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Extinction of solutions of semilinear higher
order parabolic equations with degenerate
absorption potential

Y. Belaud, A. Shishkov

Abstract

We study the first vanishing time for solutions of the Cauchy-Dirichlet
problem to the semilinear 2m-order (m > 1) parabolic equation

u + Lu + a(@)|u[?'u = 0, 0 < ¢ < 1 with a(z) > 0 bounded
in the bounded domain Q@ C R¥. We prove that if N > 2m and

1
/ s"'meas{z € Q : |a(z)] < s}Fds < 4oo, then the solution u
0

vanishes in a finite time. When N = 2m, the condition becomes

1
/Os_l (meas{z € Q: |a(x)] < s}) (—Inmeas{z € Q: |a(x)] < s})ds < +00.
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1 Introduction and main results

Let Q C RN, N > 1, be arbitrary bounded domain. In cylindrical domain € x (0, c0)
we consider the following Cauchy-Dirichlet problem

(1.1) us 4 L(u) + a(x)f(u) = 0in Q x (0,00), f(u)= fi(u) :=|u|T u, 0<qg<1,
(1.2) Du(x,t) =0o0n 92 x (0,00), Vo : |af <m — 1,

(1.3) u(z,0) = ug(z) € L*(Q).

Here L is a divergent differential 2m-order operator of the form :

(14) L(u) = (-1)™ Y Dfag(x,u, Dyu,...,Df"u), m>1,
|a)l=m

with Caratheodory functions aq(z,§) (continuous with respect £ and measurable with
respect to x) satisfying sublinear growth condition:



(15) laa(z,&) <c D 16 VE={&} eRMM ol <m,z €Oy ¢ = const,

[v]=m

where M (m) is the number of different multi-indices v = (71,72, ...7n) of the length
|v] :=v1+ - -+~ < m, and the absorptional potential a(z) is nonnegative, measurable,
bounded function in €.

Our main condition on the operator L is the following coercivity condition:

(1.6) (L(v),v) ::/ Z aa(x,v,...,D;“v)Dg‘vdeC/ |D™w|? dx
Q Q

|laj=m

Vv € Wgn’z(Q),C' = const > 0,

where W;" 2(€2) is the closure in the norm Wy 2(Q) of the space Cr ().

Remark 1.1 Well known sufficient condition of (1.6) is

17 D> (@86 =C D |61 VE={g}eRYM, vaeQ

laj=m [y|=m

Remark 1.2 In the linear case for operator L = Z|a\:|m:m Do‘aagDB with constant
coefficients anp as it is easy to check by using of Plancherel theorem, property (1.6) is
guaranteed by ellipticity condition:

18) Y aaplP = CIP™ V¢ =(Go.. Cv) €RN, (Y= M1¢2 L (O,

lo|=[B|=m

Definition 1.1 We will say that problem (1.1)-(1.3) has the extinction in finite time
(EFT) property if for arbitrary solution w, there exists some positive Ty such that
u(z,t) =0 a.e. inQ, Vt > Tp.

Firstly EFT-property for simplest semilinear heat equation with strong absorption was
observed by A. S. Kalashnikov [4]. Later mentioned property (conditions of occurence
of extinction, estimates of extinction time, asymptotic of solution near to the extinction
time and so on) was investigated for different classes of second order semilinear and
quasilinear parabolic equations of diffusion-absorption type by many authors (see [6,9—
12,18,19]). F. Bernis [20] proved the EFT-property for energy solutions to higher order
semilinear and quasilinear parabolic equations with strong absorption. Dependence of
extinction properties of energy solutions to mentioned higher order equations on local
structure of initial function was studied in [14]. Extinction properties for second order
semilinear parabolic equations of diffusion-absorption type with nondegenerate (x,t)-
dependent absorptional potential was studied in [5,7,21,22].

V. Kondratiev, L. Veron [1] firstly initiated the study of EFT-property for second
order equation (1.1) (m = 1) in the case of degenerate absorptional potential a(x):

(1.9) inf{a(z) : 2z € Q} =0.



It happens that occurence of mentioned property depends essentially on the structure
of the set of degeneration and on the behaviour of potential a(x) in the neighbourhood
of this set. They in [1] considered homogeneous Neumann problem for second order
equation (1.1) (m = 1) and proved the following general sufficient condition for EFT-

property:

o
(1.10) S pt < oo,
i=1

N
i=int { [ Y (@, + Falapite o e W), [
Q.

vide = 1}, Vi >1.
ij=1 Q

Method from [1] (semiclassical or KV-method) was developed in [2] and the follow-
ing explicit sufficient condition of EFT-property for Dirichlet and Neumann boundary
problem for second order equation (1.1) was established:

(1.11) Ina(z)~! € LP(Q) for some p > g

As a consequence, if {0} € Q, then arbitrary potential

(1.12) a(x) : a(x) > an(|z]) :== exp(—ﬁ) YV € Q)
satisfies condition (1.11) by arbitrary o < 2. On the other hand, for potential a,(x)
with a > 2 EFT-property fails [2].

