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THE INTEGRAL HOMOLOGY OF PSL; OF IMAGINARY QUADRATIC
INTEGERS OF CLASS NUMBER TWO

ALEXANDER RAHM AND MATHIAS FUCHS

ABSTRACT. We calculate the integral homology of the non-Euclidean Bianchi groups PSLs (OQ[\/Tm])

for m = 5,6, 10, 13 and 15, making essential use of an equivariant cellular decomposition of a retract
of hyperbolic three-space due to Floge.
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1. INTRODUCTION

The object of study of this paper are the PSLo-groups I' _,,, of the ring of integers O of an imaginary
quadratic number field Q[v/—m |, where m is a square-free positive integer. We have Ogry=m] = Z|w]

with w = /—m for m congruent to 1 or 2 modulo 4, and w = —% + %\/m for m congruent to 3
modulo 4. The arithmetic groups under study have often been called Bianchi groups, because their
study began with the works of Bianchi [l back in 1892. These groups have since been extensively
studied, see for instance the monographs [f,[{,[[Z7].

A space that lends itself naturally to the study of these 2-by-2-matrix groups is the associated sym-
metric space, hyperbolic three-space H. We use the upper-half-space model of H and identify its
boundary with C U co = CP'. Bianchi exposed a fundamental domain for the action of I'_,, on the
space H. However, the virtual cohomological dimension of arithmetic groups which are lattices in
SLy(C) is two, so it is desirable to define a proper action on a contractible cellular two-dimensional
space. Moreover, this space should be cofinite. In principle, this has been achieved by Mendoza [[1J]

Date: June 18, 2009.

2000 Mathematics Subject Classification. 11F75, Cohomology of arithmetic groups. 22E40, Discrete subgroups of
Lie groups. 57530, Discontinuous groups of transformations.

The first named author is supported by a research grant of the Ministere de D’Enseignement
Supérieur et de la Recherche, and partially supported by DFH-UFA grant CT-26-07-1 and by a
DAAD (German Academic Exchange Service) grant.

The second named author was supported by a GK Gruppen und Geometrie post-doctoral fellowship of the DFG.
1



2 RAHM AND FUCHS

and Floge [§] using the reduction theory for binary Hermitian forms of Minkowski, Bianchi, Hum-
bert, Harder and others. These two approaches have in common that they consider two-dimensional
I'_,,-equivariant retracts which are cocompact and are endowed with a natural CW-structure such
that the action of I'_,, is cellular and the quotient is a finite CW-complex.

In the cases of non-trivial ideal class group, there is a difference between the approaches of Mendoza
and Floge. The elements of the class group of the number field are in bijection with the I'_,,-orbits
of the cusps, where the cusps are the elements of the number field Q [\/—_d] and oo thought of as
elements of the canonical boundary CP!. The cusps which represent a non-trivial element of the
class group are commonly called singular points. Whilst Mendoza retracts away from all cusps, Floge
retracts away only from the non-singular ones. Rather than the space H itself, he considers the
space H obtained from H by adjoining the I'_,,-orbits of the singular points. This has the effect
that it is possible to retract away only from the non-singular cusps, but onto the singular ones in the
appropriate way. It turns out that this gives a suitable contractible 2-dimensional I'_,,-complex also
in the case of non-trivial class group.

Using Mendoza’s complex, Schwermer and Vogtmann [[[§] showed how to calculate the integral group
homology in the cases of trivial class group m = 1,2,3,7,11. Vogtmann [[9] computed the rational
homology as the homology of the quotient in many cases of non-trivial class group. The integral
cohomology in the cases m = 2,3,5,6,7,10,11 has been determined by Berkove [[]], based on Flége’s
presentation of the groups with generators and relations.

It is the purpose of the present paper to show how to calculate the integral homology of Bianchi groups
with non-trivial class group using Floge’s complex. In the cases considered, Bianchi has computed the
fundamental polyhedron. With an implementation in Pari/GP [J], due to the first named author, of
Swan’s algorithm [I§] we re-obtain this polyhedron. In the cases m = 5,6, 10, Flge has computed the
cell stabilizers and cell identifications; and with our Pari/GP program, we redo Floge’s computations
and do the same computation in the case m = 13. We use the equivariant Euler characteristic to
check our computations. Then we follow the lines of Schwermer and Vogtmann [[§], encountering a
spectral sequence which degenerates on the E3-page and not already on the E?-page as it does in
the cases of trivial class group. This is because we have adjoined to our complex the singular points,
which have infinite stabilizers. So we have some additional use of homological algebra to obtain the
homology of the Bianchi group. Our results are as follows:

720 7/3® (Z)2)? q=1, 73 @ (Z./2)?, q=1,
H(T 5;2) 2 ZBL/ABLI3B L2 q=2, H (T 10;Z) 2 Z* B Z/ABL/3B L2, q=2,
Z/3® (Z/2) q=3; Z/3 & (Z/2)1, q=3;

Z2e1/30L/2, q=1,
Hq(r_15;Z) = Z@Z/3@Z/2, q:27

7./3% 7,2, q>3.
73 (Z)2)%, q=1,
ZPeZ/A0 (Z/3)2 0 Z/2, q=2,
7/2)1 & (Z./3)?, =4k+3, k>0,
H (") = | /27 © (2)3) 0=
(Z/2)1, q=4k+4, k=0,
(Z/2)q7 q=4k+1, k=1,
(Z)2)1 & (Z./3)?, g=4k+2, k>1.
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(7220 7/367)2, qg=1,
ZSLIA®L/3® (Z)2)?, q=2,
7.)3 @ (Z)2)%+2, q =6k +3,
H(T6:7) = 7/3 @ (Z,)2)%k+1, q = 6k + 4,
’ 7/3 @ (Z,)2)%k+4, q = 6k + 5,
7.)3 @ (Z)2)*+1, q = 6k + 6,
7./3 @ (Z.)2)%, q=06k+1,¢g>T7,
Z/3@(Z/2)2k+3, q=6k+2,¢2>28;

Thus for g > 2, the torsion in H,(I'_5; Z) is the same as in H,(I'_10; Z), analogously to the cohomology
results of Berkove [J. The free part of these homology groups is in accordance with the rational
homology results of Vogtmann [[J]. We give the full details for our homology computation in the
case m = 13. We then give slightly less details in the cases m = 5,6, 10, 15.

The authors would like to thank Philippe Elbaz-Vincent for his inspiration and advice, and the first
named author would like to thank Bill Allombert for his help with programming in Pari/GP.

2. FLOGE’s COMPLEX, CONTRACTIBILITY AND THE SPECTRAL SEQUENCE

From now on, we will fix m and just write I" for I'_,,. Denote the hyperbolic three-space by
H = C x RY. We will not use its smooth structure, only its structure as a homogeneous SLy(C)-
space. The action is given by the formula

<a b) (2.7) = ((E—ﬁ)(az—b)—rzéa r >
c d T lez —d* +r2|c|* ez —dF +r2|c]*)]

where (¢%) € SLy(C). As usual, we extend the action of SLy(C) to the boundary CP' which we
identify with {r = 0}Uoo = CUoo. The action passes continuously to the boundary, where it reduces
to the usual action by Mobius transformations (%) -z = 225 fd As —1 € SLy(C) acts trivially,
the action passes to PSLo(C). Let now m € N be square—free and let R = Og,/=,), I' = PSLa(R).
When the class number of K := Q[\/—m/] is one, then classical reduction theory provides a natural
equivariant deformation retract of H which is a CW-complex. This complex is defined as follows.

One first considers the union of all hemispheres
SM’AZZ{(Z,T‘)Z z—i2+7‘2 ! }CH
p 1l
for any two u, A with Ru+ AR = R. Then one considers the “space above the hemispheres”
B:={(z7r): |cz— d? +r%|¢/* > 1 for all ¢,d € R, c # 0 such that Re+ Rd = R}
and its boundary dB inside H. For nontrivial class group, the following definition comes to work.

Definition 1. A point s € CP'—{oc} is called a singular point if for all c,d € R, ¢ # 0, Re+Rd = R
we have |cs —d| > 1.

The singular points modulo the action of I' on CP! are in bijection with the nontrivial elements
of the class group [[[7. In [§], Floge extends the hyperbolic space H to a larger space H as follows.

Definition 2. As a set, H C C x R>Y s the closure under the I-action, of the union
B := BU/{singular points}. The topology is generated by the topology of H together with the following
neighborhoods of the translates s of singular points:

O =t u (% ) e enirs ).
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Remark 3. The matrix ( ) 391) maps the point at infinity into s, thus giving the point s the

topology of co. The neighborhood ﬁﬁ(s) is sometimes called a “horoball” because in the upper-half
space model it is a Euclidean ball, but with the hyperbolic metric it has “infinite radius”.

The space H is endowed with the natural D-action. Now the essential aspect of Floge’s construction
is the following consequence of Floge’s theorem [, 6.6], which we append as theorem P4.

Corollary 4. There is a retraction p from H onto the set X C H of all I'-translates of 81/3\, i. e.
there is a continuous map p : H — X such that p(p) = p for all p € X. The set X admits a natural
structure as a cellular complex X*®, such that I' acts cellularly on X*°.

Remark 5. (1) We show with the below lemma that p is a homotopy equlvalence without giving

a continuous path of maps H—H connecting p to the identity on H.

(2) The map p is I'-equivariant because its fibers are geodesics. But we do not make use of this
fact, as we do not need to show that the homotopy type of F\ﬁ is the same as that of I'\ X.
This would be useful in the case of trivial class group, i. e. the case of a proper action, to
compute the rational homology H,(T'; Q) = H,(I'\'H; Q).

(3) We will provide X*® with a cellular structure which is fine enough to make the cell stabilizers
fix the cells pointwise.

Lemma 6. Let Y be a CW-complex which admits an inclusion i into a contractible topological space
A, such that i is a homeomorphism between Y with its cellular topology and the image i(Y") with the
subset topology of A. Let p: A — Y be a continuous map with poi = idy. Then p is a homotopy
equivalence.

Proof. For all n € N, the induced maps on the homotopy groups (idy )« = (po i)y : mp(Y) — 1, (Y)
factor through m,(A) = 0, hence are the zero map; and 7,(Y) = 0. Denote by ¢ the constant map
from A to the one-point space. Then c o i is a morphism of CW-complexes, and the zero maps it
induces on the homotopy groups are isomorphisms. Thus by Whitehead’s Theorem [[LI]], c o i is a
homotopy equivalence. As A is contractible, the composition (coi)op = ¢ is a homotopy equivalence,
so the same holds already for p. d

Together with the lemma below, we obtain a crucial fact underlying this paper.
Corollary 7. X* is contractible.
The following is an observation on Floge’s construction.

