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Abstract

This article investigates complexity and approximability properties of combinatorial opti-
mization problems yielded by the notion of Shared Risk Resource Group (SRRG). SRRG has
been introduced in order to capture network survivability issues where a failure may break a
whole set of resources, and has been formalized as colored graphs, where a set of resources is rep-
resented by a set of edges with same color. We consider here the analogous of classical problems
such as determining paths or cuts with the minimum numbers of colors or color disjoint paths.
These optimization problems are much more difficult than their counterparts in classical graph
theory. In particular standard relationship such as the Max Flow - Min Cut equality do not hold
any longer. In this article we identify cases where these problems are polynomial, for example
when the edges of a given color form a connected subgraph, and otherwise give hardness and
non approximability results for these problems.

Keywords: Survivability, fault tolerance, reliability, Shared Risk Resource Group, colored
graphs, complexity, approximability, shortest paths, cuts.

1 Introduction

Network survivability, as an application domain, has fostered a large scope of theoretical and
algorithmic developments is the recent years. Although neglected for a long time by survivable
network design studies, multiple failures scenarios are now unavoidable with the spread of multilayer
networks such as IP/WDM, MPLS networks, P2P or GRID computing overlay structures. For
example, in such a multilayer network, multiple and apparently independent virtual links may be
paths sharing a link on the underlying network, as illustrated in Figure 1(a) where a single failure

*The research reported in this paper is funded in part by NSF grant ANI-9973102, DARPA/NSA grant N66001-
00-1-8949, ACI-SI PRESTO, Région PACA, France Telecom R&D, European projects IST FET AEOLUS and COST
293 Graal.
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Figure 1: A multilayer network and its transformation into a colored graph.

of the link (FG) would induce multiple failures on the set of links of the virtual topology. Therefore,
the need to take into account correlations between edges has appeared, and the concept of Shared
Risk Link Group, later generalized to Shared Risk Resource Group (SRRG) [4, 17, 19], has been
introduced. A SRRG is a set of resources breaking down simultaneously when a given failure occurs.

In addition to their application in telecommunication networks survivability issues for which
they have been introduced, Shared Risk Resource Groups are relevant to numerous practical set-
tings. Indeed, they can model correlated traffic jams of road networks, as well as cascading failure
scenarios in electrical networks. Related concepts are also relevant in the settings of cryptographic
PGP (Pretty Good Privacy) keyrings [13].

Many classical network survivability issues are modeled as graph covering problems in which
a minimum cost subset of edges satisfying some given property is to be found. The cost of such
solutions is generally the size of the set, or a linear function such as the sum of the cost of the
edges. Examples of such problems are minimum cost spanning tree, minimum cut and shortest
paths problems. These problems model applications in which edges fail independently.

This article focuses on the counterpart of such classical problems in the settings of Shared Risk
Resource Group. In the general case, a Shared Risk Resource Group may include links (edges) and
nodes (vertices) of the network. However, using straightforward graph transformations, without
loss of generality one can consider only sets of edges.

Shared Risk Resource Groups are naturally modeled by associating to each group (or risk) a
color, and to each edge (or resource) the colors representing the risks affecting it [7, 23]. According
to the general case of Shared Risk Resource Groups, an edge may belong to several colors, modeling
the fact that a resource may face different and independent risks. In [7], a colored graph is thus
defined as an undirected graph associated to a set of colors. Each color is a subset of edges and
the colors cover the edge set.

However, depending on the context, this property may be interpreted in several ways whether
an edge fails when a single of its colors fails or when all its associated colors fail simultaneously.

That is why another definition for colored graphs is presented in [23]. In that case to each
edge is associated a single color (the colors then partition the edge set). According to the context,
a graph transformation can be applied to a colored graph of the first model to obtain a colored
graph of the second model. If in the first model an edge e fails when at least one of its A colors
fails, we replace edge e by a path with A monochromatic edges. Thus, in the second model, any
path containing edge e will fail for any failure of one of its A colors. Figure 1(b) illustrates this
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Figure 2: Examples

transformation. The virtual connection (AH) of Figure 1(a) is routed through the physical links
(AF), (FG) and (GH), it is therefore replaced with a path of three monochromatic edges. The
colors of these edges are the colors associated to the physical links (AF), (FG) and (GH). The
creation of this path requires the creation of two vertices x and y. If in the first model an edge e
fails only when all its colors fail, this edge is replaced with A monochromatic parallel edges.

Therefore, in the following we assume that edges are monochromatic, in other words colors
not only cover the edge set but also partition it. This definition is actually encompassed in the
definition of [7], consequently all the NP-hardness and inapproximability results proved under the
monochromatic assumption extend to the more general settings of [7].