In [3] there was elaborated the adaptation of local energy method from [8,14] to the
study of extinction properties of energy solution to second order parabolic equations
with radial degenerate absorptional potential. As result the following sharp Dini-like
sufficient condition of EFT-property was obtained:

1
(1.13) a(z) > exp(—w(m’x‘)), where w(s) >0Vs > 0:w(0) =0, / @ds < 0.
0
The drawback of using regularizing effects does not enable the KV-method to be
extended to higher order operators but for small dimensions (continuous injection of
Wm2(Q) into L>(£2)). Moreover, the the local energy estimate method from [3] is
developed till now for radial potentials a(|z|) only. These reasons lead us to construct
some new variant of semiclassical method. On the contrary with [1], we consider a
family of first eigenvalues of non-linear Schrodinger operator directly connected with
equation (1.1), instead of eigenvalues u; (1.10) of auxiliary linear Schrédinger operator.
As a consequence, we do not need regularizing effects for solutions of problem (1.1)-
(1.3). But this means also that we can not use Lieb-Thirring formula [16] to estimate
the first eigenvalue. Therefore, we provide estimations of eigenvalues thanks to suitable
Sobolev embedding inequalities.



Thus let us denote for arbitrary potential a(z) > 0 the function
(1.14) M,(s) :== meas{z € Q: a(x) < s}.

Then main assumptions on the degeneration of a(x) are:

! 2
(1.15)/ s M,(s)?ds < +o0, 6 = min (Wm 1> (N +#2m,
0
and
1
(1.16)/ s M, (s) (—In My(s)) ds < +oo for N = 2m.
0

For a function a(x) satisfying (1.15) or (1.16) the set where it takes small values is small
enough. For instance, if a(z) > v > 0 then M,(s) =0 Vs <~ and, as consequence,
integrals are finite. On the contrary, if a(x) = 0 on a set of positive measure, integrals
becomes infinite.

Definition 1.2 A function u belonging to the space C([0,00), L*(Q leoc

Wéﬂ2(Q)) is a weak solution of problem (1.1)-(1.3) if initial condztzon (1.3) holds and
if for any ¢ € L ([0, +00), Wéﬂg(Q)), there holds

T
ug(t,.), C(t, . ao(z,u m O oa(x)|uld T =0,
(brtbate ot + [ | 3 aaloue DPODIC + a@)fultuc | do | dt =0

|laj=m

for all T > 0, where (.,.) is the paring of elements from (Wgﬂ(Q))* and W(;n’z(Q),
W0m’2(Q) being the closure in the norm W™2(Q) of the space CF*(€2).

Main results are the following :
Theorem 1.1 Under assumptions (1.4) and (1.7),

a) if N # 2m and (1.15) holds, then all weak solutions of problem (1.1)-(1.3) have
the EFT-property,

b) if N = 2m and (1.16) holds, then all solutions of problem (1.1)-(1.3) have the
EFT-property.

Remark 1.3 Condition (1.15) by m = 1, N > 2 in the case of radial potential a(|x|)
implies condition (1.13).

Additionally, for second order equation (m = 1), we improved the KV-method for the
Dirichlet problem and the results holds as follows:

Theorem 1.2 Let m =1 in equation (1.1) and
1

(1.18)/ s_lMa(s)%ds < +o0,
0

then all solutions of problem (1.1)-(1.3) have the EFT-property.



2 Proof of Theorem 1.1

The general principle is to find a lower bound for the function
U(t) := /(]D;”u\z + a(z)|u|'T)dz, with the help of the function
Q
(2.1) A1(h) = inf {/ (ID7v + a(@)|o[ ) dw, v € Wi (), [[v][72 ) = h}
Q
The key-stone of this section is the following :

Proposition 2.1 If

L
(2.2) /0 Al(h)dh<+oo,

then all solutions of problem (1.1)-(1.3) vanish in a finite time and in this case,

2

1 HUOHLQ(Q) 1
23) T < —/ dh.
@39 T<3), N

Proof: Using ¢ = w in (1.17) gives for all 0 < s < t,

/ (uT(Tv .),U(T, )> +/Q Zaa(x7u7 s 7D?U)D§U(f£,7') + CL(JZ)’U‘TH dr|dr = O,

laj=m

which implies by formula of integration by parts (see [20]),

1

t
5/(|U(75, P = fu(0, )|2) d$+// E ao(T,u, ..., D™u)D% + a(z)|u|T | dedr = 0.
Q 0/Q
lal=

But the second term is absolutely continuous with respect to time. Therefore the first
term is also absolutely continous and has derivative a.e. with respect to time which
leads to

1d
S ul2aey) +/ S tale, ..., DPu) DS + a(a)|uft! | dz = 0.
Q

|a|=m

Clearly, from the property (1.6) and the definition (2.1) of Ay (h), a.e.,

C/ > aal@,u,. ., Dfu)Dgu+ a(@)|ul™ | doe > M(|[ul,1)]720);
Q

|laj=m



where ¢ = max(C, 1), C from (1.6). As a consequence, a.e.,
L DI Bagy) + Al Dl Eaq) <0, e > 0.

We have an ordinary differential inequality for the function y(t) = ||u(.,t)||%2 (). There-
fore the end of the proof is straightforward by solving of obtained differential inequality.
|

Now, from Proposition 2.1, we need an estimate for A;(h) from below. For this purpose,
rough estimates of vj, in L*°-norm and A;(h) by above are indispensable. But (1.15)
(or (1.16)) does not give directly an a-priori estimate of A\;(h). It is why we use a trick.
Suppose that O belongs to 2. We define

(2.4) @(2) == a(z) exp <—L> >0,

kg

In a same way, Ay (h) = inf { 1D + @)o]' ) dayo € W26, ol = h}-
Q

~ | o
Since 0 < a(x) < a(x), A1(h) < Ai(h) for all h > 0. Hence, / ——dh < / —
0 /\l(h) 0 )\1

dh
(h)

1

1

So, if / = dh < 400, we get a finite extinction time.
0 /\1(h)

1
For N # 2m, if & > 0 is small enough, = — exp <——> satisfies (1.15) by Proposition

||
4.2. By Theorem 4.1, both a(z) and a(z) satisfy the same condition (1.15) but a(x)
holds the a-priori estimate

(2.5) @(x) < C exp (-ﬁ) .