Lemma 8. The space H is contractible.

Proof. One can identify the boundary of H = {(z,7) € CxR |7 > 0} with CP! = CUoco 2 {r = 0}Uoo.
By viewing the singular points as part of the boundary, we arrive at an upper half-space model of H.
Now consider H; := {(z,r) € Hir> 1} with the subspace topology of H. The idea of the proof is to
consider a vertical retraction onto Hi, and to show by an explicit argument that preimages of open
sets are open. Floge [f], Korollar 5.8] suggests to use the map

(z,r) for all t € [0,1], ifr>1

¢:7—A[><[0,1]—>7'A(, ((Z7T)7t)'—>{(zr+t(1—r)) if r < 1.

Let us now check that this is a continuous family of continuous maps. Consider the collection of open
balls with respect to the Euclidean metric on C x Ry as soon as they are either contained in C x R,

or touch the boundary C x {0} in a cusp in H — ‘H. This is a basis for the topology of H. Consider
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one such open ball B, and its preimage under some ¢, t € [0,1). This either lies entirely in H, and
is open, or it has boundary points. In the latter case, consider the inverse of ¢, on ‘H — Hy, given by

o7t = (2, 10),

if this is in H. Suppose there is a cusp s with s € H — H and ¢¢(s,0) € B. As B is open, we find
B >0 and 6 > 0 such that (s,t+ 3) and (s +6,t) are in B. Since

61 (5,1%) = (st +B) € B

di(s+9,0) = (s+0,t) € B,
we know that (s, %) and (s + 6,0) are in the preimage of B under ¢,. We deduce that the whole
horosphere of Euclidean diameter min {3,d} touching at the cusp s is included in the preimage of
B. Thus each point of the preimage has a neighborhood entirely contained in the preimage, which
therefore also is open. The continuity at ¢ = 1 as well as the continuity in the variable ¢ follow from
very similar arguments. The space H; is homeomorphic to C x R, thus contractible. O

2.0.1. The spectral sequence.

Corollary [f] gives us a contractible complex X*® on which T' acts cellularly. As a consequence, the
integral homology H,(I';Z) can be computed as the hyperhomology H,(I'; Ce(X)) of I" with coeffi-
cients in the cellular chain complex associated to X. This hyperhomology is computable because
there is a spectral sequence as in [f, VII] which is also the one used in [LJ]. It is the spectral sequence
associated to the double complex O ®zr C(X) computing the hyperhomology, where we denote by
O the bar resolution of the group I'. This spectral sequence can be rewritten (see [[[§, 1.1]) to yield

El,= @ Hy(Ts:Z) = Hyy(T; 2),
oce\Xr

where T', denotes the stabilizer of (the chosen representative for) the p-cell 0. We have stated the
above E'-term with trivial Z-coefficients in H,(I',; Z), because we use a fundamental domain which
is strict enough to give X a cell structure on which I" acts without inversion of cells. We shall also
make extensive use of the description of the d!-differential given in [[[J].

The technical difference to the cases of trivial class group, treated by [[§], is that the stabilizers of the
singular points are free abelian groups of rank two. In particular, the I'-action on our complex X* is
not a proper action in the sense that all stabilizers would be finite. As a consequence, the considered
spectral sequence does not degenerate on the E2-level as it does in Schwermer and Vogtmann’s cases.
So we compute a nontrivial differential d?, making some additional use of homological algebra, in
particular the below lemma and its corollary.

Remark 9. It would be possible to shift the technical difficulty away from homological algebra, using
a topological modification of our complex. In our cases of class number two, there is one singular point
in the fundamental domain, representing the nontrivial element of the class group. Its stabilizer is
free abelian of rank two, and contributes the homology of a torus to the zeroth column of the E?-term
of our spectral sequence: Hy(Z?; Z) = 72, Hy(Z% Z) = 7Z and H,(Z?; Z) = 0 for ¢ > 2. One could
modify our complex in order to make the I'-action on it proper, by replacing each singular point by
an R? with the former stabilizer Z? now acting properly. Then the nontriviality of our differential is
equivalent to the existence of a nontrivial homology relation induced by adjoining the torus R?/Z?
to the fundamental domain.

The following lemma will be useful for computing our d?-differential. In order to state it, let I'
be a finite subgroup of ', let M be a ZI',-module, and ¢ : I'/T', — T" a set-theoretical section of the
quotient map 7 : I' — I'/T,. Further, denote the standard bar resolution of a discrete group I' by

er.
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Lemma 10. The section £ defines a map of ZI',-complexes
€10, — O,.°

of degree zero which is a retraction of the resolution OL of the group T to the resolution ©L of T,.
The map €, is induced on O} = ZI" by

r =% 7r,,
v (Ur()) My

. . R 1
and is continued as a tensor product €y =€y ® ... Q g = 62@("+ ) on or.

Remark 11. (1) Attention: g/ is a ZI',-linear map because I', acts from the right.
(2) Note that the resulting isomorphism in homology from H, (0! @z M) to H.(OL @z, M) is
independent of the choice of £, and consistent with the canonical isomorphisms of both sides
with H,(Ty; M).
(3) Note that in the above lemma, it is not necessary to require ¢(m(1)) = 1. This would imply
that g is the identity on ©Lv. However, we will choose £(7(1)) = 1 for simplicity.
(4) In explicit terms, the map & is described as follows:

gp: 4" — 7ZI',,

Za,y’y: Z Z a’Yaf(p)"YUe(p)'_> Z < Z a’w[(p))’}’aa

~yel’ Yo €l pel’ /T Yo €L's “pel’ /Ty
where the a., are coefficients from Z. The map &, restricts to the identity on ZI', and gives
an isomorphism of Z-modules from Z[¢(p)T,] to ZT', for every I',-orbit £(p)T,
Proof (of the lemma). In fact, the statement holds for any chain map £ in the place of £y that satisfies
the following conditions. They are easily checked to hold for the maps &.
(1) €is ZI',-linear.
(2) The augmentation ©f — Z is the composition of ¢ with the augmentation @g" — 7.

Then the statement follows from the comparison theorem [0, 2.2.6] of fundamental homological
algebra. In fact, the properties imply that £ is a chain map of resolutions lifting the identity on Z.
An inverse is given by the canonical inclusion Ol — O, and since the composition is unique up to
chain homotopy equivalence, it must be homotopic to the identity. O

The group I', acts diagonally on ©! 22 ZT'®7 ZT", and trivially on Z, so we can consider ©} @z, Z.

Corollary 12. Let a cycle (3,(a; ®z b;) ®zr, 1) € O ®@zr, Z be given, where a;,b; € . The ensuing
element in Hy(Ty;Z) is then given by

>_e(a) eea) Teu(bi),

where ¢ is the augmentation from ZI" to Z.

This expression makes sense because €4(a;) is invertible in ZT,.
Note that the cycle condition on Z(aZ ®z b;) @zr, 1 says that Z( — a;) ®zr, 1 = 0, which means

that >, a; is equivalent to Y. b; modulo Zr,.

Proof. Using the lemma [0, we just need to apply the map
(e ®ze¢) @zr, 1: (ZT' @7 ZT") Qzr, Z — (LT 5 Q7 LT ) Qzr, Z
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to get
> (e @z e @zr, 1)(a; ©2.bi @zr, 1) = Y _(ee(ai) ©z £¢(bi)) @ar, 1

= Z(l ®z e0(a;) " Ler(bs)) @zr, e(a;).
In bar notation, this is Y- [¢(a;) " ee(b;)] ®zr, €(a;), and is mapped to

> elai)ee(ai) Teo(bi) € Hi(Tos Z),
i
and to
> e(ai)ee(a:) 'ep(bi) mod [Ty, Tl
i
by the isomorphism into the abelianization of I', described in [f, page 36]. O
2.0.2. The mass formula for the Euler characteristic.
We will use the Euler characteristic to check the geometry of the quotient I'\ X. Recall the following
definitions and proposition, which we include for the reader’s convenience.

Definition 13 (Euler characteristic). Suppose IV is a torsion-free group. Then we define its Euler
characteristic as '
X(T') = (~1)'dim H(I"; Q).
i
Suppose further that TV is a torsion-free subgroup of finite index in a group I'. Then we define the
Euler characteristic of I' as

This is well-defined because of [{, 1X.6.3].

Definition 14 (Equivariant Euler characteristic). Suppose X is a I'-complex such that
(1) every isotropy group Ty is of finite homological type;
(2) X has only finitely many cells mod T'.

Then we define the I'-equivariant Euler characteristic of X as

xXr(X) =Y (=1 MIx(T,),

o

where o runs over the orbit representatives of cells of X.

Proposition 15 ([f, 1X.7.3 €’]). Suppose X is a T'-complex such that xr(X) is defined. If T is
virtually torsion-free, then I is of finite homological type and x(T') = xr(X).

Let now I' be PSLo (OQ[M]) Then the above proposition applies to X taken to be Floge’s (or
still, Mendoza’s) I'-equivariant deformation retract of H. Using x(I',) = m for I'y finite, the
fact that the singular points have stabilizer Z?, and the torsion-free Euler characteristic

X(Z%) = (=1)'rankz(H; Z%) =1 -2+1 =0,
i
we get the formula

W) = () s

ag
where ¢ runs over the orbit representatives of cells of X with finite stabilizers.

Proposition 16. The Euler characteristic x(I') vanishes.
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Remark 17. This, together with the formula

0=x(T) =xr(X) = ;(_1)dimUW1(Ta)’

allows to check the joint data of the geometry of the fundamental domain, cell stabilizers and cell
identifications.

Proof of proposition [1§. Denote by (x the Dedekind ¢(-function associated to the number field
K :=Q[v/=m]. Brown [f, below (IX.8.7)] deduces the following from Harder’s result [Id, p. 453]:

X(SLn(Ox)) = [ ¢r (1 =),
j=2

so especially we have x(SL2(Ok)) = (x(—1). As any cell o in the interior of hyperbolic space has a
stabilizer SLy(Of ), of twice the cardinality of T'y, it follows that

X(1) = 5X(STa(01)) = 3k (-1).

Using the functional equation of (i [[4] and the fact that K has no real places because it is imaginary
quadratic, we get (x(—1) = 0. O

Remark 18. One can prove the above proposition without using the Dedekind zeta function. This
alternative proof applies to any cofinite arithmetically defined subgroup I' of PSL(2,C). It is the
main theorem of Harder’s article on the Gauss-Bonnet theorem [[[0] that the Euler characteristic is
the covolume of I' with respect to the Euler-Poincaré form p on H, i. e. x(I') = fY du, where Y is
a fundamental domain for the action of I' on H. This extends the classical Gauss-Bonnet theorem
from the theory of the Euler-Poincaré form, see [[[f, paragraph 3] (here the theorem is hidden as the
existence assertion of the Euler-Poincaré measure) to non-cocompact but cofinite discrete subgroups.
The measure g is a fundamental datum associated to the symmetric space, without reference to any
discrete group. In [If, paragraph 3,2a] it is shown that g = 0 on any odd-dimensional space. Since
dim H = 3, we have x(I') = 0.

