
on a normalized eigenvector of Ay associated to the largest eigenvalue 6; for the universality of the
fluctuations (see Theorem 3.4 below). Moreover if such an eigenvector of Ay is not localized but
does not satisfy the criteria of universality, the largest eigenvalue of My may fluctuate according to a
mixture of p and normal distributions generalizing (1.5). We will describe some of such intermediate
situations.

We detail the definition of localization/delocalization and these results in the Section 3.

Our approach is close to the proof of (1.5), with more involved computations and are in the spirit
of the works of [P] and [B-B-P]. It is valid in both real and complex settings. Actually, we assume
that the eigenvectors associated to the largest eigenvalues of Ay belong to a subspace generated by
k(= k(N)) canonical vectors of CV and the method requires that N —k — oo (and even % —0).

In particular, this approach does not cover the case of Proposition 1.1 studied by [Fe-Pel] where k = N.

The Deformed Wigner matrix model may be seen as the additive analogue of the spiked population
models. These are random sample covariance matrices (Sy)n defined by Sy = %YK,YN where Yy
is a p x N complex (resp. real) matrix (with N and p = py of the same order as N — oo0) whose
entries satisfy first four moments conditions; the sample column vectors are assumed to be i.i.d, cen-
tered and of covariance matrix a deterministic Hermitian (resp. symmetric) matrix ¥, having all but
finitely many eigenvalues equal to one. In their pioneering article on that topic [Bk-B-P], Baik-Ben
Arous-Péché pointed out a phase transition phenomenon for the fluctuations of the largest eigenvalue
of Sy according to the largest eigenvalue of 3, in the complex Gaussian setting; their results were
extended in [P] to the real case when the largest eigenvalue of 3, is simple and sufficiently larger than
1 and in [O] to singular Wishart matrices. In the non Gaussian case, the fluctuations of the extreme
eigenvalues have been recently studied by Bai-Yao [B-Ya2] and Féral-Péché [Fe-Pe2].

The paper is organized as follows. In Section 2, we present the matricial models under study and
the notations that will be used throughout the paper. In Section 3, we present the main results of



this paper. We give a summary of our approach in Section 4. Section 5 is devoted to the proof of
Theorem 3.2, Theorem 3.3 and Theorem 3.4. Finally, we recall some basic facts on matrices, a CLT
for random sesquilinear forms and prove some technical results in an Appendix.

2 Model and notations

The random matrices under study are complex Hermitian (or real symmetric) matrices (M y ) defined
on a probability space (2, F,P) such that
— WN

My = \/N + Ay (2.1)

where the matrices Wy and A are defined as follows:

(i) Wy is a N x N Wigner Hermitian (resp. symmetric) matrix such that the N2 random variables

(W )iz, V2Re(WN)ij)i<i, V2Sm((Wn)ij)i<j (resp. the w random variables %(WN)“-,
(Wn)ij, @ < j) are independent identically distributed with a symmetric distribution p of vari-
ance o2 and satisfying a Poincaré inequality; the latter condition means that there exists a

positive constant C' such that for any C! function f : R — C such that f and f’ are in L?(u),
v <c [1f P

with V(f) =E(|f —E(f)P).
Note that when u is Gaussian, Wy is a GU(O)E(N x N, 0?) matrix.

(ii) An is a deterministic Hermitian (resp. symmetric) matrix of fixed finite rank r and built
from a family of J fixed real numbers 6; > --- > 6; independent of N with some jj such
that 0;, = 0. We assume that the non-null eigenvalues 0; of Ay are of fixed multiplicity
kj (with >, kj = r). Let Ji, be the number of j’s such that ¢; > 0. We denote by
kio :=ki+---+k;, . Weintroduce k > k;, as the minimal number of canonical vectors among
the canonical basis (e;; i = 1,..., N) of CV needed to express all the eigenvectors associated to
the largest eigenvalues 01,...,0;,  of Ay. Without loss of generality (using the invariance of
the distribution of the Wigner matrix Wy by conjugation by a permutation matrix), we can
assume that these k4, eigenvectors belong to Vect(ey,...,eg).

All along the paper we assume that k& < v/N.

Let us now fix j such that 1 < j < Jy, and let U be a unitary matrix of size k such that
diag(U,j, IN,k)ANdiag(Uk, Ika) = diag(ﬁjlkj , (91[}61 )l§-7+ml¢j’ ZN,]CJN) (22)

where Zn_j,, is an Hermitian matrix with eigenvalues strictly smaller than 65, .

Define K; = K;(N) as the minimal number of canonical vectors among (e1, ..., e;) needed to express
all the orthonormal eigenvectors Uf , 1 <14 < kj, of Ay associated to 6;. Without loss of generality,
we can assume that the Uf , 1 <4 < Ej, belong to Vect(eq, . . ., eKj). Considering now the vectors ’U;»
as vectors in C¥7, we define the K; x k; matrix

Uk xk; == (U{,...,vij) (2.3)
namely Uy, x; is the upper left corner of Uy, of size K; x kj;. It satisfies
Uk, xi, Uk xk; = ;- (2.4)

All along the paper, the parameter ¢ is such that ¢ = 4 (resp. ¢t = 2) in the real (resp. complex)
setting and we let myq := [ 2*du(x).

Given an arbitrary Hermitian or symmetric matrix M of size N, we will denote by A\(M) > --- >
AN (M) its N ordered eigenvalues.



3 Main results

We first recall the a.s. convergence of the extreme eigenvalues. Define

0.2

Po; :9j+?. (3.1)
J

Observe that pg, > 20 (resp. < —20) when ; > o (resp. < —0) (and pp, = +20 if 0; = £0).
For definiteness, we set k1 + ---+ kj—q1 := 0 if j = 1. In [C-D-F], we have established the following
universal convergence result.

Theorem 3.1. (a.s. behaviour) Let Ji, (resp. J_,) be the number of j’s such that 6; > o (resp.
9]‘ < —0’).

(1) V1 < j < J+a-, V1 < ) < k], Ak1+~~~+kj,1+i(MN) — po; @.S.

(2) )\k1+>~+k]+a+1(MN) — 20 a.s.

(3) /\k1+"'+k.17‘17 (MN) — —20  a.s.

o

(4) Vi>J—-Jo+1,V1<i<kj, Aytoir;_+i(Mn)—>po, a.s.

3.1  Fluctuations around py,

;From Theorem 3.1, for all 1 <4 < kj, Ap, ...k, , +«(Mn) converges to pp, a.s.. We shall describe
their fluctuations in the extreme two cases:

Case a) localization of the eigenvectors associated to 6;: The sequence K;(N) is bounded,

Suij(N) = Kj
N

and the the upper left corner Uij k) of Uy, of size K ; % k; converges towards some matrix Uléjxkj
when N goes to infinity;

Case b) delocalization of the eigenvectors associated to §;: K; = K;(IN) — oo when N — oo
and Uy satisfies

ky K
méfmzif(|(Uk)ip| — 0 as N — oco. (3.2)
p=1 i=

The main results of our paper are the following two theorems. Let ¢y, be defined by
P
Cop. = ) J (33)

J _ 427
Gj o

In Case a) (which includes the particular setting of Proposition 1.2), the fluctuations of the corre-
sponding rescaled largest eigenvalues of My are not universal.

Theorem 3.2. In Case a): the kj-dimensional vector
(Cej VN Nyt 4i(MN) = po, )i =1, .,kj)

converges in distribution to (A;(Vi;xk,);i = 1,...k;) where A\j(Vi;xx,;) are the ordered eigenvalues of
the matriz Vi, <k, of size kj defined in the following way. Let Wf(j be a Wigner matriz of size I~(j

with distribution given by p (cf (1)) and Hp be a centered Hermitian Gaussian matric of size K;

independent of Wf(j with independent entries Hy;, p <1 with variance

t rmy — 30t t ot ~
/Upp:E(Hzp):_(iQ) —ﬁ,pil,...,Kj,
4 9]- 29]-—0
N : (3.4)
’l}pl:E(|le|):m,1§p<l§Kj.
J



Then, Vi, xk; is the kj X k; matriz defined by
Vijxi; = ~;‘<jxkj(WI%j Jer(j) ~f(jxkj- (3.5)

Case b) exhibits universal fluctuations.