For N = 2m, by Proposition 4.4, if o > 0 is small enough, x +— exp < > satisfies

(1.16). In a same way, by Theorem 4.1, both a(z) and a(x) satisfy the same condition
(1.16) but a(z) holds also estimate (2.5). With estimate (2.5), we get

1
||

Lemma 2.1 There ezists some C > 0 such that for h > 0 small enough, (2.5) implies

(2.6) Ai(h) < Ch(—Inh)%.

Proof: The proof is an adaptation of [13]. Let v € C§°(B) (B is the unit-ball of RY)
with v > 0 and [[v]|2(q) = 1, so by homogeneity,

(k) < h/ |Dmu|2dx+h”7q/a(x)|v(x)|1+q da.
Q Q

6



Let 0 <7 <ro. We set v,(z) =v (E) Then,
T

/quf(a;)dx:/Tvz(a:)dx:/Brv2 (;) dx:TN/BUQ(y)dy:TN,

with a translation. As a consequence, —; = 1. On the other hand,
2 I1L2(Q)
x
D¢v,(z) = r"a‘Dg‘v (—) As a consequence, there exists C' > 0 such that
r

C
/ |D™v,|? dz = / | D™, |2 dz < TN%.
Q B, r

Then by using U—:, in the definition of X;(h),

r2

~ < h g TN ~ 1+q
A(h) < Cﬂ—m +h™2 YD) Ba(Ty)|v(y)| dy.

T

1
If we estimate / a(ry)lv(y) ' dy by C exp <_r_‘1> / lv(y)|1 T4 dy, then
B

B
~ h q - 1
M(h) < <2— + N e <__>> ’
rem ro
To balance both terms, we choose r = —. By substituting 7,
(—=Inh)=
~ m q 1 m
M(h) < C (h (—Inh) s +h%+lm> <C'h(—Inh)
(—=Inh)™ 2o

for h small enough which completes the proof. B

We introduce the functional

(2.7) Fv) = /Q (D™ + a(x)[o]1+9) de,

for all v € Wg”’2(Q). Hence, there exists for all h > 0, a function vy, € W0m’2(Q) such
that

(2.8) |[0n[32(q = h and Xy (h) < F(63) < 2 (h),

since Xl(h) > 0. We prove Theorem 1.1 by estimating Xl(h) from below. First, we deal
with N # 2m.



Proposition 2.2 Under assumptions (1.4), (1.7) and (1.15), for N # 2m, there exist
C >0,C">0 and n > 0 such that for h small enough,

(2.9) C < Xl}(lh) [meas {C" h" > ?i(x)}]e, 6 = min <2Wm’ 1> .

Proof: Let v € W0m’2(Q) with [|v|[z2(q) > 0. From Definition (2.7) of functional F, it
follows

(2.10) /|Dmv|2d1‘d1‘:/ lw|?H (v, z) dz, H(v,z) = ng) - a(lsv_)’
q
Q {z:|v|>0} ||U||L2(Q) ‘U‘
which yields
(2.11) Cy 11Dl 2200, g/ WP H (v, 2)* do, H(v,2)" = max(0, H(v, 7).
{z:|v|>0}

Since v € Wy" 2(€2), from the Sobolev imbedding, it follows :

(2.12) |Jv]| <Cj HDQ@’UH;(Q)v

2
LP*(Q)
where constant C'5 does not depend on v and p* is defined by

2N_ it N >2m

2.1 *=¢ N-2m .
(2.13) p { +o00 if N <2m

Combining estimate (2.12) and equality (2.10) we obtain:
AR g/ 2 H (v, 2)* d,
{a:]v[>0}

Using Hoélder’s inequality for estimating term in right-hand side of last inequality, we
obtain

- P
O ||l Zr (qy < N0l [/{ (H(v,x)*)r"2 dx] ,

x:|v|>0}

* * 2
where *p 5 = b — = 1if p* = +o0. This last inequality yields to
p = p

0<Cy < [/ (H(u,x)Jr),;% dx]
{z:|v|>0}

where H is from (2.10). From this estimate follows easily

p*—2
p*

(2.14) 0 < 04% [meas ({a: = O}m {Hv,z) > 0})} e .



As a consequence, we obtain

Cy < qug%?g) [meas ({az v >O}m{H(U,x) 20})}2;7, N —2m > 0,
Cy < szg%;) [meas <{:17 v >0}ﬂ{H(U,:E) 20})} , N—2m <0.

Therefore, for v = vy,

(2.15) Cy < 2/\1}1(}1) [meas {z : T'(h,z) > 0}]2Wm , N—2m >0,
where I'(h, z) = ”z(h) |11 — a(a),
2X1(h)

Cy <

. [meas {z : I'(h,z) > 0}], N —2m < 0.

Now, we have to estimate |v},|' =7 from above. By definition, we know that |[vp|[7. = h
so for all € > 0,

/’lN)fQLd»TE/ ’T)ledxzameas{xz'ﬁgzg},
Q z:02 >e}

By setting € = A7 with 0 <y < 1, we get
(2.16) h'™7 > meas{z : 97 > h7} = meas {z : R(h,z) > 0}, R(h,z) = ]T)h]l_q—hw
With this inequality, it follows
meas {x : ['(h,x) > 0} = meas ({x :T(h,z) >0} ﬂ {z: R(h,z) > 0})
+meas ({:17 :T'(h,x) > 0} ﬂ {z: R(h,z) < 0}) .
But, on one hand,
meas <{:17 :T(h,x) > 0} ﬂ {z: R(h,z) > 0}) < meas {z: R(h,z) >0} < h'™7,

and on the other hand,

meas <{:17 :(h,x) > 0} ﬂ {z: R(h,z) < 0}) < meas {x . 2)\2(h) PELE > ?i(x)} .