3. COMPUTATIONS OF THE INTEGRAL HOMOLOGY OF PSLQ(OQ[F])

m

Throughout this section, we assume the action on the homology coefficients to be trivial, which is
realized by our cell structure. We mean Z-coefficients wherever we do not mention the coefficients.
We will always label the singular point in the fundamental domain by s; and we use the notation

Qo 1= Qz[r,]-
We will write Dy for the Klein four group, S3 for the permutation group on three objects and A, for
the alternating group on four objects. We have I' = PSLQ(OQ[m]) = PSLy(Z[w]) with w :=/—m

in the cases m = 5,6,10,13. The coordinates in Hyperbolic space of the vertices of the fundamental
domains have been computed by Bianchi [[]. There, they are listed up to complex conjugation for
m = 5,6, 15; and for m = 10, 13, the reader has to divide out the reflection called riflessione impropria
by Bianchi.
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/ il

3.1. m=13. ° !
We make the following definitions.
9 Tw —2—-—w 2-w by At
A‘_i(w —10)’ b= ( 4 2+1w)’ TF
“1-w 8—w 5 2w ey
C'_i( 3 1+2w)’ b _:t(w —5)’ @O
S
E::i(_“ 6), J::I:( 1), Aol
2 w -1 fb v’
B -1 (44w 1T+ Tw ,
S‘_i(1 1)’ K_:t(—8+w —10—3w) 9 l: '
o 4 — 2w 12 4+ w _ 1 w
M'_i(4+w —4+2w)’ U_:t< 1)’
o —w 6—w _ 14—w 13+ 6w .
V= (2 2+w)’ W_:t( 2w —12+w)’ ’ !
P:=V~ID, T:=P7152 FIGURE 1. The fundamental do-

R:=TU'S?U.

We observe the relations 7' = CKCA(CKC)~!

V 1 _

main for m = 13

=CAC~'M and S? =

BS~1BS. The matrix

U acts as a vertical translation by —w on this fundamental domain. There are seventeen orbits of
vertices, which have the following stabilizers.

v = (JJ2=1)=7/2,

Iy = (S™'BS|(S'BS)?2=1)=17/2,

I, = T.=(M|M?=1)~7/2,

' = (B|B2=1)~17/2,

'y = (DID?=1)~7/2,

I'y = (D,E|D?=E?=(DE)?=1)%Dy,

'y, = (E,AUTYJU|E?=(AU"YJU)? = (EAU~1JU)? = 1) = D>,
e = (AUYJUIA3 =U-1JU)? = (AUTYJU)? = 1) = Ss,
Uy = (JLTIJ2=T3=(JT)?=1)=8;,

I+ = (RUISU|IR?=(U1SU)% = (RU™'SU)? = 1) = S,
I'vw = (B,S|B?>=S83%=(BS)2=1)~S5;,

r; = (5|83=1)=27/3,

I, = T,=(CACT|(CACT1)3=1)=~7/3,

ry, = (T|T°®=1)=27/3,

s = (VWVW=WV)=xz2

There are twenty-eight orbits of edges. The edge stabilizers of isomorphy type Z/2 are given on the
chosen edge orbit representatives as

Lt
L(h,ury
F(t,b//)
L(w,a)
L(b,e)
F(GII,C//)
F(/U,,t)
(w,u)
L(ne)
Lg,p)
Lg,n)
(0,9)
F(o’,e)

D|D? =1)=17/2,

FAUYJU|(EAU-YJU)? =1) =

R|R? =1)
~1BS|(S7'BS)2 =1)

M|M? =1)~7/2,
~18-1BSC|(C~1S~1BSC)? =

(

(

{ 7/2,
(s

g

(RU~ 1SU|(RU 1SU2 =1) >~
(

(AU

(

(

(

(U

>7/2,

~7/2,

AU 1JU|(AU LJju)? =1)

DE|(DE)? =1) =

B|E?2 =1)

J|J? =1) >~
LU

z/2,
7/2,

z/2,

“LJU?2 =1) >~

7)2.

Z/27

1)

72,

=~ 7/2,

~7/2,
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and the edge stabilizers of isomorphy type Z/3 are given on the chosen edge orbit representatives as

Tew)y = (AlA3=1)= Z/3

Pz = (CACTH(CACTY)3 =1)=17/3,

Do) = (T|T3 = 1> 7/3,

Ty = (U 1SU\( 1SU)3 =1)>17/3,

D2y = (KCAKC) YW(KCAKC) )3 =1)2>17/3.

We use the identifications C' -

=z, U-j =34 C-yYy =yand K-z = 7.

We find nine edge

orbits with the trivial stabilizer, thirteen edge orbit representatives with stabilizer type Z/2, and six
with stabilizer type Z/3. The singular vertex has stabilizer type Z?, and there are six vertex orbit
representatives with stabilizer type Z/2, two with Dy, four with S3 and four with Z/3. Furthermore,

there are twelve orbits of faces with trivial stabilizers.

The above data gives the F-equivariant Euler characteristic of X, in accordance with remark [[7:

1 1 1

X—6— 4-—+2-—+4-—-—-9-13-
xr(X) Thrg g tdg
3.1.1. E'-page for m = 13.
We obtain for the row ¢ = 0 in the columns p =0, 1, 2:
d} di
Z17 1,0 Z28 2,0 Z12,

——6 -

3

where the only occurring elementary divisor is 1, with multiplicity sixteen for dio, and with multi-

plicity ten for d%,o-

3.1.2. 0dd rows of the E'-term.
For odd ¢, the morphism

@ Hq(rcr) <d—

o€\ X0
is on the 2-primary part a homomorphism

(/2% —
given by the g+13-by-13 matrix

(diq)@) =

1 1
1 1
11
where we replace each occurence of the dots “ :” by 5=

and zeroes elsewhere. This is due to the diagonal map

q+3

(Z/2) 2" =2 Hy(Ds) « Hy(Z/2)

z/2)"

1 lines

~ 7,2,

D H(Ty)

cer\ X1

11
1
11
1 b
1 1
with a “1” in the column of the dots

— 1,
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which is induced by the inclusion Dy < Z/2 hitting the product of the two fixed generators of Ds.
Therefore, we have to distinguish the case ¢ = 1, where diq has rank 12, and the case q¢ > 3, where
it has rank 13.

On the 3-primary part, diq is a homomorphism

(Z)3)* «— (Z/3)% forg=1 mod 4,
(2/3)% «— (2/3)% forq=3 mod 4.
It is given by the matrix

(e,2") (9:9) (z,2) (%)
—a 0 0 0

<
~

o~ oo oo ol

—

S¥

= =

_

S~—

—~

w

N
2w v 8 0
coo0oo0 oo
cocoo~oO

where @ = 1 for ¢ = 3 mod 4 and o = 0 else. This matrix has full rank 6 (injectivity) for ¢ = 3
mod 4, and rank 4 (surjectivity) for ¢ = 1 mod 4. For ¢ = 1, there is an additional module Hy (T'y) =
72 on the target side, which can not be hit because the edge stabilizers are only torsion.

Remark 19. So, the 3-torsion in H;(T') has already been killed by the d' differential. This shows
that there is no injection

Hy(PSLy(Z)) — Hy(T).

We verify this fact by considering the generator of the 3-torsion in H;(PSLy(Z)), which is induced
by the matrix S. In the group I' for m = 13, the matrix S of order three is subject to the relation
S5? = BST'BS where B is a matrix of order two defined above. The right hand side of this equation
can be simplified to the unit element when we pass it to I'* = H;(T"). So, the above non-injectivity
is based on the fact that S does not survive abelianizing I" whilst it survives abelianizing PSLy(Z).

3.1.3. The rows with q even.

There is a zero map arriving at €@ Hy(I'y) = (Z/2)? for g bigger than 2, and respectively at
o€\ X0

P m@.,) =z (2/2)

o€\ X0

3.1.4. The E?*-page for m = 13. In the rows with ¢ > 2, Eiq is concentrated in the columns p = 0
and p = 1 given as follows:

q=4k+1, ¢2=5 (z/2)1 (Z/3)?

q even, q=>4 (z)2)4 0

g=4k+3, ¢=3|(2/3)?a(z/2)7 0

;]..: 2 Z@ki/z)z 0
In the rows ¢ =0 and ¢ = 1, E;z%,q is concentrated in the columns p = 0,1, 2:

=1 7? & (2/2)? (Z/3)* ®Z/2 0
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3.1.5. Computation of the differential d?.
The only nontrivial d?-arrow is determined on the E%-level by the following maps connecting E%O

with E8,13

@ 61 Qo Z 1®8 @ 91 Qo Z
ocel\ X0 ocelr\x1

\Ld@@)l

@ 90 Qo Z 1846 @ 60 Qo Z
ocel\ X1 cer\ X2

where dg is the differential of the bar resolution ©, for I', and § is the differential of Floge’s cellular
complex. The generators of the abelian group E2270 >~ 72 are represented by the face (c, s, z)
and the union of two faces (b, z,b', v,y ,a’,u,a,y,v) =: F, whose quotients by I' are homeomorphic
to 2-spheres. We observe the edge identifications CAC~! - (¢,2) = (¢,2z), V~'.(s,¢) = (s,¢),
CAC™!. (b,l‘) = (b,7$)7 vt (b,U) = (b,7vl)7 P (y,v) = (y/7U/)7 5% (a)y) = (alvy/)a and
B - (a,u) = (d',u).
The above d?-arrow is induced by
5 ((c,8,¢,2)) = (CAC™ = 1) (c,2) + (V1= 1) - (s,¢)

and

) ((b,:z:,b',v',y/,a',u7 a,y,v)) = (CAC*1 —1) (z,b) + (V71 -1 -b,v)+(P—-1) (v,y)+ (5'2 —1)-(y,a)+ (B—-1)-(a,u).

