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On the convergence of linear switched systems

Ulysse SERRES * Jean-Claude VIVALDA T Pierre RIEDINGER ¥

March 26, 2009

Abstract

This paper investigates sufficient conditions for the convergence to zero of the trajecto-
ries of linear switched systems. We provide a collection of results that use weak dwell-time,
dwell-time, strong dwell-time, permanent and persistent excitation hypothesis. The ob-
tained results are shown to be tight by counterexample. Finally, we apply our result to the
three-cell converter.

Keywords: Switched systems, dwell-time, stability, omega-limit set, three-cell converter.

1 Introduction

1.1 Background

Switched systems have attracted a growing interest in recent years [11, 17]. Such systems are
common across a diverse range of application areas. As an example, switched systems modeling
plays a major role in the field of power systems where interactions between continuous dynamics
and discrete events are an intrinsic part of power system dynamic behavior.

In the study of stability of equilibrium points of differential systems, specific results for
switched and hybrid systems have been developed: see [6, 10] for multiple Lyapunov based
approach, [18] for Lie Algebra based results, [9, 16] for an approach based on dynamical systems
techniques, and [24] for a survey of stability criteria for switched and hybrid systems. In the
context of switched systems, recent investigations (see [2, 8, 13, 19, 20]) provide interesting
contributions leading to extremely general results that require little structure on the family of
solutions of the hybrid system ([12, 23]).

Typically, linear switched systems are represented by equations of form

i(t) = A,pz(t), z€RY teRy, (1.1)

where o(-) denotes a piecewise constant signal that effectively switches the right-hand-side of
the differential equation by selecting different matrices from a finite family .%#.

In the present paper we aim to find some tight sufficient conditions on the signal t — o (t)
in order to insure the convergence of the switched system to the origin. Our aim leads us
to define several new notions of dwell-time that differ somewhat from the ones introduced
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in [12, 13, 23]. We are also led to define the notion of persistent excitation which ensures the
convergence of the solutions of the system to a minimal invariant set M.

We discuss the asymptotic properties of a switched linear systems whose matrices are only
assumed to be stable (not necessarily asymptotically stable). More precisely, a finite family of

squared matrices of the same size d, # = {A;,..., Ax} is considered; we assume that there
exists a positive definite matrix P such that for every A; in %,
zT (A;FP + PA;) z <0, x € R% (1.2)

We reformulate the switched linear system (1.1) as an affine control system
N
B(t) = > ai(t)Asa(t),  2(0) = o, (1.3)
i=1

where z(t) € R, a;(t) € {0,1} and SN | a;(t) = 1. The class of switching signals considered
in this work is not equal to the whole L* (R, {1,..., N}) but we assume that there exists a
sequence ([@n, an+1))n>0 of consecutive intervals (0 = ap < a; < az < ---) whose union is equal
to R4 and such that for every index n, there exists an index i, € {1,..., N} with o, (t) =1
if t € [an,ans1) (informally, the a;’s are the switching instants). In what follows, we use the
symbol §,, to denote the length of [a,_1,ay,) with the convention that dy = 0.

Moreover, we shall deal with the scalar product related to matrix P: if z,y € R%, we put
(z,y) = 2T Py; also we shall denote by || - || the related norm. We shall use the following result
see [25].

Theorem 1.1. If A; satisfies (1.2), then we can split R as RY = Vi @ V§ where V{ and Vy
are orthogonal and A;-invariant, A; when restricted to V| has all its eigenvalues with negative
real parts and A; restricted to Vy is skew-symmetric (with respect to the scalar product (-,)).

In what follows, we assume that the skew-symmetric parts of matrices A; are zero. In other
words, if Bj, denotes a basis of V! (k = 1,2), in basis B} U Bj, matrix A; has the following

representation '
00
= (5 (1.4

where A?; is a matrix of full rank. We denote by 1.2 the following assumption.

Assumption 1.2. There exists a positive definite matrix P such that all matrices in family
F satisfy relations (1.2) and (1.4).

Hereafter, we give the precise definition of the w-limit sets related to system (1.3).

Definition 1.3. We shall say that ¢ is an w-limit point of system (1.3) if there exists a sequence
(tn)nen tending to infinity such that ¢ = lim,,— 4o (t,). We denote by Q(z¢) the set of w-limit
points of system (1.3) issued from z.

1.2 Preliminaries: paracontracting linear maps

We denote by p; (resp. ¢;) the orthogonal projection on Vi (resp. on V4); obviously p;+¢; = Id.
According Theorem 1.1, we can write

et i(z) = et opy () + qi () (1.5)

and
et (@) |2 = [l 4 o py () |* + [l ()] (1.6)

Following [21] we introduce the notion of paracontracting maps.



Definition 1.4. A linear mapping f : R¢ — R? is said to be paracontracting with respect to
the norm || - || if ||f(z)]| < ||lz|| for every 2 € R? and | f(z)|| = ||z| iff f(z) = =.

A family of matrices as described in the introduction generates a paracontracting semi-
group. More precisely, we have the following result.

Lemma 1.5. If matriz A is of the same type as (1.4), et? is paracontracting for every t > 0.

Proof. If t = 0, the result is obvious; in what follows, we shall assume that ¢t > 0. According
to formula (1.6), one infers that

A
le" @)1 < llp1 (@) 17 + llqr (@) [* = [l[|*.

Moreover, |let4z|| = ||lz|| implies that [[e!4 o py(z)||? = |[p1(2)]]?. As [[e®2z] < [|e¥ Azl if
s < 8, we have ||e4opy(x)|| = ||p1(z)|| for every s € [0,t]. As the mapping s — [|e54 opy(z)]|?
is analytic, this implies that [|e*4 o py(x)|| = ||p1(2)| for every s > 0, hence p;(z) is in ker A
and so p1(z) must be zero and e Az = x follows from formula (1.5). [ |

This lemma allows us to state the following easy result.

Proposition 1.6. The elements of Q(xg) are of the same norm, in other words, there exists
r > 0 such that, Q(zo) is included in the sphere centered at the origin of R and with radius r.

Proof. Let £ and ¢ be two elements in Q(zg). There exist two sequences (t,)nen and (¢,)nen
such that ¢ = lim,_, o x(t,) and ¢ = lim,,_. ;o x(¢),). For each n, there exists m,, such that

tn < th,, 5 80 2(t), ) = ¢n(x(tn)) where ¢, is a product of exponentials of matrices taken in

{A1,...,An}. As these exponentials are paracontracting, we have ||z(t, )| < |lz(t,)| and
passing to the limit as n — +oo, we get ||¢'|| < ||¢|| and we can prove the opposite inequality
in the same way. |

Finally, the following elementary result, given without proof, will be useful for the proofs
of results given in the next section.

Proposition 1.7. If matriz A is of the same type as in (1.4), and if x ¢ ker A, then for all
7> 0, there exists p € (0,1) such that t > 7 implies |t 4z| < p|lz]|.

2 A condition for the convergence to zero

In this section, we deal with the problem of the convergence to zero of the solution of sys-
tem (1.3). First an easy remark: if the intersection (), ker 4; is not {0}, then, taking as an
initial condition for (1.3) a nonzero element z of this intersection, the solution z(¢) is constant
and equal to zg. So, we introduce this first assumption

Assumption 2.1. We say that system (1.3) satisfies the null intersection assumption if
N
;2 ker A; = {0}.

As we shall see through the following example, Assumption 2.1 is not sufficient to ensure
the convergence to zero.