As a consequence, we have

221 (h) |, 20—
(2.17) meas {x : T'(h,z) > 0} < h'™7 4 meas {x : %hmz 2 > 6(m)} )

9



Hence,

N ~
22 () \ *" 2M1(h) 200
Cy < < 2( )> '™ + meas {3:: 2( )hw2 2 Za(:E)}] , N —2m > 0.
A (h) o
From (2.6), . < C(—Inh)e which yields for h small enough,
R
2X1(h) \ 7™
<%> W=7 < 3C K (~Inh)a — 0,
when h — 0. So there exists C5 > 0 such that for h small enough,
~ zﬂ ~
2X1(h) \ 7™ 2X1 (h -
Cs < < /\2( )> meas{w: /\lh( )hmz = Zﬁ(x)}7 N —2m > 0.

Since v > 0, there exists C’ > 0 and 1 > 0 such that for A small enough,

2)‘1T(h)hwzq> < C'"h". Consequently,

(2.18) C5 < <%> ” meas {z : C'h" > a(z)} .

If N —2m < 0, we have in a very similar way,

2X1(h)

(2.19) C5 < meas {z : C"h" > a(x)},

which leads to the conclusion. l

Proof of Theorem 1.1 for N # 2m. Clearly, from (2.9),

1 1 . AN ~ 0
/ ~dh S/ meas {x : C'h" > a(x)} dh.
0 Ai(h) 0 h

d dh
where 6 is from (1.15). If we set s = C" h', ?S =N and so

A

/1 dh /1 dh
o M(h) = Jo Ai(h)’
we get the conclusion thank to Proposition 2.1. B

10



Proposition 2.3 Under assumptions (1.4), (1.7) and (1.16), for N = 2m, there exists
C > 0 such that for h small enough,

~ ~ —1
(2.20) C < Au(h) B! (meas{x : |5h|1_q2)\1(h) > ?i(:z:)})

-1

h h

where B(s) = (s + 1)In(s + 1) — s is the complementary function of B(t) = e* —1—t
in the sense of Orlicz space (see [23]).

Proof: Let v € Wgn’z(Q) with [[v]|2(q) > 0. We return to the functional F from (2.7)

again. Let o), € Wgn’z(Q) is from (2.8). Due to optimal imbedding (see [27]) the
following estimate holds:

(2:21) [[hllz 4 () < C31DF T3 2(q).

where L(Q2) is the Orlicz space related to A(t) = exp (tﬁ> (see [23]) and C3 is a

positive constant which does not depend on v},. Thus, we deduce from (2.21) and (2.11)
for v =1y, :

- ~ L'(h,x)
CalltnlLyo < /{x:|5h>0} ol <’1~)h’1_q> o

where I'(h, z) is from (2.15). So,

- - D(h,z)\ ™"
C4 Uh 2 S / Uh 2 < = . > dzx.
o1z s {a:[on] >0} o |op |1~

By setting B(t) = e! — 1 —t and using the generalized version of Holder’s inequality

(4.1),
()

By Proposition 4.5, ||5h||%A(Q) = ||5;2L||LM(Q). But B(t) =el —1—-t<el—1=A(Vt) =
M (t) implies by Proposition 4.6, ||5,2L||LB(Q) < ||5,2L||LM(Q) and so,

D(h,z)\ "
[On[!
Furthermore, H’lN)fQLHLB({x:\E;LbO}) < H'QF}QLHLB(Q) and as a consequence,

(Ri)

Cal[@nl7 0y < ML s (fasfin>0p)

LB({x:wh\>o})

CollOalrp) < ORI L g ({5500

Lé({z;mh\>o})

Oy <

LB{wslmn1>01)

11



We have
H(rw,x))*
—
[onlt=4) |,

< (Re=)’

by Proposition 4.7. With Proposition 4.8, we get

ey

)

B({a:|Tp,|>0}) LE({mWh\>O} N{z:T(h,z)>0})

LB({er(ha)>o0p

Cy < <‘I:6(h}7f3>+ e (E‘l ((meas {z:T(h,x) > 0})_1>)_1.
We have
C(h,z)\ " i (R)
H <Wh’1_q> L>(E) - 1h |

SO

Cy < ZX}l(h) (E‘l ((meas {z :T(h,z) > O})_1>>_1 ;

when h is small enough which leads to the conclusion. B

Proof of Theorem 1.1 for N = 2m . If b is the derivative of B then b=!(s) = In(s + 1)
and

E(s) = / b~ l(o)do ~ slns,
0

when s — +00. So there exists Cp > 0 such that for s large enough,
B(s) < Cyslns = D(s). Hence by Proposition 4.9, B~'(s) > D71(s) always for s
large enough. Moreover, estimate In D(s) =InCp+1Ins+ In(lns) ~ In s gives

D
s %%g(s)’ Le., D_l(s) ~ o Slns' So there exists some positive K such that for
s large enough, E‘l(s) > D‘l(s) > K% From (2.20), for h small enough,
A1 (h) , '
C< Y (—Inmeas{z : T'(h,z) > 0}) (meas {x : I'(h,xz) > 0}).