The lift 1 ®p 1 in E%O of the generator of E2270 represented by
F=(b,z,t,v,y,d,u,a,y,v) is mapped as follows:

(1,CAC~ ) &y 1 — (1, CAC~ ) @ 1 (LCACT™) @y 1

+L,V YR, 1-(1L,V @1 . +(1L, VY @) 1
+(1,P)®y1—(1,P)®,1 -~ +(1, P) ®(v,y) 1
+(1,5%) ®a 1 — (1,5%) ®y 1 +(1,5%) ®(y,a) 1
+(1,B)®u 1 —(1,B) ®q 1 +(1,B) @(a,u) 1

ld@@)l

(CAC—1 —1) ®(a,b) 1

+(V*1 — 1) ®(b,v) 1 106
+(P-1) ®(v,y)1 <~ 1Q®Fp1
+(S%2 -1) ®(y,a) 1
+(B—-1) Qau) 1

The passage to E*. We attribute the symbols ¢, to the part of this sum lying in ©1 ®, Z

ty =—(1,CAC™N) @, 1,

ty (1 CAC™ )®b1—(1,V_1)®b L,
ty =LV He,1—(1,P)®,1,

ty = (1,P)®,1—(1,5?)®,1,

te =(1,8%)®,1—(1,B)®,1,

ty = (1,B)®,.

With the formula in our corollary [[3, we find the classes ¢, in H1(0, ®, Z) as follows:
As V™ IM =CAC ™ and Ty = (M| M?=1),

ty=[CAC @y 1 = [V @pl=[VIM@1— [V @1
gives the cycle

VV-IM - VV-1=M e (M| 2M =0)=H,(T};Z).
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AsV=!=PD and T, = (D| D?=1),
ty=[V " ®y1—-[P|®@y1=[PD]®,1—[P]®,1

gives the cycle

P-1PD - P-'P=D e (D| 2D =0)=2H(l,;Z).
As S? =BS7'BSand I', = (S7'BS| (S7'BS)?2=1),
te =[S ®q1—[B]®a1=[BS'BS]®,1 - [B] ®, 1
gives the cycle
B~'BSI!BS — B7'B=S"1BS € (S71BS| 2S5BS =0) 2 H(I'y;Z).
Finally, t, = [B] ®,, 1 gives the cycle
Be (B] 2B=0)~2H|(I'y;7Z).
The term Eg’l having no 3-torsion, the 3-torsion part ¢, +t, of the above sum makes no contribution
to the image of d. -
The 2-torsion part, ¢, + t, + t, + ty, equals the image
di 1 (Epe) + Eeran) + Eong) + By + L))

where , stands for the generator of Hy(I'y;Z) = Z/2. Hence it makes no contribution neither, and
we obtain d?(F) = 0.
The lift 1 ® (. 5.y 1 of the generator (c, s, c, z) is mapped as follows:

(1,cAC Y ®, 1

—(1,CAC ) @, 1 185 (1,CACT™Y) @(c,z) 1
+(17V71)®01 +(17V71)®(s,c) 1
—(1L, Vv hHes1

do®1

(CACT! = 1) @,y 1 106 1 g
HVT -1 T e

The passage to E*.  We attribute the symbols t, to the part of this sum lying in 0 ®, Z:

t, =(1,CAC H®,1,
te =1,V H®.1-01,CAC™Y) ®.1,
ts =—(L,V @1

With the formula in our corollary [[3, we find the classes £, in Hy (0, ®, Z) as follows:
t,=[CAC®,1

gives the cycle

CAC-1 e (CAC-1| 3CAC-1=0)=H\(T,;Z).
AsVIM =CAC  and T'. = (M| M?=1),
te=[V1®.1-[CAC®@.1=[V®.1- [V M &1

gives the cycle

VV-1_VV-1IM=—-Mc (M‘ oM = O> =M (FC;Z)'
Finally, 1
ls = _[V_ ] ®s 1

gives the cycle

Ve (V,W)=H(TyZ) =72
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The term E&l having no 3-torsion, the 3-torsion part ¢, of the above sum makes no contribution to
the image of d?.

However the 2-torsion part, . = M, passes to the . E?-page because no chain of edges can have
the single point ¢ as its boundary. Furthermore, V is one of the generators of the free part of
E§, = 77 & (Z/2)%, so we obtain d*((c,s,c,z)) = M 4V, which is of infinite order and has the
following property: There is no element 7 € E&l with kn = M + V for an integer £ > 1. As we have
seen that d(F) = 0, we obtain the quotient

Ej, 2Z&(Z/2)

Hence we obtain for integral homology the following short exact sequences:

(0 — (2/2)1 — H,(I;Z) — (Z/3)? — 0, q =4k +2,
0—(Z/2)7 - Hy(T';Z) — 0, qg=4k+1,
0—(Z/2)? - Hy(I';Z) — 0, q =4k +4,
0— (2/3)*® (2/2)1 — H,(T;Z) — 0, q=4k +3,
0—2Z®(Z/2)? - H(TZ) - Z® (Z/3)> DZ)2 — 0,
0—Z®(Z/2)* - H1(1;Z) — 72 — 0.

We will resolve the ambiguity of the extension Hy(I'; Z) by a reflection like the one on [15, page 587],
for which we have to recompute the spectral sequence with Z/2-coefficients.

3.1.6. The spectral sequence for m = 13 with 7Z/2-coefficients.
From [[[§, lemma 4.2(3)] we compute by elementary means that H,(Ss;Z/2) & Z/2,
H,(Z/2;7/2) 2 7/2 and H,(D2;Z/2) = (Z/2)? for all ¢ > 0. Also by elementary means, we get

0, q23,
H,(Z%Z/2) = {Z/Z =2,
(Z/2)?, q=1.

3.1.7. The E'-page with 7/2-coefficients.
We can apply the functor — ® Z/2 to the row ¢ = 0 and obtain in the columns p = 0,1, 2:

1 1

(z/2)" Ao (7.)2)* L (Z./2)*2.

The rest of this row are zeroes. The matrix d%,o has rank 16 and the matrix d%,o has rank 10.
In the rows with ¢ > 0, the differential d' is given by a single arrow diq from
By = (Hg(Z/2:2/2))7 & (Hy(Z/3;2/2))° = (Z/2)* to

Egq = Ho(Z%2/2) ® (Hy(Z/2%2/2))° & (He(D2; 2/2))* & (Hy(S3;2/2))",

and the rest of these rows are zeroes. For ¢ = 1, we have dj ; of rank 12 arriving at Ej, = (Z/2)'.
For ¢ > 3, we have diq of rank 13 arriving at Eé’q >~ (Z/2)'2*24. For q = 2, we have db of
rank 13 arriving at EOI’Q &~ (Z/2)'7. The only difficulty in seeing this is to compute the maps from
H,(Z/2;Z/2) to Hy(D2;Z/2) induced by the inclusions f : Z/2 — Dy. For this task we take the
resolutions of Z/2 = (t|t?> = 1) and Dy = (D,E|D? = E? = (DE)? = 1) proposed by [[§] and
compute the chain map induced by extending f to a ring homomorphism f : Z[Z/2] — Z[Ds]. We
can then apply the functor — ®z5 Z/2 to this chain map (where Z/2 is the trivial Z[G]-module for
G=1Z/2,Dy).
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3.1.8. The E?-page for m = 13 with 7Z/2-coefficients. We obtain in the rows with ¢ > 2 the E?-term

concentrated in the column p = 0,
a=z3 | (z/2)*"
q=2 (z/2)%,

and in the rows ¢ = 0, ¢ = 1 it is concentrated in the columns p = 0,1, 2:

g=1 (Z/2)* Z/2 0
X
q=0 z/2 (Z/2)? (Z/2)%.

Computation of the differential d%,o- The basis {(¢,s,c, z), F'} of E%,o with Z-coefficients induces a
basis of E2270 with Z/2-coefficients. The Universal Coefficient Theorem yields an isomorphism from
Hi(T4;Z)®27/2 to Hy(T'y; Z/2), which we will use to transfer the elements ¢, € Hy(I'y;Z) computed
in subsection to Hi(T'y;Z/2).

For dg’o((c, s,c, z)) the computation is as follows. As . generates Hy(T';;Z) = Z/2, it is transferred
to the generator of Hy(I'c;Z/2) = Z/2. Since ts can be completed with a second element to a Z-basis
of Hy(T's;Z) = 72, it is transferred to a nontrivial element of Hy(I'y;Z/2) = (Z/2)%. The element %,
vanishes because H; (I',; Z)®Z/2 = Z/3®7Z/2 = 0. The sum ¢.+1, is quotiented to a nontrivial element
on the E?-page because Hy(I'y;Z/2) is not hit by the d'-differential. So d3,({(c,s, ¢, 2))) = Z/2.
For d%O(F ), the computation is as follows. The 3-torsion vanishing when tensoring with Z/2, the
3-torsion part ¢, + t, of the sum makes no contribution to the image of d?>. The 2-torsion part,
ty +tq +t, + ty, equals the image

d%,l(t(b,c) + t(c”,a”) + t(%f) + t(f,h) + t(h7u/)),

where t,, 0 € {b,a,v,u,(b,c),(c",d"), (v, f),(f,h),(h,u")} is the generator of Hy(T'y;Z/2) = Z/2.
Hence it makes no contribution neither, and we obtain d?(F) = 0. Thus d%,o has rank 1.

Then, the E3 = E>®-page yields immediately

(Z/2)%1, ¢>3,
H,(T;Z/2) = {(2/2)6, q=2,
(Z/2)", qg=1,

and we use the Universal Coefficient Theorem in the form
Hy(I';Z/2) = Hy(T; Z) © (Z/2) @ Torf (Hi(T'; Z), Z/2)

to conclude, after an analogous computation with Z/3-coefficients,

(78 ® (2/2)?, q=1,
220 Z/A® (Z)3)*®Z)2, q=2,
H,(T;Z) = EZ;;Z@(Z/W’ qiil;%, k>0,
) q=4k+4, k>0,
(Z/2), g=4k+1, k>1,
(Z)2) & (Z/3)?, q=4k+2, k>1.
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3.2. m=5. " "
We will make use of the following matrices: b a :a2
() (7 )
w7 el )
O
— i<62_ww 5;_2:)7 )
which are subject to the relations UMU ™! = A, " “
UWS(UW)™' =8, WABW™! = MB and S = FIGURE 2. The fundamental do-

ABV. main for m =5

There are five orbits of vertices, with stabilizers

T, = (A, B|A2 = B2 = 1) @ Do,
(B,M|B? = M? =1) = D5,
e = (AB|AB%2 = 1) =17/2,

[y = (S|S% =1) = 7/3,

Ts =(V,W|VW = WV) =72

and identifications UW -a = a1, V"' -a=as, S>-a =ag, U-u = u; and UW - v = v;. There are
seven orbits of edges, with stabilizers

Tb,a) = (AB|AB? = 1) 2 Z,/2,

D(v,y) = (S1S% =1) 2 Z/3,

T(ag,u) = (MB|MB? = 1) 2 7/2,

Dup) = (B|B? =1) 2 Z/2,

Dy p) = (A|A% = 1) 2 Z/2;
(a,v) and (a, s) having the trivial stabilizer. There are three orbits of faces, with trivial stabilizers.
The above data gives the I'-equivariant Euler characteristic of X:

1 1 1 1 1
X)= 4 =42 =—2-4.2— - 43—

in accordance with remark [[7.