Example 2.2. In R3, we consider the following matrices

0 -1 ai3 0 —1 —a13
Al = 1 0 an3 A2 = 1 0 —asg3
—@13 —a23 a33 a3 @23 a33



with ass < 0 and one of the coefficients a13 or as3 different from zero. Denoting by (-, -) the
canonical scalar product in R3, we have (4;z,z) = aszx3 < 0 (i = 1,2) for every z € R3.
Moreover the characteristic polynomials of A; and A are both equal to

—X3 +agX? — (a5 4+ a33 + 1) X + ass

so, we can see that A; and Ay do not have purely imaginary eigenvalues. We can conclude
that these matrices satisfy assumption 1.2. We shall use now the well known Trotter’s formula
(see [15] or [14], p. 78 and ff.):

111}_] (eto M/n eto N/n>" _ to (M+N) (21)

where M and N are squared matrices and ¢y is a real number. Define the sequence (ex)gen C R3
by: eg = (1,0,0)", e; = (0,1,0)", e3 = (—1,0,0)T, e3 = (0, —1,0)T and for k > 4, e;, will refer
to vector e, where r is the remainder in the Euclidean division of k£ by 4. We have

0-2 0
Ai+A=1(2 0 0
00 2&33

and so, if we take ty = 7/4, we have e (A1+42) (¢, ) = ¢, ;. Set
R = et (A1+A2) and On = (eto Ai/n o elo Ag/n)n )

Take € > 0 and ¢ = ep, from formula (2.1), we know that there exists n; such that

€
[[on, (o) — R(wo)]| < B% (2.2)
Assume now that we have built a sequence (1, ..., zx) and we have found integers (ni,...,ng)

such that z, = ¢, (rp_1) and ||z, — R(z,_1)| < &/2P for p = 1,..., k. Take ngy; such that
[0y (Tk) — R(zp)|| < €/27 and set zp41 = ¢n,,, (zx). Consider the sequences (z1),>1 and
(ng)k>1- Inequality (2.2) can be written ||z — e1|| < /2 and we shall prove by induction that

€ €
ka—ekH <2—k++§ (23)
We have
k41 = extrll < llwpsr — Rzp) || + [[R(zx) — Rex)||
< llongi (@) = R(ap)|| + [[ok — ekl because || R|| < 1
< % + ;—k REEEE % by induction hypothesis.

From (2.3), we get ||z — ex|| < € for every integer k. Consider the switch law o = (a1, a2)
defined by

)1 ittt e [(k —)to + (2p/n)to, (k — D)to + ((2p + 1) /ng)to);
ar(t) = {O otherwise;

Oég(t) =1- al(t).

where k and p are integers such that 2p < ng. The switched system defined by matrices Ay
and Ay and laws «a; and «p is such that Q(eq) is included in the exterior of the circle of center
0 with radius 1 — ¢ and so 0 ¢ Q(ep) if € is chosen small enough. Moreover €2(ep) contains at
least one point in every open ball B(e;, e) and so, being connected, €2(eg) is an infinite set.



We state the following definition.

Definition 2.3. We shall say that the finite sequence (i1, ... ,14,) of indices taken in {1,..., N}
is compatible with system (1.3) if there exists p consecutive intervals [an, ant1), .- -, [Antp—1, Cntp)
such that for every ¢ € {1,...,p}, a5, (t) = 1if t € [anqq—1,Anq)-

We introduce now the following assumptions:

Assumption 2.4 (Dwell-time). We shall say that the mode i satisfies the condition of dwell
time if there exists a positive number 7 and an integer p such that for every compatible sequence
(t1,...,1p) there exists an index ¢ € {1, ..., p} with iy = ¢ and, if [an, ant1),. .-, [@Gntp—1, CGntp)
is the related sequence of consecutive intervals, an4+q — Gntq—1 = 7.

We state the following result concerning the modes satisfying the dwell-time condition.

Theorem 2.5. If assumptions 2.4 is satisfied for the mode i, then every point of the w-limit
set Q(xzg) belongs to the kernel of matriz A;.

Proof. Without loss of generality, we may assume that the dwell time assumption is satisfied
for mode i = 1. The solution of system (1.3) at time ¢ € [ay,, a,+1) reads

x(t) — e(t_a”l) Ain+1 1) 65” Aln O-+--0 651 Ail ("1;‘0)

Let ¢ € Q(xzg), there exists a sequence (ti)ren such that £ = limy_ o x(tg). For every k, t;
belongs to an interval [ay, , an,+1) and there exists an interval [ap, , Gm,+1) With am, > ay, and
such that oy (t) = 1if t € [am,, @m,+1) and 6y, 41 = 7. Due to Assumption 2.4, the sequence
of integers (my — ny)r>1 is bounded and so even if we have to work with a subsequence of
(tk)ken, we can assume that

e the difference my — ny is constant (positive), we denote by r this difference,

e the sequence of switches from t;, to a,,, is independent of £, that is to say, there exists
a finite sequence A;,, ..., A;, of matrices taken in {A;,..., Ay} such that for every k

(amy,) = kA 00 etk An (z(ty)),

e for each m =1,...,r, or the sequence (u}")ren tends to zero as k tends to infinity either
there exists v™ > 0 such that u}* > v™ for all k.

We first prove by induction on r that limy_,i z(am,) = €. If r = 1, we have z(ap,) =
etk Ain (z(t)). If limg— 4 00 up = 0, the result is obvious, if not, write

z(tr) = pir (0) + giy (€) + Ty,

so we have ) ) )
ek A (a(ty)) = ek A1 (piy (0) + iy (0) + " A1 (2,

and, as Vfl and Vzi1 are orthogonal
et A (2(t))][2 = (e At (i, ()12 + llgiy ()1 + 2(ek Aer (£), e Air (Zy)) + [l Aa (z3,)]|2.

Suppose, to reach a contradiction, that p;, (¢) # 0. Then, as u,lf > v!, there exists p € (0,1)
such that He“i Air (py, (0)] < pllpi, (€. Taking into account that He“i A || < 1, we get

wl . _ _
les A1 (2 (t)1* < p[lpay (O + llga (O + 20lell Izl + 2. (2.4)



Choose € > 0, as limg_, 1 T, = 0, we have
1 .
lles i ((ti))I* < p2llpi (DI + llgi, (O + 2¢]|£]] + €2

if k is large enough. The right hand side of (2.4) can be made less than ||¢||> — 2 provided that
£ is chosen such that 262 +2¢ ||¢|| < (1—p?)||pi, (£)||?. But in this case, we could find an element
in Q(zo) (a cluster point of the sequence (z(am, ))r>1) whose norm is less than ||¢||, which is
impossible. Hence, p;, (¢) = 0 which implies £ = g;, (¢) and "k 4 (x(ty,)) = £ + etk Aiy (Zk),
since [|er 4i1 || < 1 and limy_, 40 Zx = 0, we get the result. So, we can write

TA

gj(amk) =e%%tir 5... 0 eu% Aiy (:E(ank))

with limg_, 4 o z(an, ) = ¢, applying the induction hypothesis, we conclude that limy_, 1 o z(am, )
£. Now, we have
x(amk+1) = e(amk+l_amk) A ($(amk))

with @y, 41 — @m, = 7. The argument used above in the case where the sequence (Ull.c)keN does
not converge to zero proves that py(¢) =0, i.e., £ € ker A;. [ ]

An easy consequence of Theorem 2.5 is stated in the following corollary.

Corollary 2.6. If system (1.3) satisfies Assumption 2.1 and if every mode satisfies assump-
tion 2.4, then x(t), the solution of system (1.3), tends to zero as t tends to infinity.

Proof. According to Theorem 2.5 and Assumption 2.1, we have Q(x) € (L, ker 4; = {0}. M

At this step, we could wonder if it were possible to weaken the hypothesis of Theorem 2.5.
Consider the following hypothesis which is weaker than assumption 2.4.

Assumption 2.7 (Weak dwell-time). We shall say that the mode i satisfies the weak dwell-
time condition if there exists 7 > 0 such that for every ng € N, there exists n > ng with
a;(t)=11ift € [ap,ant1) and apy1 —ay > 7.

To say that assumption 2.7 is satisfied amounts to say that the sequence of durations
during which mode 7 is activated does not tends to zero. As we shall see through the following
example, Assumption 2.4 cannot be replaced by Assumption 2.7 in Theorem 2.5.