Definition 1.1 (Colored graph) A colored graph is a triple G = (V, E,C) where (V, E) is an
undirected graph and C is a partition of E.

In a colored graph, a color containing an edge incident to a vertex is said to be incident to this
vertex. Two colors are adjacent if they are incident to a same vertex. The colored degree of a given
vertex is the number of colors which are incident to it.

The span of a color is an important parameter of a colored graph since the complexity and
approximability properties of most of the following optimization problems depend on the maximum
span of the graph.

Definition 1.2 (span of a color) The span of a color is the number of connected components of
the subgraph induced by the edges of this color.

An example is given in Figure 2 where color ¢; has span 2 (Fig. 2(b)) and color c3 has span 1
(Fig. 2(c)).



Figure 3: A minimum color st-path is not necessarily composed of minimum color paths.

The counterparts in colored graphs of the classical graph problems consist of finding a minimum
cost set of colors satisfying a given property. For example a colored path is defined as a subset
of colors whose corresponding edge set contains a usual path (Fig. 2(e)). Note that the edge set
corresponding to a given colored path may contain more than one usual path. Nevertheless, a usual
path is associated to a single colored path. In the following we use both ways to define a colored
path, either as a set of colors, or as a usual path whose edges are colored. We can define a colored
st-cut (Fig. 2(d)), a colored cut, a colored spanning tree (Fig. 2(f)) in the same way as we
have defined a colored path. Then we define the following optimization problems motivated by
network survivability issues.

The Minimum Color st-Path problem (MC-st-Path) consists of finding a path between
vertices s and t using as few colors as possible and is NP-Hard [23], which is the same as a colored
path containing a minimum number of colors. This problem is related to finding a path of minimum
failure probability. Furthermore, unlike classical graph shortest path, a subpath of a MC-st-Path
is not necessarily a minimum color path. The set of color {c1, ¢4} is minimum color st-path in the
depicted in Figure 3. There is a single classical path in the subgraph induced by these colors, this
path is (s,y,w,x,v,t). However the color c¢3 is a minimum color sw-path unlike the set {c1,c4}.

The 2-Color Disjoint st-Paths problem (or diverse routing problem [1]) consists of finding
two paths between a pair of vertices in a graph using distinct color sets, therefore no Shared Risk
Resource Group failure cause both paths to fail. Unlike the traditional edge or vertex disjoint paths
problem in graph theory, this problem is NP-complete [12]. It follows that minimizing the total
number of colors of 2-Color Disjoint st-Paths is difficult. Moreover, it has been shown in [13] for
a cryptographic application, that the problem Maximum Number of Color Disjoint Paths
consisting in finding the maximum number of color disjoint st-paths connecting two vertices is also
NP-Hard.

When no two color disjoint st-paths exists, a set of Minimum Overlapping Color st-Paths,
that is a set of st-paths sharing a minimum number of colors, is of specific interest in survivable
network design. It represents protection paths in a failure dependent protection scheme [16]. A
variation of this problem, consisting of finding two edge disjoint st-paths minimizing the number
of shared colors, has been studied in [23] and shown to be NP-Hard.

The Minimum Color st-Cut problem (MC-st-Cut) consists of finding a minimum size set of
colors disconnecting two vertices s and ¢t. Similarly, we can define a Minimum Color Multi-Cut
(MC-Multi-Cut) as a minimum size set of colors whose removal disconnects simultaneously several
pairs of given vertices {s1,%1} ... {sg, tx} and a Minimum Color Cut (MC-Cut) as a minimum set
of colors disconnecting the graph in at least two parts. Note that as in classical graphs, the size of a



MC-Cut is upper bounded by the minimum colored degree which is the minimum number of colors
used by the edges adjacent to a vertex. Colored cut problems are related to the vulnerability of
multilayer networks since they give tight lower bounds on the number of failures that can disconnect
totally or partially a network.

The Minimum Color Spanning Tree problem (MC-Spanning Tree) consists of finding a
minimum size set of colors containing a connected spanning subgraph, as depicted in Figure 2.
A MC-Spanning Tree is a set of Shared Risk Resource Group whose availability guarantees the
connectivity of a network. The complexity and approximability properties of this problem are
detailed in [3, 15, 21].

In Table 1 we sum up the main results obtained for colored problems. The results with no
references are going to be proved in this paper. The weak relations between Color Disjoint st-Paths
and MC-st-Cut (analogous to min cut equals max number of edge disjoint paths) are investigated
in Section 2. Section 3 is dedicated to cases when the colored problems are polynomial, while
Section 4 investigates complexity and approximability of colored problems when the span of colors
is bounded by a constant k. Finally Section 5 presents an approximability preserving reduction
from the Minimum Label Cover problem to the MC-st-Cut and MC-st-Path problems when there
is no restriction on the span of colors.