3.2.1. The zeroth row of the E'-page. This row identifies with the cellular chain complex of the
quotient complex I'\ X.

We obtain for the row ¢ = 0 in the columns p =0, 1, 2:

Z5 d%,o Z7 d%,o Z3

where 1 is the only elementary divisor of the differential matrices, with multiplicity four for dio, and

multiplicity two for d%p. The homology of I'\ X is generated in degree 1 by the loop represented by
the edge (v,v1), and in degree 2 by the quotient of the face (as, s, a,v), which is homeomorphic to a
2-sphere.

3.2.2. Odd rows of the E'-page. We start by investigating the morphism

1

2 5, % 4
72°®7/3® (Z)2)° ——Z/3® (Z/2)
and the morphism

Z)3® (Z)2)7* e Z./3 & (Z)2)*
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for ¢ > 3. On the 3-torsion, d%,q is zero.
On the 2-torsion, d%’q it is given by the matrix

(ba) (az,u) (u,b) (u1,b)

a 1 —1 0 0

b | -1 0 0 1

(dl,q)(2) ~— b | -1 0 1 0
u 0 1 -1 0

u 0 1 0 -1,

where we fill in q;—l zero rows into each dotted line, except that in the columns with a “-1” both

above and below the dots, we write “-1” into all entries of this column which are between the two
“_177 7S.
Thus dil has rank 3 and d%,q has rank 4 for ¢ > 3.

3.2.3. Even rows of the E'-term. There is a zero map arriving at E&Q ~ 7.0 (Z/2)2.
For ¢ > 4, there is a zero map arriving at E&q > (Z/2)4.
The rest of the El-page are zeroes.

3.2.4. The E?-page for m = 5.
In the rows with ¢ > 2, the E?-page is concentrated in the columns p = 0 and p = 1:

q >4 even (z/2)2 0
¢>30dd | (Z/2)1e®2Z/3  Z/3
qg=2 7 (Z/2)? 0

Its lowest two rows are concentrated in the columns p =0, 1, 2:

g=1 729 (Z/2)* 0 7Z/3 Z/267Z/3 0
\
q=0 Z Z 7

Let us compute the only nontrivial d?-arrow. The generator of E%,o comes from the 2-cell (ag, s, a,v).

Among its vertices, we have the identifications S?-a = ag and V™! - a = ag, where the matrices V of
infinite order stabilizes the singular point s, and the matrix S of order three stabilizes the point v.
The lift 1 ®(qy,5,a,0) 1 of the generator of E2270 is mapped as follows in the E%-page:

(V7171) ®s 1_(V7171) Ra 1 1®6 (Vﬁlvl) ®(a s) 1
- ,
+(1,5%) @1 - (1,5%) ®a 1 +(1,5%) ®(a,0) 1

ld@@l

1®@s) 1=V 1 ®u@sl 183 1
? ’ <~ 1®ay,s,a0) 1
+S2 ®(a,v) 1—1 ®(a,v) 1 (a2,s,a,v)

It passes to
(V,25,AB) € (V,W) & (S35 = 0) @ (/2)* = Ej ,,

which is of infinite order and has the following property: There is no element 7 € E&l with kn =
(V,2S, AB) for an integer k > 1. So,

Eg,2Za(Z/2?aL/3.
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Thus the E°°-page yields the following short exact sequences:
0— (Z/2)1 - Hy(T;Z) — Z/3 — 0 q = 4even,
0— Z/3& (Z/2)% — He(T;Z) — 0 g >3 odd,
0—Z®(Z/2)% - Ha(T,Z) — Z/3®Z/2 — 0,
0—Z®Z/3d(Z/2)?> - H(T;Z) — Z — 0.
(z/2)* g=1,
To resolve the ambiguity of the extension Hy(I';Z), we compute Hy(I';Z/2) = < (z/2) q=2, and
(Z/2)*7' =3
get the result
7’0 7/3®(Z)2)? q=1,
HT;Z) 2 Z®Z/ABL/3DL)2 q=2,
Z]3® (Z)2)1 q=3.

Remark 20. There are the following checks of the computations we made. Let us look at the low
term short exact sequence

p

0 Eg,ol Tab E(l)% ——=0

of the spectral sequence. We have ETf = Hi(I'\X) = (71 (T\X))?P, and the projection p is the
abelianization of the map I' — 71 (I'\ X) given as follows. Choose a fixed base point x € X. For every
v € T', choose a continuous path in X from x to yx. This gives a well-defined loop in I'\ X since X
is contractible. As Floge shows, an inspection of the complex X and the associated stabilizer groups
and identifications yields, together with [fl, theorem 4.5], a presentation of I' by means of generators
and relations. In order to get I'®P| we use the presentation computed by Floge for m = 5,6, 10, and
the presentation computed by Swan [[[§ for m = 15. Then, we compute the group Efq = Eg”l as the
kernel of the projection p.

For m = 5, this check looks as follows.

the quotient space being free, only the parabolic elements U and V' can define nontrivial loops in the
quotient space. The element U generates a nontrivial loop, whilst V' generates a trivial loop.

So it follows that Eg9 = Z & (Z/ 2)2 @ 7Z/3, generated by V, A, B and S. This is consistent with the

computation above, involving the detailed analysis of the d?-differential.

3.3. m = 10.

We will use the following definitions:

A::i(l _1)’ B_i(gw i)

c=x(Ty0 020 pe(UR0TL)

R =]

s ) el )

V::i<1—w 5 ) - :i<11 5w) yl
2 1+w)’ 2w —9)° WL

Y::i<w;2 2:—5w)' i

FIGURE 3. The fundamental do-
main for m = 10
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The matrix U acts as a vertical translation by —w on this fundamental domain. There are nine
orbits of vertices, labelled a,b,r,u,v,w,z,y,s. We have the following identifications: UWa = aq,
Wa =ay, Va=ua3; S w=wv, U'Dv=w; Dw=w, U''Dw=wy; Db= b,
Cb=by; Dr=ry; UWazx=uz1. The stabilizers of the vertex orbit representatives are

s = Tpy=(R| R =1)>17/3

Iw = (S|83=1)=217/3,

r, = <A,L|A2:L2—(AL2—1> Ds,
I'v = (A B|A?2=B2=(AB)2=1) 2Dy,
r. = (C|C?*= 1> ~7/2,

I'nv = (AB|(AB)?=1)~17/2,

I'. = (B|B2=1)27/2,

s = (V,W|VW=WV)=xz2

There are fifteen orbits of  edges, labelled (b,v), (r,w), (b, 1), (v,w), (ag,ws),
(y7 Tl)? (‘Tﬂ a’)? (ua y)? (a7 b)? (u7 U)v (a7 3)7 (w, bl )7 (7’, 1)2)7 (y7 xl)a ((L’, u)

Amongst their stabilizers only

Dlagws) = Lay=WTILW =(W™IRW | (W-IRW)3 =1) 2 Z/3,

Tap = Ta=Ty=(R|R=1)=7/3

Twpy) = Top =Tw={(S|5%=1)27/3,

Ly,r) = Ty, =DI''D™ 1—<AL DCD=1| (DCD1)? =1) = 7/2,
(u,v) = T.=(AB|(AB)?=1)=2=17/2,

F(T7”2) = Ty =Ir= <C‘ 02 = 1> 7/2,

Ly,z1) = le = UWPx(UW = <L| L? = 1> ~7/2,

Ciu,y) = (A|AZ=1)= Z/z

are nontrivial. Furthermore, there are seven orbits of faces, with trivial stabilizers.
With the above information on the isomorphy types of the cell stabilizers, we get the I'-equivariant
Euler characteristic of X:
1
X)=3--+2- —+3 ——3 ——6 ——6+7—0
in accordance with remark [[7.

3.3.1. The row q = 0 in the E'-page for m = 10.
We obtain for the row ¢ = 0 in the columns p =0, 1, 2:

1 1
dl,() d2,0

ZQ Z15 Z7
where 1 is the only elementary divisor of the differential matrices, with multiplicity eight for d%,o’ and
multiplicity five for dio. The rest of this row are zeroes.

3.3.2. Odd rows of the E'-term.
For odd ¢, the morphism

o€\ X0 oer\x!
is for ¢ > 3 of the form
(Z/3)° ® (2/2)7° — (2/3)° ® (2/2)°.
For ¢ = 1, we have to add Hy(I'y) = Z2 on the target side of the morphism diq, but the incoming
torsion must reach it trivially.
On the 3-primary part, d%,q is given by the matrix
| (a,b) (Dbyw) (Wa, U 'Dw)
-1 0 —1
(di DB = Z; 0 1 1
bl o1 -1 0.
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This matrix has rank 2, so its image is isomorphic to (Z/3)? and its kernel is of type Z/3.
On the 2-primary part, d%,q is for odd ¢ given by the matrix

@) () (hv) @) (@w  (wy)
u 0 —1 0 0 0 —1

0 —1 0 0 1 0

1 oy -1 0 0 0 1
(digoy= 7| . . . .
y| -1 0 0 —1 0 0

x 0 0 0 1 —1 0

r 1 0 -1 0 0 0

v 0 1 1 0 0 0,

where, as in the computation for m = 13, we fill in ‘12;1 zero rows into each of the two dotted lines,
except that in the columns with a “-1” both above and below the dots, we write “-1” into all entries
of this column which are between the two “-1”’s. The above matrix (diq)@) has rank 5 for ¢ = 1,
and full rank 6 for ¢ > 3.