Example 2.8. In the following family of eight matrices, we assume that the diagonal coeffi-

cients a1, ..., a4s are negative, the nondiagonal coefficients a;; (i # j) being nonzero.
0 -1 ais 0 0 —1 —a13 0
Al _ 1 0 a3 0 : A2 _ 1 0 —a93 0 ’
—a13 —agy azz 0 a3 azz azz 0
0 0 00 0O 0 0 O
0 0 0 O 00 0 O
0 0 -1 a4 00 -1 —a94
Az = Ay =
710 01 0 as |’ 7o 1 0 —as |
0 —agy —aszq ay 0 agq azs agq
a1 0 aiz ay ain; 0 —aiz —ayy
0O 00 O 00 O 0
As = Ag =
T l—ai30 0 -1’ " las0 0 -1 |’
—a;s 01 0 a4 0 1 0



0 a1 0 -1 0 —ai2 0 —1
| —a12 a 0au a2 azx 0 —a
A= 0" oo lr MTlo 0 0 o

1 —ass 0 O 1 aq 0 O

As in Example 2.2, we can easily check that these matrices satisfy Assumption 1.2. In this
example, e, ..., eq will denote the vectors of the canonical basis in R* and Ry, ..., Ry will
denote the matrices R; = elo(A2-1+42) (j — 1 ... 4). Taking ty = n/4, we clearly have
Ri(e;) = ejr1 for i = 1,...,4 (where e5 = e4). Finally, we denote by ¢! (i = 1,...,4) the
mappings ¢, = (e(to/ n) Azi-1 o o(to/n) A%)n and we notice that, following the Trotter’s formula,
we have lim,, ;- ¢!, = R;. Choose 7 > 0 and consider the following product of matrices

8 4

P = H eT A2ita o (‘Dil—_4 o H eT A2its o (,0;.
i=5 i=1
where we make the convention that if j is greater than 8, matrix A; is equal to A, where r is
the remainder in the Euclidean division of j by 8 excepted when r» = 0 in which case, A; is
As. We proceed as in Example 2.2. Choose € > 0 and ny such that ||}, (e1) — Ri(e1)|| < g/4.

Then, we have
le™ > 0 on, (e1) — €7 0 Ry(en)|| < e/4

because ||e” 45|| < 1. Notice that, in this inequality, e” 45 o Ri(e1) = es. Then, choose ny such
that
i, 0™ 0 h, (e1) — Ryo €™ 4 o) (1) < /8

and we have

lpn, 0™ 0 o, (e1) — 3]l < llop, 0 € 0 p (e1) = Ryo €™ M 0o (en)]
+[|Ry 0 €™ 0y (e1) — Ryoe™ 5 0 Ry(er)|

<e/8+le7 ™ oy, (e1) — €74 0 Ri(en)

<e/8+¢/4.
Proceeding this way, we choose n3,...,ng such that ||Pi(e1) —e1|| < 55 +---+ 7 < 5. We then
build P, Ps,... in the same way as P; and we choose the integers ng ,n1¢,... in such a way

that || P(e1) —e1|| < €/2%. Now reasoning as in Example 2.2, we can build a switch law related
to the family of matrices Ay, ..., Ag such that x(8k(to + 7)) = Py o--- o Pi(e1). The w-limit
set Q(e;) contains at last one point in the open ball B(ej,¢); this ball does not contain the
origin of R* if ¢ is chosen small enough and so z(t) does not tend to zero as ¢ tends to infinity.
Nevertheless, every mode of this system satisfies assumption 2.7.

This example shows that in Assumption 2.4, one cannot cancel the condition on the repar-
tition of switches (excepted in the two-dimensional case as we shall see in the next section).
Nevertheless, if we make a stronger assumption on the dwell-times, we can free ourselves from
this condition; consider the following assumption.

Assumption 2.9 (Strong dwell-time). We shall say that the mode i satisfies the condition of
strong dwell time if there exists 7 > 0 such that for every n; € N satisfying O‘i|[ani ang41) = 1,
we have ay,+1 — an, > 7. In other words, the sequence of durations during which the mode ¢
is activated has a positive inferior limit.

We have the following result.



Theorem 2.10. If system (1.3) satisfies Assumptions 2.1 and 2.9, then Q(zg) = {0} for every
xo € R,

Proof. We let t,, = > }'_, ;. As the solution z(t) of (1.3) is bounded, to get the result, it is
sufficient to prove that (z9) = {0}. To this end, we have only to prove that every cluster
point of the sequence (z(t,)),cy is equal to zero. Let £ be such a point, then, £ is the limit
of a subsequence (z(tn,)) ey Of (2(tn)) ey Write z(ty,,) = eI A) (2(t,. 1)), where A(ny)
is a matrix in family #. There exists an index i € {1,..., N} such that, for infinitely many
indices ny, we have A(ny) = A;. Even if we have to renumber the matrices of family %, we
can suppose that 7 = 1 and, even if we have to work with a subsequence of (z(t,,));cx, We can
write z(t, ) = o 41 (x(tn, —1)). We write x(t,, 1) = £+ 7} and, in exactly the same manner
as in the proof of Theorem 2.5, we prove that pi(¢) = 0.

We now make the following induction hypothesis: pi(¢) = --- = p,_1(¢) = 0. For infinitely
many indices k, we can find in the sequence (z(ty,));cy, terms which write (¢, ) = edmi Ar o
0k (2(tn,—1)) where ¢y, is a product of exponentials of matrices taken in the set {A;,..., A,_1}.
Writing x(t,,—1) = £ + Tk, we have @i (x(tn,—1)) = + ¢r(ZTx) because £ € ﬂ:z_ll ker A;. Thus,
T(tm,) = e Ar(0) + ek A (g (Z1)). Since limy,_, 4o €2 A7 (01 (1)) = 0, if we suppose that
pr(€) # 0, we are led to a contradiction in the same way as above. We have thus proved that
p1(¢) = --- = pn(€) = 0, or equivalently, that ¢ € ﬂfil ker A;. According to Assumption 2.1,
this set is {0} and so £ = 0. [

3 Some properties of the w-limit set

3.1 General considerations
In this section, we introduce the following new assumption.

Assumption 3.1 (Permanent excitation). We say that the mode ¢ satisfies the permanent
excitation hypothesis if A({t > 0| a;(t) = 1}) = +o0.

We begin by proving an easy result.

Proposition 3.2. A control law which satisfies Assumption 3.1 for every mode being given,
the set of points xo such that Q(zo) is equal to {0} is a subspace of R with dimension at least
one. This implies that the set of points xo such that Q(zg) does not reduce to {0} is either
empty or open and dense.

Proof. Obviously the set of points 2y such that Q(zo) = {0} is a subspace of R% moreover,
x(t,zo), the solution of (1.3) issued from xy can be written as x(t,zo) = ¢(t)(zo) where p(t)
is a product of exponentials of matrices taken in the set {A4;,..., Ay}. The determinant of
©(t) is equal to det p(t) = e™®) r A1 W) r AN where 7;(t) denotes the measure of the set
{0 <s<t|ais) =1} (trA; < 0). Due to Assumption 3.1, we have lim; oo 7;(t) = +o0,
and so lim;_, 4 det (t) = 0. As, ¢(t) is bounded, we can find a sequence (t,)nen such that
the limit lim,,— . ¢(t,) exists. Let us denote by ¢ this limit, as det ¢ = 0, there exists z¢ # 0
such that ¢(z¢) = 0; for this xg, we clearly have Q(z¢) = {0}. [ |

We consider now the set M related to family .# defined as
M={zxeR"|(Ajzx,x)y=0,i=1,...,N}.

For i = 1,..., N, we also denote by M; the set M; = {x € R" | (4;x,z) = 0}. Set M can
be regarded as the intersection of the sets of zeros of quadratic forms x +— (A;z,z) which are



subspaces of R% because these quadratic forms are non positive, so M is a subspace of R
Notice than M can contain a nonzero vector even if all the matrices in family .% are of full
rank. For instance, consider the two matrices A; and Ay of Example 2.2, the related set M is
M = {x ¢ R?| z3 =0}

The two following propositions state that the set of w-limit points cannot avoid sets M;.

Proposition 3.3. Suppose that system (1.3) satisfies Assumption 3.1 for mode i, then there
exists £ € Q(xg) such that (A0, 0) =0 (in other words, £ € M;).