2 Relations between problems

In this section we show through examples that colored problems differ from classical graph theory,
not only by their complexities, but also by their mutual relationships. In particular this is the case
for the number of color disjoint st-paths and the MC-st-Cut no longer tightly linked. The max
flow-min cut relation being essential in the study of network reliability, this result makes the Color
Disjoint st-Paths problem even more thorny and stresses the interest of the Min Overlapping Color
st-Paths problem [23].

The sizes of a MC-Spanning Tree and a MC-Cut do not either verify the same inequalities as
their classical counterparts [8].

Theorem 2.1 For each k € N, there is a colored graph with two vertices s and t such that the
MC-st-Cut has value k, while the graph does not contain two color disjoint st-paths.

Furthermore, this colored graph is also such that the MC-Cut has value k while the graph does
not contain two color disjoint spanning trees.

Proof: Let kK € N be a constant. We construct a colored graph G containing (Qkk) + 1 vertices
and 2k colors. G is built from a path of length (2,5) where each edge is associated with exactly a
one subset of k colors. Then we replace each edge of this path by k edges with the k colors of the
associated subset, see Figure 4 for k = 2. Let s and t be the extremities of the path. A colored
spanning tree in G is merely a colored st-path and a MC-Cut is actually a MC-st-Cut.

Assume there is a colored st-path using [ < k colors. Then there is a subset of at least k
colors not used by the path; that implies that the path does not contain any of the multiple edges
associated to this subset of colors, and leads to a contradiction. Therefore a colored st-path uses
at least k + 1 colors. Since there are only 2k available colors, Theorem 2.1 follows. 0

Other families of colored graphs exist for the first part of Theorem 2.1, for example we can
construct a family of graphs containing k2 colors and 2k? edges in which a MC-st-Cut uses k colors
while no pair of color disjoint st-paths can be found.
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Table 1: Complexity and approximability properties of colored problems.
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Figure 4: Example of colored graph in which the minimum color st-cut is 2 but there is no pair of
color disjoint paths.

Note that an upper bound on the ratio mazimum number of color disjoint st-paths/ MC-st-Cut,
depending on the size of the colored graph, may exist, that is why it may be interesting to find
families of colored graphs in which the usual relations do not hold and for which the number of
colors and the size of the graphs are known. Note also that when the number of colors of the graph
equals the MC-st-Cut value, then there is at least one st-path of each color.

Moreover, another pair of problems, MC-st-Cut and MC-Multi-Cut, has different relationships
than their classical counterparts.

Theorem 2.2 MC-Multi-Cut is equivalent to MC-st-Clut.

Proof: First MC-st-Cut is a special case of MC-Multi-Cut. Then, we prove that MC-Multi-Cut
reduces to MC-st-Cut. To see this, take k copies Gy, ..., Gy of graph G, one for each pair s;,t; to
be disconnected in a MC-Multi-Cut instance. Now, merge all vertices s; € G; (resp. t;) together
into a single vertex s (resp. t). A colored st-cut in this new graph is trivially a colored multicut in

G. -

As a consequence of Theorem 2.2, in the following the MC-Multi-Cut problem is not going to
be considered.

Finally, as Lemma 2.3 below proves, the MC-st-Cut and MC-st-Path problems are equivalent
in the special case of series-parallel graphs. Let us recall that series-parallel graphs are graphs
that can be constructed from a single edge by applying a sequence of two operations : we split an
edge into two adjacent edges by introducing a vertex in the middle, and we replace an edge by two
parallel edges.

Lemma 2.3 The MC-st-Cut and MC-st-Path problems are equivalent in series-parallel graphs.

Proof: Let G be a series-parallel graph. G is constructed from a single edge whose extremities
are vertices s; and t; by applying a specific succession of the two operations.

Another series-parallel graph G5 can be constructed such that the MC-st-Path problem in Gy
is equivalent to the MC-st-Cut problem in G2 and vice versa in the following way.

Let so and to be the extremities of an isolated edge and construct graph Go by applying the
complementary succession of operations of the construction of G;. That is, when an edge of Gy is
split into two edges, a parallel edge is added to the corresponding edge of Gs, and when a parallel
edge is added to an edge of GG1, the corresponding edge of G5 is split into two edges. Give to an
edge of G4 the color given to its corresponding edge in G.

An siti-path in G is in bijection with an ssto-cut in G since a path consists of crossing edges
connected in series while a cut consists of cutting ”parallel” edges. 0O

By consequence of Lemma 2.3, in the rest of the paper, all the complexity and inapproximability
results are based on the construction of some specific series-parallel graphs of extremities s and ¢ in
which a colored st-path is searched. Moreover, all the NP-hardness and inapproximability proofs
can be given for only one of the two problems.