Theorem 3.3. In Case b): the k;-dimensional vector

(Cej\/N(Ak1+...+kj,1+i(MN) —po;)ii=1,.. -ij)

converges in distribution to (Xi(Vi,xk;); @ = 1,...k;) where the matriz Vi, xx; is distributed as the

GU(O)E(k; % kj, o ).

Remark 3.1. Note that since p is symmetric, analogue results can be deduced from Theorem 3.2 and
Theorem 8.3 dealing with the lowest eigenvalues of My and the 0; such that 0; < —o.

Example:
An = diag(Ap(01), 021k, , ON—p—k,)
where A,(01) is a matrix of size p defined by A,(61);; = 61/p, with 61,02 > o, p < V/N. Then

k=p+ke, ki =1, K1 =p, Ko = ky. For j = 1, we are in Case a) if p is bounded and in Case b) if
p = p(IN) = +oo. For j =2, we are in Case a).

3.2 Further result for a spike 0, > o of multiplicity 1

Dealing with a spike 6; > o with multiplicity 1, it turns out that case b) is actually the unique
situation where universality holds since we establish the following.

Theorem 3.4. If kj =1, 0; > o, then the fluctuations of g, 4...4k;_, +1(Mn) are universal, namely

t f o2
\/N()\lir...JrkjilJrl(MN) — pe,) £, N(0, §U§j) where o9, = 0y [1 — 7
J

if and only if
max |(Ug)i1] = 0 when N — oco. (3.6)

Moreover, our approach allows us to describe the fluctuations of Ag,4...4x, ,+1(Mn) for some
particular situations where the corresponding eigenvector of Ay is not localized but does not satisfy
the criteria of universality max;<r; |(Ug)i1| — 0 (that is somehow for intermediate situations between
Case a) and Case b)). Let m be a fixed integer number. Assume that for any [ = 1,...,m, (Ug);1 is
independent of N, whereas max,<;<x; |(Ux)i1| — 0 when N goes to infinity. We will prove at the end
of Section 5 that cg, vV'N (Mg, 4.4k, ,+1(Mn) — pg,) converges in distribution towards the mixture of
u-distributed or gaussian random variables 2271:1 ai&i+N in the complex case, > << <, @it&it +N
in the real case, where &;, (i,1) € {1,...,m}?, N are independent random variables such that

e for any (i,1) € {1,...,m}?, the distribution of &; is y;

V23 ((Uk)i1 (Uk)a) if i < 1
® a; = VIR((Uk)in (Uk)ar) if i > 1
\/g'(Uk)hP if i =1

e N is a centered gaussian variable with variance

2
t [m4 - 304} Yo Unlt 0 ot t % 2 2
1 0 +§9j2 t3 1- E |(Uk)u1] o

2 _ 52
=1

~



4 Sketch of the approach

Before we proceed to the proof of Theorems 3.2 and 3.3, let us give the sketch of our approach which
are similar in both cases. To this aim, we define for any random variable A,

€N()‘) = Cy; \/N()‘ - p‘%) (41)

with cp; given by (3.3). We also set l%j_l =k + ...+ kj—1 with the convention that 12:0 =0.

The reasoning made in the setting of Proposition 1.2 (for which k = k4, = 1) relies (following ideas
previously developed in [P] and [B-B-P]) on the writing of the rescaled eigenvalue &y (A (My)) in
terms of the resolvent of an underlying non-Deformed Wigner matrix. The conclusion then essentially
follows from a CLT on random sesquilinear forms established by J. Baik and J. Silverstein in the
Appendix of [C-D-F] (which corresponds to the following Theorem 6.2 in the scalar case). In the
general case, to prove the convergence in distribution of the vector («EN(A,%FIH(MN));i =1,..., k:j),
we will extend, as [B-Ya2], the previous approach in the following sense. We will show that each of
these rescaled eigenvalues is an eigenvalue of a k; X k; random matrix which may be expressed in
terms of the resolvent of a N — k x N — k Deformed Wigner matrix whose eigenvalues do not jump
asymptotically outside [-20; 20]; then, the matrix Vi, «x; will arise from a multidimensional CLT on
random sesquilinear forms. Nevertheless, due to the multidimensional situation to be considered now,
additional considerations are required. Let us give more details.

Consider an arbitrary random variable A which converges in probability towards pg,. Then, applying
factorizations of type (6.1), we prove that A is an eigenvalue of My iff £x()) is (on some event having
probability going to 1 as N — co) an eigenvalue of a k; x k; matrix Xy, n(A) of the form

X, N(N) = Vi, v + Ri, n(A) (4.2)

where Vi, v converges in distribution towards Vi, xx; and the remaining term Ry, n()) turns out to
be negligible. Now, when k; > 1, since the matrix Xx, y(\) (in (4.2)) depends on A, the previous
reasoning with \ = /\];FIH(MN) for any 1 < ¢ < k; does not allow us to readily deduce that the k;
normalized eigenvalues &y ()\,;jil +i(Mn)), 1 < i < kj are eigenvalues of a same matrix of the form
ij,N + 0[{»(1) and then that

En(Ag, M) 1 << k) = (Ni(Vey v); 1< i < kj) + op(1). (4.3)

Note that the authors do not develop this difficulty in [B-Ya2] (pp. 464-465). Hence, in the last step
of the proof (Step 4 in Section 5), we detail the additional arguments which are needed to get (4.3)
when k; > 1.

Our approach will cover Cases a) and b) and we will handle both cases once this will be possible.
In fact, the main difference appears in the proof of the convergence in distribution of the matrix Vi, n
which gives rise to the ”occurrence or non-occurrence” of the distribution p in the limiting fluctuations
and then justifies the non-universality (resp. universality) in Case a) (resp. b)).

The proof is organized in four steps as follows. In Steps 1 and 2, we explain how to obtain
(4.2): we exhibit the matrix ijﬁ ~ and bring its leading term Vj; n to light in Step 2. We establish
the convergence in distribution of the matrix Vi, y in Step 3. Step 4 is devoted to the concluding
arguments of the proof.

5 Proofs of Theorem 3.2, Theorem 3.3 and Theorem 3.4

As far as possible, we handle both the proofs of Theorem 3.2 and Theorem 3.3. We will proceed in
four steps. First, let us introduce a few notations.

For any matrix M € My (C), we denote by Tr (resp. try) the classical (resp. normalized) trace. For
a rectangular matrix, |[M]|| is the operator norm of M and ||[M||gs := (Tr(MM*))'/? the Hilbert-
Schmidt norm.

For an Hermitian matrix, we denote by Spect(M) the spectrum of M. For z € C\Spect(M),



Gu(z) = (2zIy — M)~! denotes the resolvent of M (we suppress the index M when there is no
confusion). We have the following :

1

(5.1)

For a m x ¢ matrix B (or B) and some integers 1 < p < m and 1 <[ < ¢, we denote respectively by
[B];\Xl, [B]pfxl, [B]p/xl and [B]p\;l the upper left, upper right, lower left and lower right corner of size
p X | of the matrix B. If p = [, we will often replace the indices p x [ by p for convenience. Moreover
if p=m , we may replace /* or \, by — and /" or \_ by <. Similarly if [ = ¢, we may replace  or
N by 1T and  or N\, by |.