Proof. The proof is by contradiction. Assume that for every ¢ € Q(xzg), the scalar product
(A;¢,0) is nonzero, it is therefore negative. As Q(z) is compact, this implies that there exists
w > 0, such that (A;¢,¢) < —u for every £ € Q(xp). We denote by [ak,, @k, +1), [Qkys Glyt1), - - -
the intervals of times during which the mode i is activated'. For the sake of readability, we
denote by z,, the solution of (1.3) at time ay, 1. We have

T, = %n i o on(Tn-1) (3.1)

where ¢y, is a product of exponentials of matrices taken in family . \ {4;}. It follows from
lenll < 1 that

2nll® = llzoll® = (ke = ller@a-012) + > (ler(@a-0)1? = llzx-1])
k=1 k=1
< (laell® = lloor(@r-1)lI?) - (3.2)
k=1

First, we show the result when lim,, .| dx, = 0. In this case, we consider the series whose
general term is

I I”.

Hxn”2 — len(@n-1)|I" = Heék” Ao ‘Pn(xn—l)Hz — [lon(Tn-1)

If n is large enough, the scalar product (A4;x,,z,) is far away from zero, more precisely, there
exists ng such that (A;x,, z,) < —p/2 as soon as n > ng. So, as n tends to infinity, the general
term of this series is equivalent to 2(A;x,, 2,,)dk, which is the general term of a divergent (to
—00) series since the series whose general term is g, is divergent and (A;z,, z,) < —p/2. So
the right-hand side of inequality (3.2) can be made less than ||¢||> — |lzo||? if n is chosen large
enough which is a contradiction since ||z, | > ||¢|| for all n.

In the case where we do not have lim,_. 4 dx, = 0, there exists 7 > 0 such that for all ng,
there exists n > ng with dx, > 7. So, even if we have to work with a subsequence of (x,,)nen,
in (3.1) we can assume that d, > 7 for every index n and that the sequence (¢ (2n—1)),en
is convergent with limit ¢ € Q(zp). But reasoning as in the proof of Theorem 2.5, this implies
that A;¢ =0 and so ¢ € M;. [ ]

We immediately deduce from Proposition 1.6 and Proposition 3.3 the following corollary.

Corollary 3.4. Suppose that there exists a mode i with M; = {0} and which satisfies Assump-
tion 3.1, then Q(zo) = {0}.

The next proposition tell us that each w-limit point belongs to at least one set M;.

Ya;(t) = 1 if t belongs to the union of these intervals



Proposition 3.5. We assume that Assumption 3.1 is satisfied by every mode. Then, for
every £ € Q(xg), there exists a mode © € {1,..., N} such that ¢ € M;. In other words, (xg)
is included in the union |JY., M.

Proof. If Q(xg) is a singleton, the result is given by Proposition 3.3. If Q(xg) is not a singleton,
let ¢ € Q(zp) and take £ > 0 such that Q(z() contains at least a point outside of the open
ball B(¢,¢). From the definition of Q(zg), there exists a sequence of times (t,)nen such that
lim,, oo z(t,) = £ and we can assume that x(¢,) € B({,¢) for every n € N. Denote by ¢/, the
number defined by ¢, = inf{t > ¢, | x(t) € dB({,e)}. We claim that there exists 7 > 0 such
that, for every n, ¢/ —t, > 7. The proof of the existence of 7 is by contradiction, suppose
that for every 7 > 0, there exists ng such that t;, —t, < 7 as soon as n > ng, then there exists
an increasing sequence of indices (ng)ren such that ¢}, —t, < 1/k. As x(s) is bounded and
tn, — tn, tends to 0, we have

t, N
(3
z(ty,, ) — x(tn,) = /t Z a;(s)Ajx(s)ds L 0,

ng o 4=1

which implies that x(t,, ) tends to ¢, which contradicts the definition of the sequence (t;,)nen-
Assume now that for every ¢ € {1,..., N}, we have (A4;¢,¢) < 0, then there exists x> 0 such
that (A;¢,¢) < —p and, if € is chosen small enough, we have (A;x(t), z(t)) < —u/2 for every t
in the union of intervals [t,, ). Hence,

v, N
oI = et = [ 23 autt)Aialt), a(t))de
tn =1

_,u(t/n - tn)
— T (3.3)

NN

Even if we have to work with a subsequence of (x(t,)),,cy, We can assume that t,,_1 < t),_; <t,.
In this case, ||z(t)|| < [|z(t},_;)|| and we deduce from (3.3) that

n

(I = llz(to) 1> = D (le(t)l? = (o)1) + D (le)l® — (1))

k=0 k=1
n
2 2
<Y (le@)I? = laeol)
k=0
< —(n+1)pr,
which leads to ||z(#],)|?> negative if n is chosen large enough which is impossible. [ |

We prove here a proposition announced in the previous section and stating a result of
convergence to zero in the two-dimensional case.

Proposition 3.6. In the two-dimensional case (d = 2), if every mode of system (1.3) satisfies
Assumptions 2.1 and 2.7, then Q(xq) = {0} for every xo € R2.

Proof. Take x¢ € R2, the w-limit set Q(zg) is included in Uf\i 1 M;. Due to Assumption 1.2,
the sets M; are zero or one-dimensional subspaces of R?, so their intersection with S! gives a
set of isolated points. Assume that Q(xg) is not {0}, then it is included on a circle with center
the origin and radius r > 0; moreover due to Assumption 3.1, it is also included in the union
UZJ\L 1 M;. Therefore 2(z) is included in a finite set of points located on the circle. As Q(z)

10



is a connected set, we deduce that Q(z¢) is a single point that we shall denote by ¢. Take
iop € {1,..., N}, due to Assumption 2.7, we can find a sequence (t,)nen tending to infinity
such that we can write z(t,) = ¢™ %40 (z(t, — 7,)) with 7, > 7 > 0. Reasoning as in the proof
of Theorem 2.5, we deduce that the limit of z(¢,, — 7,,) as n tends to infinity belongs to ker A4;,
but this limit is equal to £. So we proved that £ € (Y, ker 4; and as this intersection is {0}
(Assumption 2.1) we have also £ = 0. [ |

In order to give a more precise description of the w-limit set, we shall assume that the
different modes are well distributed. Roughly speaking, this means that the contribution of a
given mode cannot be neglected with respect to the contributions of the other modes. Below
is the precise definition.

Assumption 3.7 (Persistent excitation). We shall say that the mode i satisfies the “persistent
excitation” assumption if, for every sequence of intervals ([t,,t,])nen such that

e the limit of ¢,, as n tends to infinity is equal to infinity;
e there exists 7 > 0, such that ¢/, —t,, > 7 for every n > 0;

e the limit of the number of commutations occurring in the interval [t,, ¢/, ] tends to infinity
as n tends to infinity,

we have liminf,, oo Mt € [tn,t)] | i(t) =1} > 0.

Proposition 3.8. Assume that Assumptions 3.1 and 3.7 are satisfied by the mode i, then
Q(x()) c M;.

Proof. Let £ € Q(xg), if Q(xg) reduces to ¢, the result follows from Proposition 3.3; if not,
we shall argue by contradiction. So, we suppose that there exists ¢ € Q(zg) such that
(A0, 0) < —p < 0. As in the proof of Proposition 3.5, we take a sequence (t,)nen such that
limy,— 400 (tn) = ¢, we choose € > 0 and we define the sequence ())nen by t), = inf{t > ¢, |
|lz(t),) — ¢|| = €}. The positive number ¢ is chosen small enough to have (A;z(t), z(t)) < —p/2
for every t € [t,t),] and, up to a subsequence of (t,,),ecn, we assume that the limit, denoted
by ¢, of the sequence (z(t],)),>1 exists. As in the proof of Proposition 3.5, we can show that
there exists 7 > 0 with ¢}, — ¢, > 7.