3 Polynomial cases

In this section we present some restrictions under which colored problems are polynomial. We first
extend a result of [5] which states that when the edges of each color form a star, the MC-st-Path
problem is polynomial.

Theorem 3.1 When each color has span 1, the MC-st-Path, MC-st-Cut, MC-Cut, 2-Color Dis-
joint st-Paths, 2-Min Overlapping Color st-Paths and Mazimum Number of Color Disjoint Paths
problems are polynomial.

Proof: We use the following transformation. Given a colored graph G = (V, E/,C), we construct
the graph H = (Vi, Epr), where each vertex of Vi represents a color of G. There is an edge between
two vertices of Vi iff two edges with the corresponding colors are adjacent in G. Now add vertex
s (resp. t) and edges between s (resp. t) and any vertex of H representing a color adjacent to s
(resp. t) in G.

The MC-st-Path, MC-st-Cut and MC-Cut problems in G are reduced to their classical counter-
parts in H, which are respectively : st-paths, vertex-st-cut and vertex-disjoint st-paths. For 2-Min
Overlapping Color st-Paths, note that any two st-paths in H necessarily overlap on vertices that
are vertex-st-cut of size one.

For MC-Cut, note that a colored graph in which colors have span one can also be seen as an
hypergraph in which the vertices spanned by a color form an hyperedge. The MC-Cut problem is
then equivalent to the minimum hyperedge cut problem in a general hypergraph which is polynomial

[18]. O

The case of MC-Cut is quite particular, since it can be solved in polynomial time when the
number of edges of each color is bounded by a given constant k.

Theorem 3.2 When the number of edges of each color is bounded by a given constant k, MC-Cut
can be solved in polynomial time.

Proof: Let S be the value of the minimum edge cut of the colored graph without taking its colors
into account. Then, the value of the optimal color cut is in [S/k, S], and the associated edge cut
must have size in [S, kS]. In [14], Karger proved that there exist at most |V|?* cuts of size in [S, k5.
Moreover, they can be generated in polynomial time.

Hence, the problem can be solved by examining all the k-approximated minimum cuts (about
|V|?¥) and counting the colors they use. 0

Note that when the maximum colored degree of the graph is bounded, MC-Cut, MC-st-Cut
and MC-Multi-Cut are also polynomial since the subsets of colors of size lower than the bound can
be enumerated in polynomial time.

4 Bounded color span case

In this section, we assume that the span of each color is bounded by a constant k& > 1. The case
k = 2 is particularly interesting since if a problem is NP-Hard in this case, it is also NP-Hard for
any constant k > 2.



4.1 2-Color Disjoint st-Paths

The counterpart of the x edge-disjoint st-paths problem consists of finding x color-disjoint st-paths.
In the case of paths connecting two nodes (st-paths), the classical problem is easy to solve using
single commodity flow techniques, or Menger’s augmentations. However, the colored version of the
problem turns out to be much harder even when the span of colors is bounded by two. The proof
of complexity for the 2-Color Disjoint st-Paths problem presented in [12] can easily be adapted to
this case.

Theorem 4.1 There is a reduction from the Set Splitting problem to the 2-Color Disjoint st-Paths
problem restricted to the case of colors of span bounded by 2.

Proof: Given a collection of subsets {S;|i € 1,..., N} of a finite set S, the Set Splitting problem
consists of finding two disjoint subsets of S such that each subset contains at least one element in
Si,Viel,...,N.

We construct a colored graph G = (V, E,C) as follows. V contains N + 1 vertices uq, ... un+1-
To each triple s, S;, S; such that s € §; N .S; we associate a color i -

We connect u; and w; 1 with |S;| parallel paths, each of them corresponds to an element of S;.
The path associated to s between u; and u;y1 consists of edges of every color e for each j such
that s € S; N S;.

In this graph colors have span two, and two color disjoint ujun41-paths correspond to two
disjoint subsets of S containing each at least one element in S;,Vi € 1,..., N and vice versa. 0O

4.2 Maximum Number of Color Disjoint st-Paths

The Maximum Number of Color Disjoint st-Paths Problem has been proved NP-Hard in [13] using
a reduction from 3SAT. This reduction fits for the case of colors of span at most two. However the
following reduction from the Maximum Independent Set problem implies a stronger inapproxima-
bility factor since this problem is not approximable within a factor n2~° for any € > 0 in a graph
with n vertices unless P = NP [10].

Theorem 4.2 There is an approrimation preserving reduction from the Mazximum Independent
Set Problem to the Maximum Number of Color Disjoint st-Paths Problem when colors have span
at most two.

The Maximum Number of Color Disjoint st-Paths Problem is not approximable within a factor
o(n%_a) for any € > 0 unless P = NP.