For simplicity in the writing we will define the £k x k, resp. N —k x N — k, resp. k x N — k matrix
Wi, resp. Wn_g, resp. Y, by setting

(W Y
wo (W2 ) 52

Given B € My(C), we will denote by B the N x N matrix given by

= N . B Bixn—
B .= dlag(Uk,IN,k)Bd1ag(Uk,IN,k) = < va ek vax]\; k > .
—kx _

One obviously has that By_i = BN_k. B
In this way, we define the matrices My, W and A y. In particular, we notice from (2.2) that

%k Akfok ) )

Ay = diag(0; I, 01k, i<, o iti> ZN—kyy) = ( Aninn Anor
e _

(5.3)

Note also that since Ay_j is a submatrix of Zn_j +o» all its eigenvalues are strictly smaller than o.
Let 0 < 0 < (pg, — 20)/2. For any random variable )\, define the events

Qg\})(/\) = {/\1 <T]]\7V + dlag(Uk,INk)dlag(0k+U,ZNk“)dmg(Uk,INk)) <20+ 0;A > pg; — 5} ,
Wi
of = {M < \;VN’“ +AN_k) < 2a+6},
and

vy =y (N ef. (5.4)

On Qn(A), neither A nor pg; are eigenvalues of My _p := W\J/Vﬁ”“ + An_y, thus the resolvent CAT‘(:E) of

My i is well defined at x = X\ and x = py, .
Note that from Theorem 3.1, for any random sequence Ay converging towards pp, in probability,
th — 00 ]P)(QN(AN)) =1.

Let us now introduce on Qn(\) some auxiliary matrices that will be of basic use to the proofs.

Bin = Wi + \/LN (Y@(pgj)y* (N - k)‘;—jfk). (5.5)
Vipo N = [U;f]3k,NUk]k\+cr . (5.6)

() = 1O o, VGG 00,7, 6.7

ox = —x (YGlp0, V" — 0> TeGlpn, 1) (5.8)
YN = —0° N]\_, (trN—k G(pe,)* - ngg)h, (5.9)

J



COjDk,N()\) ZTN()\)—I—(bN—I—wN. (5.10)

1 R e
Ty = |UF (W + ——YGO\)YHU, , 5.11
W) = [0 goveorn] G)

. ~ /‘

An(\) = [UkYG(/\)AN,kxk}kﬂx(kik“), (5.12)
Tiyoxb—try (A) =Tn(A) + An(N). (5.13)
Qin(\) == My, + My v GO My _ i, (5.14)
Chekya (A) = ([Qk,zv()\)],}_k“ _)\Ik—k+d)71- (5.15)

Note that we will justify that 3j_j _()) is well defined in the course of the proof of Proposition 5.1
below. Finally, set

Xy, n(N) = [UiBinUy, + VNdiag (O, (00 = 0) 1k, L=1,..., Jyo,l # j)
+en (N (U7 Dex (VURIR
o2 En(N\) k k o2
Tl N v | ke
2 — 0% ¢y, V/N 0;
1
=T h—kre M) Ek—ky o Nk xh—key , (A" (5.16)

VN

STEP 1: We show that an eigenvalue of My is an eigenvalue of a matrix of size k.. More, precisely,
we have:

Proposition 5.1. For any random variable A and any ki, X ki random matriz Ay, , on Qn(X),
X is an eigenvalue of My + diag(Ay, ,0) iff Ex () is an eigenvalue of Xy, N(N) + VNAg,, where
Xy, N(N) is defined by (5.16). Moreover, the k — ki X k — ko matriz Xj_p, () defined by (5.15)
is such that

1%k V) < 1/(p0, — 20 — 26).

Proof: Let A be a random variable. On Qn (M),

det(My — My) = det(My — My)
—  det < My = Al Myxn—k )
MN_kxi  Mn—k — ANk

= det(My_p — Ay_y) det (Mk Y kaN_kG(A)MN_kxk) .

The last equality in the above equation follows from (6.1). Since on Qn(A), A is not an eigenvalue of
Mpy_g, we can deduce that A is an eigenvalue of My if and only if it is an eigenvalue of

Qin(\) = My + Mysn GO\ My—_pxk.

Now, note that we have also from (6.1) that

< pN
Wy
det [ﬁ +ZN-kyy — MN-k,
N—kio
— det (WNk 4 [ZkaH,]\ _ >\INk> x det ([Qk N()\)]k\ ko — >\Ik7k+c,) .
/N N—k ’ —kto

~ AW ~
The matrix {M +ZN_k,, is a submatrix of % +diag(O, , » ZN—k,,) Whose eigenvalues are

\/N i| N—kyo
(on (X)) smaller than 20 +4. So, since on Qx(A), A is greater than pp, —6 > 20 +4, we can conclude



that A cannot be an eigenvalue of [%} +ZN_k,,, and then neither of [QkaN()‘)]k\—k+,,‘ Thus,

N—k+a
we can define

Bk, ) = (QuvO e, —Mior.)

Moreover on £2x(\), one can see using (6.1) that if Ag is an eigenvalue of [QkJV(/\)]k\fm — Mg,
then X is an eigenvalue of

Wy
— Zn_ — diag(Aolp— ON_E).
{\/N}N k+a+ N—kio iag(Aolx kyorUN k)
Hence, R
W™
A<A([—} In_ ) A
= "N\UYN kawJr N-kiq ) + ol
and then

|)\0| Zpej 75720—*55
so that finally
1

DTN M < —————.
s, O S 2y

(5.17)

Using oncemore (6.1), we get that on Qx(A), A is an eigenvalue of Qk ~(A) if and only if it is

o QeN O s, Sk V) Qe I, i, OF equivalently if
and only if 5 (\) is an eigenvalue of

an eigenvalue of [Qg (A )]

co, VN ([Qun VIR, = 90, Tk = Qv IL ki, St W) Qe OV, ) -

Now using

G(\) = Glpo,) = —(A = po,)G(pa,)G(N),

one can replace G()\) by é(pgj) + [—()\ - pgj)é(pgj) (@(pgj) -\ = pgj)é(pgj)é()\))} and get the
following writing

1 ~ 1 ~ N -k o?
—YGNY" = —YG(py,)Y" + AN)D A) — A 1 5.18
\/N ( ) \/N (pej) EN( ) k,N( ) fN( ) N co, (9]2 — 0.2) k ( )
where
1 A A 1 PN .
co, DN = (A= p0,)YGNG(po, )Y = % (YG(pgj)QY* pe TrG(pgj)QIk)
N —k ~ 1
—o? N (tI‘ka G(Pej)2 - 9?_702)]1@.
Then

co, V_([Qm( New, — po; z,m) = cej{[U,: (W \/—_(YG(pg) —(N—k:)g—Q_Ik)) Uk]\

J k+g
+VNdiag (0x;, (01 — 0,) Ik, L =1, ., Jio, L # 5)
k 02 a2 En(N) k

+ M [UFD ANU + 55—
En(A) [Ug Di,n () lc]k+ Nod Iy, 702 o N

0.2

—mfN()‘)Ik+a-

J

The proposition (adding an extra matrix Ay, for future computations) readily follows. O

10
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Throughout Steps 2 and 3, Ay denotes any random sequence converging in probability towards
po,- The aim of these two steps is to study the limiting behavior of the matrix X, nv(An) (defined
by (5.16)) as N goes to infinity.

STEP 2: We first focus on the negligible terms in Xk+U,N(AN) and establish the following.

Proposition 5.2. Assume that k < VN. For any random sequence Ay converging in probability
towards pg,, on Qn(An),

Xy, o N(AN) = Vi, v + VNdiag (Ok,, (01 — )Ty, L =1, ., Jio, L # 5) + (1 4+ |En (An)])20p(1),
(5.19)
with Vi, , N defined by (5.6)

The proof of this proposition is quite long and is divided in several lemmas. Although our final
result in the case k infinite holds only for k < v N, we will give some estimates for £ < N once this
is possible.

Lemma 5.1. Let k < N. Then, on Qn(An),
(U Dy, v (AN)Uily = os(1). (5.20)

Proof of Lemma 5.1: Dy y(An), Tn, ¢~ and ¢y are respectively defined by (5.10), (5.7), (5.8)
and (5.9) .
Since Y is a submatrix of Wy, limsup IlF” <2 and % = Op(1). Thus,

7w |l = Op(An — po,) = op(1). (5.21)

where we used that |G(\)|| <7 for X = pp; or A = An. Therefore,

20’ 26)

Uz Uys, || = oe(1).
It follows from Lemma 6.3 in the Appendix that

. N—k . 1
[UkwNUk]k\Jrg = —O'2 N |:tI'N_k G(pgj)Q — m} Iker = O[P(l).
J

Now, we have

E (I UionUy, loxiamlis) < E (I 056U, Tge Is)
k+a 1
< > B (U0) Clos,)?Ula) = 02 Tr Glpo, 0Pl )
p,q= 1

where for any p = 1,..., k4o, we let U(p) = [(Y*Uk)1,p,---» YV*Uk)N—kp]. We first state some
properties of the vectors U(p).