3.3.3. The rows with q even. These rows are given by zero maps into @ Hy(T',) = (Z/2)? for
o€\ X0
q > 2, respectively into @ Ha(T,) = Z & (Z/2).
oel’\ X0

3.3.4. The E?-page for m = 10.
In the rows with ¢ > 2, the E?-page is concentrated in the columns p = 0 and p = 1:

q >4 even (z)2)1 0
q >3 odd (z)2)17Z/3 7/3
qg=2 7® (2/2)? 0

Its lowest two rows are concentrated in the columns p = 0,1, 2:

g=1 723 (2/2)? ®Z/3 Z/27Z/3 0
\
q= 0 7 ZZ ZZ

3.3.5. Computation of the differential d>.

The generators of the abelian group E2270 =~ 72 are represented by the 2-cell (a, s, a3, ) and the union
of two 2-cells (v1,be,7,b,v,w), whose quotients by I' are homeomorphic to 2-spheres. On the vertices
of (a,s,as, ) , we have the identifications B -a = ag and V - a = a3, where the matrix B fixes z and
the matrix V fixes s. For (vy,be,r,b,v,w), we have the identifications of vertices Cb = by, Cr = r,
52y = vy and S?w = w; and we pay particular attention to the matrix CR = S2AB identifying the
edge (b,v) = (by,v1). Thus the only nontrivial d?-arrow is induced by

d((a,s,a3,x)) = (a,s) +V - (s,a) + B - (a,z) + (z,a)

and

§((v1,b2,7,b,v,w)) = (b,7) — C - (b,r) + CR - (b,v) + S*- (v,w) — (v,w) — (b, v).
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The lift 1 @y, py,rbv,w) 1 of the generator obtained from (v1, ba, 7, b, v, w) is mapped as follows:

(C, 1) Rr1— (07 1) ®p 1 186 (Cv 1) ®(b,'r) 1
+(1,CR)®v1— (1,CR)®p1 <=<———— +(1,CR) ®pp 1
+(1,5%) @w 1 — (1,5%) @y 1 +(1,5%) ®(v,uw) 1

ld@@)l

1@, 1 =C 4,1 106
FOR®p0) 1 =18(h,0) 1 <~—— 1 @@iba.rbww) |
+52 ®(U,w) 1-1 ®(v,w) 1
We obtain d3 o(((v1,b2,7,b,v,w))) = Z/3.
The lift 1 ®(q,5,a5,2) 1 of the generator obtained from (a, s, a3, ) is mapped

(V,1) ®s1— (V,1) ®q 1 186 (Vo1) @) 1
+(1,B)®: 1 - (1,B) ®a 1 +(1,B) ®(a,x) 1

ld@@l

1®@,5 1=V ®a,sl 195 .
’ ’ - 1®sa 1
+B Qa,0) 1 =1 ®(q,2) 1 (a,s,a3,x)

We attribute the symbols ¢, to the part of this sum lying in 0 ®, Z,

ts = (V,1)®s1,
te = (1,B)®z1,
ta = —(V,1)®al—(1,B)®a L.

We find the class T, = —V € (V, W) = I'* = H('y; Z) = Z2, which is a generator of the free part
of Ej,. It can not be the image of a torsion element from Ej ; = (Z/3)* @ (Z/2)*. Therefore, it is
preserved when passing from E0171 to E&l. The cycles ¢, and ¢, are torsion, so the fact that ¢4 is a
generator of the free part determines that the image d%o(((a, s,as,x))) is of infinite order and has the
following property: There is no element n € E§ | = 7* & Z/3 ® (Z/2)* with kn = d3 4({(a, s, a3, x)))
for an integer k > 1. Together with the isomorphy d3 o({(v1,ba,7,b, v, w))) = Z/3, we obtain

B}, =L & (Z/2)
Thus the E*°-page gives the following short exact sequences:

0—(2/2)1 - Hy(I';Z) — Z/3 — 0, forq > 4 even,
0—2Z/3&(2/2)7 — Hy(T;Z) — 0, forqg > 3 odd,
0—-2®(2/2)? - Ha(T52) - ZDZ/3DZ/2 — 0,
0—Z®(2/2)? - Hi(T;Z) — Z? — 0.

From here, we easily see the results,
Z3®(Z/2)27 q=1,

Hy(DiZ) = 2 © LA L/3® L/2, q=2,

Z]3 (Z/2)1, '

L

except for the ambiguity in the 3-torsion and the 2-torsion of the short exact sequence for Hy(T'; Z).
(Z/2)?1', ¢>3

To resolve it, we compute H,(I'; Z/2) = {(2/2)6, q=2, and also homology with Z/3-coefficients.
(Z/2)57 q=1,
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Remark 21. For m = 10, the check introduced in remark P takes the following form. The abelian-
ization is the group

The elements of infinite order are D, U and W. The elements U and U~'D give the cycles generating
H;(P\X), whilst I generates a trivial loop. So it follows that Eg§ = Z ® (Z/2)?, generated by W, A

and B. This is consistent with the computation above.

3.4. m =6.
The matrix U := +(!%) performs a vertical
translation by —w of the fundamental domain for
I". The following matrices occur in the cell stabi-
lizers.
-1 —-1-w 2—-w
A:::I:(1 ), B:::I:( 9 1+w)’ .
o —w S—w . -1 by /
res(T000) s==(0 ), g
l-w 3 7 3w FiGURE 4. The fundamental do-
V=% , W .=+ . .
( 3 1+W) (2W —5) main for m = 6

There are five orbits of vertices, labelled b, a, u, v, s, with stabilizers

I'v = (B,S| B2=5%=(BS)® =1) = Ay,

I'v = (B, R|B?=R}=(BR)?=1)= A,

Iy, = (UBU-L S| (UBU1)2=53=UBUT1S)% =1)= Ay,
I'a = (SB|(SB)?}=1)~17/3,

I'a, = (RB|(RB)®=1)217/3,

Iy = (AlA2=1)27/2,

rs = (V,W|VW=WV)==z2

and identifications UW -a =a1, W-a=a9, V-a=a3, A-a=a3, UW -b=b; and U - v = vy. There
are seven orbits of edges, labelled (b,a), (a, s), (a,u), (u,v), (az,v), (b,b1) and (u,v1), amongst whose
stabilizers only

Layey = (RB|(RB)®=1)=Tq, 27/3,
Dluwy = (S18%=1)=17/3,

(a,u) = <SB‘(SB)3:1>:FG%Z/37
P,y = (B|B*=1)=7/2,
F(b,bl) = <A‘A2:1>:Fb:1—‘b1§z/2

are nontrivial; and three orbits of faces with trivial stabilizers. The above data gives the I'-equivariant
Euler characteristic of X:
1 1 1 1 1 1 1 1 1
X)=—+—+-+--1-1—-=—=—=-—— —— =
) =5 rntyts 373 3 3 37°70

in accordance with remark [[7.
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3.4.1. Zeroth row of the E'-term.

We obtain in the columns p = 0,1, 2:

75 di o 77 d3 0 73
where 1 is the only occurring elementary divisor of the differential matrices, with multiplicity four
for dio, and multiplicity two for d%,o' The homology of this sequence is generated by the cycle (b, b;)

in degree one and by the face (a, s, as,b) in degree two.

3.4.2. Even rows of the E'-term.
The even rows are the zero map to Ef, = Z @ (Z/2)?, and to Ej,, = (Hy(A4))? for the degree g > 4.

3.4.3. Odd rows of the E'-term.
The map d%,q is on the 2-primary part induced by the inclusion of I, ,) = Z /2 into T, and T',, which
are of isomorphy type A4. By [[5, lemma 4.5(2)], every inclusion of Z/2 into A4 induces injections
on homology in degrees greater than 1, and is zero on H;. So the morphism
dl
2 ®7/20 (Z)3)° —— (Z/2)* & (Z/3)*
has Z/2-rank 0 on the 2-primary part, and
1

d
Z[3DLI2® (He(Ar))* " (Z/2)" © (Z/3)*
in the odd rows of degree ¢ > 3 has Z/2-rank 1 on the 2-primary part.

On the 3-primary part, d%’q is for all odd ¢ given by the following rank 2 matrix.
| (@) (a2,v) (u,v1)
1 a| —1 —1 0
g = | 1 0 -1
v| 0 1 1.

In order to determine it, we make use of the following facts.

First, by [, lemma 4.5], each of the occurring group inclusions induces an injection in homology.
So we have to determine the relative positions of the images coming from the edges in each direct
summand over the points. In order to find out if cancelling occurs between terms with positive and
negative signs, let us look at the following diagram. The symbol AW denotes the isomorphism given
by conjugation with W, § denotes an inner automorphism, ¢ denotes any canonical inclusion, and the
arrows emanating from Z/3 are labeled with the image of the canonical generator.

L

Applying homology H, for odd ¢ and taking into account that the fact that inner automorphisms
act trivially on homology, we get a similar slightly smaller commutative diagram. Omne can then
unambiguously identify all occurring groups Hy(Z/3) = 7Z/3 and its images in Hy(A4) with the
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“abstract” Hy(Z/3) = Z/3 in the middle. This gives a basis for the 3-primary parts of the source and
a subspace of the image. In this basis, the 3-primary map is given by the following matrix, followed
by an injection which does not influence the homology.

3.4.4. The E?-page for m = 6.
In the rows with ¢ > 2, the E?-page is concentrated in the columns p = 0 and p = 1:

q=6k+2,q>8 (7./2)2k+2 0
g=6k+1,q>7| (Z/2** ©7/3 Z/2®7Z/3
q=6k+6 (Z/2)%F 0
qg=6k+5 (z/2)**+* a272/3 Z/2®7Z/3
q=6k+4 (Z.)2)%* 0
q=6k+3 (Z/2)* T2 o z2/3 Z/207/3
q=2 Z®(Z/2)? 0

Its lowest two rows are concentrated in the columns p = 0,1, 2:

g=1 72 7/2®7/3 (Z/2)? ®7/3 0

3.4.5. The E3 = E*-term. For the calculation of the d?-differential, we have

é(a, s, a3, b) = (as, s) + (s,a) + (a,b) + (b, a3)
=(V-a,s)+ (s,a) + (a,b) + (b, A - a)
=V-(a,s)—(a,s) — (bya) + A- (b,a),
(1®0)(1®usas0) 1) =1®v(a) I = 1®a,6) 1 =1 @) L +1®A.(3a) 1
=(V-1) ®(a,s) 1+ (A-1) ®(p,a) 1
= (do ®1) (1,V) @(ae) 1+ (1, 4) @ p.a) 1)
= (do ® 1) ([V] ®(a,5) 1 + [A] @b, 1) -

We then get
(128) ([V] ®(a,) 1+ [A] Oy 1) = [V] @5 1 = [V] @4 1 + [A] @0 1 — [A] @5 1.

As [V] ®s 1 and [IW] ®s 1 represent the generators of the torsion-free part of E&l ~72D7/2®7)/3,
we see that the above computed element of E8,1 represents an element v € E8,1 of infinite order

with the following property: There is no element 7 € Eal with kn = v for an integer k£ > 1. So,
E§, =76 7L/3¢7/2 and E3; = 0.