Moreover, the number of commutations occurring in the interval [t,, )| cannot be bounded.
If it were the case, up to a subsequence of ([t,,t]])nen, We could assume that there exists

a finite sequence (i1,...,i,) of indices taken in {1,..., N} such that x(t)) = eundit o ... o
eUnAir x(t,), with ul, ..., ul > 0. As in the proof of Theorem 2.5, in this case, we could show
that lim,_, 1o x(#,) = £ which is impossible since ||’ — ¢|| = . So, we can suppose that the

limit, as n tends to infinity, of the number of commutations occurring in the interval [t,,t]] is
infinite. Therefore, denting by J, the set J,, = {t € [t,,t),] | a;(t) = 1}, from Assumption 3.7,
we have liminf, - A(J,) = 7 > 0. Now we have

t, N
oI = (e 2 =2 [ 3 as)Aja(s), o)
tn 51

< 2/ (Ajz(s),z(s))dt
< —pA(Jn)- (3.4)

11



But A\(Jy,) > 7;/2 if n is large enough and so from (3.4), we get
Tilk

()1 = () < = (3.5)
for n large enough. Passing to the limit in (3.5), we get ||¢/[|*— [|¢]|* < —T which is impossible
since ||| = ||£]|- [ |

From Proposition 3.8 we deduce the following easy consequence.

Corollary 3.9. If Assumption 3.7 is satisfied and if M = {0}, then x(t), the solution of
system (1.3), tends to zero as t tends to infinity.

Proof. If Assumption 3.7 is satisfied, then Q(zg) reduces to {0}. |

Remark. We may wonder if we could weaken the hypothesis in Proposition 3.8 by assuming only
the permanent excitation (Assumption 3.1). The following example gives a negative answer to
this question.

Example 3.10. In this example, we take the matrices A; and A, from Example 2.2 as well
as the following matrix Az defined as

-100
Az3=1 000
000

Put ¢n = (et() A1/n o et() Aa/n o et() A3/n2)n with to = 7T/4 We have hmn_>+oo ¢n — eto (A1+A2)‘
Given integers nq, ..., ng, set

A A
@(n17n27n37n4) = ¢TL4 o eto 3o ¢TL3 O¢TL2 o eto 3o Q)Z)nl-

A positive number € being given, proceeding as in Example 2.2, one can prove that it is possible
to choose the integers nq,...,n4 in such a way that ||©(n1,n2,n3,n4)(€0) — €ol| < £/2; more
generally, we can find a sequence (ny)ren such that

€

ot gy (36)

| ™

1O (k- 1, P4k t2, Nak+3, Nag) © - - 0 O(n1,n2,n3,n4)(e0) — ol <

We choose now a switch law such that the solution of (1.3) (with z¢ = ep) is such that

Ak-+4
z <6(k + Do+ Y to/m) = O(Nakt1, Nak+2, Nak+3, M) © -+ © O(n1, n2, 3, na)(eo).
i=1

For this switch law, inequality (3.6) shows that there exists an w-limit point ¢ in the open ball
B(eg, ) and, if € is chosen small enough this limit point is such that (Asl, ¢) # 0.

3.2 What happens when (z) is a singleton

In this section, we freely use the convenient chronological calculus notation which allows an
exponentiel representation of flows and for which we refer to [1, Chapter 2.

The following result is well-known, but for the convenience of the reader we shall supply a
simple proof.

Lemma 3.11. Let (¢,)nen be a sequence in L (R4, B) where B is a bounded subset of RV.
If on = @, then @ takes values in co(B) (the closed convex hull of B) for almost every t in Ry.

12



Proof. Let £ denote the set of affine forms of R with rational coefficients. Let £8 = {L €
L] L( ) C Ry} We have @0(B) = (,c5 L1 (Ry). Take L € £B. Since ¢, takes values in B,
4L A ))dt > 0, for any measurable subset A C R,. Since ¢, — ¢ and L is continuous, we
get for any measurable set A C R,

[ ra=r( [ o) = i o( [ ewa)= i [ Lo

which implies that L o ¢ is almost surely nonnegative on R;. In other words, A{t > 0 |
Lo(t) <0} =0 for every L € £B. Using the countability of £5, it follows that

AM{t = 0] ¢(t) ¢co(B)}) = A( {Urecs(Lo @) ! ((—0,0))} )
< D A{t=0]Logp(t) <0}) =0,

LecB

or, equivalently that ¢(t) € ¢o(B) almost surely. n
We denote by A>y and A the sets defined by
Aso={a€RY [ay+ +ay=1},

and
A>0:{QEA>0|O@>0, V’izl,...,N}.

As consequence of Lemma 3.11 to switched linear system we have the following results. We
begin with proving the following proposition.

Proposition 3.12. If Q(xzg) = ¢, then there exists « € Axg such that ZZJ\LI o; Al = 0.

Proof. Let B = {e1,...,ex} be the canonical basis of R"V. Let (%, )nen be a sequence of positive
numbers tending to infinity. Define 3 € L™(R4,B) by 5(t) = e; if at) = i. Set pn(t) =
Blitn,tnia]( +t). Forall n > 1, we have ¢, € L>(R4,B). It follows from Alaoglu’s theorem
(see e.g. [7, Theorem III.15]) and Lemma 3.11 that ¢, admits a converging subsequense
On, — @ € L®(Ry,co(B)). Thus, o(t) = Yo, a;(t)e;, where the a;(-)’s are non negative
measurable functions. To each ¢, corresponds a nonautonomus vector field X;"* defined by

N
X" (x) = Z (on, (1), €) Az (3.7)
i=1

Consequently, for every z € R? X (z) ki X.(x) = Ziil a;(-)A;xz, which implies in partic-
—00
ular, that for every ¢ > 0,
t

t
Xds — | Xds. (3.8)
0

k—oo Jo
It is easy to see that this convergence is indeed uniform with respect to (¢,x) on every compact
subset of Ry x R? (we prove this fact in Lemma 3.13 after the present proof), and because the
X' are linear (in x), the same property of uniform convergence holds for all derivatives with
respect to . Hence (see [1, Lemma 8.10]),

exp X"kds = exp / X,ds, 2 (3.9)
0

2If Y, is a nonautonomous vector field, exp fot Y.ds stands for its flow (for details on this notation see [1,
Chapter 2]).
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uniformly with respect to (t,z) on every compact subset of Ry X R?. In particular, it is true
for the compact IC = [0,t] x {z(s) | s € Ry}. In other words,

t t
Ve>0, FkoeN| e?p/ X.ds(z) — e?p/ Xmds(z)|| < e, (3.10)
0 0
for all k& > ko and all z € K. In particular, for z = z(t,, ),
— t — t
eXp/ Xods(z(tn,)) —eXp/ X;‘kds(:n(tnk))H
0 0
t
= ex_f)/ Xods(z(ty,)) — z(tn, +t)” <e. (3.11)
0

and passing to the limit as k goes to infinity in the previous equation, we get that for every ¢,
t>0, ||exp fg Xsds(0) — || < e, or equivalently that, for every ¢ > 0, exp fg Xsds(l) = ¢, from
which follows the result after differentiating with respect to t. |

Lemma 3.13. The convergence in relation (3.8) is uniform with respect to (t,x) on every
compact subset of R, x RY.

Proof. In view of relation (3.7), and because the mappings = +— A;x are linear, it is sufficient
to show that the convergence (which holds true since ¢, )

T T
| entords = [ etsrds
0 k—co Jo
is uniform with respect to ¢t on [0,7]. Fix ¢ > 0 and p € N such that 2% < e Set I} =
[%T, %T[. Since ¢y, X ¢, there exists ko(p, ¢) such that

1

k22+17 vk = kO(pv q)

T
| xg6)en, = )s)as| <

Let ko = max{ko(p,1),...,ko(p,p)}. Denote by ¢; the index for which ¢ € I*. For all k > k,
we have,

[

-1

Z

/ X, (5)(one — 9)(s)ds

xlq )(en, — )(s)ds

+|f (one — 9)(s)ds

2
+ =llen, — ¢llo <&
p

Z

=0

/ X1 (8)(pny — 0)(s)ds

from which the uniform convergence (3.8) follows. [ |

Definition 3.14. We say that a subset I € {1,..., N} is minimal (with respect to ¢) if there
exists a unique a = (of,...,a%) € A such that Y, ; a4l = 0.