Lemma 5.2. Let U denote the N — k X ki, matriz [Y*Uk]k‘:g. Then, the rows (U; ;1 < N — k)

are centered i.i.d vectors in CF+e | with a distribution depending on N. Moreover, we have for all
1 < b, q < k-l—o-'

E(Uiplhy) = 0p.00°  with EUlUy,) =0 in the complex case,

k
t
E{[tdip|*thiq|*) = (1 + §5p,q)0’4 + [E(Waa|*) oI 1URp*|Uiegl®. (5:22)
=1

Since Zle |(Uk)ip|* <1, the fourth moment of Uiy, is uniformly bounded.

11



We skip the proof of this lemma which follows from straightforward computations using the indepen-
dence of the entries of Y and the fact that Uy is unitary.
Then, according to Theorem 6.1 and using (5.1),

1 ~ K ~
7 () Cloo, U (p) = 0 Tr Glpo,) Moy an)) < T (trn Glon, ) 1o )
K ~
< FE(IG00) 1 1))
< K1
= N (pg;, — 20 —0)*

Besides for p # ¢, using the independence between (U (p),U(q)) and é(pgj), we have:

N—k
(UG Glon, PU@PL) = 32 Blthy(6)islsaldslClimllna o]
i,5,l,m
N—Ek -
= E[UipU;qUipUnmq|E[(G?) i (GQ)“"]QE?]
i,5,L,m

where we denote by G the matrix é(pgj) for simplicity. From Lemma 5.2, for p # ¢, the only terms
giving a non null expectation in the above equation are those for which:

1) i=1,7=mand i # j. In this case,

ElUinUjqUipUq) = ElUipUip|EU; U] = o
and
N—k
E[(G*);;(@P)ijlgw] < ETr(G'1ge).
1,J,87#]

2) i=j =k =1. In this case, using (5.22), there is a constant C' > 0 such that

E[UspUigUipUiq) = E[|Uip |*|Usq|*] < C

Moreover
N—k
Z E[Gfiégilggvz)] <ETr(G* 19(2))
i=1
Therefore,
(IU( )*G(ps,)*U(q)|? lgm) <(C+a%) ETr(é(pgj)4lsl§5)). (5.23)
Hence,

1 2 C+ot ~ 4 C+o* 1
2 . 2 )| < .
7B (U Glon U@ 1o ) < =B (1600 o) < =7 oy

Thus

k3, 1

]E(H [U§¢NUk]k\+<, ||219N(AN)) < (C+oh)=Z N (o —20 — 0"

The convergence in probability of [U¢n Uk];\“ towards zero readily follows by Tchebychev inequality.
Lemma 5.1 is established. O

12



For simplicity, we now write
Y(AN) = Zp—r,, (AN).

Let us define

k O'2 O'2 gN(AN) k 1
R Ay)=——=—1 — —I, ———T _ AN)E(AN)T _ An)*.
kN (AN) N 0, k+o+9]2_ 3 s, N kyo N ko xk—kgo (AN)S(AN)Th o xk—kyy (AN)
(5.24)
To get Proposition 5.2, it remains to prove that if k < /N,
Ry n(An) = (1+[En(An)])oe(1). (5.25)

Once k < /N, we readily have that

k o2 o2 En(An) Kk
TR e T ey W ke = (L e () Por (1),
J J

Hence, (5.25) will follow if we prove

Lemma 5.3. Assume that k < V/N. Let T, xi—k.,(A) and X()\) be defined as (5.13) and (5.15).
On QN(AN),

\/LNF;C“X;C,;C“(AN)E(AN)F;C“X;C,MU (AN)* = (14 [¢n(AN)])20p(1). (5.26)

For the proof, we use the following decomposition (Tn(A) and Ax(A) being defined by (5.11) and
(5.12)):

Tyoschmtsg (AN)EAN) Ty xk—kpo (AN)"

where (using (5.18))
1 ) e
In:=TyAn) = |Ui(Wi+ WYG(AN)Y*W]C ko X (k=K o)
= [U;:Bk,NUk]kiaxk—kM + v (AN) [U’:Dk’N(AN)Uk]k/;“Xk_k*“

and we replaced X(Ay) by X. We will prove the following lemma on Ty .

Lemma 5.4. If k < N,
1 [z Dy, (AN)URIE | = oe(1). (5.28)

k+a Xk_k+g

Ifk < VN, P 1
H [UgBka(AN)Uk]k+axk—k+g ||HS = OP(NZ). (5.29)

and therefore, for k < /N, )
TNl = op(N#)(1 4 [En (An)I)-

Proof of Lemma 5.4: To prove (5.28), we use the decomposition

Co, [U;DkaN(AN)Uk]k/jraxk—kﬂ = [UI:TNUk]k/;gxkflmrg + [U1:¢NUk]k/+ka7k+g :

As in the proof of Lemma 5.1, we have

Kk o 1
N (pej — 20 — 6)47

E (|| Wi on UL, noiy, rstonian) < (C+0?)
so that, for £k < N and using Tchebychev inequality, we can deduce that

[ [Ulz(bNUk]k/laxkkarg sy ay) = or(1).

13



(From (5.21),
N UL i, || = 05 (1).

and therefore

Uz DN ANURE i, | = 08 (1),
Thus, (5.28) is established.
For (5.29), recall that (U} By, NUk]k/+ Khekiy = [U;WkUk]Ié,,xk—k+ \/—[UkYG(Pe )Y*Uk],€+ k-
Since |Wy|| = Op(Vk), we have ||[U,€I/VkUk]k+dX,€ k+a” = Op(Vk). Hence, as k < /N, we can de-
duce that [[UEWeU) pp,. s = op(NT).
Now, let us prove the same estimate for the remaining term. Using the same proof as in (5.23), one
can get that for p # ¢, for some constant C' > 0,

E ([U(p) Glpo, U(@)* 1y ) < CETH(Gpo, )P 1)

and then that for some constant C' > 0,
1

[UkYG(p9 Y” Uk]k+a><k kto HHS]Q@)] < Okkeo (po, — 20 — )%’

[H\/—

Then using that

[UkYG(PH )Y Uk]l@rgxk k+a|‘H519<2> >eN+ ) = [H [UkYG(/)G )Y+ Uk]k+a><k k+g||HS]

* (175 75

we deduce since k < v N that

1
UY G0, )Y UKL ki, lrrslge = op(N'7).

\/_

H\/—

Thus (5.29) and Lemma 5.4 are proved. O

Using that
1
< — 5.30
121 g5 (5.30)
one can readily notice that Lemma 5.4 leads to
1
TWET} = (1+ ¢n (An)]) 2oz (1). (5.31)

VN
We now consider the remaining terms in the r.h.s of (5.27). We first show the following result where
we recall that A (po,) = [UrY G(po,) AN —kxklf, xii,, -
Lemma 5.5. \/—%TNEAN(M,J_)*, \/—%AN(POj)EAN(pej)* and \/LWAN(/)@J.)ZT;{, are all equal to some
(L4 [En(An)])op(1).
Proof of Lemma 5.5 : We will show that, on Qn(Ay), for any u > 0,
AN(pgj) = O[pJ(Nu). (532)

One can readily see that this leads to the announced result combining Lemma 5.4, (5.30) and (5.32).
First, using the fact that U;Y is independent of 1, G(pp,) and that for any p, the random vector
N

2

Up) =t [(Y*Uk)1ps-- -, (Y*Uk)N—k,p) has independent centered entries with variance o2, one has that