Proof: To an instance of Maximum Independent Set problem on a graph G' = (V, E'), we associate
the following color disjoint paths instance.

A colored graph H is constructed as follows. A color of H corresponds to an edge of G. Let s
and t be two vertices of H. For each vertex v of G an st-path is added in H of length d(v), the
colored degree of v in G, and using the d(v) colors adjacent to v in G. An example is given in
Figure 5. Note that colors have span 2.

Trivially, two st-paths are color disjoint in H if and only if the two corresponding vertices
are not adjacent in G. The maximum number of color disjoint paths is henceforth the size of a
maximum independent set of G. In addition, |[Vy| < |V|?, and so we deduce the inapproximability
result of the theorem. 0



Figure 5: Example of a colored graph built from a Max Independent Set instance.

4.3 MC-st-Path and MC-st-Cut

When the span of each color is at most two (i.e. k = 2), the reduction from Min Set Cover of
[23] is inadequate to show the NP-hardness of MC-st-Path and MC-st-Cut since they require that
the maximum size of the subsets available to cover the elements of the Min Set Cover instance
is bounded by k = 2 too. In this case Min Set Cover can be polynomialy solved by matching
techniques.

The NP-hardness of MC-st-Path for k = 2 (and so of MC-st-Cut, by Lemma 2.3) will be proved
by giving a reduction from Maximum 3 Satisfiability. This reduction also proves the inapproxima-
bility of these problems.

Theorem 4.3 The MC-st-Path and MC-st-Cut problems are NP-Hard when each color contains
at most two edges and there is an € > 0 such that they are hard to approzimate within a factor
1+e.

Proof: We reduce Maximum 3 Satisfiability to MC-st-Path. Consider an instance of Maximum 3
Satisfiability with n variables z;, 1 <4 < n, and m clauses C}, 1 < j < m, each being a disjunction
of three variables. The Maximum 3 Satisfiability problem consists of finding a truth assignment to
the variables which satisfies the maximum number of clauses.

To such an instance we associate a colored graph G as follows. G has n 4+ m + 1 vertices
u; 1 <i<n+m+1. Two colors, T; ; (T like true) and F; ; (F like false), are associated to each
couple (7, j) such that x; or Z; appears in Cj. Let n; denote the number of clauses containing either
x; or T;. There are 6m = 2 Zi:l,...n n; colors.

For each i € {1,...,n} two paths of length n; connect u; and u;41, the first one contains one
edge of each color T; ; and the second one contains one edge of each color F; ;.
For each j € {1,...,m}, upy; and u,4 41 are connected with three parallel edges, each one

corresponds to a literal y present in the clause C;. The color of such an edge is either T; ; or Fj ;
depending on y = x; or y = T; for some i € {1...n} (see Figure 6). Note that each color is used
on exactly two edges.

In the graph G the MC-st-Path instance of interest is to find a path from s = uj to t = up1m41
using a minimum number of colors.

First we show that to each truth assignment of the variables of the Maximum 3 Satisfiability
instance satisfying p < m clauses corresponds a u1 Uy mr1-path in the colored graph G with 4m—pu
colors.

Consider an assignment of the variables, and construct an uju,my1-path as follows. If the
variable z; is set to true (resp. false) the ujup4+m+1-path contains between u; and u;4; the subpath
using the colors T; ; (resp. Fj ;).

10
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Figure 6: Reduction of Maximum 3 Satisfiability to MC-st-Path with colors of span 2

If a clause C; is satisfied by the assignment, the wu1uy,4m1-path contains between u,4; and
Un+j+1 the edge associated to one of the variables satisfying the clause. That is, if the literal x; € C;
and the variable x; is set to true, the path uses the edge of color T; ;, or if the literal z; € C; and
the variable z; is set to false, the path uses the edge of color F; ;.

If the clause C} is not satisfied by the assignment, then the w1, 4m+1-path uses any one of the
three edges connecting u,4; and u,4j41.

The path described above uses 3m + (m — ) colors. More precisely, > ;_; , ni = 3m colors
are used between u; and u,41 and for each of the u satisfied clauses the color used belongs to these
Zi:l,...n n; colors. For each of the m — p unsatisfied clauses an additional color is needed.

We now prove that a path using 3m + (m — u) colors represents a truth assignment of the
variables of the Maximum 3 Satisfiability instance such that p clauses are satisfied.

Consider a u1up4m+1-path. The subpath between u; and u;41 either uses the edges of color T; ;
and the variable x; is set to true, or it uses the edges of color F; ; and the variable z; is set to false.

Assume that between u,4; and u, ;41 the path uses one of the 3m colors already used between
ur and up41, w.lo.g. let this color be T; ;. Then by construction of the colored graph G, the
literal x; belongs to the clause Cj, otherwise the color 7; ; would not be available between 4 ;
and uy,4j41. As the variable z; is set to true, the clause C; is satisfied.