We now prove that Assumption 3.7 (and thus Assumption 3.1) is necessary under the
STRONG condition of minimality (whose definition is below) of the set {1,..., N}.
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Theorem 3.15. Assume that Q(xg) = {¢}. If {1,..., N} is minimal (with respect to £), then
Assumption 8.7 is satisfied.

Proof. Let a® = (a9,...,a%) be the unique element of A such that Zf\il VAl = 0. Ac-
cording to Lemma 3.12, there exists o € A such that Zf\; 1Al = 0. It follows from the
minimality of {1,..., N} that a = a". In particular, a; > 0 for all i € {1,..., N}. Keeping
the same notation as in the proof of Lemma 3.12, we thus have proved that all the (weak
star) convergent subsequences of ¢, converge to ZZJ\LI a?ei. Consequently, ¢, converges to
Z,’]\Ll ¥¢;. In particular, (p,,e;) — o for all i € {1,...,N}. Consequently, taking ¢, = n,
we have,

n+1

1
At € [+ 1] | as(t) = 1)) = / (B(s), ) ds = /0 () — a? > 0.

n
This computation proves that the total time of activation of the mode ¢ on an interval [t,,]]
(where lim;,— 4 t, = +00) is equivalent, as n — +oo, to (¢, — t,), consequently, Assump-
tion 3.7 is satisfied. [ |

3.3 Further remarks

In subsection 3.1, we have seen that, under Assumptions 3.1, the set Q(xg) is included in
U,]i 1 M;; moreover in subsection 3.2, we have seen that, in the case where (zg) reduces to an
unique point £, there exists a convex combination of the vectors A;¢ which vanishes. In this
subsection, we shall see what we can say of the convex combinations of the A;¢’s in the general
case. We begin with a definition.

Definition 3.16. We shall say that £ is an ordinary point of UZ]\L 1 M; if, whenever we have i;
and iy in Iy, either M;, C M;, or M;, C M;,. We shall say that ¢ € Ufil M; is an extraordinary
point if it is not ordinary.

Notice that if £ € Uf\il M; is an ordinary point, there exists an index ¢, such that UZ-E I, M; =
M;,. Clearly, the set of ordinary points of Uf\i 1 M; is an open and dense subset of Uf\i 1 M;.
Moreover, if £ is an ordinary point of U,]i 1 M;, there exists an open neighborhood U of ¢ such
that U N Ufil M; = U NUe 1, Mi. The following proposition gives an additional condition to
be satisfied by a point ¢ in order it belongs to (xg).

Proposition 3.17. Assume that ¢ € Q(xzg). There exists « € Axq such that
1. if £ is an ordinary point, ZZJ\LI o Al € Uz‘ele M;,
2. if £ is an extraordinary point, there exists I C Iy such that Zf\il a; Al € ﬂigé M;.

Proof. Assume first that ¢ is an ordinary point of Q(xp). Assume that, for every o € Ay,
the sum sz\i 1 @Al does not belong to | J;c 1, Mi, then there exists a vector u orthogonal to
UiEI@ ; = M;, and a positive constant ¢, such that (A4;¢,u) > ¢ > 0 for every i € I;. Choose

U = B((,r) a small enough open ball around ¢ such that U N X, M; = U N Uier, Mi and
(Ail',u) > /2 for every £ € UN,;¢;, M;. There exists a sequence (t,)nen tending to infinity
such that lim, 4 z(t,) = ¢ and z(t,) € B(¢,r/2) for every n € N.

If Q(xg) reduces to ¢, put 7, = 1. Since lim,, o0 x(ty, + ) = ¢, z(t, + 7) € B({,7/2)
if the index n is large enough. If Q(z¢) does not reduce to ¢, there exists an w-limit point
outside of the ball B(¢,r) if r is chosen small enough. In this last case, we choose 7, = inf{t >
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tn | x(t) € 0B((,r/2)} which is well defined for every index n. In any case, the sequence
(z(t, + Tn))nen being bounded, we can assume that it converges to £ € U. We have

tn+Tn N
c
(@t + 7) — (bn), u) = / S ails){Ase(s), uds > 5 (3.12)
tn i=1
if n is large enough. If £ = ¢, put 7, = 1 for every index n. If ¢/ # ¢, as we cannot have
liminf,,— 4o 7 = 0, there exists 7 > 0 such that 7,, > 7 as soon as index n is large enough, so
from (3.12), we deduce

gT < @ty + T0) — z(tn), u). (3.13)

Asl € ;e 1, M, the limit of the right-hand side of (3.13) is 0, which leads to a contradiction.

Assume now that ¢ is an extraordinary point in Uf\il M;, if £ is the limit of a sequence
(U)ken of ordinary points, we can assume that the sets of indices I;, are all equal to a set
Io c {1,...,N}. So, there exists a sequence (o' )cn of elements of Ax such that

N
i=1

i€lp
Now, as A>0 is compact, we can suppose that the sequence (o/k)keN converges to o € A>0
and equality (3.14) implies Zf\il a; Al € ;e 1o M. If there exists an open neighborhood U of

£ such that U N Uf\i 1 M; is constituted by extraordinary points, let (¢)ren be a sequence of
extraordinary points tending to ¢, we can assume that all the subsets of indices I, are equal
to Ip and we can also assume that all the £, as well as £ belong to a same intersection of
subspaces ;¢ 1, Mi, reasoning as in the first part of this proof, we get the result stated in the
proposition. |

3.4 Nonconvergence to zero of the switched system under some weak hy-
pothesis

The next two results show that Assumption 3.7 is not sufficient to ensure the converge to zero
of system (1.3) when the space M of non detectability is not reduced to zero.

Proposition 3.18. Let £ € M \ {0}. Suppose that there exists o = (a1, ,an) € Asg such
that Zf\il o;Ail = 0. Then, there exists a trajectory satisfying Assumption 3.7 which does not
converge to zero.

Proof. Let (ay,...,ayn) € Asg be such that SN «;4;¢ = 0. For any fixed t € [0,1] define
the linear map ® = e!*NAN o ... 0 ¢!®141, The mapping t +— ®*(¢) has the Taylor expansion

N
(1) = o°(0) + t%@t(e) o7 oy =L+t Y Al + v = L+ £y,
- i=1

where the vector v; satisfies v; = O(1) since [0,1] is a compact interval. The vector v; is
thus bounded, i.e., there exists vy such that ||v¢]| < ||vo]| for all ¢ € [0,1], which implies that
|®(£) — £|| < t?||vo||. Let (tp)nen be a sequence in [0,1]. We have

DIt o @I () = B (A thvy,) = £+ T 10, 6P (vg,).
Since ||®!(v)| < ||lv]|, we have

[0 0 @ (0) — €] <17 v, | + E2 1@ (v, )| < (E741 + 22) ol
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Put ®,, = &' o--- 0 ®. By induction, we get, for ¢ > p, [|®p4(¢) — | < |lvoll Yo1_, 17,
and letting ¢ go to infinity leads to limg— oo [|®pq(€) — €] < [lvoll 2252, t2. As the @, ,’s are
equibounded, we can select a converging subsequence ®,,, . Set ¥, = lim,_,4~ ®p 4. Now,

taking (for example) ¢, = % and p sufficiently large, the above inequality implies that

Ve>0 3p. | Yp=p ||[V,(0)—¢ <e, (3.15)

which shows in particular that W,(¢) # 0. Moreover, because o € A, the constructed
trajectory satisfies Assumption 3.7. [ |

Proposition 3.19. Suppose that there erxists a = (a1, - ,any) € Asg such that M C
ker ZZJ\LI o; A;. Then, for every ¢ € M, there exists a trajectory, satisfying the permanent
excitation and the persistent excitation assumptions, and such that £ € Q(xg).