E(loy aw) TrAn(po;)An(ps,)") < E(lge Tr An(pe, ) An(ps,)")

= k+0.0'2]E {1955) TI[GQ(pej )AkaXk*k+aA7ka><kfk+g]}

< k+aU2E {19(2) Hé(pej)HQ Tr Akaxkka, A?V—ka—kJra }
N
k+o-0'2 9
——TrA
(pg. — 20 — 5)2 N

k+0-0'
N (po, —20 =19 QZklol

14



Therefore, P(lg, (ax)|AN(po,)llzs = eN¥) < e 2N"2"E(lg, (ax) | An(pe,)ll31g) goes to zero as N
tends to infinity. Hence (5.32) holds true on Qn(Ax) and the proof of Lemma 5.5 is complete. O

Let us now prove that
Lemma 5.6. Ax(An) = An(ps;) + Op(|En(AN)])-

Proof of Lemma 5.6: We have
AN(AN) — An(ps;) = —(An — p@j)[U;YG(p‘%)G(AN)AN—ka]k/igxkfk+g'

Let us define Vi, = [UrY G(pg, ) G(AN)An—pxrlf

T ks Then for some constant C' > 0 depend-

ing on the matrix Ay _gxk,

IN

ClIG (po,)IPIIGAN)I* Tr@U)
v
(po; — 20 —26)*

Tr(Vk“VZM)

< Tr(U*U)

where we denote as before U = [Y*Ug|, . Thus letting ¢ := Cc;f,

1

1
185 (An) = Anln,lizs < C'En (M) g 55 7

Te(U*U).

(From Lemma 5.2, it follows that

1
) 5 kyoo?

implying that |An(ANn) — An(pe; ) ms = Op(|En(AN)]). O
We are now in position to conclude the proof of Lemma 5.3. Indeed, writing
AN(AN)ETY = (An(AN) = An(pe;)) ZTx + An(pe, ) STy
and

AN(AN)ZAN(AN) = An(po;)ZAN(pe,)”
+ (AN(AN) — An(po;)) SAN(po,)*
+ (AN(AN) = An(ps,)) S (AN (AN) = An(ps,))”
+AN(po; )X (AN (AN) — An(pe,))

we deduce from Lemmas 5.4, 5.6 and (5.30), (5.32) that \/—%AN(AN)ET;\} and \/—%AN(AN)ZAN(AN)*

are both equal to some (1 + [Ex(An)|)op(1). Using also (5.31), we can deduce that

ﬁrkwk,k“(AN)EFMX,C,,%(AN)* — (14 |en(An))20s(1) (5.33)

which gives (5.26) and completes the proof of Lemma 5.3. O

Combining all the preceding, we have established Proposition 5.2. We now prove that provided it
converges in distribution, with a probability going to one as N goes to infinity, {n(Ax) is actually an
eigenvalue of a matrix of size k;.

Lemma 5.7. For all u > 0,
[ViioNllEs

Nu 0[[»(1).
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Proof: Straightforward computations lead to the existence of some constant C' such that
E (| Ui Wilily,, lus) < C.

The convergence of || [U;WUykl,, |I/N" in probability towards zero readily follows by Tchebychev

inequality. Following the proof in Lemma 5.1 of the convergence in probability of [U;®nUg] s

towards zero, one can get that

N 4\1.2
E (I [Uk —\/nggy (YG(Pej)Y -0’ TYG(pej)Ik)Uk} . |219N(AN)> < o 200 7+5>2,
+o J

and the convergence in probability towards zero of the term inside the above expectation follows by
Tchebychev inequality. Since moreover according to Lemma 6.3,

\/LN]Q%) <Tré(p9j) — (N - k’)%) = op(1),

we can deduce that

—u * 1 ~ * 02 h
N || |:Uk \/—Nlﬂg\?) (YG(pgj)Y — (N — k)ylk)Uk:| .. HIQS\?) = O[p(l).
The proof of Lemma 5.7 is complete. O

Proposition 5.3. Let A, be an arbitrary kj x k; random matriz. If {n(An) converges in distribution,
then, with a probability going to one as N goes to infinity, it is an eigenvalue of X, ~N(An) +
diag(Ag;,0) iff En(An) is an eigenvalue of a matriz ij7N(AN) + Ay, of size kj, satisfying

ij,N(AN) Zij7N+O[p>(1) (534)
where Vi, N is the kj x kj element in the block decomposition of Vi, n defined by (5.6); namely
Vi v = Uk, sk, [Bk,N]kj Uk xk;

with Uk, xx; and By, n defined respectively by (2.3) and (5.5).

Proof of Proposition 5.3:
Since {n (An) converges in distribution, we can write the matrix Xy, ~(An) given by (5.19) as

Xy N (An) = VNdiag(Ox;, (0 — 0;) Ik, )izs) + Ry o N (AN)

where Ry, n(An) := Vi, ~ +op(1). Let us decompose Xy,  n(An) in blocks as

X, X, ks
Xkyo,N(AN) = ( ki N Ry xko ks, N )

o—kjxkj, o—kj,
Xkyo—kjxk;, N  Xkio—k; N

We first show that {x(An) is not an eigenvalue of Xp,, _x, n. Let a = inf;x; [0 — 6;] > 0. Since,

Xy o—kyn = VNdiag(((0 — 0;)Ix, )i17) + By —r, .,

if p is an eigenvalue of Xy, x;, then

ul/VN > o — || R, ,—x; N l/VN,
Now, using Lemma 5.7,
| Rey e, ||/ VN = 0p(1).
Hence {n(An) cannot be an eigenvalue of X}, +o—k;,N- Therefore, we can define

. —1
Xign = Xig N — Xigyxhyo—ky N(Xby ok, N = EN(AN) iy —k;) ™ Xy ke xby N

= Vi, N — Rigy iy —t; N (Xt —ky, N — ENAN) Ty —1;) " Ry =ty ey v + 0p(1).
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To get (5.34), it remains to show that
Rk, iy oy N (X —hy N — EN(AN) iy —ky) ™ Ry —y iy N || = 0B (1),

This follows from the previous computations showing that (for some constant C' > 0)
(Xkso—teyv = EN(AN) Tk -k, ) 7T < (O + 0p(1)) /VN,

combined with the definition of Ry +o,N(An) and Lemma 5.7. The statement of the proposition then
follows from (6.1). O

STEP 3: We now examine the convergence of the k; x k; matrix Vi, x = U}}jxkj [Bk,N]kj Uk, xk,

. . - N o
Proposition 5.4. The Zkr x kj matriz Vi, N = Uge yp, [Bk,N]K]. Uk, xk; converges in distribution to
a GU(O)E(k; x kj, 7 002) if and only if maxﬁjzl maxf(:jl |(Uk)ip| converges to zero when N goes to
infinity.

Proof
Assume that max];j,l maxf(_j1 |(Uk)ip| converges to zero when N goes to infinity. We decompose the

proof of the convergence of Uj . [Bk, N] Uk xk,; in distribution to a GU(O)E(k; x kj, 92 2) into

the two following lemmas.

Lemma 5.8. If maX];;l InaLXZKV1 |(Uk)ip| converges to zero when N goes to infinity then the k; x k;
matriz U . [Wk] Uk xk,; converges in distribution to a GU(O)E(k; x kj,o?).

Proof of Lemma 5.8: First we consider the complex case. Let o,y € C, 1 < p < g < k; and
app € R, 1 <p < ky, and define

Ly(a):= Z (apq (U WiUs)pg + tpg (U Wi Uk )pg) Z 20pp (U Wi Uk )pp
1<p<q<k; 1<p<k;

We have

Ln(@) = DWW+ Y RaVR((W)a) + 3 Ta(V3m((Wy)a),

1<i<I<K; 1<i<I<K;

where

Di2§Re< > apq(Uk)quip),

1<p<q<k;

Ry = \/§§Re( Z apg(Un)ig(Un),, + (Uk)iqmlp))a

1<p<q<k;

I = \/§Sm< Z Oé_pq(mlq(Uk)ip Wiq(U’c)l?))'