If 0 < v < 1 then estimate (2.17) is true, i.e.,

21 (h) | 20—
meas {x : D(h,z) > 0} < h'™7 4 meas {x : %hmz 2 > ’d(g;)} ,

12



which implies together with estimate (2.6) that meas {z : I'(h,x) > 0} — 0 when h — 0.
If for all positive s, we set

(2.22) E(s) =s(—1Ins),

then C' < Xl}(lh)E (meas {z : ['(h,z) > 0}).

The function E is increasing in a neighbourhood of zero so,

E7! < Ch ) < meas{z:T'(h,z) > 0}.

(k)
By (2.17),
2xi(h) 209
B! <XC;];)> < A7 4 meas {:p : /\lh( )h7(12 : > a(ﬂ?)} )
1

ie.,

- Rl meas {x : Lh(h)hmziq) > 5(3:)}

+

B (Ch(Au() )
But from (2.6),

Rl . 1=
o (Ch(Xl(h))—l) o (Cff(—lnh)%’”)

— 0,

since when s — 0, E_l(s) ~ % Consequently, for A small enough,
ns

B (Ch(h(h) ™) < 2 meas {x : ”l}f’%”%—” > a(@} .

Always from (2.6), there exist C’ > 0 and 7 > 0 such that,

meas {3: : 2\ (h) e > 5(33)} <meas{z : C'h" >a(z)},

E (2meas{z : C'"h" > a(z)}) .

13



We easily deduce that there exist some K > 0 and § > 0 such that

o dh 0 , - , N dh
K/ = S/ (meas {z : C"h" > a(z)}) (—In (meas {z : C'h" >a(x)})) —.
0 )\1(}1) 0 h
If we set s = C"h", ds = 77% and so
S h
ds

IN

o dn 1 [ _ -
K/O S p /0 (meas{z : s >a(z)})(—In(meas{z : s> a(:n)}))?

L dn L dn
Since / < / =, we get the conclusion thank to Proposition 2.1. l
o At(h) — Jo Mi(h)

We can derive some useful corollaries.

Corollary 2.1 Let f : (0,400) — (0,400) be a continuous nonincreasing function
1
such that f(a(x)) € LY(Q) and / 571 f(s)%ds < +oo where 0 is defined in (1.15).

0
Then, under assumptions (1.4) and (1.7), for N # 2m, all solutions of problem (1.1)-
(1.3) vanish in a finite time.

Proof: If s > 0, meas {z : a(x) < s} =meas{x : f(a(x)) > f(s)} and so,
measr : a(x s 5)7t a(x))dx
o1 0@) <5} < ()7 | flata)) da,

and we conclude with Theorem 1.1. l

Corollary 2.2 Let f : (0,400) — (0,400) be a continuous nonincreasing function
such that f(a(x)) € L*(Q) and

1
(2.23)/0 s7Lf(s)™  In f(s)ds < 4-o0.

Then, under assumptions (1.4) and 1.7, for N = 2m, all solutions of problem (1.1)-
(1.3) vanish in a finite time.

Proof: The function f has a limit when ¢ tends to zero. By (2.23), this limit is +oo. If
s > 0 is small enough, as in the previous proof,

meas {z : a(z) < s} < f(s)_l/ﬂf(a(x))dx.

We set FE(s) = s(—Ins) for all positive s and since E is an increasing function in a
neighbourhood of zero, there exists some § > 0 such that

/05 sTUE (M,(s)) ds < /05 g <f(8)_1/ﬂf(a(x))dx> ds.
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which leads to

/Oa LB (M, (s)) ds §< /Q f(a(x))dx> /053—1 f(s)_1<ln £(s) —In ( /Q f(a(x))dm» n

But, as f(s) — 400 when s — 0, there exists some C' > 0 such that,

4 4
/ sTVE (My(s)) ds < C / s7Lf(s)7! In f(s)ds,
0 0
and we conclude with Theorem 1.1. W

There is a balance between both assumptions, i.e., f has to get the right behaviour.
For instance, in [2], they prove that for m =1,

1
(2.24) In- € LP(Q),
a

N
with p > -5 implies the extinction in a finite time for the Laplacian. From the previous
corollary, for more general operators,

Corollary 2.3 Under assumptions (1.4), (1.7) and (2.24) for N # 2m and p > 0, all
solutions of problem (1.1)-(1.3) vanish in a finite time.

We can also find a Dini-like condition in the radial case in the spirit of [3].
_ w(lz))

|| N
negative function on (0,1] and w(s) < wp, Vs € [0,1]. If w satisfies

Corollary 2.4 Assume that a(z) = exp

with w a non decreasing and non-

1
/ s w(s) ds < +oo0,
0

under assumptions (1.4) and (1.8), for N # 2m, one have a finite extinction time for
all solutions of problem (1.1)-(1.3).

w(|x
Proof: For s > 0, meas{z : a(x) < s} = meas {x : | (||N|€) > —1In S}. We take x such
x
w(|z
that | (“ NL) > —Ins. Since w is bounded, x satisfies
T
ﬁ
W w
—09 > —In s which leads to |z| < 0 . By monotonicity of w,
||V —1Ins

1
wo \ N7
< .
w(lz]) <w <<—lns> > Hence,

meas{z : a(z) < s} < meas {x )V < w <<_“1’38> Ne) (—lns)_l} .

15




But

S R (T R A ﬁ><_ms>-1)?