Proof. Let (aq,...,an) € Asg be such that M C ker Zf\il a;A; and let ¥, be defined as in
the proof of Theorem 3.18 according to which it remains to show that for any point in M,
there exists a trajectory that converges to this point. Because M C ker Zf\il o; A;, relation
(3.15) can be rewritten as

VieM Ye>0 dp. | Vp=p [[¥,(0) -1 <e. (3.16)

To get the result it is sufficient to show that there exists a p such that the image by ¥, of
an open ball in M centered at the origin contains an open ball. Let Sj; be the unit sphere
of M that is the boundary of the open unit ball By;. Let 0 < € < 1. Since all mappings ®*
are Lipschitzian with constant one, all mappings ¥, Lipschitzian with constant one. Thus the
family (¥, )p>0 is equicontinuous. Relation (3.16) indicates that as p goes to infinity, ¥,—Id|xs,
pointwise, thus uniformly. Consequently, there exists py such that ||[¥,,(¢) —¢|| < € holds for
all £ € Sy from which it follows that Bys(0,1 —¢) C U,(Ba) (see [22, Lemma 7.23]). This
completes the proof. |

4 Application to the three-cell converter

In this section we apply our theoretical result to the (non linear) continuous-time model of the
multilevel converters. For simplicity, we limit ourselves to the case of the three-cell converter
although all our results are true for p-cell converters with p > 3. Some particularity of the
two-cell converter which follows from Proposition 3.6 will be explained at the end of present
section.

4.1 Description of the system

The circuit topology of the three-cell converter is represented in the picture below.

usz uz uy

E (*) Co== ‘ch (O ‘VC1 5 -

ich

Figure 1: Sketch of the three-cell converter
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Our main goal is to estimate the voltage of the capacitors in the case where only the
current in the load is measured. Defining z(t) = (x1(t),z2(t), z3(t)) = (Voy, Vi, icn) as the
state vector, where Vi, Vi, are the voltages of the corresponding capacitors, i, is the load
current and y = i, is the output, the model can be represented by a unique state equation:

&= F(u)x + EG(u)
y=Cux,

where E is the input voltage, u = (u1, uz,u3) € {0,1}? is the control vector and the matrices
F(u), G(u) and C are given by

0 0 - 0 0
F(u) = 0 0 ww | Gu=[|0]|, c'=]0
_u2—u; _ uU3—u2 _i_% us 1

L L L L

In order to achieve our goal, we build a Luenberger switched observer based on the load current
measurement (other approaches are possible see for instance [3, 4, 5]). Such an observer takes

the form ‘
&= F(u)i — L(u)(Ci —y) + G(u), L(u) € R*

and the dynamics of the error e = & — x reads
é(t) = A(u)e(t), A(u) = F(u) — L(u)C.

Using the convention i = z?-’ uj2j ~—1 we can rewrite this last equation as

7=1
8

=Y ai(®)Aix(t),  ait) € {01}, Zaz =1 (4.1)
=1

It is easy to show that the gain matrices L; can be chosen in such a way that family {Aq, ..., Ag}
satisfies Assumption 1.2 Straightforward calculations show that necessarily,

p11 p12 O 00 oy
P={|puaps 0 |, ATP+P4a;=( 008 |, %<0, Vie{l--- 8.
0 0 ps3 a; Bi i

The spectrum of ATP + PA;, sp(ATP + PA;) = {0,3(v; \/40[22 +46% +~2)} is a subset

of nonpositive numbers if and only if o; = 6; = 0. In particular, we have M = ﬂle M; =
M; = {z € R® | 23 = 0}. When P and the gain matrices L; are chosen in such a way that
Assumption 1.2 holds, we have

1 0 0 (ug —ur)pr — (uz — u2)us
A,’:E 0 0 (U3—u2)u2—(u2—u1)u3 , R;>0, ViE{l,...,8}.
U1 — U2 U — U3 _Ri

__ P22P33 __ P11P33 __ P12P33
with p1 = 28, pe = 555 M3 = o b

We want to know under which condition solutions to (4.1) converge to zero. All results from
Section 4 leading to convergence to zero being dwell-time based, we may wonder which type
of dwell-time hypothesis are satisfied by the multi-cell chopper. Unfortunately, the different
modes of the three-cell converter do not admit any dwell-time, only the switches do have one.
In other words, one may switch from mode A; to mode A; (i # j) in an as small time as he
wants, but has to wait a positive minimum time between two switches of the same the switch.
We thus consider the following assumption.
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Assumption 4.1 (Switch dwell-time). The time elapsed between two commutations of the
same switch has a positive inferior limit.

Notice that Assumption 4.1 implies that there exists at least one mode which satisfies the
weak dwell-time Assumption 2.7, but it turns out that its does not imply stronger assumptions
on modes.

One may naturally wonder if Assumption 4.1 implies the convergence to zero of the solution
to system (4.1). The answer is negative as we shall in the next section.

Notice moreover that although ker Z?:l %Ai = M (which shows that the three-cell con-
verter satisfies the hypothesis of Proposition 3.19), the counter example given by Proposition
3.19 is no more valid since the dwell-time on switches has not been taken into account.

4.2 The w-limit set of a trajectory of the 3-cell converter observer is not
necessarily a singleton

In the present section, we construct a trajectory of the 3-cell converter observer (4.1) whose
w-limit set is not a singleton. Moreover, we will see that the trajectory can be constructed in
such a way that 3.1 Assumptions 2.7, 3.1, 3.7 and 4.1 are satisfied.

First of all, let us rewrite system (4.1) in a simpler way. Notice that up to the change of
coordinates © — P2 and the time reparametrization t — Lt (two transformation that do not
altered the topological structure of w-limit sets), we may assume that all the A;’s have the

form ,
0 0 a o '
Ai=| 0 0 a |, (af,ad) e {0,£1}*\{£(1,1)}, da} >0.
~a} ~a
We now rewrite the system (4.1) using spherical coordinates z = (1,0, ¢) defined by:

x1 = rcosfcosp
To = rsinf cos

T3 = rsin .
It is easy to check that:

i = —abrsin?p (4.2)
0 = (abcosf — a} sinf) tan ¢
¢ = —akcos psinp — (at cosf 4 absinh),

which shows in particular that 7(¢) = o(6(t)) as t approaches infinity since ¢(t) goes to zero
as t goes to infinity. This means that, approaching infinity, a trajectory of system (4.1) looses
less in norm than it can win in angular position 6, which encourages us to believe that we can
build a trajectory of system (4.1) whose w-limit set is not a singleton.

Before beginning with the construction of the trajectory, let us fix the set K in which the
trajectory will lie and some notation. We set:

o K =10,79] x [6o,8f] x[0,e0] C {(r,0,¢) | cos@ > sinf > 0}
e f(i,z) = —atcosf —absind, g(i,z) =alcosd —a}sind

o ail = min,cx {f(za Z)} ’ O‘Zé = MaXyeK {f(Z> Z)}

19



o a=mingci, izrgy Q00 2)] 1906 2)[}, B =maxpex, ixrgy {|€002)],9(4 2)[}

e If (vy)nen is a sequence we denote by (S(v)y,)nen the sequence of its partial sums, i.e.,
S(V)n = 3o Vk-

Fix g9 > 0 so small that we have a« > 0, § > 0 and aé- # 0 for every j € {1,2} and every
i 47,8

15! step: Construction of the switching trajectory lying in KC

We will construct here a trajectory z(-) of system (4.1) such that z(t) € K for all positive time
t. In order to choose an order for the concatenation of the modes, let us make a sign table of
velocities in .

signsin |1/2(3|4|5|6|7|8
9 +|=|=[+]+]|—|0]0 (4.5)
¢ |+|=|+|—|+]-]0]0

According to the sign table (4.5), one sees that the forward motions in 6 are the flows €41,

et44 et and the backward motions in 6 the flows et42, et43 ¢t46 For simplicity, we will only
use the modes 2, 3, 4 and 5 for the construction of the trajectory. These modes correspond to
the matrices

00 1 00 0 00 0 00 -1
Ay=| 00 -1, A3=]00 -1}, Ay={00 1 |, A=(00 1 |,
-11 —d} 01 —a3 0—-1—aj 1 -1 —aj3

From (4.4), one infers that —a%p + of < ¢ < —alp + ab. Hence, as long as () stays in
[00,0¢], we have ‘ '
y1(t) < p(t) < ys(t), (4.6)

where y;(, to) is the solution of the Cauchy problem y = —a%y + oz?, y(to) = p(to), i.e.,

‘A

y(tito) = e Hipto) + 2 (1— b)) (4.7)
3

Construction of the ¢p-forward motion from 6, to 6y

Denote by ® the inverse map of diffeomorphism (r,6,¢) +— (7 cos 6 cos @, r sin 0 cos , r sin ¢).