1<p<q<k;
2
Hence Ly (a) = ZK” 1 Bm. N¢m where ¢y, are i.i.d random variables with distribution g and S N

are real constants (depending on the ay4) which satisfy max " 1 |Bm,n| = 0 when N goes to infinity.

Therefore the cumulants of Ly(«) are given by eV = Zmzl B, nCn(p) for any n € N* where
Cy (1) denotes the n-th cumulant of p (all are finite since p has moments of any order). In particular

C{N) = 0. We are going to prove that the variance of Ly («) is actually constant, given by

i
= Z ﬁan =2 Z |O‘pq|2 +4 Z |app|2- (5.35)
m=1

1<p<q<k; 1<p<k;
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One may rewrite Ly («) as
L(a) = Tr (HUFWi,Uy,)

where H is the k X k Hermitian matrix defined by
Hpyg=aq if p>q and Hpp = 20y,.

Hence using
E[(Wk)ji(Wi)gp] = 6]’1761'1102

it is easy to see that
E[Ly()?] = o®Tr [(UkHU;)Q]
= o?TrH>
Then (5.35) readily follows. In the following, we let const = Zﬁil BN

K2
Since |C’,(1N)| < constmax,,’ ;| |Bm.n|""2|Cn ()], iy converges to zero for each n > 3. Thus we
can deduce from Janson’s theorem [J] that Ly (a) converges to a centered gaussian distribution with
variance 0(231 << <, [0pgl? + 4301 <<y, [opp|?) and the proof of Lemma 5.8 is complete in the
complex case.

Dealing with symmetric matrices, one needs to consider the random variable

Ly(a):= Z g (U WiUy)pg + Z pp (U WiUg)pp

1<p<q<k; 1<p<k;

for any real numbers a,q, p < ¢. One can similarly prove that Ly (c) converges to a centered gaussian
. . . . . 2 2 2
distribution with variance 0*(23_; <, o<p, @pg + 22 1<p<i, Opp)- O

Remark 5.1. Note that Lemma 5.8 is true under the assumption of the existence of a fourth moment.
This can be shown by using a Taylor development of the Fourier transform of Ly (a).

Lemma 5.9. If maX];j:l maxfijl |(Uk)ip| converges to zero when N goes to infinity then the k; x k; ma-

. * ~ * o? N ot
triz ﬁUKjxkj KYG(/)‘%)Y — (N - kz)e—jlk” %) Uk, xk; converges towards a GU(O)E(k;xk;, W)

Proof of Lemma 5.9: We shall apply a slightly modified version of Theorem 6.2 (see Theorem 7.1
in [B-Ya2]) but requiring the finiteness of sixth (instead of fourth) moments. Let K = k;(k; + 1)/2.
The set {1,... K} is indexed by I = (p,q) with 1 < p < ¢ < k;, taking the lexicographic order. We
define a sequence of i.i.d centered vectors (x;,y;)i<N—k in CK x CK by zy; = Uip and y; = Uyq for
I = (p,q) where U is defined in Lemma 5.2. The matrix A of size N — k is the matrix é(pg].) and is
independent of U. Note that we are not exactly in the context of Theorem 7.1 of [B-Ya2] since the i.i.d
vectors (z;,¥;); depend on N (and should be rather denoted by (z; n,¥:,n):) but their distribution
satisfies:

1. p(l) = E[Znyn] = 6, 40° for I = (p, q) is independent of N.
2. Elznyi] = dpg0?if l = (p,q),l' = (p',¢') (see By in (6.2)).
3. Complex case: E[Z;1Zy1]) = Elynyr1] =0if I = (p,q), ' = (p',¢') (see Bz in (6.2)).
Real case: E[Z1Zy1] = 026, and Elyjyi] = 02844 if L = (p,q),I' = (P, ).
4. (see By in (6.2))
ElznynZiny] = 0*(0p,e0pq + 517,11’517}’(,11)“‘
[E(|Wi2|*) = 20" 3252 (Uk)ing(Ur)ip(Uk); o (Uk); i the complex case,

ElZnynziiyn] = o060y ,q + 5p,q’5pi’(,q + Op,pr0g,q' )+
[E([Wha|*) = 30" 32,2 (Uk)ig(Ur)ip(Us)s g (Ur); i the real case.
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Under the assumption that maxﬁjzl maxf(:jl |(Uk)ip| converges to zero when k goes to infinity, the last
term in the r.h.s of the two above equations tends to 0.
It can be seen that the proof of Theorem 7.1 still holds in this case once we verify that for e > 0 and
for z = x or y, for any [,

Ellzi | "1z 5eni/0y] — 0 as N — oo. (5.36)

We postpone the proof of (5.36) to the end of the proof. Assuming that (5.36) holds true, we obtain
the CLT theorem 7.1 ([B-Ya2]): the Hermitian matrix Zy = (Zn(p, q)) of size k; defined by

1 PN ~
Zn(psq) = Ni—k[ Z UipG(po, )iirUirg — 5104102 Tr(G(py,))]
i,i'=1,...N—k

converges to an Hermitian Gaussian matrix G. The Laplace transform of G (considered as a vector
of CX| that is of {Gpq, 1 <p < q < k;}) is given for any ¢ € CX by

Elexp(c’'G)] = eXp[%CTBC]

where the K x K matrix B = (B(l,1")) is given by: B = limy B;(N) + Bz + Bz with

Bi(N)L,I) = w(Eznynziye] —p)pl')),
By (1,1 (0 — WE[Znyi JE[Zr1yn])
Bs(L,lI") = (7 —w)E[ZnZi]Elynyi]

and the coefficients w, 6, 7 are defined in Theorem 6.2. Here A = é(pg].) so that w = 1/67 and
0 =1/(67 — 0*) (see the Appendix).
(From Lemma 5.2,

Bs(L,U) = (0 — W)U45p,q’5p’,q = (0 - W)U41p:q:p/:q/'

Moreover in the complex case, B3 = 0 and in the real case,
Bs(1,I') = (6 — w)o*6,1r.

(From 4., in the real case,
lim By (N)(1,1') = 6 pwo (1 +8,.4),

N—o0

and in the complex case,
lim Bl (N)(l, l/) = 5171/600'45%,].

N—o0

It follows that B is a diagonal matrix given by:

B(l,1) = (1 +0p4)00* = (1 + 6p7q)% in the real case,
J
B(l,1) = 4, 400" = 5p1qﬁ in the complex case.
J

In the real case, the matrix B is exactly the covariance of the limiting Gaussian distribution G. It
follows that G is the distribution of the GOE(ki, X ki4,0/(65 — 0?)).
In the complex case, from the form of B, we can conclude that the coordinates of G are independent (B
diagonal), G, has variance 0/(65 — 0%) and for p # q, Re(Gpq) and Im(Gypy) are independent with
the same variance (since B(l,l) = 0 for p # ¢). It remains to compute the variance of Re(Gpq). Since
the Laplace transform of Re(Zn(p,q)) and Sm(Zn(p,q)) can be expressed as a Laplace transform
of Zn(p,q) and Zn(p,q), we shall apply Theorem 7.1 to (Zn(p,q), Zn(p,q)) that is to the vectors
x; = (Uip,Uiq) and y; = Uiq,Usp) In C?. We denote by B the associated ”covariance” matrix of
size 2. The variance of Re(G,,) is given by %limN_mo Blg (since Bu = ng = 0 from the previous
computations) with

Bis = Bi2(1) + B12(2) + Bi2(3)
where here Bi5(3) =0,

Bia(1) = wE[[Urp|*|Uhg|*] = wo*  and  Bia(2) = (0 — w)E[Uh,[*JE[Usg|*] = (6 — w)o™.
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Therefore, var(Re(Gpq)) = 0o /2 = 04/(2((9]2» —0?)).