As the ujtp4m+1-path uses 3m + (m — p) colors, p colors among the 3m used in the subpath
between u; and u,41 are used between wu,41 and upymy1, and thus p clauses are satisfied. That
proves the NP-hardness of MC-st-Path.

In addition, it is hard to decide if the minimum number of clauses unsatisfied is 0 or eg,ym for
some ggat > 0 [20]. Hence it is hard to decide if the optimal number of colors is 3m or 3m + egaym,
which completes the proof.

For the MC-st-Cut problem, note that the constructed graph is a series-parallel graph and thus
the result follows by Lemma 2.3. 0

A self-improvement construction similar to the one used in an inapproximability proof for the
Maximum Clique problem [11] permits to increase the inapproximability factor of Theorem 4.3 up
to the factor given in the following theorem.

Theorem 4.4 When the span of colors is bounded by a given constant k, there is an € > 0 inde-
pendent of k such that MC-st-Path and MC-st-Cut are hard to approzimate within a factor k€.

Given a colored graph G = (V, E,C) and two vertices s,t € V, the aforesaid self-improvement
construction consists of a colored graph product G2, (Fig. 7). First we replace each edge (u,v) of G
by a copy Gy of the graph G, the vertices u and v are identified with the vertices s and t of the
copy. Therefore there are |E|? edges in G2,. Then for an edge (,y) belonging to a copy G, we
define its color as (cyy, Czy), Where gy is the color of edge (z,y) in G. Hence the color set of G2, is
CxC.
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Note that two edges belonging to distinct copies of G replacing edges of distinct colors of G are
of distinct colors in G2, too. In the same way the graph G, is built recursively for any p € N by
replacing each edge of GE, ! by a copy of G.

Two key relations between solutions of MC-st-Path or MC-st-Cut in G%, and G are stated in
Lemmas 4.5 and 4.6. They are based on the decomposition of a path of G%, into paths of G.

Lemma 4.5 Let A be an algorithm for MC-st-Path, then, Vp € N, a colored path Pg of G of cost
1
at most |A(GE,)|? can be deduced from A(GE,).

Proof: The proof is detailed for the case p = 2, but we can generalize the used path decomposition
to any constant p € N, there are then p levels of paths instead of only the two following. Consider
the path A(G?2,) returned by algorithm A for the MC-st-Path in G?,. This path can be decomposed
into an external path P and several internal subpaths P;.

The external path P is the projection on G of the path A(G?) into G, by replacing the subpaths
of the copies of G by the edges of G which they correspond to. Let |Cp| the number of colors used
by path P in G.

An internal subpath P; is a subpath of the path A(G?%) corresponding to an edge i of G. Let
|Cp,| be the minimum number of colors used by an internal subpath among all internal subpaths.

The proof finishes by noticing that [A(G%)| > |Cp||Cp,| > [min{|Cp|, |Cr,|}]?. 0

Lemma 4.6 Let G be a colored graph, s and t two vertices of G and p € N. Optimal solutions of
MC-st-Path in G and in the graph G%, satisfy |OPT(GL)| = |OPT(G)P.

Proof: As for Lemma 4.5, the proof is detailed for p = 2 but it can be easily generalized for any
p € N.

Consider an optimal solution for MC-st-Path in G using color set C,,; and remark that the
Cartesian product Cppt X Copt is a colored path in G?. Indeed if the path P connects s to t
using only colors in Cy),; in G, the path of G?, obtained by replacing each edge of P in G by the
path P itself provides a feasible solution in G2, and uses only colors in Copt X Copt- Therefore
OPT(G2) < OPT(G)2

By lemma 4.5 if an optimal solution for MC-st-Path in G2, uses OPT(G2) colors, then a solution
for MC-st-Path in G can be found which uses less than [OPT(G2)] 2. Thus OPT(G) < [OPT(G2)] 2

O

(a) G (b) G%

Figure 7: A graph G and its square graph G2,.
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Proof: [Theorem 4.4] From a graph G where each color contains at most two edges, we construct
a graph G%,, an instance of MC-st-Path, for some p € N. Note that in G%, each color has span at
most 2P since at most two edges belong to the same color in G and thus the number of edges of a
given color is at most twice in G, than in G¥'. By Lemmas 4.5 and 4.6, there is £; such that no
algorithm can approximate MC-st-Path within a factor (1+¢1)?, for otherwise it would contradict
Theorem 4.3. Since this inapproximability factor is proved for colored graphs of maximum span 2P
for any p € N, it is still true for any colored graph of maximum span bounded by a constant k € V.
We can write k = 2'°€2% Hence in the case p = [log, k], it is hard to approximate MC-st-Path
within a factor (1 +&1)82% < (1 +e1)M°82*1. Let e = (logy k)(In(1 +£1))/Ink = logy(1 +£1),
which is independent of k. The previous expression implies k* = (1 4 &1)°82%, 0

Even if the gap between approximability and inapproximability factors remains large, the follow-
ing trivial approximation algorithm shows that the MC-st-Path, MC-st-Cut and MC-Cut problems
are easier to approximate than the Maximum Number of Color Disjoint Paths problem.