For every i € {1,--- ,8}, according to (4.2)-(4.4), the projection onto (6, ¢) of the pushforward

by ® of the field A; is a well-defined nonlinear autonomous vector field in the variables (6, ¢)

which we denote by A;. Let ¢4 denote the flow of A; and 7 be the projection z — (8, p).

Set x9 = (ro,00,0) to be the initial condition and ty = 0 the initial time. We begin with

following the mode As. Define 71 = inf{t > 0 | e!45(zy) € OK}. Necessarily, 71 < 4o0. If not,

we would have 6(t) < 6 for all positive time, which, according to (4.7) and (4.6), would imply

that

5

(&%

> 49 1
p(t) 2 yi(t) = 2”0

which is impossible since p(t) tends to zero as t goes to infinity.

First case: 6(71) = 0. For the same reason as 7y, inf{t > 0 | e‘tﬁ“(ef,O) € Omo
®(K)}, is a positive real number which implies that there must exists d;, d2 > 0 such that
T (@ (945 (g))) = e7%244(0y,0), i.e., such that 7o @ (%244 0 €145 (2)) = (6,0).

Second case: 0(71) < 0¢. Then, by construction, p(71) = €9. In such a case, we define
Ty by 7 = inf{t > 0 | et o e 45(zy) € 0K}, which belongs to Ry \ {0} for the same
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reason as 7. As in the_ first case, if 6(m2) = 60y, there must exists dy, do > 0 such that
T (P (651‘45 (20))) = e~%241(6;,0). Indeed, the nonexistence of such 81, 65 would imply that

{6_62A4(9f, 0) [t>0}N{mod (e oe™(xg)) [t >0} =
= {e79244(0;,0) [ t > 0} N {4 (w0 @ (€45 (z9))) | £ > O} # 0,

which contradicts the uniqueness theorem for solutions to ODEs. If (1) < ¢, we set 01 = 71.
Then, define 73 by 73 = inf{t > 0 | e!45 0e™410¢%45 (15) € DK}, and go back, as with 71 to the
distinction between first and second case and so on. Step by step, we iteratively construct a
sequence (tn)neN = (S(0)n)nen of switching times such that 6(t,) € [0y, 0] and ¢(t,) € [0, 0]
for all n. We next show that this process must stop. That is, we reach 6 after finitely many
commutations. To show this let us first evaluate the time elapsed between two consecutive
commutations.

Evaluation of 8,41 — 4,
According to the mean value theorem, for every & € (t,,t,+1], there exists ¢ € (¢,, &) such that
lo(&) — o(tn)] = |@(c)| (£ — tn). Consequently, according to the definition of a and 3,

lp(€) — p(tn)]
S_ tn

Suppose to reach a contradiction that 6(t,) < ¢ for infinitely many n. In this case, we have
lo(tnt1) — @(tn)| = €0. At this point, integrating (4.3) we can evaluate the covered distance
in #. According to (4.8) and because 6(t), ¢(t) > 0, we get

tet+1

2n the1 | 2n
|0(t2n+1) — o] = 0(¢)dE > ap(§)dg

k k

0<ac< <0, VEE (tn tnyrl (4.8)

n tok+1
>3 ["Talle) - elds @n=0)
k=0 2k

k=0 " t2k

2.2
a‘ej

n—--— —
i 2ﬁ2 n—-+o00

LIS T} " a2
>3 [t wde =30t -
¢ k=0

+00, (4.9)

which contradicts the fact that 0(t,) < 0y for infinitely many n. Let Ny = N(gg) denote the
number of switching times during the constructed ep-forward motion. Notice that Ny is even
if the initial time ({9 = 0) is counted as the first switching time. Once #; has been reached,
in the same manner as the go-forward motion was constructed, we use the flows e*42 and e'43
in order to construct an €;-backward motion (with £; < gp) to go back to 6y. Step by step,
we iteratively construct a switching trajectory of system (4.1) which is a concatenation of
en-motions where (£, )nen is a chosen sequence of positive numbers decreasing to zero. Let
N,, denote the number of commutations during an &,-motion. By construction, the trajectory
t — x(t) satisfies for every n € N:

o(tar) = 0, V keN,
lo (try1) — @ (te)] = en, Vke{S(N)—1+1,5N), —2},
o (tsvy) = @ (Esv)u-1)| = s 0 < Y < en,

‘0 (tS(N)n+1) —0 (tS(N)n)| = ef — 0o,
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where 7, corresponds to the value of ¢ at the last switching time of the €,-motion.

2" step: evaluation of the number of switching times during an &,-motion
One easily repeats on the time interval of an e,-motion a computation similar to (4.9) to
conclude that

2

o
O — 60 =0 (tsny,+1) — 0 (tsvy,) = (Na/2 = 1)ep +7) 3
from which it follows that
N, < 43%(05 — 60)/(a’cy) + 2(es — 15) /en < Cen, (4.10)

with C' = (4682%(8; — 6o) + 202e3) /2.

3'd step: evaluation of the loss in norm

The last thing we have to do is to evaluate the loss in norm during along the whole trajectory.
Let us first estimate the loss in norm during an e,-motion. Denote by [bf, bR | the time
intervals corresponding to this motion. Set @ = max{a},...,a§}. According to (4.2), (4.8) and
(4.10), one infers that

D R
P - () = [ O < [ ang e
b oy
b%n Nn
< aroefl/ d¢ = arge? Z by — bj_| d¢
bg k=1
Nn
<arogy Yot o (b)) — @ (bi_y) | d€
k=1

—1 =~
< Nyargo 52 < Cep,

where C = aroC/a. Consequently, the loss in norm up to time by, is

n
<CY en,
k=0

ro=r () = Y- [r(4) -4

And, passing to the limit as n tends to infinity, we get

+0o0

o . — o . n < =~

- =0 05) €3
k=0

which can be chosen to be strictly less than 7. In such a case, lim;_ 1 r(t) = ry # 0 and by

construction, w(r(t),0(t), (t)) = {r} x [6o,8f] x {0} which is not a singleton.

4" and last step: ensuring Assumption 4.1

The constructed trajectory violates Assumption 4.1 (switch dwell-time). We show here that
we can slightly modify this trajectory so that it will respect the dwell-time on switches. Notice
that during a forward motion the commutation from mode 5 to mode 4 involves only the use
of switch w;. Thus, at every switching time to;, (k € N), instead of switching back to mode
mode 5 we can switch to mode 8 using the switch us. Since x(tor) € ker Ag = {x3 = 0},
we have €748 (x(tor)) = z(tor) for every positive 7. Choosing 7 greater than the switch
dwell-time shows that any forward eo,-motion can be done respecting Assumption 4.1. The
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reader can easily check that the same can also be done for every backward e9f1-motion.
Consequently, we can assume that the constructed trajectory satisfies Assumption 4.1. Even
more, by complicating somewhat the way we construct the trajectory, we can involve each
matrix of the family {A;,..., Ag} in such a way that the assumption of persistent excitation
(Assumption 3.7) is satisfied.

Final remark. Tt is easy to see that one can construct a trajectories of system (4.1) whose
w-limit sets does not reduce to a singleton which satisfy both the weak dwell-time and the
switch dwell-time assumptions. Such trajectories can be can be constructed as soon as the
number cells in the converter is greater or equal to three. When the number of cells is smaller
or equal to two, Proposition 3.6 shows that the weak-time assumption is sufficient to insure
the convergence of the trajectories to zero.
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