So,

0 0 mln(2m N)
meas{z : a(z) < s}’ < Cjw <_ (—Ins)™,

which yields

1 1 1
e e No
/ sTL M, ()% ds < C% / s (=Ins) ' w (( 0 > > ds.
0 0 —Ins
By the change of variable 7 = wy (—In s)_l, that is, 7' dr = (—In s)_1 s tds,
1 wo )
/ s M, (s)ds < C% / w (TW> r~tdr.
0 0

1
By the last change of variable s = Tﬁ, that is, s 'ds = ~o r~tdr,

1
NGO

1 W,
/E s M,(s) ds < NO C% / ’ s w(s)ds.
0 0

Theorem 1.1 completes the proof. B

Corollary 2.5 Assume that a(x) = exp

> with w a nondecreasing and non-

negative function on (0,1] and w(s) < wy, Vs 6 . If w satisfies

1
(2.25)/0 s7L(s) (— In (w(s)) — Ins) ds < oo,

under assumptions (1.4) and (1.7), for N = 2m, one has a finite extinction time for
all solutions of problem (1.1)-(1.3).

Proof: For s > 0, meas{z : a(x) < s} = meas {x :

(‘ D —Ins. Since w is bounded, = satlsﬁes —— > —In s which leads to

N
lz| < ll . By monotonicity of w, w(|z|) <w . Hence,
—Ins lns
iy
meas{z : a(z) < s} < meas {x )Y <w <<—ul)1013> ) (—lns)_l} .

16
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But meas {a: )N <w ((_“1)38>N> (—1ns)—1} = Cyw ((_“;ES)ﬁ) (—Ins)" .

wo

: < <
So, meas{z : a(x) < s} < Cyw <—lns

)N (—Ins)~t. If we set E(s) = s(—Ins)

1
N
for all positive s, we get E (M,(s)) < E | Cyw <_u111013> (— lns)_l) for s small

enough since F is an increasing function in a neighbourhood of zero. As a consequence,
there exists some § > 0 such that

/06 sV E (My(s)) ds < /05 s'F <CNw <<_ﬁ38>%> (—lns)_1> ds,

é
which gives/ sTLE (M,(s)) ds
0

g/; %w ((_“I’ES>N> (—lns)_1<—lnC’N ~In (w ((_“fﬁs)ﬁ)) —|—ln(—lns)> ds.

But w satisfies (2.25) which means that by monotonicity, w(s) — 0 when s — 0. So for

s small enough, —In Cy — In (w <<_“1’ES>}V>> +1In(—Ins)
<2 <—ln (w <<_ﬁﬁs>$>> +1n(—lns)> .

5/
Consequently, for some 0 < §’ < 6, we get / sT'E (M,(s)) ds
0

<0y [T (2)7) (-n(+((25)7)) #mema) comrts

By the change of variable 7 = wo(—Ins)™!, that is, 77 'dr = (—s Ins) " 'ds,

/5/ sTUE (My(s)) ds
0

Ty 1 1 1
< Cn /0 w<7'N) (—ln <w (TN)) —ln7‘—|—lnw0> 74T,

Hence, there exists ¢” < § such that the following estimate holds :

& % 1 1 1
/0 sTLE (M,(s)) ds < 3NCN/O w (TW)<—ln (w (TW)) —1In (TW))T_ldT.
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1
By the last change of variable s = T%, that is, s 'ds = — 7 'dr,

1
wQ N
—1nd”7

5//
/ sTVE (My(s)) ds < 3N*Cy /< s w(s) (—In(w(s)) —Ins) ds.
0 0

This time also, Theorem 1.1 completes the proof. B

3 Second order case

Here we prove Theorem 1.2. Our proof is a detailed analysis of sufficient condition
of extinction of solutions obtained in [2] (see condition (4.2) in Theorem 4.2 from
Appendix). They introduce the quantity

1
(3.1) Ar2(h) = inf {/ <|Vv|2 + 72 a(x) v2> dr:v € W01’2(Q), / vide = 1} , h>0.
Q Q

As in the previous section, for o > 0 small enough, changing function a into

3(x) = a(z) exp (—ﬁ) ,

does not change (1.18) but by defining in a very similar way

X12(h) = inf {/Q (\w? + o) v2> do i v e W&’Q(Q)} ,

we have the a-priori estimate by Corollary 2.23 in [13],

2
o

(3.2) Ai2(h) < C (—Inh)a.

~ 1
Since A1 2(h) < Aj2(h) and t — i is a decreasing function for ¢ large enough, condi-
tion (4.2) from Theorem 4.2 (Appendix) is implied by

[e.e]

(3.3) nZ::l m <ln <X172 <0z7117>> +ln (%) + 1> < +o0,

ap?

As in [2], we transform condition (3.3) into a simpler form. The following theorem is
an adaptation of Theorem 2.3 in [2].

Proposition 3.1 Condition (3.3) is equivalent to

1
0 h/\Lg(h)

18



2
Proof: By changing the sequence {ay,} into {a, 1}, (3.3) is equivalent to

i:: <1H (Xm (Oén)) +1In <a(zil> + 1) < 4o00.

Suppose that (3.3) holds. Then, it implies that a;,, — 0 and that XLQ () — o0 as n

12 an

tends to infinity. Clearly, h — XLQ(}I) is a nonincreasing function which means that
{A\1,2 (an,)} is a nondecreasing sequence. We use estimate of Theorem 2.3 in [2].