Theorem 4.7 When the span of each color is bounded by a given constant k, the MC-st-Path,
MC-st-Cut, MC-Cut problems can be approximated within a factor k.

Proof: The transformations presented in the proof of Theorem 3.1 can be generalized to the case
of colors of span bounded by a constant k.

Let G = (V, E,C) be a colored graph, then H = (Vy, Efy) is the graph constructed as follows.
Each vertex of H represents a connected component of some color of C. Two vertices of Vi are
joined by an edge of Ep if the two associated components have a common vertex in G. Two vertices
s and t are added to Vi and an edge of Ep connects s (resp. t) to a vertex v of Vi if s (resp. t)
belongs to the component represented by v.

Now assume that I' is the value of a minimum vertex st-cut in H. Since there are no more than
k vertices in H corresponding to the same color of G, and since in the minimum color st-cut of G
at most I' components are cut, the number of colors of a minimum color st-cut in G is between I
and I'/k. The same reasoning works for MC-st-Path.

For MC-Cut, construct an hypergraph from the colored graph whose hyperedges are the con-
nected components of each color. Each color generates at most k£ hyperedges and the same reasoning
as for MC-st-Cut and MC-st-Path applies to MC-Cut and the hypergraph cut. 0

5 General Case : MC-st-Path and MC-st-Cut

In the case of colored graphs with generic span of colors, MC-st-Cut and MC-st-Path problems

have been shown hard to approximate within a factor 218" " eft with § = (loglog |C \i)_a for all
e<1/2[2,22].

In this section, we improve this result using a reduction from the Minimum Label Cover problem
[6] defined as follows.

Let B = (U, V, E) be a bipartite graph, Ly and Ly two sets of labels that can be assigned to the
vertices of U and V, respectively. For each edge {u,v} € Fp, with u € U and v € V, a relationship
I, € Ly x Ly defines the pairs of labels that are admissible for {u,v}.

A labeling is a pair of functions fry : U — 250 and fy : V — 25V — {()} defining the assignment
of a set of labels to each vertex of B, where 2% represents the set of all subsets of a given set L.

The cost of a labeling is », [ fu(u)].

An edge {u,v} € B, with u € U and v € V| is covered by a labeling if for every label [, assigned
to v, there is a label [,, assigned to u such that the pair (I,,[,) is admissible: (I,1,) € I1,,. We say
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that a label [, is eligible for a vertex v € V' if it belongs to at least one admissible pair (I, 1,) € I,
for each neighbor u € U of v.

The Minimum Label Cover problem consists in finding a minimum cost labeling covering every
edge of B. We assume the existence of an eligible label for each vertex v € V. Otherwise, it can
be decide in polynomial time that there is no labeling covering every edge of B.

In the following, we describe a reduction from Minimum Label Cover to MC-st-Cut and MC-
st-Path problems with a tight control of the dimensions of the instances that are built. This allows
us to increase the order of magnitude of the inapproximability factor.

Theorem 5.1 MC-st-Path and MC-st-Cut problems are NP-Hard to approximate within a factor
s
218" IC12 yhere § = (loglog |C|2) ¢ for any e < 1/2.

Proof: Let B = (U,V,E), Ly, Ly, {Il,,}) be an instance of Minimum Label Cover. We built a
colored graph G = (V¢, E¢,C) and an instance of MC-st-Path in G as follows.

1. For each pair (I,u) € Ly x U, there is a color ¢, in C. Note that |C| = |Ly||U].
2. For each vertex v; € V, there is a vertex z; in V.
3. There is an additional vertex x4 in Ve.

4. For each label [, € Ly which is eligible for vertex v; € V, there is a path connecting z; to z; 1.
For each neighbor u € U of v;, there is a corresponding edge in the path. This edge can be
multiple since it must contain an edge with color ¢, for each label I € Ly such that (I,1,) is
an admissible pair of labels for the edge {u,v;} : (I,1,) € II,,,. Thus, if there is a single label
[ € Ly such that (I,1,) is an admissible pair of labels for the edge {u,v;}, the corresponding
edge is simple. However, if there are more than one such label, the corresponding edge of the
path is indeed a multiple edge.