3.4.6. The short exact sequences.
We thus obtain for integral homology the following short exact sequences:

0— (2/2)%%12 - H (T;Z) —» Z2/38Z/2 — 0, q=6k+2,¢q>8

)
0— (2/2)** ®Z/3 — Hq(T';Z) — 0,
0— (2/2)%F — He(T;2) - Z/3BZ/2 — 0,
)
)

qg=6k+1,¢>7

q = 6k + 6,
0— (2/2)?**t4 ©Z/3 — Hy(T;Z) — 0, q=6k+5,
0— (Z/2)%* - Hy(T;Z) — Z/3 D Z/2 — 0, q=6k+4,
0— (2/2)?*2 @ 7/3 — Hy(T;Z) — 0, q=6k+3,

0—-Z® (Z/2)2 — HQ(F;Z) — Z/3@ (2/2)2 — 0

0—>Z@Z/3@Z/2—>H1(F;Z)—>Z—>O,
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Summarizing, we obtain:

7°D7L/3®1L)2, g=1,
ZRZL/ABTLI3D(Z)2)?, q=2,
7./3 @ (Z)2)%+2, q = 6k + 3,
H, (T 2) = Z/3 & (Z/2)* 11, q=06k+4,
R Z/3® (Z)2)%k+4, q=6k+5,
7./3 @ (Z)2)%+1, q = 6k + 6,
7./3 @ (Z.)2)%, q=6k+1,¢>71,
7./3 @ (7.,)2)%++3, q=06k+2 q=>8.

We easily see these results except for the ambiguity in the 3-torsion of the short exact sequence for
Ho(T;Z) and in the 2-torsion for all even degrees. To resolve it, we compute

((2/2)3, q=1,
(z/2)°, q=2,
(Z)2)*+5, g =6k + 3,

~ ) (z)2)*+3 = 6k + 4,
HQ(R Z/2) = EZ;2;4I€+Q Z = 6k+5,
(Z/2)4k+° q = 6k + 6,

(Z)2)*=2, q=6k+1,¢>7
\ (Z/2)4"+3 q=06k+2,q>8.

and also homology with Z/3-coefficients.

Remark 22. For m = 6, the check introduced in remark P takes the following form. The abelian-
ization is T2 = (A,R,U,W :2A = 0,3R = 0). The parabolic element U gives the cycle generating
H;(T'\ X), whilst the parabolic element W generates a trivial loop in the quotient space. So it follows
that E5G 2 Z®Z/2®Z/3, generated by W, A and R. This is consistent with the computation above.

3.5. m = 15. We have OQ[\/—Ts] = Z[w] with w := —1 + 2/=15.

Writing I' := PSLo(Z]w]) and ¢ 0
-1 -1 4 —1-2w
A:::I:(1 ),S:::I:(1 1), C:::I:<1+2w 4 ), .
34w —3—2w 1 1+w P N
T:::I:(_l_2w , U::j:( ) ) 3
1-2w 33— —1—-2w 4
Vz:i( 3+2w WZi( 44w —1+2w)’
we have the identifications U~1A - (0, c) = (0, ), ’ ‘
T (a,b) = (d,b), W - (s,/)) = (s,b), and FIGURE 5. The fundamental do-
V1. (s,a) = (s,d). main for m = 15

There is no identification between the edges (b,¢) and (b,¢’), nor between the edges (a,0) and
(a’,0"). Thus the quotient by the I'-action is homeomorphic to the sum of a Mobius band and a 2-
sphere, with a disk amalgamated. There are five orbits of vertices, labelled o, a, b, ¢, s, with stabilizers

I'v = Ta = (A|A2=1) =~ 7/2,
. = Iy, = (S]8=1) =~ Z/3,
s = (V\W|VW=WV) = Z2



26 RAHM AND FUCHS

There are eight orbits of edges, labelled (0,a), (¢,d),(a,s), (a,V'), (b,s), (b,c), (b',c) and (o,c),
amongst whose stabilizers only

F(O,a) = <A‘ A2:1> = Fo = Fa o Z/27
Doray = (VTIAV|(VT1AV)? =1) = Ty = Ty = Z/2
F(b,c) = <S‘ 53 :1> = Fb = FC o Z/37
T,y = (UTTASATWU| (UT'ASAIUP =1) = Ty = To = 1Z/3

are nontrivial; and four orbits of faces with trivial stabilizers. The above data gives the I'-equivariant
Euler characteristic of X, in accordance with remark [[7:

1 1 1 1
X)=2--42--—-4-2-——-2--+44=0.
xr(X)=2-5+23 5 237
3.5.1. Zeroth row of the E'-term.
We obtain in the columns p = 0,1, 2:
Z5 d%,o Z8 d%,o Z4

where 1 is the only occurring elementary divisor of the differential matrices, with multiplicity four
for d%’o, and multiplicity three for d%,o- The homology of this sequence is generated by the cycle
(0,a) + (a,b') + (V',) + (¢, 0') in degree one and by the cycle (a,s,b") — (a/, s,b) in degree two.

3.5.2. Even rows of the E'-term.
The even rows are the zero map to E&Q = 7, and to Eé’q =0 for ¢ > 4.

3.5.3. Odd rows of the E'-term.
The maps

(@27 & 231 < (2127 & (2/3)?

for ¢ > 3, and
1

d
72 ® (Z)2) & (Z/3)* — (Z/2)* & (Z/3)*
are on the 2-primary part induced by the identity maps I', 4y = T'o =Ty and I'(yr oy = 'y = . So,
we obtain the following rank 1 matrix for the 2-primary part:
| (0,@) (o'a)

-1 -1
1 1

(dig)e) ="a

o

On the 3-primary part, they are induced by the identity maps I', ) = I'y = I'c and I'(yy o) = Ty = T'ev.
So, we obtain the following rank 1 matrix for the 3-primary part:
| (be) (¥.¢)
-1 -1
1 1

(d%,q)(i’)) =0

[

3.5.4. The E?-page for m = 15.
In the rows with ¢ > 2, the E?-page is concentrated in the columns p = 0 and p = 1:

q>4 even 0 0
qg=>3 odd |Z/2®7Z/3 Z/2BZ/3
q=2 Z 0

Its lowest two rows are concentrated in the columns p =0, 1, 2:

g=1 2 ®L/287/3 7/2®7/3 0

2

q=0 Z VA Z
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3.5.5. The E3 = E*-term. For the calculation of the d?-differential, we have
5 ((a,s,b") — (a’,5,b)) = (a,s) + (s,0") + (b',a) — (a’,5) — (s,b) — (b,a’)
=(a,s)+ WL (s,0)+ ¥ ,a) = VL (a,8) = (s,b) =T - (V,a),
(1®6)(1 ®as,b)—(ar,sp) 1) = —(V 1 = 1) ®(a s) I+ W = 1) Q) 1= (T = 1) Q) 1
=(do®1) (—( N ®as) 1+ AL, W @1y 1= (L,T) @ a) 1)
=(do ®1) (-] 1] Ra,s) L+ W ® ) 1= [T] ®pr,a) 1) -
We then get
185 (—[V N @) L+ W @ty 1 = [T ®pr 0y 1) = [V ®al—[V @ 14+[W @1 [W @ 1+ [T]®p 1—[T]®a 1.

As the generators of the torsion-free part of E&l =72 7/2 P Z/3 are represented by —[V 1] @, 1
and —[W ™! ®, 1, we see that the above computed element of E871 represents an element v € E&l of

infinite order with the following property: There is no element n € Eg’l with kn = v for an integer
k>1. So, E§ | 2 Z®Z/3®ZL/2 and E3, = 0.

3.5.6. The short exact sequences.
We thus obtain for integral homology the following short exact sequences:

0—Z—He(IZ) - Z/2®Z/3 — 0,

0—Z/2®Z/3 — Hy([;Z) — 0, >3,
0> Z&2/202/3 — H(T;Z) — Z — 0.

We obtain:
72O Z/3®TL)2, q=1,
H,(T;Z) 2 Z®Z/3D )2, q=2,
Z/3®ZL)2, q=3.
We easily see these results except for the ambiguity in the 2-torsion and 3-torsion of the short exact
sequence for Hy(T'; Z). To resolve it, we compute homology with Z/2- and Z/3-coefficients,

. ~ (Z/2)3, q=1lor2, . ~ (Z/3)3, q=1lor2,
Hy(I32/2) = {(2/2)2, q>3. Hy(T32/3) = {(2/3)2, q>3.

and then use the Universal Coefficient Theorem to compare.

Remark 23. For m = 15, the check introduced in remark P(] takes the following form. The abelian-
ization is I'*P = (AS,C, U : 6AS = 0). The elements of infinite order U and C~! give the same cycle,
which generates Hy(I'\X). But the element U~'C~! also has infinite order, and generates a trivial
loop in the quotient space.

So it follows that E§S = Z @ Z/2 ® 7./3, generated by U~1C~! and AS. This is consistent with the
computation above.

4. APPENDIX: THE EQUIVARIANT RETRACTION

In this section, we give Floge’s proof of the existence of a retraction p from H to the cell complex
X*®. We do not show the fact that p is I'-equivariant, which can be observed since the fibers of p are
geodesic arcs.

~

Theorem 24 ([f], theorem 6.6]). X is a retract of H, i. e. there is a continuous map p : H — X
such that p(p) = p for allp € X.
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The map p Is first defined as the orthogonal projection 7 from B to OB , and is then continued to
the whole of H by I'. Bianchi [[] has shown that a nearly strict fundamental domain for the action
of I' on ‘H can be chosen in the form of a Euclidean vertical column D inside B. Define

D:={(z;r)eB | 0<Re(z) <1, 0<Im(z)<vm},
and denote by S the set of singular points in D. Finally, D := D-85.

Remark 25 ([fl], D is I-normal). For every p € H, there exists a neighborhood U of p in H such
that there are at most finitely many g € T' with gD N U # ().

We will use the following lemmas to prove the theorem P4.

Lemma 26 ([, lemma 6.5]). For any subset A C D which is closed in H and any p € H, there exists
an open neighborhood U, of p such that we have for all g€ T:  gANU, # 0 if and only if p € gA.

Proof. By the above remark, there is a neighborhood U of p in H for which {g e T'|gDNU # 0} is
finite. So especially its subset
Io:={gel|gANU#0 and p¢gA}

is finite. Therefore, A being closed, |J g¢A is closed in H. Thus U, := U — ( |J gA) is open in H
g€l, g€l

and satisfies to the requested condition. O

Lemma 27 ([f], lemma 6.3]). There is an g > 0 such that for all singular points s,s' € S, for all

e <eg and g € T we have the following statement:  gU-(s) NU(s") # 0 implies gs = 5.

For class number two, as we obtain a fundamental domain for the action of T' on H (stricter than

ﬁ) containing just one singular point, this lemma states only that I' acts discontinuously on H (with
respect to its topology which is finer than the subset topology of R3); and we skip Floge’s proof which
is useful for class number three or greater.

Lemma 28 ([, lemma 6.4]). There exists an £1 > 0 with the following property:
If e <ey and (z,7) € D with r < e, then there is an s’ € S such that (z,7) € Us(s').