We thus obtain Lemma 5.9 by using that Tr(é(pgj ) = (N—k) trN_k(é(pgj )) and trN_k(@(pgj ) —
1/6;.
It/ rjemains to prove (5.36). The variable ay = |zll|41(|le|ZEN1/4) tends to 0 in probability. It is
thus enough to prove uniform integrability of the sequence ap, a sufficient condition is given by
supy E[a /4] < oo. It is easy to see that for any 1 < p < kj, supy E[[U1,|®] < oo since the Wigner
matrix Wy has finite sixth moment and Uy, is unitary. This proves (5.36) and finishes the proof of
Lemma 5.9. O

Assume now that the matrix Vi, v = Uf( Xk [Br. N]\ Uk, xk; converges in distribution towards a

GU(O)E(k; x kj, 92 ) whereas maxk 7 maxz ’ |(Uk)ip| does not converge to zero when N goes to

0-2
infinity. There exists po € {1,...,k;} such that maxfi]l |(Uk)ip| does not converge to zero. Let in be
J

such that maxfil [(Uk)ipo| = 1(Uk)inpo|- Now we have

(ijvN) = |(Uk)ino|2WiNiN +XN

PoPo
where Xy is a random variable which is independent with |(Uk)iypo|*Winiy. One can find a sub-
sequence such that |(Uk )i,y pol” Wiy nyisn, converges in distribution towards ¢ where ¢ > 0 and
¢ is p-distributed. This leads to a contradiction using Cramer-Lévy’s Theorem since (ij@( N))]Dop0
converges towards a gaussian variable. The proof of Proposition 5.4 is complete. O

In the case a), condition of Proposition 5.4 are obviously not satisfied and we have the following
asymptotic result.

Proposition 5.5. In case a), the Hermitian (resp. symmetric) matriz Vi, n converges in distribution
towards the law of Vi, xk, of size k; defined in the following way. Let Wi be a Wigner matriz of size
K; with distribution given by u (cf (i)) and Hp  be a centered Hermitian (resp. symmetric) Gaussian
matriz of size f(j independent of Wf(j with independent entries Hy, p < 1 with variance

t(m47304) t ot

vpp = E(H},) = U,p:1,...,f<j,

4 62 202 — 52
(| |) ! J J ) (5.37)
Upr = ., 1<p<I<K;.
Gj o2

Then, Vi, xk; is the k; X k; matriz defined by

Vi, xk (W, Jer(j)~ (5.38)

—IT* _
i Y Kjxk; Kjxk;®

The proof follows from Theorem 6.2 and is omitted since we have detailed the similar proof of Lemma
5.9.

STEP 4: We are now in position to prove that

L
(63O, a VNN Oy (VND)) =55 (Vi )s-s Aky (Vi ) (5.39)
To prove (5.39), our strategy will be indirect: we start from the matrix V; y and its eigenvalues
(Xi(Vi;,n); 1 <i < kj) and we will reverse the previous reasoning to raise to the normalized eigen-
values fN( 1+z(MN))’ 1 <4 < k;. This approach works in both Cases a) and b) as we now explain.
First, for any 1 < i < k;, we define AS\? such that

en (M) = M(Vi, ),

that is AY = pg, + Xi(Vi, .v)/co,VN.
Since Vi, N converges in distribution towards Vi, xk; , )\i(ij7 ~) also converges in distribution towards
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Ai(Vi; xk;). Hence &y (As\i,)) converges in distribution and Ag\i,) converges in probability towards py,.

Let X]S) = ij7N(A%)) = Vi, n +op(1) as defined in Proposition 5.3. This fit choice of Ag\i,) gives that
M) = en(AY) + e, with & = op(1).

Hence, fN(Ag\i,)) is an eigenvalue of X,gj) —€il;.
According to Propositions 5.1 and 5.3, on an event Qy whose probability goes to one as N goes to

infinity, there exists some [; such that

i €; .
AR = (M = ding(Zi; Ov-1,)

The following lines hold on Qy. By using Weyl’s inequalities (Lemma 6.1), one has for all i €
{1, ey kj} that
l€il

N

€ .
Al (MN - \/—Ndlag(lkj,ozv—kj)) - )\zi(MN)’ <

We then deduce that
(O (M), € O (MND) ) = (M (Vi ) Ay (Vi ) ) o+ 02(1) (5.40)

and thus
(v O M), € O, (MND)) =55 (1 (Vi s My (Vi) ). (5.41)

Now, to get (5.39), it is sufficient to prove that
P@z}ﬁmﬁmm$J%L%N%m. (5.42)

Indeed, one can notice that on the event {l; = I%j_l +i;¢=1,...,k;} the following equality holds
true

(6O, M) v O (M) = (SO0 (M), €y, (M) . (5.43)

Hence, if (5.42) is satisfied then (5.43) combined with (5.41) imply (5.39).

We turn now to the proof of (5.42). The key point is to notice that the k; eigenvalues of Vi, xx;
have a joint density. This fact is well-known if Vi, «x, is a matrix from the GU(O)E and so when K
is infinite (Case b)). When Kj; is bounded (Case a)), we call on the following arguments. One can
decompose the matrix U;i(jx . H I3 Uf(j wk; appearing in the definition (5.38) of Vi, xx, in the following
way

U;%j ijHf(jUf(ijj = ij + ij

with Hy, distributed as GU(O)E (using the fact that U;i( i Uf(j «k; = Ir;) and Qy; independent from
J J
Hy,. Hence, the law of Vi, xx; is that of the sum of two random independent matrices: the first one

being the matrix H, k, distributed as GU(O)E associated to a Gaussian measure with some variance 7
and the second one being a matrix Z, of the form U;i(jxkj Wf(j Uf(jxkj + Qy,;. Using the density of

the GU(O)E matrix H, k, with respect to the Lebesgue measure dM on Hermitian (resp. symmetric)
matrices, decomposing dM on Uy x (RV)< (denoting by Uy the unitary (resp. orthogonal) group),
one can easily see that the distribution of the eigenvalues of H, k; + Zy; is absolutely continuous with
respect to the Lebesgue measure d\ on R™ with a density given by:

N& ] N
F(A1, .., AN) :eXp(—E E A?) I I()\i —N)E (exp{—ﬁ TrZ,%j}[(()\l,...,)\N),ij)) d\
i=1

i<j

where I((A1,...,An), Zk,) = [exp (&N Tr(Udiag(A1,...,AN)U*Zy;)) m(dU) denoting by m the
Haar measure on the unitary (resp. orthogonal) group.
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Thus, we deduce that the k; eigenvalues of Vi, xx; are distinct (with probability one). Using Port-
manteau’s Lemma with (5.41) then implies that the event

Qy = {&v(/\ll(MN)) > En (A, (My)) }ﬂQN
is such that limy P(Qy) = 1. By Theorem 3.1, we notice that the event
Oy = {)\,;jil(MN) > pg, + 0 > )\ll(MN)} Ny {)\lkj (My) > pg, — 6 > A,;HHJ_H(MN)}

also satisfies limy P(€y) = 1, for § small enough. This leads to (5.42) since Uy, C {l; =i + lgzj,l, i=
NS

The proof of Theorems 3.2 and 3.3 is complete. O

According to Theorem 3.3, in order to establish Theorem 3.4, we only need to prove that the
condition (3.6) is actually necessary for universality of the fluctuations. Hence assume that

VN Nyt 41(MN) — po;) 5 N(O, 303,)- Proposition 5.1 and Proposition 5.3 lead to

Co; \/N()\kl"l‘““‘l‘kj—l"l‘l(MN) - pej) = ‘/I,N + 0[[»(1)

where
Vin = Uk, xl[Bk,N]kj Uk;x1-

00

It follows that Vi y converges towards the gaussian distribution A(0, 2 92 77—=) and then according to