/" HLE AP ln< on >,Vn21,
ant1 hA12(h) Arz(an) Gt

which yields

“a ] > 1 o
/ —dh < = In < ) < +o0.
0 h)\172(h) — )\172(0471) Qp41

Conversely, suppose that (3.4) holds. We take the sequence v, = n~" as in [3]. Indeed,

i 2(ap) < C(nln n) leads to In ()\1 g(ozn)> < C Inn for n large enough. Moreover,

Qp N Qp
5) 1 ~1 In (A o(an)) < C'1 ,
(3 5) ! <an+l> = ( 172(& )> N ¢ <an+l>

always for n large enough (C' is a generic positive constant). Clearly, by monotonicity,

/7 s ln< an ),Vnzl.
Qn41 h/\Lg(h) )\1,2(Oén+1) An41

Hence, thanks to (3.5), there exists C' > 0 such that for n large enough,
“n 1 1 n
/ -~ dh>C = ln<a+1>.
Qn41 h/\Lg(h) /\172((}”4_1) An42

Qp .. .
So we get < > < 400. This implies (3.3). B
Z )\1 2 (o) On+1 (3:3)

Proof of Theorem 1.2. For h small enough, we have the following estimate for Xl,g(h) 2],

N
2

0 < C <meas{z € Q: h~2a(z) < 3A12(h)} (A12(h))

For this estimate, they use the Leib-Thirring formula about the counting number with
some properties of semi-classical analysis [17]. By (3.2),

N

2

0 < C <meas{z € Q:a(z) <Ch*(—In h)%} (Xm(h))

19



So, for h small enough, C h?(—In h)% < h which gives

1
A1,2(h)

As a consequence, for some hg > 0 small enough,

2

< Cmeas{z € Q:a(x) < h}¥V.

ho ho -y < Z
/ _ dh < C meas{z € Q:a(z) <h}¥ dh.
0 hXia(h) 0 h

We conclude with the following arguments :

/1 meas{z € Q : |a(x)| < t}l
0

N
; dt < oo,

1 Ay < 2z
implies by Theorem 4.1 and Proposition 4.2, / meas{z € O t]a(a:)] =t dt < oo
0
1
1
which yields / ———dh < oo and then by proposition 3.1,
0 h)\172(h)
271 (111 ()\12 <an2 >> + In <a_> + 1> < 00.
Y =52 ’ Qpt1
n=1 A1z (Oén2 >
This last inequality means that
5 (o) () ) o
=52 Qpt1
n=1 19 (Oén2 >

for some sequence {«,}. By Theorem 4.2 in Appendix, all solution vanish in a finite
time. W

Remark 3.1 If we assume that a(x) is greater than a positive constant in a neigh-
bourhood of the boundary of Q0 then the related Neumann problem can be reduced to
the former Dirichlet problem. Indeed, the solution of the Neumann problem vanishes
in a finite time in a neighbourhood of the boundary of 2 and up to a shift in time, the
solution satisfies the Dirichlet boundary condition.

4 Appendix

4.1 The properties of classes S,
Let ¢ a function defined on [0, ] for some v > 0 which holds the following properties :
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1) »(0) =

2 is a nondecreasing function on [0, ],

3

)
) ¢
) »(t) >0, Vt € (0,7],
)

4) there exist C > 0 and v’ € (0,] such that for all o, 3 in [0,7/],
pla+p8) < C (p(a) +¢(B)) .

We set

Sp = {a € L®() |3 >0 : /Occp(meas{w = Sz: lo(@)] < 8}) dt < —|—OO}.

We start with some basic properties.
Proposition 4.1
1.ae S, < |a| € S,
2. 1€ 8, (1 stands for the constant function equal to 1 on whole 1),
3. if 1 satisfies (1), (2), (3) and ¢ < 1) then S, O Sy,
4. a€ 8, <= VAER* Xa€S,.
5.a€8, < Vk>0, |a|f € S,.

Proof: Let a € S, and X € R*. By the change of variable ¢t = |A|r,

dr,

/C ¢ (meas{z € Q : |Aa(x)| < t}) g — /% ¢ (meas{x € Q: |a(x)| < 7})
0 0

t T

which concludes the fourth assertion.
Let a € S, and k > 0. In a same way, by the change of variable ¢ = 77,

1
K

/C ¢ (meas{z € Q: |a(z)|" < t}) g — /{/c ¢ (meas{z € Q: |a(z)| < 7})
0 0

dr.
t T

The proof is complete. W

Clearly, power functions satisfy (1), (2), (3) and (4).

1
Proposition 4.2 For a > 0 small enough, the function w(zx) = exp <_W> belongs
x
to S, where p(x) = 2P with 3 > 0.
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Proof: By direct calculations,

p(meas{z € Q : |w(z)| < t}) = p(meas{z € Q: |z|* < (—Int)}) =Cx ﬁ.l

The main property of the set S, is its stability with respect to the product.
Theorem 4.1 Ifa and b belong to S, then ab € S,.

Proof: The assumption a,b € S, implies that a(z) > 0 and b(x) > 0 a.e. on 2 so
%i_l)%meas{:n € Q:|b(x)]* <t} + meas {zeq: la(z)* < t} =0.

Let t > 0 small enough, i.e,
meas{z € Q : |b(z)]> < t} + meas {zeQ: la(z)* < t} <.

Let us consider {z € Q : |a(x)b(x)| < t}. Pick up n > 0. Then we make a partition in
the following way,

fe € Q: la(@)b(@) <t} = (fa € Q: a(@)b(e)] < 1} (o € 2 Ja(@)] = n})

Uz € Q:Ja@)b(z)] < t}[ [z € Q1 |a(z)] < n}).