Figure 8(b) depicts the MC-st-Path instance that corresponds to the Minimum Label Cover
instance of Figure 8(a). Note that in this case, the label 2 is not eligible for vertex e: even if
it belongs to the relation Il,., it does not belong to Il... Assigning this label to vertex e would
therefore prevent from covering the edge {c, e}.

In the following we consider a x12|y/4.1-colored path P with p colors, and built a corresponding
labeling covering all edges of E with cost u.

The subpath of P between vertices z; and x;41 is associated to a label [, € Ly that is eligible
for v;. Let assign [, to v; in the labeling: fy(v;) = {l,}.

By construction, for each uw neighbor of v;, the subpath contains an edge of color ¢;,,, where
l, belongs to an admissible pair of labels for the edge {u,v;}. Let assign [, to u in the labeling:
l, € fU (u)

Consequently, the labeling constructed that way covers all edges. Its cost is p since for each
color ¢y, in the path, there is a label that is assigned to a vertex of U, and two distinct colors
correspond to distinct pairs (label,vertex).

For example the path {ca4, cc2, ch2,cq1} in Figure 8(b) induces the assignment of label 4 to a
since the color ¢4 is used, the assignment of 2 to b and ¢ and 1 to d. The label 1 is also assigned
to e since between vertices x; and zo the path uses the subpath corresponding to label 1. In the
same way, label 4 is assigned to f and label 2 to g.
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d &
Ly={123,4} Ly={1,2,34}

(a) Instance of Minimum Label Cover

(b) Instance of MC-st-Path

Figure 8: Illustration of the reduction from Minimum Label Cover to MC-st-Path.
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Conversely, we prove in the following that a labeling covering all the edges of E with cost u
induces a x12|y|41-colored path using p colors.

Consider the set of colors C' = {c,|l € fu(u) C Ly,u € U} with all colors corresponding to
a (label,vertex) pair of the labeling. This set is of size u. Moreover, for each vertex v; € V', each
edge {u,v;} adjacent to v; is covered by a label [,,. Therefore, the colors in C' contains at least the
edges of a x;x;11-path, as we claimed.

Henceforth, an algorithm that would yield a p—approximation for MC-st-Path would also yield
a p—approximation for Minimum Label Cover. As a matter of fact, Minimum Label Cover cannot
be approximated within glog! = VI where § = (loglog|V])~¢ and ¢ < % [6]. This results holds for
instances where |Ly| < glog' " V] < |V\% and |U| < \V!(loglog\V!)% < \V]% As far as the size of
the color set of G is |C| = |U||Ly| < |V|?, MC-st-Path cannot be approximated within glog’~* |C|
where § = (loglog |[V|)™° and € < 1/2.

For the MC-st-Cut problem, note that G is a series-parallel graph and that the inapproximability

factor depends only on the number of colors. Thus by Lemma 2.3 the theorem is also proved for
MC-st-Cut. O

Remark that the MC-st-Path problem is a sub-case of the colored problem consisting of finding
a Steiner tree[9] using the minimum number of colors. The latest problem is therefore at least as
hard to approximate as MC-st-Path.

6 Conclusion

In this paper, we have investigated complexity and approximability properties of optimization
problems yielded by the notion of Shared Risk Resource Group. This work has been conducted in
the combinatorial framework given by the notion of colored graphs.

We have shown that standard relationship between classical graph theory problems cannot be
imported in the colored graph settings. In particular no min/max relation analogous to the classical
max flow-min cut theorem holds, while st-cut and multicut problems are equivalent. Nevertheless
the existence of a relation between colored problems depending on the size of the colored graph has
to be investigated as well as many other open questions.

We have identified an important parameter in the complexity and approximability of some
problems : the span of a color. When the maximum span of the colored graph is 1, most problems
are polynomial, while when the maximum span is bounded by a constant £ > 1 they become
NP-Hard or NP-Complete. These problems are even harder to approximate when there is no
assumption on the span of the colors.

Concerning generic settings, global problems (MC-Cut and MC-Spanning Tree) and local prob-
lems, i.e. concerning two vertices such as MC-st-Path and MC-st-Cut, appear to belong to different
complexity classes (Table 1). Global problems seem to be easier than local ones.

However, the complexity of MC-Cut remains a conjecture in the general case. Note that in
different settings, the problem has been proven to be NP-Hard [7].

We proved that MC-st-Path and MC-st-Cut problems belong to the class III defined in partic-

ular in [11], i.e., that is they are not approximable within a factor glog! ™ cf% for some § > 0. But
inapproximability within a factor |V|* or |C|* is still an open problem. However, we conjecture that
one can find a booster construction for MC-st-Path and MC-st-Cut that can close the question, in
a similar way as for the Maximum Clique problem [11].
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