Proposition 5.4, maxf(:jl |(Ug)i1| converges to zero when N goes to infinity. O

Let 0; such that 6; > o and k; = 1. Let us prove now the description given in subsection 3.2 of
the fluctuations of Ap,4...4x, ,+1(Mn) for some intermediate situations between Case a) and Case
b). Let m be a fixed integer number. Assume that for any | = 1,...,m (Ug);1 is independent of
N, whereas max,,<i<x, |(Ur)i1] — 0 when N goes to infinity. Following the proofs of Lemma 5.8
and Lemma 5.9, one can check that Vi y converges in distribution towards Zzllzl ay&y + N in the
complex case, Y, <jcic,, @it + N in the real case, where &, (i,1) € {1,...,m}?, N are independent

random variables such that
e for any (i,1) € {1,...,m}?, the distribution of &; is y;

V2S((Ug)n (Ur)ar) if i <1
® a; = VIR((Ug)i1 (Uk)an) if i > 1
\/g'(Uk)hP if i =1

e N is a centered gaussian variable with variance

4

2
t[mg =30 (Ul ¢t o t -
T REET o= (B PG B B
J =1

Now, following the lines of Step 4 (using the results of Steps 1 and 2), we can conclude that
o, VN Xy 41k, 1 +1(Mn) — pp,) converges in distribution towards the mixture of p-distributed or
gaussian random variables E;nl:l ay& + N in the complex case, Zl<l<i<m ay& + N in the real
case.Od o

6 Appendix

In this section, we recall some basic facts on matrices and some results on random sesquilinear forms
needed for the proofs of Theorems 3.2 and 3.3.
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6.1 Linear algebra

For Hermitian matrices, denoting by \; the decreasing ordered eigenvalues, we have the Weyl’s in-
equalities:

Lemma 6.1. (c¢f. Theorem 4.3.7 of [H-J]) Let B and C be two N x N Hermitian matrices. For any
pair of integers j, k such that 1 < j,k < N and j + k < N + 1, we have
Njgk—1(B +C) < \j(B) + X (C).
For any pair of integers j, k such that 1 < j,k < N and j +k > N + 1, we have
Aj(B) 4+ Ak(C) < Ajyr—n (B + O).
In the computation of determinants, we shall use the following formula.

Lemma 6.2. (c¢f. Theorem 11.3 page 330 in [B-S2]) Let A € My(C) and D be a nonsingular matriz
of order N — k. Let also B and 'C' be two matrices of size k x (N — k). Then

det ( an ) — det(D) det(A — BDC). (6.1)

6.2 CLT for random sesquilinear forms

In the following, a complex random variable = will be said standardized if E(x) = 0 and E(|z|?) = 1.

Theorem 6.1. (Lemma 2.7 [B-S1]) Let B = (b;;) be a N x N Hermitian matriz and Yn be a vector of
size N which contains i.i.d standardized entries with bounded fourth moment. Then there is a constant
K > 0 such that

E|Y3BYy — TrB|?> < KTr(BB*).

This theorem is still valid if the i.i.d standardized coordinates Y (7) of Y have a distribution depending
on N such that supy E(|Y (4)[*) < oc.

Theorem 6.2. (c¢f. [B-Ya2] or Appendiz by J. Baik and J. Silverstein in [C-D-F] in the scalar case)
Let A = (a;j) be a N x N Hermitian matriz and {(x;,y:),? < N} a sequence of i.i.d centered vectors
in CK x CK with finite fourth moment. We write x; = (x1;) € CK and X(I) = (x11,...,mn5)T for
1 <1< K and a similar definition for the vectors {Y(1),1 <1 < K}. Set p(I) = E[Znnyn]. Assume
that the following limits exist:

(i) w=lmy o0 & Y1y a2,

(ii) 0 =limy oo £TrA? = limy oo % Y15y laii |,

2

T 1 T _ q: 1 N
(iii) T =limy 00 7 TrAA" =limy o0 & Zm:l ag;-

Then the K-dimensional random vector ﬁ(X(l)*AY(Z) - p(l)TrA) converges in distribution to a

Gaussian complez-valued vector G with mean zero. The Laplace transform of G is given by
1
Vee CK, Elexp(cT' Q)] = exp(icTBc),

where the K x K matriz B = (B(l,1")) is given by B = By + B2 + B3 with:

Bi(l,l") = w(EZnynZiiyin] —pl)p"))
Bo(l,l' (0 — wE[Znyi |E[Zr1yn] (6.2)
Bs(L,lI') = (7 —w)E[ZnZiElynyin]-
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6.3 CLT for the empirical distribution of a Wigner matrix and applications

Theorem 6.3. (Theorem 1.1 in [B-Yal]) Let f be an analytic function on an open set of the complex
plane including [—20,20]. If the entries (Wn)i)1<i<i<n of a general Wigner matric Wy of variance
o? satisfy the conditions

(i) fori#1, E(|(Wn)al*) = const,

(ii) for any 1 >0, Hmy s 7z 3, E [|(WN)il|4 ]J{|(WN)“‘ZU\/N}} —0

then N(trN(f(\/—lﬁWN)) — f fd,usc) converges in distribution towards a Gaussian variable, where jisc

is the semicircle distribution of variance 0.

We now prove some convergence results of the resolvent G used in the previous proofs.
Let 1 < j < Ji, and k such that \F — 0.

Lemma 6.3. Each of the following convergence holds in probability as N — oo:
i) VN (trN_k Clpo,) — 1/9j) 50

i) trn—r G2(po;) — [ ﬁduw(m) =1/(62 - 0?),

dpse
i) 7 S Glpn )2 — ([ 2e2) = 162
Proof of Lemma 6.3: We denote by G the resolvent of the non-Deformed Wigner matrix
Wx_x/VN.
i) By Theorem 6.3, one knows that VN (tr Nk G(po;) — f ?:_—Cf?) converges in probability towards
0. Now, we have [ dp“;—c_(x) = 9% (see [H-P] p. 94). It is thus enough to show that
; ,

x

trn—k Glpo,) — trv—i G(pg,) = op(1/VN).

Let then Uy _y, := U (resp. Dn_j) be a unitary (resp. diagonal) matrix such that Ay_ = U*Dy_;U.
Then, one has

[trn—k Glpo,) = trn—k Glpo,)| = [trn—k (Glps,) An—1kG(ps,))]
= [trn—k (Dn_xU"Glpo,)G(po,)U)|
= |trn—k (Dn-rA(ps;))| < (r/(N = k)| Dn—xll[|A(ps, )

where 7 is the finite rank of the perturbed matrix Ay _g.
One has | Dy_i|| < ||An]| := ¢ (with ¢ = max(6y,]0s]) independent from N). Moreover on the event

On o= Q) N {|Wa_i/VN|| < 20 + 6}, [[A(pg,)|| < (pg, — 20 — 6)~2 (use (5.1)) so that we deduce
that

| trn—1(Cps,)) — trn—k(Glpa, g, <~ (ps, — 20 —8)~2 = 0.
NT N-—k

Using Theorem 6.3 and the fact that P(Qx) — 1, we obtain the announced result.

i) It is sufficient to show that try_j G2(p9 ) — trv—x G*(pg,) — 0 in probability since, by Theorem
6.3, one knows that try_j G?(pp) converges in probability towards [ oo, o ditse(z).

Using the fact that Tr(BC') = Tr(C'B), it is not hard to see that
try—x G2(pa,) — trn-x G2(po,) = trw—x ((Glpo,) + Glpa,))(Glpa,) = Glpo,))
G(po,) AN -1G(po,)(G(pa,) + G(po,))))

Dy —kUG(py,)(Glpa,) + Glpa,))G(po,)U*)
k (Dn—rA (pe,))

= try—k

= try—k

/N N

—~
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where the matrices Dy and U have been defined in i). We then conclude in a similar way as before
since on the event Qu, [|A'(pg, )| < 2(ps, — 20 —5) .

For point iii), we refer the reader [C-D-F]. Indeed, it was shown in Section 5.2 of [C-D-F] that the
announced convergence holds in the case kK = 1 and for G instead of G. It is easy to adapt the
arguments of [C-D-F] which mainly follow from the fact that, for any z € C such that Sm(z) > 0,

NL_[,C ZZ\L_{(G (2)ii)? converges towards g2(z). But this latter convergence was proved in Section 4.1.4
of [C-D-F|. O
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