For the first subset, if x in Q satisfies both conditions |a(x)b(z)| < t and |a(x)| > 7
then [b(z)| < % which means that

{2 €Q: Ja(m)b(a)] <t} (Ve € Q: faz)| > n} C {x €0 |b(a)] < %}
Clearly,

{z e Q:la(@)b(z)| <t} [{eeQ:lalz)| <n} C{z €Q:lax)] <n}.
As a consequence, for 1 = v/,

meas{z € Q ¢ |a(z)b(z)| < 1}

< meas{z € Q: |b(z)| < Vt} + meas {a; € N:la(z)| < \/Z} .
So, since ¢ is a nondecreasing function on [0, 7],
@ (meas{z € Q : |a(x)b(z)| < t})

< ¢ (meas{z € Q: |b(z)[* < t} + meas {z € Q: a(z)]* < t}).
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But by 4),
¢ (meas{z € Q: |a(z)b(z)| < t}) <
C [¢ (meas{z € Q: b(z)> <t}) +¢ (meas {z € Q: la(z)* < tH].
By the previous proposition, a® and b? belong to S, hence for some ¢ > 0 small enough,

/C ¢ (meas{z € Q: |a(z)b(z)| < t})
0

dt <
t

¢ (meas{z € Q : |a(x)* < t}) ¢ ¢ (meas{z € Q: [b(x)]* < t})
o (/ we ).

t t

As a conclusion, ab is in S,. B

The next step is to find a new class of functions satisfying properties 1), 2), 3) and 4).

Proposition 4.3 Let ¢ be a function defined on [0,v] for some v > 0 which satisfies
1), 2), 3) and

2t
4’) ¢ is a convex function on [0,7] with limsup #(20) < 4o00. Then ¢ satisfies 4).

t—0t (‘D(t)

) < Pl20) +0(28)

Proof: Since ¢ is convex on [0,7], for all «, 5 in [0, %}, ola+p
remains to prove that for all ¢ > 0 some enough, ¢(2t) < C ¢(t) for some C' > 0.

p(2t
o(t)

in a neighbourhood of zero (this function is nonnegative).

Always by convexity of (, the function t — is continuous on (O, %] and bounded

As a consequence, it is bounded on <0, %} |
Proposition 4.4 The function ¢(t) = t(—Int) satisfies 1), 2), 3) and 4) for vy = e~ L.

Moreover, the function w(x) = exp | —

belongs to S,.

N
=]z

1 1 ,
Cme T (Cme? ¥
p(2t)

increasing function, hence, ¢ is strictly convex. Clearly, lim+ W = 2.
t—0t @

Proof: 1), 2), 3) are clear. For all t € (0,e7 ], ¢/(t) = is an

With the estimate o(t) <t for t € [0,e7!], we have

1 -1
e : < [ : <
/ ¢ (meas{x € fz lw(z)| <t}) dt < / meas{z € Qt lw(z)| <t} dt
0 0

-1

/61 meas{z € Q: |z|2 < (—~Int)"'} dt = Cx /e dt < +oo.l
- )
0

|
t 0 t(— lnt)
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4.2 Orlicz spaces

Let A be an N-function [23]. When the derivative of A called @ is increasing, the
N-functions A and A given by

are said to be complementary. The Orlicz space connected to A is denoted by L 4(£2).
If E is a measurable set of positive measure, the Luxemburg norm is

||u||LA(E):inf{k:>0 : /A<M> dgg§1},
ATk

if the previous set is not empty and also we have a generalized version of Holder’s
inequality,

(4.1)

[ ueyooar) < 21l ol o,

Theorem 4.2 [25] Let Q be a bounded domain of RN having the cone property and
mp = N where p > 1. Set A(t) = exp (tﬁ> — 1. Then there exists the imbedding
W™P(Q) — LA(R).

Even if A is an N-function, M(t) = A(y/t) is not necessary an N-function but the
quantity

||u||LM(E):inf{k>o : /A( @) d;pgl},
E

is well defined for a measurable set I/ of positive measure if / A/ |u(]j)| dr <1
E

for some positive k. With this extended notation, we have the following standart
propositions :

Proposition 4.5 H’UH%A(E) = HUQHLM(E) when the quantity in the left-hand side is
well defined.

2
Proof: From the definition, H’UH%A(E) = inf {k >0 : / A <@> dx < 1} . So,
E

2
2
H’UH%A(E) :inf{k>0 : /EA< %) dr < 1} gives

2
||v||2LA(E):inf{k:2>0 : /EA< %) dl‘ﬁl} and

10117, () = 101l Las () -
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Proposition 4.6 If B < A then ||v|[1, ) < |||l (r) when the quantity in the Tight-
hand side is well defined.

Proposition 4.7 If E C F' are two measurable sets of positive measure,

[Vl|zgm) < |vllLg(r) when the quantity in the right-hand side is well defined.

Proposition 4.8 If B is an N-function and E a measurable set of positive measure
V|| 00

then ||v|L,p) < HHL—EE),VU € L>(E)

B~ <meas(E))
Proposition 4.9 Let f and g be two increasing functions defined on a neighbourhood
of +o0o with lim f(z) = lim g(x) = +oo. If f(x) < g(x) for x large enough then

r——+00 r——+00
f~Yz) > g7 (x) for z large enough.

4.3 Previous result for the second order case

Theorem 4.2 ( [2]) Under assumptions (1.6) and (1.5) with m = 1, if there exists
a decreasing sequence {ay,} of positive real numbers such that

oo

(4.2) nZ::l >\12<112’q> <ln <)\172 (a})) +1n (%) + 1> < 400,

Qi
then any weak solution of problem (1.1)-(1.3) vanishes in a finite time.
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