Floge draws the following sketch of the situation in a vertical half-plane, which we reproduce here
with his kind permission:

r=_0
He gives only some hints on the proof, which we want to make slightly more explicit here.

Sketch of proof. We consider the Euclidean geometry of the upper-half space model for H and write
coordinates in CxRZ° . Denote by ; the “height of the lowest non-singular vertex”, more precisely the
minimum of the values r > 0 occuring as the real coordinate of the non-singular vertices (z,r) € H of
the fundamental domain p(ﬁ) for T'. Then {(z,7) € D |7 < e1} consists of one connected component
for each singular point s’ € S. We will denote by IA)Sr the cgnnected component containing s’. Now
fix s/ € S. There are finitely many hemispheres limiting D from below and touching s’. We will
consider the situation in a vertical half-plane containing s’. The most critical vertical half-planes
for our assertion contain the intersection arc of two such hemispheres, because the other vertical
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half-planes contain circle segments of dD of greater radius. The intersection of two non-identical
Euclidean 2-spheres which have more than one point in common, is a circle with center on the line
segment connecting the two 2-sphere centers. Thus the intersection of the two hemispheres mentioned
above is a semicircle with center in the plane r = 0 . Denote by ( the radius of this semicircle. Then
€1 < (, because an edge of our fundamental dgmain, connecting s’ with a non-singular vertex, lies
on this semicircle. Now it is easy to see that Dy is a subset of the truncated cone obtained as the
convex envelope of s’ and the horizontal disk with radius ¢ and center (s,¢). We conclude that for
all £ < &1, £ > 0, the set {(z,7) € Dy |r < €} is a subset of the horoball Us-(s'). So we have seen
that €1 has the property claimed in the lemma. O

Proof of theorem [24. For any (z,r) € D there is a unique 7, > 0 such that (z,72) € DNoB =: G,
in fact r, = min {' : (z,7') € D}. We can thus define the map 7 : D — G by w(z,r) = (z,7,).
The map 7 is continuous with respect to the subset topology of R3, and by [f, corollary 5.10] also
with respect to the topology of H. Furthermore, we have w(p) = P for all p € G. We now extend
T to a map p : H — X as follows. Because of {( ) bGR} D= G we find for any p € H a
~v € T such that v(p) € D. We set p(p) := v 1 omoy(p). In order to show that this makes sense, we
have to show that p € y"'D N ¢~1D implies v ' o7 o v(p) = €L omo&(p), where v, £ € I'. We have
&(p) € &y~1D N D, then Y E(p)) = v(p) € DN~¢1D, and either &(p),~(p) are both from G, or
both from D N B°. In the first case, it immediately follows that vy~ o7 o~(p) = 1 omo&(p) = p,
and ¢! o &(p) = p. In the second case, we have by [}, lemma 3.4] that if v~ = (Cc” Z), the entry c
must vanish. So v¢~! is the product ( ) (1 db) Both of the latter two matrices commute with 7
since any such element ( satisfies (83) 8B and ¢ maps vertical half-lines to vertical half-lines.
So we have (y¢ oo &y Hp' = mp for all p € D with &y~ e D and then it follows that

Elomol(p)=yeq(E  omol)y v(p) =7 omory(p) =7 omor(p).

Thus, p is well-defined. Furthermore, 7(p) = p for all p € G implies p(p) = p for all p € X. It remains
to show that p is continuous at any p € H.

1st case. In the case p € H, by lemma R6, p has an open neighborhood U, such that: for any v € I', we
have YU, N D # () <= ~(p) € D. Furthermore, the set {y € I : y(p) € D} is finite [, remark 3.6],
say 71, --,%n- Let now V be an open neighborhood of p(p). Because of the continuity of all %-,72-_1
and the continuity of x : D — @, there exist neighborhoods U; of p such that ~; Loro ~i(U;) C V.
Note that for all 7; we have ;' o w0 yi(p) = p(p). Setting U := U, N (N}, U:), we have p(U) C V,
i. e. p is continuous at the point p.

2nd case. In the case p € H N C, let €p, €1 and €5 for s € S be positive real numbers as in lemma P7,
lemma P§ and [J, lemma 5.9]; and let € > 0 be less than the minimum of ¢, €1, €5 for s € S. Because
of {(1%):beR}- D = G, there exist s € S, ¢ = (2b) such that fs =p and by [0, remark 5.5(a)],

we have ¢U(s) = U__<__(p). Let us now show that p(U__<__(p)) C Usc(p). Let p/ € U (p) and

les—d|2 les—d|?
let v € T with vp/ € D. Then ,o( "= 7_1 omov(p'). By [[, remark 5.5(b)], applied to s and 7{ it
follows that yp' = v&£(671p') € U. (v¢s) = (’yp) and by [0, remark 5.6] all conditions of lemma
are satisfied. So there is an s’ € S such that vp' € Usc(s'). ThlS means that v&(Uae(s)) N Uae(s') # @
and by lemma @ it follows that s’ = v¢s = yp. Let us now consider vp’ again.
Since vp’ € Uc(yp)) = Ud(s') = Ue(s') and n(Ud(s')) C Ue(s'); and by [, lemma 5.9] we have
Ud(s') N B C Use(s'). So mo~p € Use(s'). By [, remark 5.5(b)] it finally follows that

p(p) =7 omonp €y Us(s)) C Use(v71s) = Une(p),

and we are done. O

1



30

(14]
(15]

(16]

RAHM AND FUCHS

REFERENCES

Herbert Abels, Generators and relations for groups of homeomorphisms, Transformation groups (Proc. Conf., Univ.
Newcastle upon Tyne, 1976), Cambridge Univ. Press, Cambridge, 1977, pp. 3-20. London Math. Soc. Lecture Note
Series, No. 26. MR 0474339 (57 #13985), Zbl 0344.57014
Bill Allombert, Karim Belabas, Henri Cohen, Xavier Roblot, Ilya Zakharevitch, and the PARI group, PARI/GP,
specialized computer algebra system. Freely available at http://pari.math.u-bordeaux.fr/, 2008.
Ethan Berkove, The integral cohomology of the Bianchi groups, Trans. Amer. Math. Soc. 358 (2006), no. 3, 1033—
1049 (electronic). MR 2187644 (2006h:20073), Zbl pre02237880
Luigi Bianchi, Sui gruppi di sostituzioni lineari con coefficienti appartenenti a corpi quadratici immaginari, Math.
Ann. 40 (1892), no. 3, 332412 (Italian). MR 1510727, JEM 24.0188.02
Kenneth S. Brown, Cohomology of groups, Graduate Texts in Mathematics, vol. 87, Springer-Verlag, New York,
1982. MR 672956 (83k:20002), Zbl 0584.20036
Jiirgen Elstrodt, Fritz Grunewald, and Jens Mennicke, Groups acting on hyperbolic space, Springer Monographs in
Mathematics, Springer-Verlag, Berlin, 1998. MR 1483315 (98g:11058), Zbl 0888.11001
Benjamin Fine, Algebraic theory of the Bianchi groups, Monographs and Textbooks in Pure and Applied Mathe-
matics, vol. 129, Marcel Dekker Inc., New York, 1989. MR 1010229 (90h:20002), Zbl 0760.20014
Dieter Floge, Zur Struktur der PSLqy wber einigen imagindr-quadratischen Zahlringen, Math. Z. 183 (1983), no. 2,
255-279 (German). MR 704107 (85¢:11043), Zbl 0498.20036

, Dissertation: Zur Struktur der PSLa dber einigen imagindr-quadratischen Zahlringen, Johann-Wolfgang-
Goethe-Universitét, Fachbereich Mathematik, Frankfurt am Main, 1980 (German). Zbl 0482.20032
Giinter Harder, A Gauss-Bonnet formula for discrete arithmetically defined groups, Ann. Sci. Ecole Norm. Sup. (4)
4 (1971), 409-455. MR 0309145 (46 #8255), Zbl 0232.20088
Allen Hatcher, Algebraic topology, Cambridge University Press, 2002. MR 1867354 (2002k:55001), Zbl 1044.55001
Colin Maclachlan and Alan W. Reid, The arithmetic of hyperbolic 3-manifolds, Graduate Texts in Mathematics,
vol. 219, Springer-Verlag, New York, 2003. MR 1937957 (2004i:57021), Zbl 1025.57001
Eduardo R. Mendoza, Cohomology of PGL2 over imaginary quadratic integers, Bonner Mathematische Schriften
[Bonn Mathematical Publications], 128, Dissertation, Rheinische Friedrich-Wilhelms-Universitat, Mathematisches
Institut, Bonn, 1979. MR 611515 (82g:22012), Zbl 0464.12005
Wiadystaw Narkiewicz, Elementary and analytic theory of algebraic numbers. 3rd ed., Springer Monographs in
Mathematics, Springer-Verlag, Berlin, 2004. MR 2078267 (2005c:11131), Zbl 0717.11045
Joachim Schwermer and Karen Vogtmann, The integral homology of SL2 and PSL2 of Euclidean imaginary quadratic
integers, Comment. Math. Helv. 58 (1983), no. 4, 573-598. MR 728453 (86d:11046), Zbl 0545.20031
Jean-Pierre Serre, Cohomologie des groupes discrets, Prospects in mathematics (Proc. Sympos., Princeton Univ.,
Princeton, N.J., 1970), Princeton Univ. Press, Princeton, N.J., 1971, pp. 77-169. Ann. of Math. Studies, No. 70
(French). MR 0385006 (52 #5876), Zbl 0235.22020
, Le probléme des groupes de congruence pour SL2, Ann. of Math. (2) 92 (1970), 489-527. MR 0272790
(42 #7671), Zbl 0239.20063
Richard G. Swan, Generators and relations for certain special linear groups, Advances in Math. 6 (1971), 1-77
(1971). MR 0284516 (44 #1741), Zbl 0221.20060
Karen Vogtmann, Rational homology of Bianchi groups, Math. Ann. 272 (1985), no. 3, 399-419. MR 799670
(87a:22025), Zbl 0545.20031
Charles A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced Mathematics, vol. 38,
Cambridge University Press, Cambridge, 1994. MR 1269324 (95£:18001), Zbl 0797.18001

I3M, UNIVERSITE MONTPELLIER 2 AND MATH. INSTITUT, UNIVERSITAT GOTTINGEN
E-mail address: alexander.rahm@math.univ-montp2.fr

URL: www.math.univ-montp2.fr/“rahm

DEPARTMENT OF BIOINFORMATICS, CENTER OF INFORMATICS, STATISTICS AND EPIDEMIOLOGY UMG, UNIVERSITY

OF

GOTTINGEN

E-mail address: mfu@bioinf.med.uni-goettingen.de

URL: wuw.uni-math.gwdg.de/fuchs


http://pari.math.u-bordeaux.fr/

